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Abstract In this paper we propose a new predictor-corrector interior-point algorithm for solving
P, (k) horizontal linear complementarity problems defined on a Cartesian product of symmetric cones,
which is not based on a usual barrier function. We generalize the predictor-corrector algorithm
introduced in [13] to Pi(x)-linear horizontal complementarity problems on a Cartesian product of
symmetric cones. We apply the algebraic equivalent transformation technique proposed by Darvay [9]
and we use the function (t) = t—+/t in order to determine the new search directions. In each iteration
the proposed algorithm performs one predictor and one corrector step. We prove that the predictor-
corrector interior-point algorithm has the same complexity bound as the best known interior-point
algorithms for solving these types of problems. Furthermore, we provide a condition related to the
proximity and update parameters for which the introduced predictor-corrector algorithm is well
defined.

Keywords Horizontal linear complementarity problem - Cartesian product of symmetric cones -
Predictor-corrector interior-point algorithm - Euclidean Jordan algebra - Algebraic equivalent
transformation technique

JEL code: C61

1 Introduction

Interior-point algorithms (IPAs) are an efficient tool for solving optimization problems, since Kar-
markar [20] published his TPA. The most important results on IPAs for solving linear programming
(LP) problems are summarized in the monographs written by Roos, Terlaky and Vial [33], Wright
[39] and Ye [40]. IPAs for solving linear complementarity problems (LCPs) have been also introduced.
In general, LCPs belong to the class of NP-complete problems [8]. However, Kojima et al. [22] proved
that if the problem’s matrix has the Py (k)-property, then the IPAs for LCPs have polynomial itera-
tion complexity in the size of the problem, the bit size of the data, the final accuracy of the solution
and in the special parameter, called the handicap of the matrix. IPAs have been extended to more
general problems such as symmetric cone optimization (SCO) problems. SCO covers LP, semidefinite
optimization (SDO) and second-order cone optimization (SOCO) problems. Faraut and Kordnyi [16]

Zsolt Darvay
Babeg-Bolyai University, Faculty of Mathematics and Computer Science, Romania
E-mail: darvay@cs.ubbcluj.ro

Petra Renéta Rigé

Corvinus Center for Operations Research, Corvinus Institute for Advanced Studies, Corvinus University of Budapest,
Hungary; on leave from Department of Differential Equations, Faculty of Natural Sciences, Budapest University of
Technology and Economics

E-mail: petra.rigo@uni-corvinus.hu



summerized the most important results related to the theory of Jordan algebras and symmeric cones.
Giiler [18] noticed that the family of the self-scaled cones, introduced by Nesterov and Todd [26,27],
is identical to the set of self-dual and homogeneous, i.e. symmetric cones.

The symmetric cone horizontal linear complementarity problem (SCHLCP) has been recently
introduced by Asadi et al. [4]. The SCHLCP possessing the P (k)-property includes symmetric cone
optimization (SCO), second-order cone optimization (SOCO), semidefinite optimization (SDO), con-
vex quadratic optimization (CQO), LP and LCPs as special cases. Several IPAs have been pro-
posed for solving Cartesian SCHLCPs. Mohammadi et al. [25] presented an infeasible IPA taking full
Nesterov-Todd steps for solving this kind of problems. Later on, Asadi et al. [3] proposed an TPA
for solving Cartesian SCHLCP based on the search directions introduced in [9]. In 2020, Asadi et
al. [2] introduced a new IPA for solving Cartesian SCHLCP based on a positive-asymptotic barrier
function. Moreover, Asadi et al. [5] presented a predictor-corrector (PC) IPA for P.(x)-SCHLCP.
Asadi et al. [6] also defined a feasible IPA for the P (x)-SCHLCP using a wide neighbourhood of the
central path.

There are several approaches for determining the search directions, that lead to different TPAs.
Peng et al. [32] used self-regular barriers in order to introduce large-update IPAs for LP. Lesaja and
Roos [23] provided a unified analysis of kernel-based IPAs for P, (x)-LCP. Vieira [37] used different
IPAs for SCO problems that determine the search directions using kernel functions. In 1997, Tungel
and Todd [36] presented for the first time a reparametrization of the central path system. Later on,
Karimi et al. [19] analysed entropy-based search directions for LP in a wide neighbourhood of the
central path. In 2003, Darvay presented a new technique for finding search directions for LP problems
[9], namely the algebraic equivalent transformation (AET) of the system defining the central path.
The most widely used function in the AET technique is the identity map. Darvay [9] applied the
function ¢(t) = v/t in the AET method in order to define IPA for LP. Kheirfam and Haghighi
[21] defined IPA for Py (x)-LCPs which is based on a search direction generated by considering the

function ¢(t) = Q(T% in the AET. In 2016, Darvay et al. [14] used the function ((t) =t — v/t for

the first time in the analysis of an IPA. Later on, this IPA was generalized to SCO [15]. An infeasible
version of the proposed IPA was also introduced in [31]. Darvay et al. [12] considered the function
¢(t) =t —+/t in the AET method in order to define primal-dual IPA for solving Pi(x)-LCPs. In [29]
the author presented different IPAs for LP, SCO and sufficient LCPs that use the AET technique.

In this paper we generalize the PC IPA proposed in [13] to Cartesian Pi(x) SCHLCPs. We also
provide a general framework for determining search directions in case of PC IPAs for Cartesian
P, (k) SCHLCPs, which is an extension of the approach given in [30]. We present the analysis of the
introduced PC TPA and we give some new technical lemmas that are necessary in the analysis. Fur-
thermore, we prove that the PC IPA retains polynomial iteration complexity in the special parameter
K, the size of the problem, the bitsize of the data and the deviation from the complementarity gap.
We also give a condition related to the proximity and update parameters for which the introduced
predictor-corrector algorithm is well defined. Note that in [33] the authors gave condition for the
update parameters for which the proposed PC IPA for LP is well defined. Moreover, Darvay [10,11]
considered PC IPAs using the function ¢(t) = v/# in the AET technique and gave conditions for the
proximity and update parameters for which the PC IPAs are well defined. It should be mentioned
that in this paper we provide the first result related to IPAs using the function ¢(t) = ¢ — v/% in the
AET technique which is well defined for a set of parameters instead of a given value for the proximity
and update parameters.

The paper is organized as follows. In the next section, we present the Cartesian P (x)-SCHLCP.
In Section 3 we present the generalization of the AET technique for determining search directions
to Cartesian P (x)-SCHLCP. Subsection 3.1 is devoted to give a general framework for defining
search directions in case of PC IPAs for Cartesian P.(x)-SCHLCP. In Section 4 the new PC IPA
for Cartesian Py (x)-SCHLCP is introduced, which is based on a new search direction by using the
function ¢(t) = t — v/t in the AET technique. Section 5 contains the analysis of the proposed PC
IPA. In Section 6 some concluding remarks are presented.
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2 Cartesian P, (k)-symmetric cone horizontal linear complementarity problem

For a more detailed description of the theory of Euclidean Jordan and symmetric cones, see Appendix.
Let V := V1 X Va2 X - -+ X Vp, be the Cartesian product space with its cone of squares K := K1 x K2 X
-+ X Km, where each space V; is a Euclidean Jordan algebra and each KC; is the corresponding cone

T T
of squares of V;. For any x = (x(1)7 PACUNIT m(m)) €V and s = (s(l), s . s(m)) eV let
T UL . .
ros— (xu) oW g@ 6@ . gm) g S(m)) , (2, 8) =3 (@@, sD).
i=1
T )
Beside this, for any z = (21, 2 ... 2™ )" €V where 2() € V;, the trace, the determinant and

the minimal and maximal eigenvalues of the element z are defined as follows:

tr(z) = it7‘(z(i))7 det(z) = ﬁdet(z(i)),
=1 i=1

Amin(z) = lgglm{Amln(z(l))}, )\max(z) = 1g%ia<axm{>\max(z(i))},

2\ 1/2
The Frobenius norm of « is defined as ||z||, = (Z:’;l Hm(z) ) . Furthermore, consider the
F

Lyapunov transformation and the quadratic representation of z:
L(z) = diag(L(x(l)), L®), -, L(x(m))) ,
P(z) = diag(P(:r(l)), P(ar;(z))7 el P(:c(m))) .
In the Cartesian SCHLCP we should find a vector pair (z,s) € V x V such that
Qr+Rs=g¢q, (x,5)=0, z>rg0, srg0 (SCHLCP)

where Q, R : V — V are linear operators, ¢ € V and K is the symmetric cone of squares of the
Cartesian product space V. Consider the constant £ > 0. The pair (@, R) has the P, (k) property if
for all (z,s) € I x J

Qx4+ Rs =0 implies (14 4k) Z (D sy 4 Z (D, sy >0,
i€l i€l

where Iy = {i : (zV, sy >0} and I_ = {i : (=, s¥) <0}.
We suppose that the interior-point condition (IPC) holds, which means that there exists (2, s°)

so that

Q:L‘O + Rs® = q, z° ~x 0,

(IPC)
(°,s%) =0, 50 =k 0.
The central path is given as
Qz+ Rs =g, x>~k 0,
T os = pe, s =k 0. (1)

where p > 0. The sublass of Monteiro-Zhang family of search directions is characterized by

C(z,s) = {u|u is invertible and L(P(u)z)L(P(u) 's) = L(P(u)fls)L(P(u)x)} .



Lemma 1 (Lemma 28 in [34]) Let u € int K. Then,
ros=pe < Pu)zoP(u) 's=pe.

Considering u € C(z, s), Q= QP(u)™t, R= RP(u) and using Lemma 1, we can rewrite system (1)
in the following way:

@P(U)x + ﬁp(u)_ls =gq, P(u)x =k 0,
P(u)z o P(u)"'s = pe, Pu) 's =k 0. (2)

If the TPC holds, then system (2) has unique solution for each p > 0, see [4] and [24].

3 Search directions in case of interior-point algorithms for Cartesian P.(k)-symmetric
cone horizontal linear complementarity problems

We present the generalization of the AET technique to Py (x)-SCHLCP (cf. [2,30]). Let us consider the
vector-valued function ¢, which is induced by the real-valued univariate function ¢ : (€2, +00) — R,

where 0 < € < 1 and ¢'(t) > 0 for all t > £2. We assume that we have Amin (wTOS) > €2, In this way,
the third equation of system (2) can be written in the following way:

QP(uw)z + RP(u) ‘s = q, P(u)x =k 0,

Pu)zoP(u)~'s\ -1
) B CH O Q

We define the search directions by using the technique considered in [30,38]. For the strictly
feasible z € int K and s € int K we want to find the search directions (Ax, As) so that

QP(u)Az + RP(u) 'As =0, P(u)x =k 0,
P(u)z o P(u)"'As + P(u)"'so P(u)Az = ay, P(u) ‘s =k 0, (4)

(L) st (P

In [29] an overview of different functions ¢ used in the literature in the AET technique is presented.

where

Throughout the paper we use the NT-scaling scheme. Let u = w_%, where w is called the NT-
scaling point of x and s and is defined as follows:

w= P(z)? (P(m)%s) — P(s)"2 (P(s)%x) : (5)
Let us introduce the following notations:

- P(w) Qx:P(w)us’ 4, —

Vi Vil

From (6) we obtain the scaled system:

(6)

VEQP(w)* dy + /ARP(w) " d = 0,
dg; + ds = Pu, (7)

where
-1

po=v""o (¢ (wov)"

° (p(e) = p(vow)).
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In order to be able to define IPAs, we should define a proximity measure to the central path. For
this, let

d(v) = 8(z, s, 1) := % (8)

Furthermore, we define the 7-neighbourhood of a fixed point on the central path:
N(rp) :={(z,8) €eVxV:Qr+Rs=q, > 0, s =k 0: 6(x,5,u) <7},

where 7 is a threshold parameter and p > 0 is fixed.

As it was mentioned in the Introduction, the search directions can be determined by using another
approach, based on kernel functions, see [7,32]. Achache and Pan et al. [1,28] showed that one can
associate corresponding kernel functions to several functions ¢ used in the AET technique. In [29],
the author also presented the relationship between the approach based on kernel functions and on
the AET technique. However, it is interesting that if we apply the function (t) = t —+/t in the AET,
we cannot obtain a corresponding kernel function in the usual sense, because it is not defined on a
neighbourhood of the origin, see [15]. Darvay and Rigé [15] introduced the notion of the positive-
asymptotic kernel function. In this sense, the kernel function associated to the function p(t) =t — Vit
used in this paper is positive-asymptotic kernel function:

For details, see [2,15,29]. In the following subsection we generalize a method for determining the
scaled predictor and corrector systems in case of the PC IPAs which is given in [30].

3.1 Determining search directions in case of predictor-corrector interior-point algorithms

We generalize the method introduced by Darvay et al. [13] and presented in [30] in order to determine
the search directions in case of PC IPAs. The PC IPAs perform a predictor and several corrector
steps in a main iteration. The predictor step is a greedy one which aims to find the optimal solution
of the problem as soon as possible. Hence, a certain amount of retirement from the central path is
obtained after a predictor step. In the corrector step the goal is to return in the 7-neighbourhood of
the central path.

Firstly, we deal with the corrector step, which is a full-Nesterov step. Hence, the scaled corrector
system coincides with (7). We should decompose a, in system (4) in order to obtain the scaled
predictor system:

Ap = f(.Z‘,S,,LL) +g($,8),

where f and g are vector-valued functions and f(z,s,0) = 0. We set p = 0 in this decomposition. In
this way,

QP(u)Az + RP(u)"*As = 0, P(u)x =k 0,
P(u)z o P(u) 'As + P(u) ‘s o P(u)Az = g(z, s) P(u) s =k 0, (10)

The scaled predictor system is the following:

VEQP(w)?dy + ERP(w) 2ds = 0,
de +ds = ()t og(x, 5). (11)

Using this system the predictor search directions can be easily obtained. In the following subsection
we introduce the new PC IPAs for solving Cartesian Py (x)-SCHLCPs.



4 New predictor-corrector interior-point algorithm

We deal with the case, when ¢(t) =t — /t. In this case
po=2(v—12?)o(20—¢)" " (12)

In the corrector step we take a full-Nesterov step. Hence, the scaled corrector system coincides with
system (7) with p, given in (12):

VEQP(w)? df + ERP(w) 2 dS = 0,
dS +dS =20 —v*)o(2u—e) ", (13)

We can calculate the corrector search directions A°z and A¢s from
AS = JEP(w)2ds,  AS = JEP(w) 2 ds. (14)

Let ¢ = 2 + A and s¢ = s + A°s be the point after a corrector step. In the predictor step we
define the following notations:

oo = P(wc)_%:vc B P(wc)%sC

Vi Y

where w® is the NT-scaling point of ¢ and s°. The scaled predictor system in this case is

VEQP(w®) 2 dh + JARP(w") "2 d} =0,
P+ dP = —o°. (15)

We obtain the predictor search directions APx and APs from
AP = JEP(wf)2dl, AL = EP(w®) 2 dl. (16)

The point after a predictor step is a? = x° + APz, and s = s + 0APs, p? = (1 — 0)u, where
0 € (0,1) is the update parameter. The proximity measure in this case is

5(v) :=6(z, s, 1) = Ipolle _ H(v —v?) o (20— e)_lu (17)

2 F

Our PC TPA algorithm starts with (2°,s%) € N(7,u). The algorithm performs corrector and
predictor steps. The PC IPA is given in Algorithm 4.1.
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Algorithm 4.1 : PC IPA for Cartesian SCHLCP using ¢(t) =t — v/t in the AET

Let € > 0 be the accuracy parameter, 0 < 6 < 1 the update parameter and T the proximity parameter.

Assume that for (z°,s%) the (IPC) holds such that §(x°,s%, %) < 7 and Amin (I:OUSO) > 1

begin
k:=0;
while (z*,s") > ¢ do begin

(corrector step)

compute w using (5);

compute (A°z® A°s*) from system (13) using (6);
let (z€)* := zF + A°* and (s°)F = s + A°sF;

(predictor step)

compute w® as the NT-scaling point of ¢ and s°;
compute (APz", APs*) from system (15) using (16);

let (zP)* := (z°)* + 0APZF and (sP)* := (s©)* + 0APs*;

(update of the parameters and the iterates)

('Lli:)-)lk = _ke)uk;k+1 k k+1 k
T = (:L.p) y S = (sp) y M = (ll/p) ;
k:=k+1;

end
end.

5 Analysis of the predictor-corrector interior-point algorithm
5.1 The corrector step

The corrector step is a full-NT step, hence the following lemmas can be easily obtained by using the
results published in [2]. Consider

hence

2

2_
dod =Pv v (19)

d;:pv+QU7 dg:pu—% 0

2 2

Lemma 2 gives an upper bound for ||¢y ||z in terms of ||py|| .
Lemma 2 (Lemma 5.1 in [2]) We have ||gvllp < V1+4K ||po]p-
Let x, s € int K, ;4 > 0 and w be the scaling point of x and s. We have

¢ i=x+ Az = \/ﬁP(w)lp(v +d3),

s¢i=s5+ As = \/ﬁP(w)_l/Q(v—ng). (20)

It should be mentioned that ¢ and s© belong to int K if and only if v+ dj and v+ d5 belong to int C,
because P(w)'/? and its inverse, P(w)™'/2, are automorphisms of int K, cf. Proposition 1 part (ii)
from Appendix. The next lemma proves the strict feasibility of the full-NT step.



Lemma 3 (Lemma 5.3 in [2]) Let § := 6(z, s; ) < \/ﬁ. Then, Amin(v) > % and the full-NT step
is strictly feasible, that is, ° =k 0 and s¢ =k 0.

Lemma 4 gives an upper bound for the proximity measure after a full-NT step.

Lemma 4 (Lemma 5.6 in [2]) Let § = §(xz, s;u) < ﬁ and Amin(v) > 3. Then, Apmin(v°) > 3
and
1—(1+4k)d2
5(a°, 5% 1) < (L4 4r) (34 40)3”.
2(1— (14 4r)62) + /1 — (1 + 4r)02 — 1
Furthermore,

5, 5% ) < ’Qﬁ(:ﬂ +4K)8°.

Lemma 5 provides an upper bound for the duality gap (z, s) after a full-NT step.

Lemma 5 (¢f. Lemma 5.8 in [2]) Let 2 and s° be obtained after a full-NT step. Then,
(@€, 5%) < p(r +26%).

Furthermore, if 6 < then

1
2(1+4r) ;
(z,5%) < ST

In the following subsection, we present some technical lemmas.

5.2 Technical lemmas

First, consider the following two results that will be used in the next part of the analysis.

Lemma 6 Let f : (d,+oc0) — (0, +00) be a function, where d >0 and f(t) > &, fort > d where
&> 0. Assume that v € V and Amin(v) > d. Then,

[f(w)o(e—v)||p >€lle—vlp-

Proof Using Theorem 2 given in Appendiz, we assume that v = > ._, A\i(v)c;. Moreover, f(v) =

S F(Ai(v))ci. Then,

ks

[F@) o (e =) = | S (Fi(®)* N2 (e —v) > €lle — vl -

=1

Lemma 7 (Lemma 7.4 of [15]) Let f: [d, +00) — (0,400) be a decreasing function, where
d > 0. Furthermore, suppose that v € V, Amin(v) > d and n > 0. Then,

[Fwye (nPe=v?)|, < Fuin(o)) e = v*| < Fld)- In*e —vou]e.

In the following part we consider some inequalities that will be used later in the analysis [2]. Using
the first equation of (7), we get

Q (P(w)l/Qdm) +R (P(w)_1/2d3> =0.

The definition of the Py (k) property results in

<P(w)1/2dz, P(w)—l/QdS> 2_4KZ<P(w(i))1/2dgi)’ P(w<i>)—1/2dg”>, (21)

i€l
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. ) N\ 1/2
where I = {z : <d£f), dgz)> > 0}. Using that each P (w(z)) , 1 <i < m, is self-adjoint, we get

<P (w®) a0, P (@) dg”> = (a9, a2y,

If we substitute the last equation into (21) and using that P(w?) is self-adjont, we obtain

(e, ds) > —4r Y (a0, d). (22)

iel,

Furthermore, one has

1 v
> (a9, a0y < L i [+ d|F < e, +agz = Iele, (23)
i€l
and therefore (d, ds) > —k ||pv||§7 Thus,
lgull? = llde — dsl|% = l|da + ds |7 — 4 (da, ds)
< lpollF + 45 Ipoll 5 = (1 + 45) lIpo 5 (24)

We prove a lemma which is a generalization of Lemma 5.3 given in [13] to Cartesian SCHLCP.
We assume that (Q, R) has the P, (k)-property.

Lemma 8 The following inequality holds:

(14 2k)(1 4 25%)2

|2 o d|r < > ,

where §¢ = §(x, s, p) = H(UC — (v9)?) o (20° - e)_lHF'

Proof Using (23) and the second equation of the scaled predictor system (15) we have

0 @) Jo°|| %
S (a9, ar®) < 1z + azyz = 10T (25)

i€l
From (22) and (25) we obtain
v % = Il + d|I%
= ||d2 % + |2 )15 + 2(d%, dE)
> |5 |5 + 127 —8m Y (a5, dt™)
i€l
> ||d2|[% + 1| F — 260 %
Hence, ||d2||% + ||d2||% < (1 + 2k)||v°||%. We give an upper bound for |[v¢||r depending on §¢ and r.
For this, consider o¢ = |le — v°||Fp. Then,

[0°)p < [0 —ellr +lelr =0+ Vr < Vr(e®+1). (26)

Consider f(t) =

ﬁ > % Then, using Lemma 6 with £ = % and d = % we have

= oot o,

vco(2fvc—e)_lo(e—vc) lle —v°||F = 7 (27)
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hence 0 < 20°. From (26) and (27) we get
0%l < V(1 4 26°). (28)

In this way, we have

1
20 &l < N2l eldlr < 5 (IlE21% + IaE1)
1 . r(1 4 2k)(1 + 26)2
< L1t 2m) o < TUFZOAE 2 (29)

which proves the lemma.

5.3 The predictor step

The first lemma of this subsection is a generalization of Lemma 5.5 given in [13] to Cartesian SCHLCP.
It provides a sufficient condition for the strict feasibility of the predictor step.

Lemma 9 Let z° =g 0 and s =k 0, p > 0 such that 6° := 6(z%, s ) < % Furthermore, let
0 <0 < 1. Let 2? = 2+ APz, sP = s+ OAPs be the iterates after a predictor step. Then,
2P =k 0 and s =k 0 if u(6°,0,r) > 0, where

r(1+2k)0%(1 + 26°)?

@, 0.r) 1= (1 207? = TOE2T

Proof Let a € [0,1] and zP(a) = 2 + ab APz and sP(a) = s€ + afAPs. Hence,

2P (@) = VEP(W)? (v + abd?),  sP(a) = /P (w®) "2 (v° + afd?). (30)
From (30) and using that P(wc)% and P(wc)_% are automorphisms of int K we obtain that xP(a) €
int IC and sP(a) € int K if and only if v°+abdh € int K and v¢+abdl € int K. Let vE (o) = v+ aldh

and v (a) :=v° + afdl, for 0 < a < 1. From the second equation of system (15) we obtain

vP(a) o vE(a) = (v° + afdh) o (v + abdb)
= ((vc)2 +abv€ o (df +dP) +a® 0% db o d§>

- ((1 —af) (1) +a 62 dP o dg) . (31)
Using (31) and Lemma 16 from Appendiz we get

P P 2 p2
)\min (Umi(a) °Us (Oé)) = Amin (('UC)Z + 701 0 dﬁ o dg)

(1—af) (1—ab)
2 04292
2> Amin ) - z g .
> i (0°)° = 2 0 2| (32)
Using Ai(e —v°) < |le —v°||F, Vi=1,...,r, we have
1-0°<XN0°) <140 Vi=1,...,m (33)

From (27), (33) and 6 < § we have

Amin (v)? > (1 — 092 > (1 — 2692, (34)
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Note that f(a) = a0 2:9 18 strictly increasing for 0 < a < 1 and each fired 0 < 6 < 1. Using this,
(32), (34) and Lemma 8 we get

v (a) o vi() eyz _ (14 2r)0%(1 4 26°)°
o (ET ™) 2 0 207 - MG
= u(6%,0,7r) > 0. (35)

This means that 2P () o sP(a) =k 0 for 0 < a < 1. Hence, zP(a) and sP(«) do not change sign on
0 <a< 1 FromazP(0) = z° >k 0 and s?(0) = s© >k 0, we deduce that zF(1) = zP >k 0 and
sP(1) = sP =K 0, which yields the result.

Consider the following notations

o — P(wp)*%mp _ P(wp)%sp7
A /Mp A /MP
where p? = (1 — 0)p and wP is the NT-scaling point of 2P and sP. Substituting o = 1 in (31) and
(35) we get

P\2 _ (,,C\2 0° D D
(v")" = ()" + ;5 (dE o dE), (36)

Amin (0F)% > @(6°,0,7) > 0. (37)
The next lemma investigates the effect of a predictor step and the update of p on the proximity
measure. This is the generalization of Lemma 5.6 proposed in [13] to Cartesian SCHLCP.
Lemma 10 Consider 6 := §(z¢, s p) < %, § = 6(x, s, 1), Amin(v) > %, wP = (1 — 0)u, where
0<0<1,a(%06,r) > i and let z¥ and sP be the iterates after a predictor step. Then, we have

Va(6e,0,7) (3 +4rk)8% + (1 — 26°)° — a(5°,0,7))
2u(6¢,0,r) + y/u(dc,0,r) —

57 = §(a”, s, 1P) <

)

and Amin (VP) > %

Proof From u(6°,0,r) > i > 0, using Lemma 9 we obtain that xP =k 0 and s =k 0. This means
that the predictor step is strictly feasible. Furthermore, from (37) we get

)\min (Up) 2 V ﬂ((SC,@,r) > %7
hence the first part of the lemma is proved. Moreover,
— — (P —e) !t
P= @ - wnye -7
= Hv o(ef(vp) )o((2vpfe)o(e+vp))_1H . (38)
F

Consider f : (3,00) = R, f(t) = 7(%_1’;(1_“),
(87) and (88) and Lemma 7 we get
o = va o (e - (vp)2) o((2vP —e)o (e —H)p))_lHF
< @ (up)A_m 1n) ((qur Amin (V7)) He - (UP)QHF
Ve, 0,1)
(2v/a, 0, - 1) (1+ VW)
u(o%,0,r c ? P o P
1) ) (07

which is decreasing with respect to t. Using this, (36),

c\2 0° P D
— (%) - 170(dxods)

IN

(39)

F

IA
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Using the definition of v°¢, (6), (18) and (19) we have
le= @], = o+ do)(w +d2) — el

= |[v® +vo (dS+dS) —e+dSodl|p

2 _ 2
< o* +vops —elp + | P (40)
4 F
Beside this, using Amin(v) > 5, v> 0 (2v — €)' =k 0, we have
0=<x v’ +vop,—e = v*+200(e—v)o(v—e) ' —e
= (w—e)?o(2v—e)"
P2
<x (v—e)?ov?)o(2v—e)? = Iv (41)
Using (40), (41) and Lemma 2 we obtain
2 _ 2
o= @2, < 107+ vop el + | P
F 4
ol | llpollZ | llawllE
<
- 4 + 4 + 4
< 207 + (14 4k)6* < (34 4K)6°. (42)

From (39), (42) and Lemma 8 we obtain the second statement of the lemma.
The next lemma gives an upper bound for the complementarity gap after an iteration of the algorithm.

Lemma 11 Let 2° =k 0, s =k 0 and p > 0 such that 0° := 6(z°, s un) < % and 0 < 0 < 1. If
0 < m and P and sP are the iterates obtained after the predictor step of the algorithm, then
6> 0 3ru?
PosP) < (1—-04 ) (2% s7) < (1— 5 ) (2°8°) < 5.
@ty < (1-04 5 ) e < (1-5) 0 < 7
Proof Using the definition of vP and (36) we have

(2,57 = pP (e, (v")?) = ple, (1 — 0) (v°)* + 0%d5 o dB)
= (1—0)(z°,s°) + po*(db, d?) (43)

From the second equation of (15) we obtain

p oy _ (2%59)  |ldEIE + IdEIE _ (2°,5¢)

_ _ _ 44
(2. ) = 12 Tl o (14)
Moreover, using (43) and (44) we get

2
(2P, sP) < (1 -0+ %) (x€, s°).
Note that if 0 < § < 1, then we have
0? 0
1-0+—<1——. 4
t5 < 5 (45)

From (45), p? = (1 — 0)p and Lemma 5 we deduce
6> 0 3ru?
PPy (1 v c _v e oy o OTH
<x,s)_<1 0+2><x,s><(1 2)(x,s)<2(1_9),

which yields the result.
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5.4 Complexity bound

Firstly, consider the following notation:

2, 2 1
w(r) = W (46)
3

In the following lemma we give a condition related to the proximity and update parameters 7 and
0 for which the PC IPA is well defined. This result is one of the novelties of the paper.
Lemma 12 Let 7 =

where ¢ > 2 and 0 < 0 < where g > 2. If

1 2

i. €< 33,
2
i, TGEE < w(r),
then the PC IPA proposed in Algorithm 4.1 is well defined.

Proof Let (x,s) be the iterate at the start of an iteration with * »k 0 and s >k 0 such that

Amin (Iis) > % and 6(x,s,p) < 7. It should be mentioned that T =

¢ > 2. After a corrector step, applying Lemma 4 we have

3-3
2

where

1 < 1
Z(3+4r) 2vitdr’

5 :=46(x s ) < (3 + 4rK)6°.

The right-hand side of the above inequality is monotonically increasing with respect to &, which implies:

3—3

5 < 5 (3 + 4k)7% =: w(7). (47)
Substituting T = m in (47), using that 372\/5 < %, k>0 and ¢ > 2 we obtain
3- \/5)7' 2T 1
= < — < =T, 48
w(7) % 33 (48)

Using % < W(T) and (48) we obtain

11 2 \?  r(1+2k)62 2 \?
(14 26)0%(1 + 2w(7))?
< (1—2w(7))? - ) :
ez T(1+2R)07 (14259

hence condition u(6,0,1) > % from Lemma 10 is satisfied. Furthermore, using 7 = m, c>2

and (48) we have §° < w(1) < % < % Following a predictor step and a p-update, by Lemma 10 we

have
Va(se,0,7) (34 4k)8* + (1 — 26%)* — (5%, 0,7))
2a(é¢,0,r) + y/u(éc,0,r) — 1

o <

; (50)

where § == 0(x, s, ). It can be verified that w(5¢,0,r) is decreasing with respect to 5°. In this way, we
obtain u(0°,0,r) > w(w(r),0,r). We have seen in Lemma 10 that the function f is decreasing with

respect to t, therefore
F(Va(se,0,7) < fF(Va(w(r),0,r)). (51)
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From (49) we have \/u(w(T),0,7) > g, hence using (51)
F(Va(se,0,7)) < f(?) =1.

Using that § < 7, 6° < w(r) and

r(1+2k) 6% (1 +26°)?
2(1-190) ’

(1—26%% —a(5%,0,r) =

which is increasing with respect to 6¢, we obtain:

Va(6e,0,7) (3 +4rk)5% + (1 —26%) — a(6%,0,7)) _
2a(6¢,0,r) + /u(éc,0,r) — 1 -
u(w(T),0,r) ((3 +4R)7% + (1 — 2w(7))? — a@(w(7),, r)) ’

<
- 2u(w(1),0,7r) + Ju(w(r),0,r) — 1

From 1t = E(TlALH,) and 6 < 7 we have
(3+4K)6? < (3+4k)T> = 1 17'
- Ce2(34+4Kk) ¢
Moreover, we use 0 < m and k > 0, hence we obtain
ELENP
1—-60 — 35g—2

We also consider
2 1

V< BT anvE S g0t amvr

Using (56) and (57) we get

r(1+2k) 67 cr(A+2%) 35 2 . 1
2(1-6) — 2 36—2 g(B3+4r)yr g(l+2k)\/r
3 1 3c

933 —2) 3+4dr  gB33-2)

We use (48) and 3+ 4k > 3, hence

2

wr) < =——— < -
™) 32 (34 4k) — 9¢2
Furthermore, from (53), (58) and (59) we have

r(142k) 62 (14 2w(7))?
2(1-0)

3¢ 4 \2
< — (1 — .
N CED) ( +962> 7

(1 —2w(7))? — a(w(r),0,7) =

(59)

(61)
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From (55), (60) and (61), using ¢ > 2 we get

(B3+4k)7% + (1 — 2w(7))? — a(w(7),0,7) < <

ol
QI
—~

w
QI o

| (@]

[\v)
S—
N

[
+
©

QL[ W~

(v}
~_
N
~_—
ﬂ

Using (50), (52) and (62) we have
o < T, (63)

hence the PC IPA is well defined.

The following lemma gives a sufficient condition for satisfying Condition ii. from Lemma 12.

1 = 2
m,ﬂ}heTecZQandOSQSm,

condition for satisfying ii. from Lemma 12 is

Lemma 13 Let 7 = where g > 2. A sufficient

where W is given in (46).

Proof Using 0 <0 < m and g > 2 we have 6 < % From this we obtain
_ (65)
2(1—0) —
Furthermore, using (57) and k > 0 we get
1 1 1
14 2r)0% <r(1+2 = < 5. 66
r(L+2e)07 < T+ 20) G ey T P 2w S (©0)
Beside this, from T = E(Tl%) and k > 0 we obtain
1
< —. 67
T=73 (67)

It should be mentioned that the function W(T) is strictly decreasing with respect to T, hence using (67)
we obtain

U(r) > w <3ié) . (68)

In this way, using (64), (65), (66) and (68) we obtain the

r(1+2r)0% 1 1
—— < =<V =<V
20-60) - g2 3c) ¥ (69)
which yields the result.
Lemma 14 Let 7 = E(Tléln)’ where ¢ > 2 and 0 < 0 < m, where g > 2. If Condition i. from

Lemma 12 is satisfied, then Condition ii. from Lemma 12 also holds.
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Proof Note that (64) gives the following lower bound on g:

§> (70)

(-2)-3
(1+3)°
Condition i. from Lemma 12 yields another lower bound on g, i.e.
g > 2c¢. (71)

Hence, in order to satisfy Conditions i. and . from Lemma 12, it is enough to satisfy

1
g > max (72)21, 2C p . (72)
%) 3
(+3)”
Consider the following function
_ 1
m(e) = — e (73)
~ 9¢ 2
(1+)”
which is decreasing with respect to ¢. Thus, for ¢ > 2 we have
m(¢) <m(2) < 1. (74)
Using (74) we obtain that
1 _ _
max { —————,2¢ » = 2¢. (75)

This means that if Condition i. from Lemma 12 is satisfied, then Condition ii. from Lemma 12
also holds.

Corollary 1 Let 7 = m, where ¢ > 2 and 0 < 0 < m. If g > 2¢, then the PC IPA
proposed in Algorithm 4.1 is well defined.
Lemma 15 Let 7 = m, where ¢ > 2 and 0 < 0 < WQH)\/;, where g > 2¢. Moreover, let 20

and s° be strictly feasible, u° = @(;7’30) and 6(x°,s°, 1) < 7. Let 2* and s* be the iterates obtained
after k iterations. Then, (z*,s*) < € for

1 3<x0, so>
>14+ |- — .
E>1 { log %

Proof Using Lemma 11 we have

k _ gyk—=1,0 k=170 .0
(", s < 3rp” 3r(1—60)""u _ 30 ) (z”, s >
2(1—0) 2 2
Hence, if
3(1 —0)F1(x0, 5% .
2 — b
then the inequality (z*,s*) < e holds. We take logarithms, thus
0 .0
(k—1)log(1—0) + log @ < loge. (76)

From log(1+0) <0, 0 > —1, we deduce that (76) is satisfied if

3(x0, s%)
2

—0(k —1) + log <loge,

hence the lemma is proved.
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Theorem 1 Let T = m, where ¢ > 2 and 0 < 0 < m, where g > 2¢. Then, the PC IPA

proposed in Algorithm 4.1 is well defined and it performes at most

0 ((3 + 4k) /7 log 3”“0)

2e
iterations. The output is a pair (x,s) satisfying (x,s) < e.

Proof The result follows from Corollary 1 and Lemma 15.

Corollary 2 Consider 0 < 7 < ﬁ and 0 < 0 < %7‘. Then, the PC IPA proposed in Algorithm

4.1 is well defined and it performes at most

€

16, <(3 + 4K)/7 log 32’“‘0)

iterations.

Proof If 7 < 2 then we can find ¢ > 2 such that

6+8k 7
1
= — 77
T 31 4r) (77)
Using 0 < %7‘ and T < ﬁ we have
1 1
0< —7< ———. 78
_\/FT_(6+8/£)\/77 (78)
Hence, we can find g > 4 such that
2
0= —————. 79
g3+ 4r)\/T (79)
Moreover, from (77), (79) and 6 < %7’ we have
2 2c 1
0= = < —, 80
RNV (80)

hence g > 2¢ holds. All the conditions from Lemma 12 are satisfied, hence from Corollary 1 and
Lemma 15 we obtain the desired result.

6 Concluding remarks

In this paper we extended the PC IPA proposed in [13] to Px(x) horizontal linear complementarity
problem defined over the Cartesian product of symmetric cones. For the determination of the search
directions we used the function o(t) = t — /t in the AET technique proposed by Darvay [9]. We
showed that the introduced PC IPA has polynomial iteration complexity in the special parameter x,
the size of the problem, the bitsize of the data and the deviation from the complementarity gap. Hence,
we proved that the proposed PC IPA has the same complexity iteration bound as the best available
one for PC IPAs given in the literature. We also provided a condition related to the proximity and
update parameters for which the PC IPA is well defined. This is the first PC IPA using the function
@(t) =t — v/t in the AET technique which is well defined for a set of parameters.
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Appendix

We present some results related to the theory of Euclidean Jordan algebras and symmetric cones [16,
17,35,37].

Let V be an n-dimensional vector space over R with the bilinear map o : (z,y) — xoy € V. Then, we
say that (V,0) is a Jordan algebra if for all z,y € V, we have zoy = yoz and zo (z?oy) = z2o(zoy),
where 22 = 2 o . We say that e € V is the identity element of V if and only if eoz = z 0 e = z, for
all z € V. We call the element x invertible if there exists a unique element Z, such that x o = e.
The inverse of z is denoted by z~*.

The V with an identity element is called Euclidean Jordan algebra if there exists a symmetric positive
definite quadratic form Q on V, which satisfies Q(x oy, 2) =Q(x, yo z). For any x € V, we define the
Lyapunov transformation L(z) as L(x)y := z oy, for all y € V. The quadratic representation P(z)
of z is given as P(z) := 2L(z)? — L(z?), where L(z)? = L(z)L(z). The degree of an element z is the
smallest integer r such that the set {e, z,--- ,z"} is linearly dependent. This is denoted by deg(z). The
rank of V, is the largest deg(z) for all z € V and we denote it by rank (V). A subset {c1,c2, -+ ,¢r}
of V is called a Jordan frame if it is a complete system of orthogonal primitive idempotents.

Theorem 2 (Theorem III.1.2 of [16]) Suppose rank (V) = r. Then, for any x in V there ezists a
Jordan frame cy, - -, cr and real numbers A1, - -, A such that © =Y .| Aic;.

Note that the numbers A; are named eigenvalues. Consider tr(z) = >.7_; A; and det(z) = [];_; A;. For
any Euclidean Jordan algebra V, consider the corresponding cone of squares K(V) := {z* : x € V}.
This cone is symmetric, i.e. it is self-dual and homogeneous, see [16]. We use the following notations:

x>k 0 & zeK and r>-k0 & zreintkK,
and

r>gs & x—srg0 and r>-xgS & x—8rg0.
The inner product is defined as (z,y) = tr(xz o y). The induced norm is the Frobenius norm:

Izl = (z,2)"* = \/tr(2?) =

(81)

The following lemmas are used in the analysis of the TPA.

Proposition 1 The following statements hold:

(i) x € V is invertible if and only if P(x) is invertible, in which case P(z)™' = P(z™!).

(%) If £ € V is invertible, then P(x)IC = K and P(x)int K = int K.

(iii) If & € K, then P(z)'/? = P(z'/?).

(w) If £ € V, then x € K ( x =k 0) if and only if \i(x) > 0 and x € int K (z >x 0) if and only if
Ai(z) >0, foralli=1,---,r.

Lemma 16 (Lemma 14 of [34]) Ifz,s € V, then
)\min(ﬂz + 3) 2 )\min(x) + )\min(s) Z )\min(m) - ||SHF .
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