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1. Introduction

Let S denote the vector space of self-adjoint operators equipped with the operator
norm ||-|| on a Hilbert space H and let P C S denote the cone of invertible positive definite
operators. On S the closure P of the cone generates the positive definite partial order <
also called the Loewner order. Means of elements of P and related ergodic theorems were
studied in a large number of papers, see for example [2,5,6,16,21,19,20,25,26]. Arguably
the natural metric on P is

d(a,0) = || log(a™"/*ba™"/2)|| = spr{log(a~')} (1)

called the Thompson metric, which turns (P,ds) into a complete metric space such
that the topology generated by d., agrees with the relative operator norm topology [33],
where spr(X) denotes the spectral radius of X. Sturm’s law of large numbers [32] states
the almost sure convergence proved in [23] of the stochastic inductive mean sequence
{Sn}nen to A(w), the unique solution of the Karcher equation

/ log, a du(A) = 0,
P

with log, a := x~ /2 log(z'/2ax=1/2)z'/2. Here S, is defined recursively as S; := Y7,

SnJrl = Sn# 1Yn+1 (2)

_1
n+
for i.i.d. random variables {Y,,}en with L'-law u. The function ¢ € [0,1] — a#b for
a,b € P is defined by

t
a#b = A((1 — )8, + t6y) = a*/? (a_l/Qba_1/2) a2 =q (a_lb)t ,

it is the weighted geometric mean of positive operators a,b € P, which is monotone [5]
with respect to the partial order < generated by the cone P. It is also known [24] that
the geometric mean A is 1-Lipschitz with respect to the L!-Wasserstein distance W;. A
deterministic, also called “nodice”, version of Sturm’s law that periodically recycles all
the points a; was proved by Holbrook [15] for positive matrices and then in [23] for the
operator case. This “nodice” theorem states that .S,, converges to A(Zi:ol +64,) for the
recycling deterministic version Y,, := as in (2), where 7 denotes the residual of n modulo
k. The proofs in [23] develop an ODE theory for the initial value problem

(0 = [ log,y aduta)

P
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and use resolvent iterates in the spirit of (2) to approximate ODE curves converging to
the unique stationary point of the flow which is A(u). It is rather natural to study more
general operator equations of similar form

/ f(a) dp(a) =0, (3)
P

where f,(a) = z¥2f(x=2az=1/?)2'/? for f : (0,00) — R, f(1) = 0,f'(1) = 1 an
operator monotone function and this was initiated in [29] showing various properties
and uniqueness of solution of (3) for probability measures with bounded support.

Our goal is to study the properties of solutions A, (1) of an even more general class
of operator equations

[ ety dnty) =0 (4)
P
such that the associated initial value problem
30 = [ 000.9) duy) 5)
P

preserves the cone P and has an exponential contraction rate o € R; that is

doo (x(t), y(1)) < €™ doo (w0, o)

for any t > 0 where zg,y0 € P and z(t),y(t) denote the solutions to (5) with initial
values z(0) := xg, y(0) := yo respectively. In the special case when the generated flow of
the Cauchy initial value problem

& = 1(x)

x(0) = xg

turns out to be (Loewner) order preserving, then Gaubert and Qu in [13] were able to
determine the best exponential contraction rate by the simple formula

a() =sup{a € R : DY(z)(x) —¢(z) < —ax for all x € P}. (6)

Using only the exponential contraction rate property combined with a newly defined
resolvent map J§ (z) for A > 0 that we introduce as the solution to the equation

/\/cp(x,y) du(y) +log, z =0
P
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suited for this setting, we prove Sturm-type of strong law of large numbers and “nodice”
theorems approximating unique solutions of (4) when the exponential contraction rate
with o > 0 and the L!-integrability condition

/ Iy (a, gy~ /2| du(a) < oo
P

for all y € P are satisfied. This reproves and generalizes results in [29] to the unbounded
probability measure setting, establishes a crucial Wasserstein-type continuity estimate

doo (Mg (1), Ap(v)) < — /Ago(V)’l/zso(a,Ago(V))Ag:(V)’W d(p = v)(a)

(07
P

generalizing the one in [23,24] proved for the particular case A when oo = 1 and ¢(z,y) =
log,, (y). This framework applies to the various generalized operator means spawned by
(3) which turn out to have order preserving flows associated with them through (5)
with an ezponential contraction rate o > 0; and also establishes a (nonlinear) strong
law of large numbers for them through an appropriate generalization of (2). This family
includes the geometric (also called Karcher) mean A, the arithmetic and the harmonic
means and the matrix power means [25,19,20] to name a few. To achieve this, we also
provide a powerful enough resolvent theory for the setting of Gaubert and Qu in [13],
so that further studies can be made about ODEs and differential inclusion problems
discussed there. Among others, we establish the resolvent estimate

doo (J3 (), JX (y)) < doo(,y) + Wi(w,v)

A
1+ aX 14+ aA

where K > 0 is a suitable Lipschitz constant for y +— 3~ */2¢(a,y)y~'/2. This, for
example readily implies the contractivity of the resolvent when o > 0 and other estimates
so that one can readily develop a nonlinear Crandall-Liggett theory such as in [17].
2. Preliminaries

Let S denote the bounded self-adjoint elements and P denote the cone of positive
invertible elements of B(?) on a Hilbert space H. The Thompson part metric [33] on P
is defined by

doo (w,y) = || log(z ™"/ 2ya™1/2)].

According to the spectral mapping theorem,

[og(a ™ 2ya=/2)|| = spr(log(e™"?ya~"/?)) = log(spr(z~"/?yz~1/2)) = log(spr(z~'y)),
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where spr stands for the spectral radius. Therefore, for any invertible z € B(#), we have
the conjugance invariance property

ey =doo(a,y)

doo(z7 22
of the Thompson metric. The Exponential Metric Increasing (EMI) property [5,22] says
that for any z,y € P the inequality

[log z —logyl| < doo(,y)

holds.
Let us recall that the Lipschitz constant of a B(#)-valued function f: P — B(H) is
defined by

Lip(f) = Sipllf(x) — fW)l/doo(, y)-

The set of fully supported Borel probability measures over (P, d,) is denoted by P(P),
where fully supported means that for u € P(P) we have p(supp(n)) = 1. Note that
supp(p) is separable, thus all integrations with respect to such dp can be restricted to
the separable metric space (supp(u),ds). This essentially rules out any pathological
probability measures, even though the whole space (P, d) is not separable. This also
means that it is enough to consider Bochner integrals of vector-valued functions with
respect to elements of P(P). This approach is now the standard when dealing with
probability measures over P, see for instance [18,23] and others.

The Kantorovich-Rubinstein duality theorem on a separable metric space (S,d) ([1]
and [10, Theorem 11.8.2]) states that for any two Borel probability measures p and v,

Wi (p,v) = sup /f dup — /f dv| : f real-valued and Lip . (f) <1
S S

Let ¢: P +— S be a local Lipschitz function, so that the flow generated by the ODE
% = p(x) is Lipschitz. We can characterize the exponential contraction rate of this flow
as follows:

Theorem 2.1. Let xg,yo € P and let x(t),y(t) denote the solutions to the two Cauchy
initial value problems

and
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7= ¢(y)
y(O) = Yo-

Then we have the exponential contraction rate o for ¢; that is

doo((), y(t)) < €™ dos (20, Y0)

for any t > 0, if and only if

j(Dlog(zy Pyozg /*) Dy Pyozg /%) (&(0), 5(0))) < —ado(zo,y0)  (7)

where j is a norming linear functional for log(xglmyoxo_l/?).

Proof. “=":In order to differentiate the inequality doo (x(t), y(t)) < e~ **doo (0, yo) from
the right at t = 0 where it holds with equality, we apply the multivariate chain rule to
the composition j(log(x(t)~'/2y(t)x(t)~1/2)). Let j be a norm-attaining linear functional
such that

log(ag  *yozg /)| = j(log(xg  *yozs /%))

and ||j]| = 1. Now we shall differentiate both sides of the inequality

J(log(x ()™ 2y(8)a(t) 7)) < doo(@(t), y (1)) < doo (0, y0)e ™"

at t = 0, since equality occurs when ¢ = 0. Therefore, from the chain rule we obtain (7).
“«<": To reverse the above argument, we use (7) pointwise for each ¢ > 0 along the
curves z(t), y(t), that is

H(Dlog(a™ 2y (D@ 2ya @O 00D < ade(a(t).y(1)

where j is a norming linear functional for log(z(t)~/2y(t)x(t)~'/?). Notice that the
function t — doo(2(t),y(t)) is Lipschitz on bounded time intervals since the solution
curves of the Cauchy problem are Lipschitz themselves. Thus ¢t — doo(x(t),y(t)) is
differentiable for almost every ¢ > 0 with integrable absolutely continuous differential.
This implies that

i e @t +2),y(t +)) = dao(2(0).9(1)) _
e—0+ 3

§(Dlog(z~2ya™1/2)(D(x~2ya~1/2) (2(t), (1))
(@9)=(2(), (1))

for almost every ¢t > 0 by Clarke’s chain rule [7, Theorem 2.9.9], because doo(z(t), y(t))
is a composition of a convex and Lipschitz-continuous thus regular (in the sense of 2.3.4
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in [7]) function || - || and a Frechét-differentiable function t — log(x(t) =1/ 2y (t)z(t)~1/?).
This further implies

i Gt +9).5(¢ +9)) = dao(2(t). (1)
e—0+ 3

< —adyo (z(t),y(t))

for almost every t > 0. Using Gronwall’s lemma we integrate this with respect to ¢ > 0
to get doo (z(t),y(t)) < e *doo (w0, y0) as wanted. O

Corollary 2.2. If a(p) € R is such that doo(x(t),y(t)) < e=*Ptd (20, y0) for any solu-
tion curves x(t),y(t) as in Theorem 2.1, then «(-) is superadditive, that is

a(p1 + p2) > alp1) + a(p2). (8)

Proof. We add up (7) for p; and s to notice that on the left-hand side it is additive in
(£(0),9(0)) and on the right-hand side «(+) is also additive and use the “<” implication
of Theorem 2.1. O

Under exponential contraction rate a flow is always extendable if the boundary of the
set containing the dynamics is infinitely far. This, although might be known, is included
in the following assertion with proof for the sake of completeness.

Proposition 2.3. Let o € R be given. Let xo,y0 € P and for 0 <t < T, ., let z(t),y(t)
denote the solutions to the two Cauchy initial value problems

T = p(z)
z(0) = xo
and
v =¢(y)
y(0) = o,

where the existence time Ty, ., may depend on the initial conditions xo,yo. Suppose
further we have the exponential contraction rate

doo ((), y(t)) < €™ dos (20, Y0)

forany 0 <t < T, Then x(t) exists for all t € [0,00) independently of zo € P.

0,Y0 "

Proof. For zy € P, pick a solution z(t) € P. Assume that the maximal interval of its
existence is finite [0, Tinax). We show that lim; 7 2(t) does exist in dy. For any
0 <t1 <ty < Tmax We have

doo(x(tl)7x(t2)) = doo(x(tl),x(tl + (t2 - tl))) S e_atldoo(x(()),l‘(tg — tl))
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Hence, if t1 < to and both approach T,.x from the left, we obtain a continuous extension
of z(t) at t = Tinax. Note that the boundary of P in d, is infinitely far from any interior
point, thus the continuous extension x(t) is still in P and thus it must be C'. By the
Cauchy-Lipschitz theorem, there exists a unique solution to the initial value problem on
the extended interval [Tiax — €, Tmax + €]. This implies that Tiax = 0o must hold. O

The solutions of the general ordinary differential equation & = ¢(x) form an order-
preserving (or monotone) flow on the standard positive cone P if any two solutions
and zy satisfy 1 (t) < zo(t) for all ¢ > 0 whenever z1(0) < x2(0) holds on P. According
to Redheffer and Walter [31, Theorem 3], and Gaubert and Qu [13, Proposition 3.3],
the flow generated by ¢ is order preserving on P if and only if for any positive linear
functional w and 0 < v € S such that w(v) = 0 the inequality

w(Dp()(v)) = 0 (9)
follows for any = € P. Moreover, the least exponential contraction rate of general order-
preserving flows on positive cones has been characterized in [13]. The best contraction
rate is given by [13, Theorem 3.5.]:
alp) =sup{ @ € R : Dy(x)(z) — p(z) < —ax for all x € P}.
This formula implies (8) as well. We also note that
22 Dp(a)(2)a 2 — 27 P p(a)2 2 = D(a P p(x)am ) ().
Hence the constant a(y) can be defined as
alp) =sup{ a € R : D(z"2p(x)z"/?)(z) < —a for all z € P}. (10)
More generally, if one needs the least exponential contraction rate of general order-
preserving flows on open subsets U of a positive cone, then [13, Remark 3.6.] gives an
answer defining first Ao := sup, ¢/ eoe(®:¥) and then
a(U, ) =sup{ a € R : Dp(x)(x) — p(z) < —ax for all 2 € AU, Nyt < A < 1}
and similarly
(U, o) =sup{ @ € R : D(z™Y2p(z)2"V?)(z) < —a,Vz € AU, N\ <A <1} (11)
Let us recall that the logarithm function x +— logz has the particular directional

derivative Dlog(xz)(x) = I for any 2 € P. This is established through the well-known
integral representation formula [4]
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oo

S 1
1 =) —— - —d
08 /1+52 T+ s y
0

for any = > 0. Therefore, we have the Fréchet derivative
d -1
ﬁlog( x4+ ty)|i=0 = D log(x (x+s) " ylx+s) " ds (12)
0

and Dlog(z)(x) = I follows by a simple computation. This integral formula also implies
that the map y — D log(x)(y) is a positive linear map on B(H).
Now we can state the following theorem.

Theorem 2.4. Let us assume that the first-order system & = @(x) generates a contractive
flow on P and let x, denote a fized point of the system, and let

doo (2, 2(t)) < €™ doo (2, 2(0)),

for any t > 0 and x(0) € P. Then, for any y € P, there exists a linear functional
We, .y € S* such that ||wy, 4| =1 and

1 B B _ _
oo (2, y) < —wr (™ Ppy)y™1/?) < || YV20(y)y 2. (13)

Proof. Set the initial condition x(0) = y, and denote a corresponding solution curve by
x(t). Let j be a norm-attaining linear functional such that

[ og(e="*x (@) %) = j(log(ax " ?yai/?))
and ||j]| = 1. Now we shall differentiate the inequality
Jlog(a P x(B)27"%) < doo (., X(1)) < doo(a, ye™".

at t = 0. Notice that equality occurs when ¢ = 0. Therefore, from the chain rule we
obtain

J(Dlog(a2x(0)a %) (22 3(0)2 ) < —adu (w..). (14)
Moreover, the map
B: s Dlog(ws YV 2yuV2) (s 2y 2yt 2512
is positive by (12), ®(1) =1 and thus ||®] = 1 (see [30, Corollary 2.9.]). Clearly,

Dlog(zy X (0)z ) (22 x(0)2: %) = By~ 2 p(y)y~/?).
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Hence the linear functional w,, , := —j o ® is of norm 1. Moreover,

1 ~ - 1 B
oo () < —wry (4™ 0(y)y™%) < ~lly™ o)y
holds. O

Here is our next proposition.

Proposition 2.5. Let z € P. The first-order system
i(t) = z(t)Y? log(x(t) Y2z (t) "V ?)a(t) /2
generates an exponentially contractive monotone flow on the positive cone P such that
doo(z,2(t)) < e tdoo (2, 2(0))
for any t > 0 and x(0) € P.

Proof. Consider the function ¢(z) = z'/?log(z=/222=1/2)z'/2, where x € P. This
function is locally Lipschitz; thus, on any bounded metric ball around z, it generates a
unique flow. Consequently, the flow is also unique on the whole P. First, we prove its
order-preserving property. We recall the integral formula

oo

] 1
logr= [ —— ——— 4
CET /1—1—32 r+s s
0

which holds for any = > 0.

Hence,
o0 o0
/acsl—i—s —x(z 4 sx)” /ZS
0 0

where I4(z) = zs(1 + s%)7! — 2(z + sx) "tx. Now, we verify that

w(Dls(z)(v)) >0

holds for any state w and 0 < v € S such that w(v) = 0. A simple computation shows
that

Dly(z)(v) = vs(1 4 s*) ™' —wv(z + sz) " ra + 2(z + sx) " Lsv(z + s2) e — x(z + sz) .

From the Cauchy—Schwartz inequality for positive functionals (see e.g. [3, p. 28.]), we
get
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fwlor)] = [w(@/20121)] < () 2w(ror) /2 = 0
for any r € B(H); that is
w(vr) =w(rv) =0.
Therefore,
w(Dls(z)(v)) = w(x(z + sx) " sv(z + sx)"'x) > 0

which clearly implies w(Dep(x)(v)) > 0 as well. Then the generated flow is order-
preserving from (9).

Next, we shall apply the Gaubert—Qu condition (10) to determine the least contraction
rate of the flow. An easy calculation reveals

D~ p(a)a2)(x) = D(log(a~ 222~ 12))(x)
=D log(xfl/szfl/z)(D($71/2Z$71/2)($))
= —Dlog(z= 22272 (2712 2271/?)
=-1

9

from the result on the directional derivative (12). This finishes the proof. O

Corollary 2.6 (c¢f. Corollary 2.5. [11]). Any operator monotone function f: (0,00) — R
s operator concave and the non-commutative perspectives

fo(z) = a2 f (a2 2am1/2)2 /2 (15)
are jointly concave.

Proposition 2.7. Under the assumptions of the previous Corollary 2.6, the map

re / £2(2) du(2)

P

where € P(P) such that [p || fy(2)| du(z) < oo for any y € P, is also concave in x € P
and locally Lipschitz with respect to || - ||.

Proof. Firstly when supp(y) is bounded x +— [, fo(2) du(2) is easily seen to be contin-
uous by the Banach space version of Lebesgue’s dominated convergence theorem. Then
given a general p € P(PP) satisfying [, || fy(2)|| du(z) < oo for each y € P, we can ap-
proximate it weakly by a sequence p,, € P(PP) such that supp(u,) are all bounded and
also
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[ £ dnae) = [ 1) dutz)
P P

pointwisely for each € P. Then { [p fu(2) d'“”(z)}neN
family of concave continuous functions, thus by [8, Theorem 7.1.] { [p f2(2) dun(z)}neN

is a pointwisely convergent

is a uniformly locally Lipschitz family. Then it follows that [p fz(2) du(z) is also locally
Lipschitz and concave. O

Proposition 2.8. For any operator monotone function f: (0,00) — R, the perspectives
x — fo(2) and their integrals

x> /ml/Qf(x_l/sz_l/2)m1/2 du(z),
P

where p € P(P) such that [p || f,(2)| du(z) < oo for any y € P, define monotone flows
on P given by the first-order system

(t) = /OC(t)1/2J‘(x(7f)‘1/22w(t)‘1/2)96@)1/2 dp(z).

P

Proof. The local Lipschitz property of the previous Proposition 2.7 implies the existence
and uniqueness of a solution to the ODE. Then the remaining part of the proof is
essentially the same as that of the previous Proposition 2.5 and relies on the celebrated
integral representation formula for operator monotone functions

o0

f(x):a+bx+/

0

S 1
1+s2 x+s

dv(s), (16)

where a is real, b is non-negative and v is a unique positive measure on (0, 00) such that
o0
1
dv(s) < oo,

s2+1
0

see [4, p. 144]. O
3. Generalized resolvent estimates
Let us define the family of functions

C :={¢: P — S local Lipschitz and the flow of & = ¢(z)

has exponential contraction rate o € Ry }.
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Then by Proposition 2.3 the flow of any ¢ € C exists for all time ¢ € [0,00) and thus
leaves P invariant. It is then simple to check that C is a cone. Indeed, if ¢1,92 € C
generate exponentially contracting flows, then so do their sum 1 + @2 and Ap; for a
positive A by Corollary 2.2. We have the following existence and uniqueness result.

Proposition 3.1. Let ¢ € C with a(p) > 0. Then there exists a unique solution xqy to the
equation

p(x) =0
over the domain P and it is the only fized point of the ODE i = ¢(x).

Proof. For any ¢ € C, the solutions of the ODE & = ¢(x) are exponentially strictly
contractive in d,, thus we have at most one stationary point which solves the fixed
point equation. Indeed, let x4, (f) denote the solution of the ODE with the initial value
condition x4,(0) = zo. Then the flow map xo — Xz,(1), o € P, is a strict contraction
in the metric space (P,ds). Hence an application of the Banach fixed point theorem
gives the existence of x, such that x, (1) = x.. It is simple to see that x, belongs to
a periodic orbit of the flow with period At = 1. Let x; be any point of this periodic
orbit. Then the function ¢ — doo (X, (), Xz, (t)) is periodic as well. On the other hand,
since doo (Xa, (t), X, (t)) < e doo (21, 4 ), we get that deo (Xa, (£), Xz, (£)) — 0. Thus we
obtain that z1 = z, and x,, (t) = z. for any ¢ > 0; that is, z, is a (unique) stationary
point. O

For simplicity and later use, let us introduce the notation
log, z = x'/? log(x =/ 222~/ )21 /2,

For any ¢ € C, it is easy to see that the function ¥, : z — Ap(x) + log, z belongs to the
cone C for any z € P and A > 0. In fact, from Proposition 2.5, we have that a(log(_) z)=1
and then a(¢,) > Aa(e) + 1. Relying on this and the previous Proposition 3.1, for any
fixed z and A > 0, the resolvent equation

Ap(x) +log, z=0

has a unique solution z =: J{(z) in P, because the flow generated by the ODE & =
Ap(x) +log,, z is exponentially contractive in P, and thus possesses a unique fixed point
denoted by J{(z).

Definition 3.2 (Generalized resolvent). For any ¢ € C and A > 0, the unique solution
JY(2) of

Ap(x) +log, z=0
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in z € P is called the generalized resolvent at z € [P associated with ¢.

In the sequel, we shall prove several inequalities related to the generalized resolvent.
Our first statement establishes its contractive property.

Proposition 3.3. Let ¢ € C. For any A > 0,

1
14+ aX

deo (JX (), JZ (y)) < doo(,y)
holds.

Proof. Fix z € P. Let us consider the function 1, : z — Ap(z) +log, = defined on P. We
write z = J{ () to the (unique) solution to the resolvent equation

¥z (2) = Ap(2) +log, z = 0.
For any y € P, we recall that J{ (y) satisfies its own resolvent equation; that is,
(X (y)) +log ye(,y y = 0.
Thus,
V(IS () = Ap(JL () + 108 5¢ (o) ¥ + 108 0(y) @ — 108 ¢ () ¥ =108 se () T — log s () ¥

From Theorem 2.1 and Proposition 2.5, a(1,) > 14 Aa(p). Applying (13) to ., we
have

doo (TS (@), J{ (1)) < HﬁHJf<y>*I/szx(Jf(y))Jf(y)*/?)||
= - +1a>\ I 1og(Jf(y>—1/2fo<y)—l/2) _ log(Jf(y)_lmyJ;"(y)‘l/Q)||_

Now, the EMI inequality and the conjugate invariance of dy, complete the proof. O

Interestingly enough, one can apply the generalized resolvents to approximate the
solutions of the ordinary differential equation & = @(z). In the spirit of the non-linear
Crandall-Liggett theory [9], this approach has essentially been developed in the metric
space (P,d) to study the (generalized) Karcher equation [24], and has been extended
by Lawson in [17]. Now, by Theorem 4.11 of [17], for any z( € P,

(77

Fn)"T0 = S(t)zo n — 00

in the Thompson metric for ¢t > 0, where (S(¢))¢>0 is a non-linear operator semigroup.
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Corollary 3.4. Let ¢ € C. For any x,y € P,

oo (J{ (2),y) < Iy~ 2o(y)y~2|l.

1
——d (7,
T 14 al () +

1+

Proof. We note that the inverse of J{ on P is given by z = (J{)~ ( ) = exp, (= Ap(y)).
Thus there exists a unique z = (J{)"*(y) € P such that J{(z) = y; i.e.

Ap(y) +log, z =0

holds. From Proposition 3.3 and the previous equation

1
“1+aA
A
14 ad

oo (JX (), IS (2)) = doo (J (v), ) < oo (Y, 2)

ly= 20 (y)y~/2l.

Hence
doo (JX (%), y) < doo(J{(2), I (y)) + doo(J{ (), TX (2))

1
< ~1/2 -1/2
<TTax ly™"=e(y)y™ =,

doo(,y) +

1+ aX

which proves the assertion. 0O

We shall introduce another notion for the resolvent if ¢ has an integral representation
p(z) = /90(:6, y) du(y)
P

with respect to a u € P(IP) and a measurable locally Lipschitz family ¢(-,y) € C for any
y € P provided that

/ 220 (2, g2 |ldp(y) < oo
P

which assures the existence of the Bochner integral on the right-hand side above. For
simplicity, let J{ (z) := Jf(z) denote a solution to the equation

A [ el duty) + log, = = 0.
P

Definition 3.5. If the equation ¢(z) = 0 has a unique solution in P, we call it a (gener-
alized) barycenter and denote it by A, ().
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In the remainder of this section, from this point onward, assume that ¢ generates a
flow with an exponential contraction rate a > 0. By Proposition 3.1, this ensures the
existence and uniqueness of the zero of ¢.

Proposition 3.6. With the notations of Theorem 2.1

doo (A (1), Ap(v)) <= / Ap() 2 o(A (), y) A (V) ™2 d(p — V) (y)

o
P
Proof. Let us introduce the function

(@) = / o(z,y) dm(y)

P

for any m € P(P). Clearly, ¥ (A,(v)) = 0. We also note that

YA (V) = P (Ap(v)) = 9" (Ap(v)) = /@(M(V)’ y) dp = v)(y)-

P

From inequality (13) applied to the function x +— ¥*(x), we obtain that there is a
functional w of norm 1 such that

oo (B (1), Ap () < = / (A () V2 0(Ap (1), ) A () ~V/2) d(pt — 1) (1),

(%
P

which completes the proof. O

Let us note that the previous proposition implies the Wasserstein contraction result
(17) below for barycenters as shown in [24, Proposition 2.6]. To see this, consider the
function

o(z,y) = a'/?log(a™/ yx= /)2 /2.

The exponential contraction rate of the generated flow on the cone P is o = 1, as
indicated in Proposition 2.5. Moreover, there is a functional w of norm 1 such that

[ A0 200,802 = ))

P

- / w(AW) 2(AW), y)AW) ) d( — v)(y)
P
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Notice that

Y1(y) — 2(z) < ds(z,y).

Indeed,

U (y) = va(w) = wllog(A(W) ™ 2yAW) ~1?) — log(A() " ZzAw) ")
< [[1og(A ()™ 2yA () ~12) — log(A() 2 A(v) /2|
S d00($7y)7
from the EMI inequality and the invariance of the Thompson metric duo; that is, the

map z — w(log(A(r)~/2zA(v)~1/?)) is 1-Lipschitz on the metric cone (P, ds.). Hence,
by the Kantorovich duality (see [34, Theorem 5.10]), we immediately obtain that

/ AW 2o(A (), ) AW) V2 d( — ) (w)|| < Wa ().
P

Thus, we obtain

oo (A (1), AW)) < Wi(p,v) (17)

as claimed.
Here is our general convergence result for barycenters.

Corollary 3.7. For a sequence {fin}n of probability measures, if p, — u weakly and

Jim / 1A (1) ™20 (A (1), ) A (1) /2] dpan(y)

/ 1A (1) (8 (11), 9) A (1) dpa(y)

holds for any x € P, then doo(Ay (), Ap(pin)) — 0.

Proof. For simplicity, let us use the notation

Ay) = A (1) ™2 0(Ag (1), y) A (1) /2.
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Set By = {y € P: ||A(y)|| < M}. Note that the convergence conditions give the ‘tight-
ness’ of the measures; that is, the uniform integrability condition

i lim sup / 1AW dpin(y) = 0

M—00 nsco
P\Bwum

holds.
From Proposition 3.6 we have the inequality

For any Borel set By C P, we have sup,¢p,, [[A(y)|| < oo. Thus the weak convergence
of probability measures also implies

/ A(y) dpny) — / A(y) du(y),
By By

n — 00, in norm (see [28, Theorem 2]). Hence, for any € > 0,

[Aw - < | [ A@ d-m)@)| + [ 180 e+ m)w)
P M

P\B}u

< 3e
for any sufficiently large M and n, which completes the proof. O

It is known that a continuity result such as Corollary 3.7 implies uniqueness of the
solution to the corresponding operator equation for probability measures, even with
possibly unbounded support. This holds as long as an L'-integrability condition, as
described below, is satisfied. See, for example, [23, Theorem 4.11].

Proposition 3.8. Let 1, v € P(P) and {¢(-,y)}yep be a family of functions such that

a=a /w(w,y)du(y) > 0.
P

Then, for any z € P and A > 0 we have

A

doo (J3(2), X (2)) < 705

/ T (2) V2T (2), 0) T (2) V2 d( — ) ()
P
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Proof. Fix z € P and A > 0. Let us introduce the function

W™ (@) = A / o(z,y) dm(y) +log, 2

P

for any m € P(PP). Clearly, ¥ (J¥(z)) = 0. Moreover, we note that

PRI (E) = (K (2)) — 0 (X (2))
= [ i - 1))
P

Again, a(y*) > 1 + al. From inequality (13) applied to the function x — ¥*(x), we
obtain

doo (T3 (2), JX(2)) < 75 AHJ”( 2) TP (I (2) I (2) 7))

A

“Tra / T ()20 (), ) () d(u - ()| O

P

Corollary 3.9. Let p1,v € P(P) and {¢(-,y)}yep be a family of functions such that

a=a [l | >o

P

Then, for any x and z € P and A > 0 we have

doo (JX (2), JX () < doo(J5 (2), IS (y) + doo (J5 (1), JX (1)

1
dm )
T an (@ y)

IN

o | O R )2 K W) - v)e)

P

+

doo (,y) +

1
<
~14+a\ 1+a)\W1('u7V)

where Lip . (JX (y) " 20(JX (y), ) JX (y) ~1/?) < K.

Proof. We only show how to obtain the last inequality, the others are straightforward
implications of the previous results. There exists a norming linear functional w such that
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[ KW o3, 25500 dl - v)()
P

—w / T ) 2 0(T (), 2) T ()2 d(p — v) ()
P

— [ (B o302 502 d- )

P
< KWI(M?V)

where to obtain the last inequality we used Kantorovich duality. O
4. Holbrook’s nodice theorem

In this section we shall prove a deterministic version of resolvent iteration theorems.
Pick a yg € P. Let us define the sequence of resolvent iterations:

(e—1) = T2 (o, yk-1), k=12,....

k

yr = J

=6

Theorem 4.1. Let ¢ € C. Let x. denote the unique solution to the equation p(z) = 0.

Then the resolvent sequence yn4+1 = Jﬁ (o, yn), n = 0,1..., converges to x. in the

Thompson metric for any initial yo € P.

Proof. From the definition of the resolvent sequence, we have

1
E@(yk) +log,, yk—1 =10,

that is,

1
7 ¢(e) +log,, . =log,, z. —logy, yr-1.

Let us define the function ¥ (z) = +¢(x)+log, .. Here the best contraction rate (1)) >
1+ a/k follows from (8). Since ¢ (x.) = 0, relying on inequality (13), we obtain

o L _ _ B -
oo (T4, i) < (1 + E) Hk’g(yk V25 g2 og(y 2y 1/2)H
a\ 1
< (1+E) oo (T, Yr—1),

where in the last step we used the EMI inequality and the conjugate invariance property
of the metric dq.
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Hence, a straightforward computation shows that

oo (Ts5Yn) < doo (24, Y0) ii ( ) C><;%;);

the proof is done. O

Let us choose the functions 1, ..., ¢ € C. Let A € P stand for the unique solution to
the equation

k
Z ‘Pz(A) =

Theorem 4.2 (Nodice Theorem). Let @1,...,0r € C be Lipschitz functions on any
bounded d..-metric ball. Let us define the cyclic resolvent iteration sequence

s

snt1 = J_1 (0n51 8n),

(o stands for the remainder class modulo k of n and o := ¢). Then the sequence s,
converges to A in the Thompson metric for any initial data s € P.

First, we need to prove a preliminary lemma.

Lemma 4.3. Let us assume that z,y € P and X := doo(x,y) < log3/2. Then

1

< —— Nzl
< s el

[ log, vy — (y — )

Proof. First, we have

that is,
e -1 < q:_l/an:_l/Q —1< e — 1.

Thus |2~/ 2yz=1/2 — 1|| < max(1 — e}, e* —1) = ¢ — 1 < 1. Next, from the power
series expansion of the function z — log(1 + z),

22 log(a— 2y~ 1/2)1/? = Z ﬂx1/2($—1/2y$—1/2 1)l
=1
=y—z+a/?(1-a" —1/2)2 —1/20 0= 1/2yi g /2
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Therefore,

og, y — (y —2)|| < —IIwII (1-e Z 11— 2™ 2ya 2P

Iz
T =2 Py 7]

(1 )
We note that (1 — e*)2(2 —e*)~! < (1/2log?3/2)A2 for 0 < X < log3/2 by simple
calculation, hence we are done. 0O

We shall also use the following lemma from [27, Lemma 2.1].

Lemma 4.4. Let {ay}x be a sequence of nonnegative real numbers satisfying

— 4+
Ok+1 < k+1) T e+ )2

where o, 8 > 0. Then

W(CLO‘FW) Zf0<06<1
apyy < 4 pHOEEED ifa=1

1 (a—1)ap—p .
CEM(==) (5+ o= ) ifa>1.
Now we are ready to present the proof of the main theorem of this section.
Proof of Theorem 4.2. Let o = Zle a(p;). We claim

1
1+

1
dOO(A7 5(n+1)k) < doo (A, Snk) +0 (ﬁ)

3IQ

holds for any sufficiently large n.
First, we prove the sequence {s,}, is bounded with respect to d. Indeed, Corol-
lary 3.4 implies that

ntl alemr) A e (WA

doo(sn 1,A) S Y oo(snaA) +
* n+ 1+ alenry) n+ 1+ alenry) a(enrr)

)

which by induction gives

deo (5n+17 A) <

‘ =

R sy

+

A—1/2 — (A A—1/2
{| prri(h) ”,doo<30,A>}.
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That is, s,, is bounded in d,
Next, from the definition of the sequence {sy},

—1 .
nk + Zsoz(snk+z) + 10g8nk+i Snk+i—1 = O7 7 = 17 s k.
Summing up these inequalities for all 1 < ¢ < k, we obtain that

k k

1
Z ———¢i(Snk+i) + ZlOgsnkH Spk+i—1 = 0. (19)

nk +1
i=1 + i=1

For the first term, we have
k

k
1 1
E i(Snk4i) = g E@i(snkJﬂ )+ E (nk‘—l—z - %> ©i(Snk+i)
i=1

i=1 i=1

k
1 1
% ; @i(snkJri) + O (ﬁ)

due to local boundedness of ¢;-s. Then, for any index n, by the definition of the resolvent

J1 /1 (Ot 5n),

/2 —1/2 - 1
el sasr) = logs, 250, 121 < s llemmatonsn) =0 (1),

since sy, is bounded in d. Hence a simple argument also implies doo (Sn, Sn+i) < O(1/n)
for any 1 < ¢ < k. Since ;-s are locally Lipschitzian in d.,, we have

1
Qo (91 (5mp), 91 (5mk)) < Lo (s 5n) < O (—) ,

n

thus

k

1 1

=1

Furthermore, to handle the second term in (19) we apply Lemma 4.3 several times for
any sufficiently large n, resulting in the following chain of equalities:

k k 1
Z 10g3nk’+’i STLk+i—1 = Z Snk-‘ri—l - Snk+z + O (ﬁ)

i=1 i=1

1
= Snk — S(n+1)k T 0] (ﬁ)

1
= 10g5(n+1)k Snk + O (ﬁ) .



24 Z. Léka, M. Pdlfia / Advances in Mathematics 457 (2024) 109933

Therefore, equation (19) implies that

k
1 1
nk Z Pilsmnne) + 10g5(n+1)k Sn = O <ﬁ> . (20)
i=1

Let us introduce the auxiliary function v,, on P:
U J:I—>—Z<pz ) +log, A

We shall apply the inequality (13) to ¢,,. We note hat ¢, () = 0 if (and only if) z = A
and a(y,) > 1+ 2 by (8). Hence

1
Yu(smann) =logy ) A —logg, ), Sk +O (F>

from (20).
We are now in a position to use (13):

1 ~1 ~1/2
doo(AaS(n-i-l)k) < H—g (nJil k{lpn(s(n+1)k)3(n41)kH
< |22 A—1 +0
14 @ )k Ogs(n+1)k Ogs(n+1)k S"k (n+1
1 1
< doo A7 n 5 |
STy ( Sk)+0<n2>

where we applied the EMI inequality and the conjugate invariancy of d., in the last step.
Hence our initial claim is proven.
We can obtain from these iterative inequalities and Lemma 4.4 that

dOO(A, Snk) —0

if n — oo. A simple reasoning shows that deo(Snk, Snk+i) = O(1/n) if 1 < i < k, hence
the proof is done. 0O

5. Stochastic resolvent iterations

In this section, we shall prove a stochastic version of the Nodice Theorem. We consider
the result as an L' Strong Law of Large Numbers in the Thompson metric. Let us recall
the following extension of the classical real-valued SLLN due to Etemadi [12, Theorem
1]. Consider a sequence of positive weights {w;}; such that W,, = >""" | w; — co. Assume
that
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n .
nw twip1 — w;
sup — < oo and supE M<oo.
n n n . WTL
i=1
If X1, Xs,...is a sequence of real random variables, then

1 n . . 1 n
- ;Xi — Xp a.s. implies Wn ;wiXi — Xp a.s.

Additionally, if the sequence {w;}; is monotone, the second condition on the averages
can be omitted.

Lemma 5.1. Given 0 < a < 1, 0 < s¢ and a sequence {b, }n of real numbers, let us define
the sequence

Sp = (1 — g) Sp—1+ gbn_l, n > 1.
n n

Then s, = WL (50 + Z;:Ol wibi), where the sequence of weights {w;}; is monotone and

W, =30 g w; — 00, n— 0.

Proof. A straightforward computation gives that

i+1 -1 n -1
! o a o
wi:iJrlH(l——,) and anﬂ(l——) = O0(n%).

i=1 J j=1 J
Hence, sup,, 777> < oo and
(] .
Wit1 +2 e <1
= = ;
w; ail—3) i+t2-a

which immediately gives the proof of the rest of the lemma. O

Let us consider

o(z) = / o(z,y) duly) € C,
P

where p € P(P) for some measurable locally Lipschitzian function family ¢(-,y) € C,
for any y € P. For any P-valued random variable Y with law u, we recall that J;;Y () =
Jr(Y, z) denote the solution to the equation

Ap(x,Y) + log, z = 0.
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Theorem 5.2. Assume that ¢ : P x P — S is Lipschitz on any bounded d..-metric ball
and

/ a2 (e, g7 dpu(y) < oo (21)
P

holds for all x € P. Additionally, a(p(-,y)) > a >0 for any y € P, and also, ¢ : P — S
is Lipschitz on any bounded d..-metric ball. Let Y1,Ys, ... be a sequence of i.i.d. random
variables with law p € P(P). Then the stochastic resolvent iteration So € P and Sp41 =
Jﬁ (Yot1,Sn) almost surely converges to A, (1) with respect to the Thompson metric.

Proof. Let us define the empirical measure py := %Zle dy,, where dy, is the Dirac
measure supported on Y;. Then by Varadarajan’s theorem [10, Theorem 11.4.1] the
sequence py converges weakly to g on the support of p. Since the norm-function is
L!(u)-integrable, we also have that

/ 1A ()20 (A g (12), DA (1) ™21 ()
E / 200200 0), )2 0) 2 i)

if K — oo, almost surely. Hence,

CAs oy ) = / A (1) 20(Ap (1), ) A ()™ d(s — i) ()| = 0
P

a.s. follows if k& — oo (see the proof of Corollary 3.7). Since sup, EC'(A; u, p;) < 0o, from
the Dominated Convergence Theorem, for any positive constant €, we have

EC(Aa My :U’k) <éa

for any sufficiently large k. Pick such a k. Let us introduce a random sequence of empirical
measures vy, ‘= % Zle 0Y,.:- Then, for any S, € P, we can define the resolvent sequence

S’n+1 l/n(g ) n Z 1.

Notice that Ay, (p) = Jf/n(Aw(M)) holds for any n. Hence, from Corollary 2.2 and Corol-
lary 3.9, we obtain that

A 1

CA; s Un
Ao (A (1), Suin) < (s 4, v)

(]
n
1+ «

a.sS.
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Let us define an auxiliary sequence of random variables: Dy := doo (A, (1), 51) and

1
1+

C(A;,u,ljn)

(e}
n
1+ o

Dn+1 =

D, +

n > 1.

3R

A simple induction shows that deo(Au(p),Sn) < D, as. for any n. Notice that
C(A; pu,vy,) are real-valued i.i.d. random variables. By applying Etemadi’s extension to
the Strong Law of Large Numbers and Lemma 5.1 to these variables, we have that

Dn_>EC<A7N7V’ﬂ):€
(0%

almost surely. This also implies that

lim sup doo (Ay (1), Sn) < limsup D,, = ¢ a.s. (22)

n—oo n—oo

To complete the proof, we claim that
doo(Snk,gn) —0 a.s.

In fact, we can closely follow the steps of the proof of the deterministic Nodice Theo-
rem 4.2. Let an auxiliary random function ¥,, be defined on P as follows:

k
1 A
U,z 3 Z @(, Ynk+i) + log, Sn.

i=1

Let us recall that the sequence {S,}, is almost surely bounded with respect to du.
Indeed, Corollary 3.4 shows

n+1
n+14+«

o 0007 (N (), Yor1) A ()12
n+14+a o .

doo(Sn+17A<p(N)) < doo(SmAtp(,u))

From the Strong Law of Large Numbers, it follows
—ZIIA T2o(Ag (1), Yo A (1) 2

E / 400020 ), )2 0) 2 i)

a.s. Again, Etemadi’s extension to the Strong Law [12, Theorem 1] implies that
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lim sup do (S, A / 1A (1)~ 20 (A (1), 1) A (1) 2| dpa(y)

n—oo

a.s.; that is, S, is bounded a.s.
We now use a stochastic version of (20)

k
1
e E @(5(n+1)k7Ynk+i) + 10gs(n+1)k Spr =0 (> a.s. .
1=1

Hence
1
o (Snt1yx) = logs(nﬂ)ks —logg ), Snk + O )

Clearly, ¥,,(Sn41) = 0 holds and a(¥,) > 1+ (nk)~ Zz Lo =1+ nta. Again,
inequality (13) implies

A 1 —1/2 ~1/
doo(Sn+1, Sin1y) < T e (1) Yn S+ 1)) 5n+1>kH
<L |sie (lo S, —1lo Suk)S,, +0
- 144 (n+1)k gS(n+l)k n gs(n+l)k nk n+1)k
1 N 1
< doo ny~n 5 |
,1_"_% (S Sk)+0<n2)

where we used the EMI property and the conjugate invariancy of d., in the last step.
Thus, we get doo(gnH,S(nH)k) — 0 if n — oo. Additionaly, it is easy to see that
doo (Snks Snk+i) — 0 holds for any 0 < ¢ < k as n — oo. Combined with (22), it follows
that

lim sup dog (S, Ap(p)) < e

n—oo

almost surely. Since € > 0 was arbitrary, the proof is complete. O
6. Applications to operator means

In this section we shall present some applications of the previous results related to
operator means and operator monotone functions. Let us recall the celebrated Loewner
integral representation formula of operator monotone functions is (16). The (non-
commutative) perspectives of f are given by the maps

&= fo(2) = 2V 2 f (a7 220 Y22/,
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By Proposition 2.8, for any operator monotone function f: (0,00) — R with f(1) =
0,f(1) = 1, the perspectives x € P s f,(2) := x¥/2f(x=22271/2)2/2 and their
integrals

o5 (@) i= [ () dutz),
P
where p € P(P) such that
S5, dutz) < o (23
P
for any y € P, define monotone flows on P through the first-order system

ﬂwzwﬂmz/ﬂmwmma
P

for t > 0. This is indeed the case, since it is a straightforward exercise to see that the
f.(-) are locally Lipschitz, thus ¢ as well by Proposition 2.7. If

0=ﬂ@=/h@ﬂM@
P

has a (unique) solution, we denote it by Af(u).
It is also well known that

I—z'<fx)<az-1I (24)

for € P where the upper bound follows from the concavity of f and the normalizations
f(1) =0, f’(1) = 1; the lower bound is implied by this and by the fact that —f(z~1) is
also operator monotone with the same normalizations.

Theorem 6.1. Let f be an operator monotone function as above with f(1) =0, f/(1) =1
and assume that 1 € P(P) such that (23) holds. Then the first-order system

i@z/ﬁﬂ@@@
P

generates an order-preserving flow. Furthermore, it has an exponential contraction rate
a >0 on any closed ball B(I,c) = {y € P : do(I,y) < c}.

Proof. Firstly, the flow is order-preserving, as established in Proposition 2.8. We rely on
the Gauber-Qu condition (11) and the integral representation (16) to obtain
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D(a= 2 fo(2)a™?)(x) = D(f(a™ 2227 1/?))(x)
= Df(x V222 V) (D2 2227V (2))
— _Df(x71/2zx71/2)(x71/2zx71/2)
= V2 V2 (2,012 < g,
Note that z='/22271/2 € P for 2 € supp(u1). Now let us choose any order interval [%L cl
with ¢ > 0. Then f being non-constant and the representation (16) ensure f' > 0, f” <0
on (0, 00), and it is easy to find some measurable positive lower bound on [%I, cll for a,

for z € P. Then choosing a := [ a. du(z) provides a suitable positive lower bound on
the exponential contraction rate of ¢ on [1I,cI]. O

Lemma 6.2. Let f be an operator monotone function as above with f(1) =0, f'(1) =1
and let z € P. Then the first-order system

#(t) = for)(2)
leaves the half-open order intervals [z,00) and (0, z] invariant.
Proof. First note that f,(z) = 0, thus the orbit starting at 2(0) := z is stationary. The
generated flow is order preserving by Theorem 6.1, thus any orbit with starting point
x(0) > z has z(t) > z and similarly z(0) < z implies z(¢) < z for all ¢ > 0. This ensures

the flow invariance of the order intervals [z, 00) and (0,2]. O

By [13, Remark 2.4.] the flow invariance of a closed convex set S is equivalent to
[ ) duty) € Ts(o) v € s,
P

where Ts(x) is the tangent cone of S which by [13, Proposition 2.5.] can be calculated
as

Ts(z):={v:3IAN> 0,24+ v e S},Vx € S. (25)

Proposition 6.3. Under the assumptions of the previous Theorem 6.1 if
[ au) < [t au) < o, (26)
P P

then the flow leaves the order-interval [([p 271 du(2)) ™Y, [p 2 du(z)] invariant.
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Proof. For any x € P by (24) we have the following

I—/(aflﬂyrﬂm)’1 du(y) < /f(m’l/Qyw’W) du(y) < /flﬂyw*m du(y) — 1
P P P

which is equivalent to

_1 -1

I~ [a=1/2 /zf1 du(y) | =7%/2 S/f(x’”zyx’m)du(y)
P P

< 913‘1/2/ydu(y)»f‘”2 —1I
P

1/2

and by conjugation with x*/# this further implies

1 -1

et (a2 [ytau) | | 22 < [ R dut) < [yt -
P P P

(27)
Note that the left hand side above vanishes when z = (f]P, y 1 d,u(y))_1 and simi-
larly the right hand side vanishes if x = fP y du(y). Then by Lemma 6.2 the flow
generated by the function on the left hand side of (27) leaves the half-open order in-
terval [( fpy™ d,u(y))_1 7oo) invariant, while the flow generated by the function on
the right hand side of (27) leaves the half-open order interval (0, [p y du(y)] invariant.

This yields that the left hand side of (27) is an element of T [ v dua)) ™ o0) (x), thus
P s

Jp f=(y) du(y) is also an element by (27). Similarly the right hand side of (27) is an
element of T(o 1 ayu(y)] (z), thus [p fo(y) du(y) is by (27). When combined, these yield
that

—1

/fx(y)du(y) € Ty dn)) " fp v an(w)] (z), Vze /y‘1 dp(y) /y dp(y)
P

P P

This proves that the flow generated by [p fz(y) du(y) leaves the closed convex order
interval [(f]? y! du(y))_1 Jpy d,u(y)} invariant. O

What follows is a more general version of the above with a different proof.

Proposition 6.4. Under the assumptions of Theorem 6.1, there exists an 1 < R € R such
that the flow leaves [%I,RI} invariant.
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Proof. First of all note that f : (0,00) — R is operator monotone, so it holds that

/f( ) /f dpy /nydu() (28)

for any 1 < K € R and Borel set A C P. By the integrability assumption (23) for any
€ > 0 there exists 0 < R, € R large enough such that

1f W dply) <e. (29)

P\B(I,R.)

Moreover, the left hand side of (29) is a decreasing function in R, > 0. By (28) this also
implies that

fe™®y) duly) < el
P\B(I,R.)

for any K > 0. For y € B(I,R.) and K > R. we have that e"Xy < I which by (24)
implies f(e ®y) < e Ky — I <0 and then

/ fle™®y)duly) < e ™ / ydu(y) — I < —2¢l

B(I,R.) B(I,R.)

for all large enough K > R.. Thus we have
/f(e‘Ky) du(y) < —el.
P

for all large enough K > R. > 0. This shows

/fKI(y) du(y) < =011
P

for a 61 > 0.
In a similar way, but now using the right hand side of (28) and the left hand side of
(24) for any € > 0 we have

/f(e'“y) du(y) > el.
P

for all large enough k > 0, yielding that for all small enough 1 > k € R we have
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/ fur(y) duly) > 621.
P
At this point we define R := max{K,1/k} and note that still

[ fr1w) duto) < =811, [ 1000 dute) > bt
P P

By Proposition 2.7 2 — [p f.(y) is locally Lipschitz, thus in a neighborhood of x = RI

we have
41
P
and in a neighborhood of x = %I we have
d2
foly) duly) > S 1. (31)
P

Then (30) and (31) imply that

/fz(y> du(y) € Trx 1 rr) (%)
ig

for z in a neighborhood of x = %I and x = RI. Since the generated flow is monotone,
this further implies that

[ 126 nt0) € Ty )90 € | 1.
P

proving the flow invariance. O

Theorem 6.5. Under the assumptions of the previous Proposition 6./, Ay(u) exists and
1S unique.

Proof. Theorem 6.1 and Proposition 6.4 yields the uniqueness of Ay in [%I ,RI ] by
Proposition 3.1, because the orbits 7 of the flow do not leave the order interval [%I ,RI ]
as long as vy(0) € [%I, RI] and on [%I,RI] the flow has an exponential contraction
rate a > 0, so we can apply the same reasoning as in Proposition 3.1. Furthermore, the
existence of another stationary point of the flow in [% I,RI ] would lead to the existence
of two distinct stationary orbits, contradicting the exponential contractivity established
in Theorem 6.1. O
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The following order preserving property was proved in [29] in the case of bounded
supp(u). We can reprove this using our tools.

Proposition 6.6. For any operator monotone function f;: (0,00) — R with f;(1) =
0,f(1)=1,i€e{1,2}, if fi(x) < fa(z) for all x € P, then Ag (1) < Ay, ().

Proof. The flow generated by fi leaves Ay (1) invariant and by the order preserving
property [Ag, (@), 00) is also invariant. Then by the assumptions we have

0= / (g )Yy g, ()~ Y2) da(y) < / Fo(A gy (1) 2y A g, ()~ Y/2) (),
P P

thus the order preserving flow generated by f, leaves the order interval [Ay, (u), 00)
invariant as well by a similar containment argument for the tangent cone of [Ay, (1), 00)
as in the proof of Proposition 6.3, implying Ay, (u) € [Af, (1), 00). O

Corollary 6.7. Under the assumptions of Proposition 6.3 we have

-1

/ yldu(y) | < Ap() < / y du(y). (32)

P P

Proof. The result follows from Proposition 6.6 and (27) along with the direct implications
of the latter. O

The stochastic order of probability measures over partially ordered spaces were studied
in detail for example in [14,18]. It is denoted as u < v which means that p(U) < v(U)
for any open upper set U, that is U is open and x € U with z <y implies y € U. Then
for instance p < v implies [ f2(2) dp(2) < [p fo(2) dv(2) for all z € P and then in turn
this implies Af(p) < A¢(v), i.e. Ay is monotone which has been first shown in [29] for
measures with bounded support. We need a variant of Corollary 3.7 that applies to the
above in the case of probability measures with unbounded support.

Corollary 6.8. For a sequence {p,}n of probability measures if i, — p weakly and (23),
(18) hold with respect to dun(y) and du(y), then doo(Ay(p), Af(pn)) — 0.

Proof. The proof of Theorem 6.5 yields an exponential contraction rate o > 0 on the
flow invariant [%I S RI ]7 so Corollary 3.7 applies. O

It is desirable to look at M (a,b) :== Af((1 — )3, + &) for ¢t € [0,1] and a,b € P
providing a more “symmetric” resolvent. The motivation for this is to recover the (Sturm-
type of) strong law for the arithmetic, harmonic and Karcher means in their known forms.
The form of the last one is discussed above in the Introduction.
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Theorem 6.9 (Strong Law of Large Numbers). Let Y1,Ys, ... be a sequence of i.i.d. random

variables with the probability law p on P satisfying (23) and (26). Then the stochastic

iteration Sy € P and Spy1 = M’ (Yni1,S,) almost surely converges to Ar(p) with
n—+1

respect to the Thompson metric.

Proof. First, we prove that the stochastic iteration Sy € P and

1

n—HfSn+1(Yn+1) + f$,4,(Sn) =0 n>0,

defines a bounded sequence in d, a.s. Indeed, since f is concave, we have

_ 1 +1 _
! <5n+1 1/2 (n—Yn+1 1T > Sni{Z) >0=f(I).

+2 n+2""
Thus
1 n+1
Sh < —=Y, ——5n
= n+2 +1+n+2
holds and

1 n+1
Spe1 < —— | S Y;
st (93]

i=1

follows for any n > 1. Since E(Y;) is finite, the average is weakly bounded above and then
strongly in norm as well. A similar argument with g(x) = —f(1/z), which is operator
monotone, shows that S ! bounded above in norm. This implies that S, is bounded in
deo almost surely.

From the Taylor series expansions, we have

f(:r):x—l+0((x_1)2) and 1Og1'=$—1+0((x—1)2)

on bounded sets. Therefore, the stochastic resolvent iteration S, = S, and Sn_H =

Jﬁ (Ynt1,5n), n > 0, and the iteration S,, above are close in metric; that is,

do(Sn, 80) = O (i) . (33)

n2

Obviously, S, is also bounded in d, a.s.
Next, let us recall that the first-order system

i = / £2(s) du(s)
P
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leaves any sufficiently large order-interval @ = [¢~'I,cl] invariant, where the exponen-
tial contraction rate of the flow is positive, see Theorem 6.1 and Proposition 6.4. We
also note that a(Q, fz(s)) > 0 holds for any s € P (see the proof of Theorem 6.1).
Moreover, E(a(Q, f-(Y)) < co, because without loss of generality we may assume that
a(Q, fz(s)) <1 for any s € P. Hence, the SLLN implies

k
ZQ(QJI(K)) — E(a(Q, f+(Y))) > 0.
=1

ol

Choosing a large invariant set Q that contains the bounded resolvent iteration S, we
can utilize the proof of Theorem 5.2 on the set @ to obtain that doo(Sn,Af(p)) — 0
almost surely. With the approximation (33) above at hand, the proof is complete. O

A similar modified version of Holbrook’s Nodice Theorem 4.2 follows in the same vein
as well.

Remark 6.10. These results imply the ones in [24] for the geometric also called Karcher
mean A of positive operators by choosing f(x) = log(z). In fact in this case we can apply
Theorem 5.2 directly, since o = 1 globally by Proposition 2.5.

Furthermore, the usual strong law for the arithmetic mean (1 — t)a + tb with its
multivariable version [, a du(a) follows when f(z) = 2 — 1; and for its cousin, the
harmonic mean [(1 —t)a™" + ¢tb~!]~! with its multivariable version [ [, ™! du(a)] ™" as
well when f(z) =1— 1.

More generally, the non-commutative power means defined and studied in [25,19,

1

20] are generated by the one-parameter family f;(z) = f’:t; of normalized operator

monotone functions for ¢ € [—1,1]. Then Ay, gives a non-commutative extension of the

one-parameter family of t-power means of positive numbers that varies continuously, and
interpolates monotonically in ¢ € [—1,1] between the harmonic for ¢ = —1, the Karcher
for t = 0 and the arithmetic means for ¢ = 1.

Even more generally our results reprove most of the results of [29] and extend them
to the case of unbounded supp(u).
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