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1 | INTRODUCTION

Abstract

We describe surjective linear isometries and linear isom-
etry groups of a large class of Lipschitz-free spaces that
includes, for example, Lipschitz-free spaces over any
graph. We define the notion of a Lipschitz-free rigid
metric space whose Lipschitz-free space only admits sur-
jective linear isometries coming from surjective dilations
(i.e., rescaled isometries) of the metric space itself. We
show that this class of metric spaces is surprisingly rich
and contains all 3-connected graphs as well as geomet-
ric examples such as nonabelian Carnot groups with
horizontally strictly convex norms. We prove that every
metric space isometrically embeds into a Lipschitz-free
rigid space that has only three more points.

MSC 2020
46B04, 47D03, 51F30 (primary), 46B80, 49Q22, 54E50 (secondary)

The study of linear isometries of Banach spaces is as old as Banach spaces themselves. Indeed,
Banach already in [9] described linear isometries of separable C(K) spaces, a result that has later
become known as the Banach-Stone theorem. Banach himself later described the isometries of
Lp[0,1], for p € [1, 00) \ {2}, which was later generalized by Lamperti to all L, (X, ) spaces and
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became known as the Banach-Lamperti theorem, which is relevant also for the topic of the present
paper. Since then, linear isometries of many more classes of Banach spaces have been described,
and we refer the reader to the monographs [15, 16] for a detailed account on this topic. In this paper,
we continue this line of research for the class of Lipschitz-free Banach spaces and, to a smaller
extent, also their duals. These spaces are free objects in the category of Banach spaces over the
category of metric spaces, and due to their close relation to Wasserstein spaces, they attract the
attention of researchers not only from (linear and nonlinear) functional analysis, but also metric
geometry, optimal transport, and computer science, and have become one of the most intensively
studied classes of Banach spaces. We refer to [29] for an introduction.

Anyone familiar with these spaces will immediately notice that every isometry of the under-
lying metric space induces a linear isometry of the corresponding Lipschitz-free space. The
converse is true for some metric spaces and fails dramatically for others. Understanding when
and why this happens significantly improves our knowledge of the linear structure of these
Banach spaces, and we believe that it is worth studying. Let us remark we are not the first ones
to undertake this research. Surjective linear isometries of Lipschitz-free spaces over so-called
uniformly concave metric spaces are fully described in [29, Section 3.8], which is based on a
much older result of Mayer-Wolf from [23]. Very interesting results were obtained recently by
Alexander, Fradelizi, Garcia-Lirola, and Zvavitch in [1] where they describe linear isometries of
finite-dimensional Lipschitz-free spaces using graph-theory techniques. One also has to keep
in mind that Lipschitz-free spaces over R and N are L;-spaces; therefore, their isometries are
described by the Banach-Lamperti theorem — not in the language of the Lipschitz-free spaces
though, a work that is yet to be done and could shed some light on how to deal with isometries of
Lipschitz-free spaces over some geodesic metric spaces such as R”.

This paper generalizes both [29, Section 3.8] and [1], where especially the latter was an
inspiration to many results presented here. Similarly as [1], it uses graph-theory techniques
together with the recent advances of Aliaga et al. ([2-4]) on the structure of extreme points in
Lipschitz-free spaces.

Let us summarize the main results of the paper.

 For any metric space M, which can be viewed as a complete weighted directed graph, we define
a certain subgraph V(M). If V(M) is connected and its vertices are dense in M, in which case
M is called a weak Prague space, there is a one-to-one correspondence between linear isome-
tries of the Lipschitz-free space F(M) and special edge bijections of V(M). See Section 3 for
details. In particular, we fully describe the linear isometry groups of Lipschitz-free spaces (and
also Lip,-spaces) over any graphs. See Section 6.

 If the subgraph V(M) is moreover 3-connected, then M is Lipschitz-free rigid meaning
that there is a one-to-one correspondence between surjective linear isometries of (M) and
surjective dilations of M. See Theorem 4.9.

* We show that the class of Lipschitz-free rigid metric spaces is quite rich. Besides 3-connected
graphs it contains, for example, nonabelian Carnot groups with so-called horizontally strictly
convex norms which includes the Heisenberg group with the Kordnyi norm (see Section 7).
One can conveniently build new Lipschitz-free rigid spaces using the #,-sum operations (see
Section 5). In particular, every metric space isometrically embeds into a Lipschitz-free rigid
metric space containing only three new points (see Corollary 5.6).

We remark that there also exists a parallel and very active research on isometries and isometry
groups of p-Wasserstein spaces of measures over metric spaces, initiated by Kloeckner in [20] and
[10]. Because of this and the close relation between Wasserstein spaces and Lipschitz-free spaces
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mentioned above, one of our initial motivations was to explore the similarities and differences in
the structure of isometries of Lipschitz-free spaces and 1-Wasserstein spaces over the same metric
space. It turns out that 1-Wasserstein spaces seem to be much more rigid than Lipschitz-free spaces
and the methods showing that are quite different. We refer to [18] and references therein for a
recent account on this topic.

The recommendation on how to read this paper is the following. The reader should read
Sections 2-4 in their natural order, where we introduce the notations and basic facts, define
the central notions of (weak) Prague spaces, and characterize the surjective isometries of their
Lipschitz-free spaces, and introduce the Lipschitz-free rigid metric spaces, respectively. The
remaining Sections 5-7 can be read independently. There we build new Lipschitz-free rigid spaces,
completely describe linear isometry groups of Lipschitz-free spaces over graphs, and present
some examples, notably showing that nonabelian Carnot groups with horizontally strictly convex
norms are Lipschitz-free rigid, respectively.

2 | PRELIMINARIES AND NOTATION
2.1 | Lipschitz-free spaces

Let (M, d) be a metric space. There are several equivalent definitions of the Lipschitz-free Banach
space F(M) over M. The most common one requires a choice of a distinguished point 0 € M and
F(M) is then defined as the closed linear span of {§(m): m € M} C (Lipy(M))*, where 6(m) :
Lip,(M) — R, for m € M, is the evaluation functional f € Lip,(M) — f(m). In this paper, we
shall use another definition (which is used in [29]) that avoids the necessity of choosing a point,
whose advantage will become apparent shortly. Denote by F,(M) the real vector space {x : M —
R: [supp(x)| < 00, X.,,cr X(m) = 0} of molecules over M. For any x € Fp(M) and a function
f : M = R, denote by f(x) thesum ), -, x(m)f(m) and set

lx]l :=sup|f(x)I,
f

where the supremum is taken over all 1-Lipschitz functions. This is a norm on F,(M) and we
denote by F(M) the corresponding completion. The reason to use this definition is that given any
bijective isometry ¢ : M — M, ¢ uniquely extends to a bijective isometry of F,(M) and therefore
also uniquely to a bijective isometry of F(M). In fact, given any surjective a-dilation ¢ : M — M,
where a > 0, ¢ uniquely induces a bijective isometry of F(M). We recall thatamap ¢ : M - M
is called an a-dilation if for every x,y € M, we have d(x,y) = ad(¢(x), $(y)). Let us also note
here that the group of linear isometries of a Banach space X shall be denoted by LIso(X).
Forx,y € M, x # y,we denote my, = X{;‘é’x;;(;y} € F (M), the normalized elementary molecule
supported on x and y. An important feature of Lipschitz-free spaces is their universal property,
see [29, Theorem 3.6]. Namely, if we fix any base point 0,, € M, then the map § : M — F(M)
defined as 6(x) = d(x,0 M)mx,oM for x € M is an isometric embedding, and moreover, for every
Banach space X and a Lipschitz map f : M — X with f(0,,) = 0, there is a unique bounded lin-
earmap T, : F(M) — X satisfying || T¢|| = Lip(f) and Ty o § = f, we say that T is the canonical
linearization of f.

We refer the reader to [29, Section 3], where all of the above (and more) information concerning
Lipschitz-free spaces may be found.
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2.2 | Graphs

We shall work both with directed and undirected graphs in this paper. An undirected graph is a
pair (V,E) where V is a set (of vertices) and E C {e € P(V) : |e| = 2} is a set of edges viewed as a
set of pairs of vertices. Notice that with this definition, we do not allow loops and multiple edges
between pairs of vertices.

A directed graph is a pair (V, E) where V is again a set (of vertices)and E C V2 \ {(v,v) : v € V}
is a set of ordered pairs of distinct vertices. We emphasize that all the directed graphs (V/, E) in this
paper have the property that for each directed edge e = (v;,v,) € E, there is an edge (v,,v,) € E
with the opposite orientation which we shall denote by —e. Notice that such directed graphs are
in one-to-one correspondence with undirected graphs.

If (V, E)is adirected graph and e = (v,,v,) € E, then we call v, resp. v, the source, resp. range
of e, and denote them by s(e), resp. r(e). A cycle, or more precisely a directed cycle, in (V,E) is a
set of edges {ey, ..., e,} C E such that r(e;) = s(e;,,), for i < n, and r(e,) = s(e;). We say that the
sequence of edges (ey, ..., e,) C E is an unoriented cycle if there are signs (¢;)!" | € {—1,1}" such
that (¢;e, ..., €,€,,) is an oriented cycle. A cycle is simple if it is not a concatenation of two proper
subcycles. An edge path from a vertex v; to a vertex v, is a sequence of edges (e, ..., ¢,,) such that
s(e;) = vy, r(e,) = v, and r(e;) = s(e;,;) for i < n. There is also an obvious definition of a cycle
for undirected graphs.

If (V,E)is a directed graph and A C E, then we denote by —A the set{—e : e € A} and say that
A is symmetric if A = —A. For both a directed and undirected graph (V, E), we shall often identify
any E’ C E with the corresponding subgraph of (V, E) whose set of edges is E’ and contains exactly
those vertices that are incident to E.

Occasionally, we also work with weighted graphs, which is a graph (directed or undirected)
equipped with a weight function w : E — [R(J)“. If the graph is directed, we also require that w is
symmetric as well, that is, w(e) = w(—e) foralle € E.

A (directed or undirected) graph (V, E) is n-connected, for n > 1, if upon removing n — 1 ver-
tices, the graph remains connected. Note that the one vertex graph is connected. We also note
that directed graphs are connected if there is a directed edge path between any two vertices. We
define a relation ~ on the set of edges E of an undirected graph, where two edges are related if
they lie on a common simple cycle. This relation is clearly symmetric and transitive. So, upon
adding the diagonal to the relation, it is also reflexive and thus an equivalence relation. Edge com-
ponents are equivalence classes with respect to this equivalence relation. We extend these notions
also for directed graphs (V, E) that we consider, that is, having the property that E is symmetric.
Foreache € E, let [e] = {e, —e} and notice that (V,{[e] : e € E}) is an undirected graph. Then, set
e~ f,fore, f € Eif[e] ~[f]in the undirected graph. The edge components of directed graphs
are defined analogously.

We shall need the following fact concerning (infinite) graphs, which we will employ in a few
situations. This is a standard theorem by Whitney for finite graphs. We refer to [12, Section 3.2]
where the fact is proved. We remark that the implicit assumption there is that the graph is finite,
but the proof works verbatim also in the infinite case.

Fact2.1[12, Section 3.2]. Let G = (V, E) be a graph. Then, G is 2-connected graph if and only if every
two edges are contained in a simple cycle.

Let (M, d) be a metric space. Put E; := M? \ {(x,x): x € M}. For any e = (x,y) € E,;, we

denote m, = m, ,,, and further, we define a weight on E); by w(e) = d(e) := d(x,y) (note that
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then we have m_, = —m,). Set also
Epi(M) := {(x,y) : m,, is an extreme point in By |.

By V,,;(M), we denote the set {x € M : 3y € M such that (x,y) € E,,(M)}, and by G,,,(M),
we denote the weighted directed graph (V,,,(M),E,,,(M)). If the metric space M is clear
from the context, we write E, ;, V,,;, and G,,, instead of E, (M), V (M), and G, (M),
respectively.

Given a metric space (M,d) and x,y € M, we let [x,y] :={ze M : d(x,y)=d(x,z) +
d(z,y)} and if m, , is an extreme point in By, We say that it is a preserved extreme point of
Br (-

In the following, we collect several known results concerning (preserved) extreme points from
the literature that is relevant for this paper.

Fact 2.2. Let M be a pointed metric space. Then all the preserved extreme points of By, are
normalized elementary molecules. Moreover, given distinct points x,y € M, we have

* M, € extBr(y ifand only if[x,y] = {x, )}
* my, € extBy(\ )« if and only if for every € > 0, there exists § > 0 such that for every z € M with
min{d(x, z),d(y, z)} > ¢, we have d(x,y) < d(x,z) + d(y,z) — 6.

Proof. Preserved extreme points are normalized elementary molecules by [29, Corollary 3.44].
The characterization of normalized elementary molecules that are preserved extreme points is
contained in [2, Theorem 4.1]. Finally, the characterization of normalized elementary molecules
that are extreme points is [4, Theorem 3.2]. O

The information contained in Fact 2.2 will be used in the sequel freely without a direct
reference.

Remark 2.3. Let us note that in our paper, we work with the set E,,;(M) defined through the
notion of preserved extreme points. One might wonder what would happen if we considered
rather the “simpler” set of edges

E, (M) := {(x,y) : my, is an extreme point in BP(M)}.

In our proofs, it is crucial that linear isometries preserve these edges. This is known for preserved
extreme points (see Fact 2.2), but not for extreme points as it is a famous open problem whether
all the extreme points are normalized elementary molecules (this is known to be the case, e.g.,
for compact metric spaces [2] and for uniformly discrete metric spaces [5], but, in general, the
question remains open). In the case the problem were solved and we knew that any extreme point
is an elementary molecule, we could replace E,,,(M) by E;;(M), and this would result in a
simplification of several proofs, since in some cases, it is more technically demanding to check
that a normalized elementary molecule is preserved extreme point than to check it is an extreme
point (see Fact 2.2 and, e.g., the proof of Proposition 5.1). At this moment, we are not aware of cases,
where this approach (of using E;;(M) instead of E,,;(M)) could provide us with new examples
of Lipschitz-free rigid spaces.
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3 | ISOMETRIES ON LISPCHITZ-FREE SPACES GENERATED BY
CYCLIC BIJECTIONS

In this section, we introduce the fundamental class of (weak) Prague metric spaces and show that
surjective linear isometries of their Lipschitz-free spaces are amenable to a description.

Definition 3.1. Let (M, d) be a metric space. We say that E C E,, is weakly admissible (for M)
if it is symmetric, Vy :={x e M : Iy € M : (x,y) € E} is dense subset of M, and the graph
G = (V, E) is connected. We say that E is admissible if, moreover, for every x,y € V, we have

i=1

n
d(x,y) = inf { Z d(e;): ey, ..., e, is E-path from x to y} . (@))

The connection of weakly admissible sets to isometries of Lipschitz-free spaces is explained
in the following. In order to formulate our conditions in a short way, we shall use the following
notation.

Notation 3.2. Let (M, d;) and (M,, d,) be metric spaces with weakly admissible sets E; and E,
and let o : E; — E, be a bijection. In what follows we shall use the following conditions:

(Sa) E’ C E; is asimple cycle if and only if o(E’) is a simple cycle in E,,

(Sb) dj(lg(fe))) is constant on each simple cycle E’ C Ej,

(Sc) for every E;-path ey, ..., e, from x € Vi to y € Vi and every E,-path f1, ..., f) from x" €
Vg, toy" € Vi , we have

di(x,y) = and dy(x',y") =

k
dy(f mo-ip))
=1

n
dl(ei)mcr(ei)
i=1

1

Proposition 3.3. Let (M, d;) and (M,,d,) be metric spaces with weakly admissible sets E; and
E,. Leto : E, — E, be a bijection and suppose that one of the following conditions hold:

(i) o satisfies (Sa), (Sb) and (Sc),
(ii) E, and E, are admissible and o satisfies (Sa) and (Sb).

Then there exists a surjective isometry T : F(M,) — F(M,) such that T(m,) = m,, for every e €
E,.
Moreover, (ii) implies (i).

Proof. Assume that o satisfies (Sa) and (Sb). First, we notice that the following holds:

C CE,isacycle=> Z d;(e)my) = 0. 2)

ecC

Indeed, first consider the case when C is a simple cycle. By (Sb), there exists K > 0 with
4@ _ _ g fore € C,and so,

dy(a(e)
2 @My =K Y dy(0(@)Moey =K Y (8400 = Sroten) = O,
ecC eeC ecC
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where in the last equality, we used that o(C) is a simple cycle by (Sa). Thus, (2) holds whenever C
is a simple cycle. Now, given a cycle C = (ey, ..., e,,), we inductively find simple cycles Cy, ..., C}
such that there is a permutation 7 € S, andi; < ... < i <kwithC; = (e,r(ij H1)s e eﬂ(im)) forj =
1, ..., k: first we pick the first index [ such that there is j < [ with r(e J-) =r(e;) and then put C; :=
(€j41,--€), and next, we pick the cycle (ey, ..., ej, e, ..., €,) and proceed inductively. Having
simple cycles Cy, ..., C) as described above, we have

k
Z dl(e)ma(e) = z ( z dl(e)mo(e)> =0,

ecC i=1 \e€e(C;

where the last equality follows from the already proven part. Thus, we proved that (2) holds for
any cycle C C E;.
Now, given x,y € VE1 and any directed edge path e, ..., e, € E; from x to y, we let

¢(x’y) = Z d](ei)mg(e[).
i=1

By (2), this formula does not depend on the choice of the edge path because if f,..., fx € E;
is another edge path from x to y, then e,,...,e,,—f,,,...,—f; is a directed cycle, and so, we
have

n m (2)

<Z dl(ei)ma(ei)) - <Z d( fj)ma(fj)> = 0.
i=1 j=1
Now, we note that both (ii) and (Sc) imply that ||¢(x, y)|| < d;(x,y) forany x,y € Vg, Indeed,

assuming (Sc), we have even equality, so it suffices to check it under the assumptions that (ii)

holds. Pick x # y € V. For every € > 0, there exists a directed edge path ey, ...,e, € E, from x
to y such that d;(x,y) > ( X/, d(e;)) — &. But then, we obtain

lpCe, W =

n n n
Y dilepmeell < D dilelimoeyll = ) di(e) < di(x,y) +¢
i=1 i=1 i=1

and since ¢ > 0 was arbitrary, we obtain ||¢(x, y)|| < d,(x, ).
Now, for i € {1, 2}, set X; :=span{m, : e € E;}. Since E; are weakly admissible, X; is a dense
subspace of F(M;) fori € {1, 2}. We define T, : X; — X, by setting

To(m,) 1= my), e€E,;

and extending it linearly. We shall verify that T, is a well-defined surjective linear isometry, and
thus, it has a unique extension to a surjective linear isometry T : F(M;) — F(M,).

Pick arbitrary base points 0, € Vg and 0, € V5. We claim that there is a 1-Lipschitz map-
ping f : Vg, = F(VEZ) with f(0,,) = 0 such that Tylx, =To, where T : F(VEI) - F(VEZ) is
the unique linear operator obtained from f by the universal property of (V). Set f(0,,) := 0.
For 0, # x € Vi, we set f(x) :=¢(x,0,). In order to check that f is 1-Lipschitz, pick
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x#y€Vg and a directed edge path ey,..,e, €E; from x to y. Notice that 6, -9,

Yr, di(epm,,. s0
n
To(Z dl(ei)mei> ‘ =
i=1

Thus, f is 1-Lipschitz. Finally, it is obvious from the way how we defined f that f(x) =
To(8(x) —8(04,)) for 0, # x € Vi which implies that Tyl x, = To- This finishes the proof of
the claim above.

Similarly, applying the above to (T,)~!, we obtain a 1-Lipschitz mapping g : Vi, = F(Vg,)
with ¢(0,-) = 0 such that T,lx, = (Ty)™!, where T,: F(VE2) - F(VEI) is obtained from ¢ by
the universal property of F(VEZ). But then, we observe that T, = (Tg)‘l, so Ty is linear isom-
etry with inverse T, and since o is surjective, we finally deduce that T, = T¢|y, is a surjective
linear isometry.

Notice that this implies that, in fact, for every x,y € VE], we have the equality ¢(x,y) =
d,(x,y). Since, as we have shown above, ¢(x,y) does not depend on the choice of the edge
path between x and y (and noticing that similar arguments apply of course for edge paths
between points from V7, ), we conclude that (ii) implies (i), proving the “Moreover” part of the
statement. |

1£G) = FOIl = D di(e)To(m,)| = lI$Ce, Wl < dy (x, ).
i=1

Next, we aim for a kind of converse to Proposition 3.3. Notice that such a potential converse
might have a chance to work only for isometries T : F(M) — F(N'), where M and N are metric
spaces with (weakly) admissible sets E; and E,, respectively, only if T maps E; to E,. For this
reason, we need to work with subsets of E , ;, resp. E - that are preserved by isometries. This is the
content of Proposition 3.5 where we do not yet require that these subsets are (weakly) admissible.

In the proof, we need the following variant of [1, Lemma 2.5], the proof is analogical, so we omit
it.

Lemma 3.4. Let M be a metric space and E' C E,; be a finite set such that for any e € E’, it is
not true that —e € E'. Then, {m, : e € E'} C F(M) is not linearly independent if and only if E’
contains an unoriented cycle.

Proposition 3.5. Let (M,d,,) and (N, d ;) be metric spaces and T : F(M) - F(N') be a sur-
jective isometry. Then, there exists a symmetric bijection ¢ : E,,,(M) = E,,,(N), that is, c(—e) =
—o(e) fore € E,;,(M), such that

* T(m,) = Mse) € € Epyi(M),
* o satisfies (Sa), (Sb), and (Sc¢) with E; = E,,,(M) and E, = E,,,(N).

Proof. Since T is a linear isometry, it maps preserved extreme points to preserved extreme points.
Since the only preserved extreme points are normalized elementary molecules, we obtain that for
every e € E, (M), there exists a(e) € E,,,(N) such that T(m,) = m,,. Since T is a bijection, we
easily obtain that the mappingo : E,,,(M) — E,,,(N)isabijection as well. Further, note that for
anye € E, (M), we have o(—e) = —o(e) that follows easily from the fact that T(m_,) = —T(m,).

Let us pick a simple cycle (e, ...,e,) from E, ;(M). In the case that n =2, we have
{e;,e,} ={e;,—e;} and so {o(e,),o(e,)} = {o(e;), —o(e;)}. Consider now the case when n > 3.
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Then, o(e;) # —o(e;) fori < j <n—1and

n—1 n—1

Y dleme,y = T(Z d(el-)mel_> =T(0)=0

i=1 i=1
so, by Lemma 3.4, {o(e;) : i < n— 1} contains an unoriented cycle, that is, there are m < n,
¢ € {+1}Y""! and one-to-one mapping 7 : {1,..,m — 1} = {1,...,n — 1} such that {e(oler) -

i < m—1}is a cycle. Applying the above to T‘l, we obtain that {e (), ..., €,(,-1)} contains an
unoriented cycle, and so, m = nand 7 € S(n — 1) is a permutation. After using one more permu-
tation, we may without loss of generality assume that the source f; := s(s(i)a(e,,(l-))) is equal to
the range of e(i — 1)o(e(_y)) for i < n — 1 (where £(0) :=e(n — 1) and 7(0) := 7(n — 1)). Thus,
we have

n—1 n—1 n—1

0= dlemye) =), d(exi)Moe, ) = D d(ex()eDMe(iyoe,)
i=1 i=1 i=1
n—1 d(eﬂ . )
(i) .
= ——c()( &, — &, ),
& d(o(eq) < fi f1+1>

and so, comparing the coefficients, we obtain that e (”(’)))) (i), i < n —1is constant.
7T l

Thus, ¢ is constant and so, using the fact that E' CE,,; isa cycle in G,,, if and only if —E’ is
a cycle in G,,,, we obtain that {o(e;) : i < n — 1} is a simple cycle. Thus, o(E’) is a simple cycle
whenever E’ C E,, is a simple cycle. Moreover, i (;(3)) is constant on each simple cycle E' C E, ;.
This proves that o satisfies both (Sa) and (Sb).

In order to check that (Sc) holds, pick E, ,(M)-pathe, ..., e, from x € M toy € M and notice
that then §,,,(x) — 6,,(y) = Z?=1 d M(el-)mel_. Thus, since T is isometry, we obtain

dM(x’ J’) =

n
> dyledm,,
i=1

n
Z d(edmg e,
i=1

Finally, for E, ,(N)-path f,,..., f; from x’ € N to y' € N, using that T~! is isometry, we
similarly obtain that d ,-(x’, y") = ” T da(fpme-iy,, ” O

Definition 3.6. A metric space M is called a Prague space if E,,;(M) is admissible and a weak
Prague space if E,;(M) is weakly admissible.”

Let us mention two important classes of Prague spaces. The first one is the following class from
[29].

Definition 3.7 [29, Definition 3.3]. A metric space M is uniformly concave if for every x #y €
M and ¢ > 0, there exists § > 0 such that d(x, z) + d(z,y) — § > d(x, y) for all z € M satisfying
min{d(x, z),d(y,2)} > €

TThe name “Prague” was given to these spaces by the Budapest coauthor of this paper during his visit in Prague in order
to simplify the wording.
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Notice that it follows immediately from Fact 2.2 that equivalently, M is uniformly concave if
and only if E, ;(M) = {(x,y) : x #y € M}; in particular, such spaces are Prague.

The second class is the class of connected undirected graphs with the graph metric. We need
the following simple lemma that immediately implies that every such a graph viewed as a metric
space is a Prague space. We recall from the preliminaries that each undirected graph corresponds
to a directed graph where each edge has its inverse. We may thus state the next lemma for such
graphs.

Lemma 3.8. Let (V, E) be a connected directed graph as in the paragraph above. Then, E,,; = E.
In particular, (V, E) with the graph metric is a Prague space.

Proof. Given x,y € V, we have that [x, y] = {x, y}ifand only if (x, y) € E. Thus, m,. ,, € ext By,
only if (x,y) € E, so we have E,,, C E. Conversely, pick (x,y) € E and € > 0. Then, for § :=1,
we obtain that given z € V with min{d(z, x), d(z,y)} > ¢, we have

d(x,z) +d(z,y) —d(x,y) > 2 —d(x,y) =6,
so(x,y) € E,,;. Thus,E,,, = E. ]

We are now ready to state the main result of this section that directly follows from
Propositions 3.3 and 3.5.

Theorem 3.9. Let M and N be weak Prague spaces.

(i) There is one-to-one correspondence between surjective linear isometries between F(M) and
F(N), and bijections between E,.,(M) and E,.,(N') satisfying (Sa), (Sb), and (Sc).

(ii) If both M and N are, moreover, Prague, then there is a one-to-one correspondence between
surjective linear isometries between F(M) and F(N'), and bijections between E, (M) and
E,..(N) satisfying (Sa) and (Sb).

In both cases (i) and (ii), the correspondence is of the form o — T, where o : E, (M) — E, ., (N)
is an appropriate bijection and T, : F(M) — F(N) is a linear isometry uniquely determined by
the condition T;(m,) = my, for all e € E,,,,(M).

4 | LIPSCHITZ-FREE RIGID SPACES

At this moment, we are ready to investigate Lipschitz-free spaces whose surjective isometries are
determined by surjective dilations of the underlying metric spaces. They will be the content of
this section. A formal definition follows.

Definition 4.1. Let (M, d) be a metric space. We say that it is Lipschitz-free rigid if for any
T € LIso(F(M)), there exist € € {1}, a > 0 and a surjective a-dilation g : M — M such that
T(my ) =emy) . for every x,y € M. Given a Lipchitz-free rigid space M, we say that it is
strongly Lipschitz-free rigid if every isometry from LIso(Lip,(M)) is an adjoint of some isometry
from LIso(F(M)).

RIGHTS L

) SUONIPUOD pue SWie 1 81 88S *[¢Z02/0T/82] Uo Akeiqiauliuo Ao|im ‘sedepng JO ASBAIIN SNUIAIOD AJ 0000Z SWI/ZTTT 0T/10P/W0D A8 |1 Ale1q 1 [oU U "00SUTeWPUO | //:SANY WO pepeojumod ‘S ‘vZ0Z ‘052L69vT

folmw

5UBO1T SUOLULLOD BAIEER1D a[qealjdde ay) Aq pausenob afe sspnte WO ‘asn Jo sajn Joy AriqiauljuQ As|im uo


https://londmathsoc.onlinelibrary.wiley.com/action/rightsLink?doi=10.1112%2Fjlms.70000&mode=

ISOMETRIES OF LIPSCHITZ-FREE BANACH SPACES | 11 of 36

Remark 4.2. We are not aware of any example of a metric space that is Lipschitz-free rigid but not
strongly Lipschitz-free rigid. Note, however, that whenever F(M) is a strongly unique predual of
Lip,(M), then strong rigidity and rigidity coincide. It is not known whether 7 (M) is a strongly
unique predual of Lip, (M) for any metric space M, it is known that it is the case whenever M is
bounded or whenever M is a geodesic space, see [29, Section 3.4] for more details.

Remark 4.3. We note that in [30, Theorem 3.3] (see also [29, Theorem 3.27]), the author assumes
that M is a geodesic space, but in the proof, he uses only that for any x,y € M and n € N with
d(0,x) < n and d(0,y) > n, there exists z € M with d(0,z) = n and z € [x, y]; this condition is
satisfied also for any connected graph endowed with the graph metric. So, for any such graph
G, F(G) is a strongly unique predual of Lip,(G), and therefore, G is strongly Lipschitz-free rigid
whenever it is Lipschitz-free rigid.

Proposition 4.4. Let M be a weak Prague space. Suppose that E, , is 2-connected and whenever o :
E,.. — E,,; is a bijection satisfying (Sa), (Sb) with E, = E, = E,,,, there exists a graph isomorphism
f 1 Vot = Vo and e € {x1} satisfying o(v, w) = e(f(v), f(w)) for every (v,w) € E, ;. Then M is
Lipschitz-free rigid. If M is a Prague space, then the converse holds as well.

Proof. Let M be a weak Prague space and suppose that the condition from the statement is
satisfied. Let T : F(M) — F(M) be a surjective linear isometry. By Theorem 3.9, there exists
a bijection o : E,,; — E,,; satisfying (Sa) and (Sb). So, by the assumption, there are a graph iso-
morphism f : V,,;, = V,,; and e € {+1}satisfying o(v, w) = (f(v), f(w)) for every (v,w) € E,;
such that d(c(e))/d(e) is constant on simple cycles. Since E,; is 2-connected, and so, by Fact 2.1,
every two edges of E,, lie on a common simple cycle, we get that d(o(e))/d(e) is globally con-
stant. For every (v, w) € E,,,, we have d(f(gv) S ()w) ) = d(UEJU “;))
forallx #y € V,,;, we have d(f(x), f()) = ad(x,y). Indeed, lete,, ..., e, be an edge path in E,
from x to y. Then,

: a and we claim that, in general,

2, dlotemyge

i=1

d(f(x), f») = = ad(x, y).

=a

n
Y dleym,
i=1

Zd(e)m H =a

Thus, f extends to a surjective dilation f : M — M which together with ¢ witness that M is
Lipschitz-free rigid.

Now suppose that M is a Lipschitz-free rigid Prague space. In order to get a contradiction,
suppose that E,; is not 2-connected. Then, by Fact 2.1, E,, contains at least two distinct edge
components. Let F C E, ., be an edge component and F’ := E,,, \ F that is nonempty. We define
o :E— Etobeldon F and —Id on F’. Then, clearly, o satisfies (Sa) and (Sb), and so, by Theo-
rem 3.9, there exists a surjective isometry T : (M) — F(M) such that T(m,) = m,) for every
e € E,,;. Since M is Lipschitz-free rigid, there exist a surjective dilation f : M — M ande € {1}
suchthatT(m, ,) = emp(y s, forallx,y € V. Since E,, is connected, there exist x, y,z € V,,
such that (x,y) € Fand (x, z) € F'. Then, my, =T(m, )= EMy(y) f(y)> Showing thate = +1. On
the other hand, m, , = T(m, ,) = emy(y) s(,) showing that ¢ = —1, a contradiction.

Finally, suppose that o : E,,; — E,,; is a bijection satisfying (Sa) and (Sb). By Theorem 3.9,
there exists a surjective linear isometry T : F(M) — F(M) satisfying T(m,) = m, for every
e € E,,;. Since M is Lipschitz-free rigid, there exist € € {+1}, a > 0 and a surjective a-dilation
g+ M — M such that T(m, ) = em, ., for every x,y € M. Since T maps {m, : e € E,;}
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bijectively onto itself, we have (¢(x), g()) € E,,, if and only if (x,y) € E,,; and therefore
9[Vext] = Voyr and g | V,,, is the required graph isomorphism. O

The converse for weak Prague spaces does not hold as the following example shows. Since the
proof is quite long and technical, in order not to disturb the flow of this section, this example can
be found as Proposition 7.4 in Section 7.

Example 4.5. Consider the subset I := {0} X [0,1] C R? and point x, := (1,0) € R?. Then, the
metric space (I U {xy}, || - ||,) is a weak Prague space that is Lipschitz-free rigid, but E,, is not 2-
connected.

It is a well-known result of Whitney that for 3-connected finite graphs any cycle-preserving
bijection between edges is induced by a graph isomorphism, see, for example, [26, Section 5.3].
So, Proposition 4.4 implies that whenever M is finite and E, (M) is 3-connected and then M is
rigid. This was observed already in [1]. We shall extend this observation to situations when E,,;
is infinite, see Theorem 4.9. In order to prove it, we need an analogy of the Whitney’s theorem
mentioned above for infinite graphs, see Corollary 4.8. We suspect that it is well known in graph
theory, but we did not find any reference, so we include our proof below. In the remainder of this
section, all the graphs are undirected. We recall that the directed graphs we consider, usually of
the form (V,,;, E,,;), are in one-to-one correspondence with undirected graphs.

Definition 4.6. Let G = (V,E) be a graph. We say E’ C E is a basis of E if it is a maximal set of
edges that does not contain a simple cycle. Equivalently, it is a spanning forest, that is, a disjoint
union of trees that is incident with all the vertices of V.

(Note that given connected graph (V, E), there exists a basis E, C E that is then a spanning tree
and then (V, E;) is again a connected graph.)

Lemma 4.7. Let G = (V,E) be a 2-connected graph. Forv € V, putE, :={e € E: v & e} and let
E' C E. Then, E' € {E, : v € V}if and only if the following two conditions hold:

(i) (UE',E') is connected;
(ii) foreveryEy C E' ande € E \ E', if E, is a basis of E’, then E,, U {e} is a basis of E.

In particular, E' € {E,,: v € V AE, is 2-connected} if and only if (ii) holds together with the
following condition

(iii) Foreverye,e' € E', thereis a simple cycle C C E' with {e,e’'} C C.

Proof. First, pick v € V and let us verify that condition (ii) holds for E’ = E,, (condition (i) follows
from 2-connectedness of G). Pick a basis E; of E, and e € E \ E,. Since E,, does not contain a
simple cycle, E, U {e} does not contain a simple cycle as well. Moreover, since G is 2-connected,
E, is connected and so E is connected as well, which implies that E, U {e} is connected subset of
E, and therefore, it is a maximal set of edges not containing simple cycles, that is, it is a basis of
E. Thus, (ii) holds for E’ = E,,.

On the other hand, pick some E’ C E satisfying (i) and (ii). First, we note that there existsv € V
such that E’ C E, as otherwise any basis E,, of E’ is incident to all the vertices from V, and so, for
any e € E \ E’, we have that E, U {e} contains a simple cycle, which contradicts (ii). Moreover,
this v is unique since if E’ C E, N E,,, for v # w, then for any spanning tree E, of E’ adding one
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e € E \ E’ cannot be a spanning tree of E because either E, U {e}is not a tree, or E,, U {e} is incident
just with one of the vertices v and w. By (i), ((J E’, E) is connected, and so, there exists E, C E’
which is basis of E’ and (|J E’, E,) is connected. Thus, since v is the unique vertex satisfying
E' C E,, E, is incident with all the vertices of V except v. If there was e € E,, \ E’, then by (ii), we
would obtain that E,, U {e} is basis of E that would, however, contradict the fact that E, U {e} C E,,
is not basis of E. Thus, we have E, \ E' = ¢ and therefore E’ = E,,.

The “In particular” part now easily follows using Fact 2.1 and the easy observation that (iii)
implies (i). O

Corollary 4.8 (Whitney’s theorem for infinite graphs). Let G = (V, E) be a 3-connected graph and
leto : E — E be a simple cycle-preserving bijection. Then, there is a bijection f, : V — V satisfying

o(fv,w}) = {f (), fo(w)} for every {v,w} € E.
(In particular, f is graph isomorphism.)

Proof. Forv € V,putE, :=1{e € E: v ¢ e}. Since G is 3-connected, every E,, is 2-connected. Thus,
by Lemma 4.7, because conditions (iii) and (ii) are preserved by simple cycle-preserving bijections,
there exists a bijection f, : V — V satisfying o(E,) = Ey,_(, forany v € V. Given e = {v, w}, we
have o(e) = (E'\ Efg(u)) N(E\ Efg(w)) = {f,(v), f-(w)}, and therefore, f is graph isomorphism
satisfying that o({v, w}) = {f,(v), f,(w)} for every {v, w} € E. O

As an easy consequence of Proposition 4.4 and Corollary 4.8, we obtain the main result of this
section.

Theorem 4.9. Let M be a weak Prague metric space such that E,.,(M) is 3-connected. Then, M is
Lipschitz-free rigid.

Proof. Leto : E,,, — E,,; be a symmetric bijection satisfying (Sa),(Sb), for every e € E,,,. Let
(Voxt> [Ecyi]) be the undirected graph where [E, ;] :={[e]: e € E,,;} and foreache € E,;, [e] =
{e,—e}. Let [o] : [E,y;] — [E,.y;] be the bijection defined by [c]([e]) = [c(e)]. Clearly, it is simple
cycle preserving and since (V,,;, [E,;]) is 3-connected, by Corollary 4.8, [¢] is induced by a graph
isomorphism f : V,,;, - V,,,;.Let(x,y) € E,,, bearbitraryand lete € {+1}besuch thato(x,y) =
e(f(x), f(»)) holds. We claim that £ does not depend on the choice of (x,y) € E,,,. Otherwise,
there are (x, y), (x’,y") € E,,, such thato(x,y) = (f(x), f(¥)) and o(x’,y") = (f ("), f(x")). Since
E,,; is 2-connected, there exists a simple directed cyclee, ..., €;, ... ,e, € E,,, such thate; = (x,y)
ande; = (x',)’). Let j < nbe the smallest index such that (f(s(e;)), f(r(e;)) = —o(e;). Notice that
1 < j < i. Then, we get that r(o(e j—1)) # s(o(e j)). This is a contradiction since o preserves simple
directed cycles.

Consequently, we have o(x,y) = e(f(x), f()), for every (x,y) € E,,;. Since o was arbitrary,
the assumption of Proposition 4.4 is satisfied, so M is Lipschitz-free rigid. 1

Remark 4.10. We note that by Proposition 7.5 from Section 7, there exists a Lipschitz-free rigid
finite graph G = (V, E) that is 2-connected, but not 3-connected. This shows that the converses to
Whitney’s theorem (Corollary 4.8) and Theorem 4.9 do not hold even for finite graphs.

The following is a basic example witnessing the first applications of Theorem 4.9. The first one
is known (see [29, Theorem 3.55]), and the second is known only for finite graphs (see [1, Corollary
4.3)).
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Corollary 4.11. The following are examples of Lipschitz-free rigid Prague spaces.

* Uniformly concave metric spaces.
* 3-connected graphs (V, E) endowed with the graph metric.

Remark 4.12. We note that the examples mentioned in Corollary 4.11 are even strongly Lipschitz-
free rigid. For the case of uniformly concave metric spaces it follows from [29, Theorem 3.56], for
the case of 3-connected graphs, we refer the reader to Remark 4.3.

5 | BUILDING NEW LIPSCHITZ-FREE RIGID SPACES

Although we already know examples of Lipschitz-free rigid metric spaces from Corollary 4.11 and
more will appear in Section 7, it is also very useful to know that one can build new examples from
the old ones using simple operations that are described below. The main application will be an
isometric embedding of any metric space into a Lipschitz-free rigid space containing only three
more points.

5.1 | Sums of metric spaces

Given two metric spaces N} and NV, and p € [1, o), we denote by N} @, N, their £ ,-sum, that
is, the metric space N} X N, with metric defined as d((x, ), (u,v)) := ||(dN1 (x,u), dy, CAD)] [P

where ||(r, )]l p denotes </ rf + r§ . It is well known that this defines a metric. One way how

to check it is by the fact that | @ p N, is canonically isometric to a subspace of the # p-sum of
Banach spaces F(N;) & D F(WN,). Concerning extreme points, we have the following.

Proposition 5.1. Let N;, N, be pointed metric spaces, p € (1, ) and put M := N o, N,,. Pick
(x1,¥1), (x5, ¥,) € M such thatm,, \, € By, is a preserved extreme point. Then m, 5 (x, ) €
By ) is a preserved extreme point as well.

Proof. We shall use the characterization of preserved extreme points from Fact 2.2.
Pick ¢ > 0. Then, we find 5 € (0, 1) such that

d, (xq,%)

—nP1/P
A=n >0

By the assumption, there exists §; > 0 such that given z € N, with min{d N, (V1 2), Ay, (2, 2)} >
ne, we have dNZ(J’b Vy) < d/\/z 01,2) + df\fz (¥5,2) — 8,. Let us denote by » the scalar product and
consider the function & : [0, ©)?> — R defined by

h(a,b)
= (a’b) ° (d_/\fl(xlsx2)p_15d_/\f2(y15y2)p_1) - ”(a’ b)llpll(d_/\fl(x15xz)p_l’dNZ(ylayz)p_l)||q'

Note that by the Holder inequality, we have h(a, b) < 0 and h(a, b) = 0 if and only if (a, b) is a
multlple of (dN1 (xl, xz)q(p—l)/p’ d./\fz (y15 y2)q(p_1)/p) = (le (xh x2)s d_/\fz(ylﬁ yZ)) . Thus, we have
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8, 1= —h(e(1 - nP)/P en) > 0, and finally, we put

_ min{é, - dy, 1, 2)P71, 653
l1(dy, (1, X2)P~Y d oy, (01, )P Dl

Pick (x3,y3;) € M with

min {dM((xl’Jﬁ), (X35 ¥3)), d (X3, ¥3), (Xz,yz))} > €. (3)

In order to shorten the notation, we shall write d; ; and Pij instead of d N (x;, x; ) and d Nz(yl,y J)
for i, j € {1, 2, 3}, respectively.
Our aim is to show that we have

A ((xq, 1), (X2, ¥2)) < dy ((xq, y1), (X3, ¥3)) + d (X3, ¥3), (X5, ¥,)) = 6, 4)

which by the above-mentioned characterization of preserved extreme points will imply that
M(x, y1),(xy,p,) 18 Preserved extreme point.

We may without loss of generality assume that p, ; < p, 3. Thus, if p; ; > e, by the choice of
d,, we obtain

1
—1
||(d1,2,P1,2)||§

G ) = (@)

1 » |
s I I <(d1’3 + d3’2)df,2 + (P13 + P32 — 51)Pf,2 )
,20F1,270p

Holder 1 8- P‘le .
e || Pl 1220l = (@7 o) H (af:"e1")
SR 12 ”012 q
5y szl
= ||(d1 3, P1 3)”p + ||(d32u03 2)||p le—pl)
q

< d g (Ceps 1), (33, ¥3)) + d (33, 3), (X5, ¥,)) — 8
Hence, it suffices to consider the case when p, ; < 7. By (3), we have
dyz> (P - Pi3)1/p > (1 —nP)Y/P.
The following estimate will help us to finish the proof.
Claim. We have max{h(a,b): a > (1 —nP)!/P, b<en} = —6,.
Proof of the Claim. Given s, c,d > 0, we consider the function

Fsea® i=(t,8) « (c,d) = I, ), - I, Dllg» ¢

WV
o
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Then computing the derivative, we find out that the function f; . 4 is increasing on (0, s— ")and

Cq/
da/p’
d u, (x1, X,)P~ land d, = dy, 1, ¥2)P~ 1 Note that then for a > £(1 — 5P)'/P, we have

dq/p

decreasing on (s —, o). Pick some b < en and consider the function f . 4 Wwith s, =b, ¢y =

Ay, (11, %y) - dy (%) cd/p

az>e1-—nP)/P>ne > =5 )
dy,1¥2) © dy, (01, 92) Odg/p

and therefore, h(a,b) = f; ¢ 4.(a) < fy ¢ q,(6Q = nP)/P) = h(e(1 — nP)'/P, b). Similarly, con-
sider the function f; . 4 with s; = e(1 —7P)'/P, ¢; = d (1, 3,)P~" and d; = d y, (x;, x)P7"
Then, for b < ne, we have

dy,0.y,) VP

=3
dy, (e x;) d‘f/P

b<ne<e(d—nP)/P

and therefore, h(e(1 —7P)!/P,b) = fy . 4 (b) < fy . q,(en) = h(e(1 —P)!/P, en), which finishes
the proof of the claim. O

Now, the following computation finishes the proof

1
dp ((x,01), (%3, ;) = —————— || (dl,za Pl,z) ”p
||(d1,2’p1,2)”5 ! !
1 ( p—1 p—1
S ——— (3 +dsd, + (o5 +p30)0 )
||(d1,2’p1,2)”§ ! b2 b2
1

(h(d1,3’ p1,3) + ”(d1,3, p ( le,pf;)

=77 + (d3,2’P3,2) * (dp 1’pp 1)>
I(dys P DIE g L2 e

Holder 1 h(d s P ,)
T e [ (I [ [N [ | [ iy
1(dy 01 DI H dw pl)‘ q
1,2 12 q
h(d, 5, p,.3)
= T I dys e ) + (s 03,
(a2t
q
Claim 52
< ||(d1,3’P1,3)||p+||(d3,2»P3,2)||p 0
dp o7
H 1,2 1,2 > q
dM((x19y1)5 (X3, )"3)) + dM((-x37 y3)9 (xZ’ yz)) - 5 D

Corollary 5.2. Let N} and N, be metric spaces with |N| > 3 such that N, is a weak Prague
space and V. (N,) = N,. Let p € (1, 0). Then for the metric space M := N @, N,, we have
thatV,,,(M) = M and E, (M) is 3-connected. In particular, M is Lipschitz-free rigid.
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Moreover, if N, is uniformly concave and does not contain isolated points, then M is a
Prague space.

Proof. By Proposition 5.1, we have
Eex[(M) D {((x9 y)9 (x/’ y/)) : (J’: y,) € Eext(NZ)’ X, X, € M}

Thus, by the assumption, we have that V,,,(M) D N X V,,,(N3) = N; X N,. Since V,,,(N,)
is connected, given points (x,y),(x’,y") € M and an V,,,(N,)-path z, ..., z, from y to y’, for
every z' € Ny, we have that (x, z,), (2, z,), ..., (2, 2,,_1), (x', z,,) is E,,,(M)-path from (x,y) to
(x',y") and therefore since |N;| > 3, E,,;(M) is 3-connected. The “In particular” part follows
from Theorem 4.9.

Finally, in order to check the “Moreover” part, assume additionally that N, is uniformly con-
cave, that is, that E,,(N,) = {(x,y) : x #y € N}, and that WV, does not contain isolated points.
Pick (x,y),(x',y") € M.Ify # y', then we have (x,y), (x,y") € E,,,(M) and there is nothing to
check. So, we may suppose that y = y’. Given ¢ > 0, since y is not isolated, we find y, € N, with
0< dN2 (,¥.) < e. Then by the assumption, for the E,,,(M)-path (x, y), (x, y,), (x’, ) from (x, y)
to (x/,y"), we obtain

/ \p D l/p
da((6, ), (5, 30) + Ao (6,9, (,9) = i, 0,30 + (o, (2, XV + oy, (0,307 )
/ l/p / / /
<ot (dy,ax)P +er) T = dy (e x) = dy (e 0)). g
Corollary 5.3. Let M be a metric space with | M| > 3 and let N be a uniformly concave metric
space. Then, M &, N is Lipchitz-free rigid for every p € (1, ).
5.2 | Disjoint unions of metric spaces

For two sets A and B, we shall denote their disjoint union by A LI B. Given two bounded metric
spaces, we easily obtain the following.

Proposition 5.4. Let M and N be bounded metric spaces with min{| M|, |N'|} > 3. Then there
exists a metricon M U N extending metrics on M and N respectively, such that M U N is Lipschitz-
free rigid.

Proof. We extend the metric by putting for x € M and y € N, d(x,y) := 1 + max{diam M,
diam N}, it follows from Fact 2.2, by setting § = ¢, that (x,y) € E,,(M U N'). Thus, we have

E,  (IMUN)D{(x,y): xEM, y E N},

and so, V, ,(MUWN)=MUWN and since min{|M|, |N|} >3, E,,(M UN) is 3-connected.
Thus, by Theorem 4.9, M LI N is Lipschitz-free rigid. O
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In particular, any bounded metric space with at least three points may be isometrically embed-
ded into a Lipschitz-free rigid space with only three more points. As we shall see now, this holds
even for unbounded metric spaces, see Corollary 5.6.

Proposition 5.5. Let M and N be metric spaces such that |N'| > 4 and N is uniformly concave.
Then, for any point 0 - € N, there is a metric on MU N\ {0 -} extending the metrics on M and
N\ {0}, respectively, such that M U N\ {0/} is Lipschitz-free rigid.

Proof. Fix any p € (1,00) and two points 0,, € M and 0, € N. Then there are isometric
embeddings ¢ : M > M@, N, resp. 1y : N — M, N defined by x € M — (x,0,,) €
M@, N, resp. y €N — (0,,y) € M D, N. Identifying MU N \{0,} with the disjoint
union ¢ [M] Ut [N\ {0,}] € M @, N, we obtain a metric on M L N\ {0} inherited from
M EBP N that extends the respective metrics on M, resp. N \ {0 v} The extension, for x € M
andy € N \ {0/}, can be explicitly given by the formula

1/
dx,y) = (5,00, + 42, 0x.))

By Proposition 5.1 and the assumption, we get for all y # y" € N\ {0/} that m, () is
a preserved extreme point in By M®,N)> SO it is also a preserved extreme point in its subspace
Br(amuan\io,p- Analogously, the same holds for every pair x € M and y € N\{0,}.

Thus, we have V, (MUN \{0y)=MuUN\{0y} and E, ,(MUN\{0y}) is 3-
connected, because |MN \{0,}| >3. By Theorem 4.9, MUWN \{0,} is Lipschitz-free
rigid. [

Corollary 5.6. Any metric space may be isometrically embedded into a Lipschitz-free rigid space
with only three more points.

6 | DESCRIPTION OF ISOMETRY GROUPS OF LIPSCHITZ-FREE
SPACES OVER GRAPHS

Let us start this section with the following observation describing completely the isometry group
LIso(F(M)) for Lipschitz-free rigid spaces M.

Proposition 6.1. Let M be a Lipschitz-free rigid metric space with | M| > 3. Let us denote by Dil(M)
the group of all the dilations endowed with the topology of pointwise convergence. For each g €
Dil(M), let T, € LIso(F(M)) denote the unique isometry satisfying T(m, ,) = My ) for x,y €
M, x # y. Then the mapping {—1, 1} X Dil(M) 3 (¢, g) > €T, € LIso(F(M)) is an isomorphism of
topological groups.

Proof. Since M is Lipschitz-free rigid, the mapping is surjective. The fact that it is group homo-
morphism is easy and left to the reader. Further, in order to see the mapping is one-to-one, since
we already know that it is homomorphism, it suffices to observe that whenever €T g =1 d then
¢ =1land g = Id. Indeed, we have em ) ,(,) = m, , for every x,y € M with x # y and so either
¢ = 1 in which case we obtain g = Id; or ¢ = —1 in which case we obtain g(x) = y and g(y) = x
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for every x,y € M with x # y that is easily seen not to be possible whenever M consists of at
least three points.

Thus, we have checked that the mapping is isomorphism of groups and in order to check it
is homeomorphism, it suffices to check that both the mapping and its inverse are continuous at
the identity. In order to check continuity, we note that given a pointwise convergent net (¢;, g;) —
(1,1d), we have eventuallyg; = land T o (m, ) — m, , forevery normalized elementary molecule
m, ,, which implies that T, — Id pointwise (we are using the general and well-known fact that if
a bounded net S; of operators between Banach spaces is pointwise convergent on a linearly dense
set, then it is pointwise convergent on the whole domain as well).

Finally, in order to check continuity of the inverse, assume that there is a net (g;, g;) (where
g; are a;-dilations) satisfying &;m, () ..,y = My, for every x,y € M with x # y. In order to get
a contradiction, assume that ¢; is not eventually equal to 1, so passing to a subnet, we have
My (),q(y) — —Myx,y = My, Which using [17, Lemma 2.2] implies that g,(x) — y and g,(y) - x
for every x,y € M with x # y, which is, however, not possible whenever M consists of at least
three points, a contradiction. Thus, ¢; is eventually equal to 1, and so, we have m G0 = My
and using [17, Lemma 2.2], we obtain ¢g; — Id pointwise and we are done.

Itis not true that every connected graph is Lipschitz-free rigid. Nevertheless, the linear isometry
group of a Lipschitz-free space over any connected graph still admits precise description that will
be provided in this section. Let us start with a general observation on the linear isometry groups
of weak Prague spaces that shows that these groups are light in the sense of [24]. Let us recall
that strong (resp. weak) operator topology on the space of linear operators, denoted by SOT (resp.
WOT), is the topology given by pointwise norm (resp. weak) convergence.

Proposition 6.2. Let M be a weak Prague space. Then, on the linear isometry group LIso(F(M)),
the WOT topology coincides with the SOT topology.

Proof. 1t is obvious that SOT convergence implies WOT convergence. Let us prove the converse.
Let (T;) be a net in LIso(F(M)) that converges to T € LIso(F(M)) in WOT topology. Let o; and o
be as given in Theorem 3.9, that is, bijections on E,, satisfying (i), T;(m,) = m, ) and T(m,) =

Mg for every e € E,,. Then, for every e € E,;, we have that m, () = T;(m,) 5 T(m,) = my(,),
but since weak and norm topologies coincide on molecules, see, for example, [17, Lemma 2.2], this

implies that T;(m,) i T(m,), e € E,,;. Since E,,, is weakly admissible, the set {m, : e € E,,} is
linearly norm-dense in (M), this implies that T; — T in SOT topology. [l

Remark 6.3. In [6], the authors were interested in finding nonexamples of light Banach spaces,
that is, Banach spaces X for which SOT and WOT topology coincide on LIso(X). Proposition 6.2
gives us an essentially new class of light Banach spaces. For example, since it is well known that for
I =10,1], F(I)is isometric to L; = L;(I), by Example 4.5, we have that L, embeds isometrically as
a hyperplane into a light Banach space (namely, into the Banach space F(I U {x,}), where I U {x,}
is as in Example 4.5). This seems to be interesting since it is known that L, is not light, see [6,
Proposition 5.2].

Proposition 6.4. Let M be a weak Prague (resp. Prague) metric space. Let ¥ be the topological
group of all permutations of E,,; satisfying (Sa), (Sb), and (Sc) (resp. (Sa) and (Sb)) with the topology
of pointwise convergence, where E,, has the topology inherited from F(M) (after identifying each
e € E,,; with m, € F(M)). Then, X and LIso F(M) are topologically isomorphic.

ext
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Proof. By Theorem 3.9, the map o € X — T, € LIso(F(M) is a bijection. It is straightforward
that it is also a group homomorphism. So, it suffices to check that it is a homeomorphism. Let
(0,)ier € Z be a net pointwise converging to o € X. Notice that for every e € E,;, we then have
T, (m,) converges in norm to T,(m,) and since {m, : e € E,,} is linearly norm-dense in (M),
we get that (T, );; converges in SOT to T,,. Conversely, let (0;);c; € Z be a net such that (T, );¢;
converges in SOT to T,. Fix e € E, ;. We have that T, (m,) converges in norm to T(m,), thus by
definition o;(e) — o(e) in 7, so (o;);¢; converges to o pointwise. [

For the purpose of the following proposition, we recall several notions. First, for a collection
(X;)ic of Banach spaces and p € [1, o], we denote by (D,; X;) p» the £ -sum of Banach spaces
(X1)ier- We shall also use the following.

i€l

Definition 6.5. Suppose that we are given a sequence of topological groups (G;);c; indexed by
some set I and a topological group H acting by permutations on I. We shall write k(i) for the action
of h € Honi € I. Assume that for each orbit I’ C I of H on I, the groups (G, ), are topologically
isomorphic via some fixed isomorphisms ¢, , : G, — G, such that ¢, . o¢. . =¢, ., for
r1,15, 13 € I'. We define the (unrestricted) wreath product [],c; G; ¢ H to be the topological group
that is as a topological space the direct product ([ ,c; G;) X H and multiplication is defined by the
rule ((9)ier ) - ((iers ') = ((9187-10).i(Bar()iers T ).

(It is well known and easy to check that such an operation really well defines a group operation
on the set ([[;¢; G)) X H.)
Remark 6.6. Wreath products are sometimes defined under more stringent assumptions that the
action of H on I is transitive and that all the groups (G;);c; are equal instead of just being isomor-
phic; we refer, for example, to [11, Chapter 8] for an introduction to wreath products of groups. It
is clear that the second requirement is just a notational issue. For the first, notice that if () ; is
an enumeration of the orbits of the action of H on I and we denote by W, for j € J, the wreath
product [],c 1, G; VH, then the full wreath product [];; G; ¢ H is (topologically) isomorphic to the

direct product [ ;¢; W;.

i€l

Proposition 6.7. Let M be a Prague space and (E;);c; be the decomposition of E,,,(M) into edge
components. Then, the following holds.
(i) For every i €I, we have that Vi :=JE; C M is Prague space and E,(Vy)=E; is
2-connected.
(i) FM) = (Die; F(VE)) | isometrically.
(iii) Let usdenote by S; the group of all the bijections  : I — I such that for everyi € I, we have that
P(VEl_) and P(VEW_)) are linearly isometric." Then, LIso(F(M)) is algebraically isomorphic to
the wreath product [[;¢; LIso(F(Vg)) 2 S;.
Moreover, if the topology on E,, (M) C F(M) is discrete, then this algebraic isomorphism is
also a topological homeomorphism.

Proof.

(i) Picki € I.Itis easy to observe that E, (V) D E;, sowe have V,, (V) = Vi and E,,, (V)

is 2-connected. Moreover, in the graph E, (M), for every simple edge path from x € Vi to

T For the canonical choice of mappings ¢ LIso(P(VEl_)) - LIso(P(VEf)) for i, j such that F(VEI,) and P(VE],) are
isometric, we refer the reader to the proof below. ' '
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(i)

Y € Vi, we have that all the edges in the path are from E; and since M is Prague space, the
condition (1) holds in the space Vs and so, VE, isindeed a Prague space. It remains to prove
that E,(Vg,) C E;. Pick (x,y) € E,;(Vg,). Since E; is an edge component, we have that
(x,y) € E,;(M) implies (x,y) € E;. Thus, to conclude that it suffices to prove that (x,y) €
E,.;(M). In order to get a contradiction, suppose that this is not the case.

Then there exists € > 0 such that for every § € (0, %), there is z5 € V(M) \ V5, with
min{d(x, z5), d(y, zs)} > € and d(x, y) > d(x, z5) + d(y, z5) — 6. Since z5 & V, there exists
a unique vertex zg € Vg, such that for every v € Vi and every V,,,(M)-path x, ..., x,, from
z5 to v, we have zg € {x;, ..., x,,}. Thus, using that M is Prague (we use condition (1)), we
have d(x, z5) = d(x, z}) + d(z, z5) and d(y, z5) = d(y, z}) + d(z};, z5). But then we obtain

d(x,y) > d(x,zs) + d(y,z5) — & = d(x, z5) + d(y, z) + 2d(z}, z5) — &
> d(x,z5) +d(y,zj) — 6.

Moreover, by the above, we also have

5+d(X,Y)—d(X,Zé)—d(y,Z/5) o)
<
2

5

d(Zg, Z5) <

(S|

which implies

min{d(x, z}), d(y, z)} = min{d(x, z5), d(y, )} — d(2}, z5) e — 2 > £.

But since § > 0 was arbitrary and z} € Vi, this contradicts the fact that (x, y) € E, (V)
PutE; :={{i,j}:i,jel, i#], Vg N VE,_ # (J} and note that the graph T = (I, E,) is a tree,
thatis, foranyi, j € I, i # j, there is a unique E;-path from i to j. Moreover, for every {i, j} €
Ej, there exists a unique vertex v; ; € Vi N VEj. Thus, forany x € Vi and y € VEj and the
unique E;-path iy, ..., i, fromito j, we have that any E, ,(M)-path from x to y passes through
vertices v; ; , v and using that M is Prague (we use condition (1)), we obtain
that

[PRES A I P

n—1

d(x,y) = d(x,v,) + ) d(;, v, ) +d(; ,y),
k=1

and for any f € Lipy(V,,;(M))

n—1

G = FO <15 G0 = )l + X 1f @) = Floy, DI+ 1@, ) = FO)
k=1

n—1
< S.lel?”flin “Lip(d(x: v+ Z d(v;,, v, )+ d(Uin,Y)>
! k=1

= sup|| fly, lLipd(x,y),
iel i
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(iif)

so we have that || f]|;, = sup;e; ”flVE,- llLip and the mapping Lipy(V,,;(M)) D f = &(f) :=
(f ly, —f (OVE_ Nier € (D, LipO(VEi))oo is an isometry, which is w*-w* continuous, which

s

follows from the Banach-Diedonné theorem together with the fact that whenever f, 5
f is a bounded net, then f, — f pointwise and therefore for every i € I. we obtain
that fylVE,- - f},(OVEi) - f |VE,- - f(OVEi) pointwise (equivalently, in the w*-topology of
LipO(VEi)). Moreover, this isometry @ is surjective.
Indeed, pick i, with 0, € V}; , put ¢, =0 and, forany i € I \ {iy}, we let
ip

¢ = Z(fik—l (Uik—l’ik) - fik(vik—lsik))’
k=1

where iy, ..., i, is the Ej-path from i to i. Given (f);ic; € (g Lipo(VE,))_, we define f :
M = R by f(x) := fi(x) +¢; for x € V. This is a well-defined mapping because for x €
Vg N VEj, we have x = v; ;, so we may without loss of generality assume that the E;-path
from i, to i and j is iy, ..., i, i and iy, ..., i, I, j, respectively, which implies that ¢ j=c+
fi(vl-,j) - fj(vl-,j), and so,

Ffivi ) +c = fiv ;) +cj+ [ ;) — filv ;) = fi(v ;) +c;.

Since f |VE,- is Lipschitz for everyi € I, by the above, we have that f € Lip,(M) and moreover
©(f) = (fi)ier> because for i € I and x € Vi, we have f(x) — f(OVE,-) = fi(x) — fi(OVEi) =
fi(x).

Thus, the mapping ® defined above is adjoint of an isometry between (D
F(V yi(M)), which using that V,,;(M) is dense in M proves (ii).
Let £ be the decomposition of I into equivalence class where i, j € I are equivalent if
T’(VEi) = P(VEj). Choose a representative iy € E C I for each E € € and for each j € E, fix
a linear isometry T; ; : F(V; ) — F(V;). Then for every E € £ and i, j € E, set T} ; to be

528
the identity ifi = j z;EI{d otherwisesetT;; :=T; ;o Tl.;l.. Notice that T, =T, o T, ; for all
i,j,k € E € £ Finally, foreachi, j € E € £, we define $ij: LIso(F(V;)) — LIso(F(Vj)) by
g € LIso(F(V})) — TijogoTj;

Let us denote by X, as in Proposition 6.4, the topological group of all bijections o :
E,.;(M) — E,,;(M) satisfying conditions (Sa) and (Sb). By Proposition 6.4, we have a topo-
logical group isomorphism between X and LIso(F(M)) given by the map c € X - T, €
LIso(F(M)). Note that given o € Z, there exists 7 € Sy such that we have o(E;) = E;),i € I,

and so, we may define the mapping Q : % — [];; LIso (F(Vg,)) ¢ S; by

A = <<TU|Enl(i) onfl(i)) 'ez’ﬂ>'
1

We easily observe that Q is one-to-one. Further, Q is surjective because given ((T;);c;, 7) €
[Tic; Liso (F(VE,)) 2 S; we have that T,y o (T; »)) : F(Vi,) = F(Vg,,) is linear isometry
and so by the already proved part (i) and by Proposition 3.9, we find bijections o; : E; — E ),
i € I satisfying (Sa) and (Sb) with T, =T, o (T} z(;)) and now we easily observe that for
0 =g 0; 1 E = E,we have Q(0) = ((T);cr, 7). Thus, Q is a bijection.

F(VEi ) ) and

i€l
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Let us check that Q is a homomorphism. Fix 0;, 0, € Z. We have

Q(01)Q(0,)

= < <(To-1 1,1 © Tiﬂfl(i)> ’”1> ( <(T0_2 1E -1, © Ti,ﬂ?(i)) ’”2>
1 iel 2 iel

<(Tﬂl 18,100 © Tir 0 0800 T o218, 1 © Tmla)-ﬂzlﬂﬁﬁ))) ’ ”1”2>
1 2 71 i€l

e

<T"1 1) °Tizrty © Taptni © To, () °Trt iy @) © Ti,”fl(i)> o ”1”2>

= T T T 1 1,
< < 91 rEnl—l(i) °loy rEn;l;zl—l(i) ° Lyt l(l)> ’ 71'171'2>
Q

<Talo'2 rE’fz_lﬂl‘%) o Ti’”z_l”fl(i)> , 71'171'2)

Finally, if E, (M) is discrete topological space, then for any convergent net (o,) in Z, we
have that the corresponding permutations (7, ) are pointwise eventually constant, and using this
observation, it is easy to observe that then Q is even a topological homeomorphism. O

In the rest of this section, we shall completely describe the group of linear isometries of a
Lipschitz-free space over an arbitrary undirected graph viewed as a metric space with graph met-
ric. We note that this description could be extended to weighted graphs or even to more general
Prague metric spaces; however, notationally, it would become cumbersome, so for simplicity, we
stick to the graph case and leave the possible generalizations to the reader.

Let (M, E) be an undirected graph. Our aim is to describe the linear isometry group of F((M, E))
(or more simply just F(M)). Since there is a bijection between undirected graphs and directed
graphs, where for each edge, there is also its inverse, we shall, in fact, assume that M is directed
and for every e € E, there is also —e € E, its inverse. Next, we claim that we may without loss of
generality assume that M is 2-connected. Indeed, this follows from Proposition 6.7, Lemma 3.8,
and the next lemma.

Lemma 6.8. Let (M, E) be a directed graph as in the paragraph above. Then, E,,(M) is a discrete
subset of F(M).

Proof. First recall that E, ,(M) = E by Lemma 3.8. Now for two distinct (x, y), (x’,y’) € E, using
[28, Lemma 1.2] and supposing that [|m, , — m,s || <2, we have

d(x7 x,) + d(y: y,) + |d(x7y) - d(x,’ y,)l
min{d(x, ), d(x’, ")}

”mx,y = Myr Il = ”mx,y +my Il =

=d(x,x")+dy,y) > 1,
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so when we identify E, (M) with a subset of 7(M), we obtain that E, (M) is 1-separated and

therefore discrete. [l

Thus, from now on, we assume that our graph (M, E) is 2-connected. By Proposition 3.5, every
linear bijective isometry T : F(M) — F(M) induces a symmetric bijection ¢ : E — E satisfying
(Sa) (notice that the condition (Sb) is trivial in the case of graphs; in fact, d(e) = d(c(e)) = 1 for all
e € E). Let B be the Boolean algebra generated by simple directed cycles consisting of at least three
edges. o induces also a Boolean algebra isomorphism 7 : B — B. Call the atoms of B pieces. That
is, each piece is an intersection of simple directed cycles and 7 maps pieces to pieces. Moreover,
for each piece p, we also have its inverse —p and 7(—p) = —7z(p).

We define a bipartite graph (V, F) where V = V; [V, and a labeling 1 of V; by natural num-
bers. The set of vertices V is a disjoint union V; [[ V,, where V is the set of all (directed) pieces,
V, is the set of all simple (directed) cycles consisting of at least three edges, and for v € V; and
w € V,, thereis an edge f € F if v C w, that is, the piece v is a part of the simple cycle w. Notice
that (V, F) has exactly two connected components. The label A1(v) of a piece v is its size |v|. Notice
that if there is an edge f € F between p € V; and ¢ € V,, there is also an edge (which may be
denoted by —f) between —p € V; and —c € V,, and A(—p) = A(p).

Notice that E = |J ¢y, p- For each p € V', we enumerate the edges of p as {ef, ..., ¢/’

Ipl
a way that —elp = el._p , for every p € V, and i < |p|. We define an equivalence relation ~ on V,

where p ~ q if and only if ¢ = —p. We denote the equivalence class of p by [p] and the set of
equivalence classes by [V, ]. Similarly, the equivalence relation ~ extends naturally to V, and F.
Set

}in such

where for each [p] € [V], S|, is the group of permutations of {1, ..., | pl}.

Denote also by ([V], [F], 4) the bipartite graph with [V'] as the set of vertices and where there is
an edge from [F] between [p, ], [p,] € [V']if and only if there is an edge from F between p, and p,
or between p; and —p,. Notice that this is well defined since the set of edges F is also symmetric.
Notice that ([V], [F]) is connected. The piece labeling A of V; induces a piece labeling of [V ] since
it is also symmetric.

Each automorphism [¢] of ([V],[F],4) leaves [V;] invariant, and thus acts on [V;] by per-
mutations. By this we can consider a wreath product S Aut([V],[F],4) as in Definition 6.5,
where we note that for [p], [q] € [V] lying in the same orbit of Aut([V], [F], 1), we have |p| = |q|
and therefore we may in the definition of the wreath product take ¢4 * S|p) = S|q| to be the
identity.

Proposition 6.9. Given a 2-connected undirected graph M, there is a topological group isomorphism
Q : LIso(F(M)) - (S2Aut([V],[F],4)) x {1, -1}.

Proof. Let T : F(M)— F(M) be a linear isometry. We shall define a triple Q(T) =:
((SE,J)[p]e[vl], [¥r], er), where [¢r] € Aut([V], [F], 2), (S&J)[p]e[vl] € S,and ey € {1, -1},

We first define a symmetric automorphism ¢, of (V,F,A); that is, an automorphism sat-
istying ¢r(—x) = —pp(x) for each x € V. It will canonically induce an automorphism [¢]
of ([V],[F],4). By Proposition 3.5, T induces a symmetric simple cycle preserving bijection
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or : E — E,which, in turn, induces a Boolean algebra automorphism 7 : B — B, which is itself
symmetric. Since oy is simple cycle preserving, it induces a bijection ¢, : V, — V,. Since wy isa
Boolean algebra automorphism, it induces a bijection ¢, : V; — V; and since 7} is induced by
or, we have A(¥,(v)) = A(v) for v € V. We define ¢ : V - V by 3; U ,.

It is easy to observe that (v, w) € F if and only if (¢ (v), pr(w)) € F. Since 3y is symmetric,
[¥r] € Aut([V], [F], A1) is well defined. Next, we define the sign ;. Since (V, F) has two connected
components, $; either preserves both of them, or switches them. In the former case, we setey = 1,
and in the latter, we set e, = —1.

Now we define (S[Tp])lpJELVll‘ Fix p € V;. Recall that p = {ef, ...,ef;l}. We also have ¢;1(p) =

@7 TP 3 and [p| = 197 (p)]. Since 071 [p] = $(p), for every i < |pl. thereis j < [p]
1 9 eeey p7 p_ Tp‘ Tp_Tp’ ry\p’ .]\p

$'(p)

such that o (e, )= ef . By the choice of the enumeration of the edges of p and —p and since o

p

1 1
( p)) = UT(—e;’bT (p)) =—el = ej_p . Thus, we may safely set S[Tp](i) =

is symmetric, we have O'T(E?T
j. Itis clear that sﬂ)]

Letus show that Qisinjective. Let T} # T, € LIso(F(M).If 71 # 7r,, then there exists an atom
of B where 71 and 7y, differ. Thus, by definition, there exists p € V,, where ¢r. (p) # szZ(p).
If [z,le (p)] = [¢T2(p)], then Q(T;); = —Q(T,);, where Q(T;); is the projection onto the third
coordinate, that is, the element of {1, —1}. If [1,le (p)] # [¢T2(p)], then Q(T,), # Q(T,);, where
Q(T;), € Aut([V],[F], ) is the projection onto the first coordinate.

So, suppose that 7y =7y . However, since o #or, there exists e € E such that
oTl(e) # oTz(e). We have that e = ef , for some unique p € V; and i < |p|. It follows that
QT 1)2)[¢T1( p)](i) + (Q(T 2)2)[¢T2 ( p)](i), where (Q(T 1)2)[¢Ti (»] € S|p| is the corresponding projec-
tion.

Let conversely ((S[p])[p]e[Vl]’ [¥],¢) € (SvAut([V], [F],4)) X {1, —1}. We shall construct a sym-
metric simple cycle preserving bijection o : E — E. By Proposition 3.3, there exists then a
linear isometry T : F(M) — F(M) such that o = oy. It will be then easy to check that Q(T) =
GipDiprerv, - [¥1:)-

Pick e € E. There is a unique piece p € V; such thate € p. So, thereisi < |p| such thate = ef’ .
Let g € V, be the unique piece such that [q] = [$]([p]) and q and p are in the same connected
component of (V, F). We define

is a permutation of {1, ..., | p|}.

ole) = o(e?) := e . (5)
! Siq1®

Notice that —e = el._p by definition and so []([—p]) = [¥]([p]); however, we now have that —q is
in the same connected component as —p. Thus,

—
Sig® a(e),

o(—e)=e
showing that o is symmetric.

It is clear that o is injective. To check it is surjective, pick e € E that is again equal to ef , for
some p € V; and i < |p|. Let g be the unique piece such that [q] = [¢~!]([p]) and g and p lie in
the same connected component. Then, there is j < |p| such that s[p]( Jj) = i. It is straightforward
to check that then o(e;q) =e’.
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We need to check that o is simple cycle preserving. Let ¢ € V, be a simple directed cycle. The
cycle c is a disjoint union of some pieces py, ..., p,, € V;, where {p,,..,p,}={pe€V;: If €
F (f connects p and c)}. Since [] is a graph automorphism, we have that {[¢]([p;]): i < n} =
{lpl € [V]: 3[f] € [F]([f] connects [¢]([p]) and [$]([c]))}. Let ¢ €V, and gy, ...,q, € V; be
such that [¢'] = [$]([c]), [g;] = [®]1([p;]), for i < n, and they lie in the same connected component
ascand{p,,..., p,}ife = 1, and in the other component of c and {p;, ..., p,,} if ¢ = —1. Notice that
¢’ = Uicn @+ By definition of o, for each i < n, we have o[p;] = g;. It follows that

olel = | Jolpl = Jai =<

i<n i<n

and since c was arbitrary, we get that o preserves simple cycles. Thus, there exists T € LIso(F(M))
such that o = o and by the above, we easily deduce that [¢] = [¢]. Pick any p € V, then we
have thate; = 1ifand only if o(p) is in the same connected component as p, which is by the above
equivalent to the fact that € = 1. Finally, it is now easy to check that (S[Tp])lp letvy1 = GpPiplerv, -

We have proved that Q is a surjection; thus, it is bijective. It remains to prove that it is a
continuous group homomorphism with a continuous inverse.

Since the map T — o is a topological group isomorphism by Proposition 6.4, it suffices to check
that the mapo € Z — ((s[Tl‘)’])[p], [z,/)TU], GTG) is a homeomorphic homomorphism, where Z, as in
Proposition 6.4, is the topological group of all symmetric bijections of E,,(M) satisfying (Sa) and
(Sb).

Let us first check that it is a group homomorphism. Fix 0,0, € Z. In the sequel, we shall

. TU oQ [
write o for o, 00, ((s[p])[p],zp,e) for ((S[p]] ipps [r ler, ), and ((sfp])[p],z,bi, g;) for

T(Tl' . .

((S[p] o ¥, Ler, ), i=1,2. 1t is easy to deduce that ¥r, or,, =¥r, °¥Pr, . Thus, we have
[¥] =[] o [h]and e = g1¢, =: 6.
Since (s, )ipps Y1 €1) (57, Dipp Y2 €2) = (G578
=s! 2 for every [p] € [V,].

e = Sy ()
Fix therefore [p] € [V;] and i < |p|. We have

o100y 100y

2

. 1(p)])[ o> ¥1 0%, €16,), we need to verify that
1

1 2 N p _ Ibfl(p) %b;l(P) _ ¢;l¢;1(P)
S[p]sw;l(pn(l) =joe =0, <ek &e, =0, e
-1
= ef = o(e;p (p)> S s[p](i) =],
which proves that s, = S[lp]s[2¢—1(p)] for every [p] € [V;] and therefore Q is a group homomor-
1

phism.

It remains to show that the mapping~ > o — ( (S[TI‘)’])[ L [szU], €T5) is homeomorphism, which,
however, easily follows from the fact that the topology on E,, (M) is discrete by Lemma 6.8 and
so a net (o) converges pointwise if and only if it is pointwise eventually constant. O

Remark 6.10. Although this section was formulated, in order to ease the notation, only for
Lipschitz-free spaces over connected graphs, all the results are valid as well for Lip,-spaces over
connected graphs. In particular, we have a complete description of the linear isometry group of

RIGHTS LI L)

) SuoRIpUED pue SWB | 341 88S *[1202/0T/82] U0 ARIqITauluO AB]iM ‘1sedepng JO AISRAIUN SNUIAIOD A] 00002 SWII/ZTTT 0T/I0PALI0D" &3] 1M Ale.q 1 Bu[U0"d0SUFeWPLIO|//:SANY WO papeojumod 'S ‘v20e ‘052269%T

folmw

5UBO1T SUOLULLOD BAIEER1D a[qealjdde ay) Aq pausenob afe sspnte WO ‘asn Jo sajn Joy AriqiauljuQ As|im uo


https://londmathsoc.onlinelibrary.wiley.com/action/rightsLink?doi=10.1112%2Fjlms.70000&mode=

ISOMETRIES OF LIPSCHITZ-FREE BANACH SPACES | 27 of 36

Lip,(G), whenever G is a connected graph. This follows, by Remark 4.3, from the fact that Lip,(G)
has a strongly unique predual.

7 | EXAMPLES

This penultimate section complements the theory developed in this paper. In the first part of the
section, we show that a certain interesting and extensively studied class of metric spaces in metric
geometry belongs to the class of Lipschitz-free rigid Prague spaces. In the second part, we present
examples showing that converses to various results from Section 4 do not hold.

7.1 | Carnot groups as examples of Lipschitz-free rigid Prague spaces

The theorem below presents one of our main examples of Lipschitz-free rigid spaces. We note
that the rigidity of the same class for the 1-Wasserstein spaces was obtained in [8] — by different
methods.

Theorem 7.1. Let (G, dy) be a nonabelian Carnot group endowed with a metric induced by a
homogeneous horizontally strictly convex norm. Then (G, dy) is a Prague space, which is moreover
Lipschitz-free rigid.

The class of spaces considered in Theorem 7.1 includes many important metric spaces
considered by numerous authors, see Examples 7.3 where more details are provided.

Before we come to the proof of Theorem 7.1, we recall the relevant information about Carnot
groups. Every Carnot group is as a topological group homeomorphic to R”. For the informed
reader, we note that more precisely every Carnot group is a simply connected and connected nilpo-
tent Lie group whose Lie algebra admits a stratification. We provide more comments on this in
Remark 7.2. The properties of Carnot groups we need are the following.

(Carl) Carnot group as a topological group is (canonically) isomorphic to G = (RY, x), where
on RY we have the usual Euclidean topology and * is a real analytic group operation
defined by a polynomial. After this (canonical) identification, we can decompose the
Carnot group (RY, x) asRY = RM1 @ ... @ RYr with N; + - + N, = N, wherer > 1ifand
only if G is not abelian, and find a family of Carnot group isomorphisms {3,},, (called
Carnot-dilations) such that:

8™, .., x) = AxW, ..., A" x"),

where x) € RNi fori =1, ..., r.
(Car2) Amap N : G — R, is called a norm on G if it satisfies
i) N(g)=0 <= g¢=(0,..,0),
(ii) N(g~1) = N(g), forall g € G,
(iii) N(g * ¢") < N(g) + N(¢"),forall ¢, ¢’ € G.
Every norm N induces a left-invariant metric dy (i.e., metric satisfying dy(gy * 9,
do * 9') = dy(g,g") forall gy, g, g € G) by the formula dy(g,g") := N(g~! * ¢’). Anorm
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N : G = Ry, on a Carnot group is called homogeneous if N(5,(g)) = AN(g) for all 1 > 0
and for all g € G.

Whenever dy is a metric induced by a homogeneous norm on G = (RV, ), then d; is
compatible with the topology of G and (G, dy) is proper and complete.

(Car3) Let G = (RY, %) be a Carnot group as in (Carl) (so on G we have the decomposition and
Carnot-dilations as in (Carl)). Given z € RN1, we say I(z) : = {(s2,0,...,0) : sER}CG
is horizontal line through the origin. It is a subgroup of G (in fact, it is what is called a
one-parameter subgroup). In particular, for s,t € R, we have (sz,0,...,0) * (¢z,0,...,0) =
((s +1)z,0,...,0). The set of all the points on all the horizontal lines through the origin
is denoted as Hg, thatis, Hg := (J,cpm {1(2)} = {(2,0,...,0): z € RN1}. Notice therefore
that G # Hg if and only if G is not abelian.

A homogeneous norm N on G = (RN, %) is said to be horizontally strictly convex if
whenever g, ¢’ € G\ {(0, ...,0)} are such that N(g * ¢') = N(g) + N(g’), then there exists
I(z) € Hg such that ¢, ¢’ € I(2).

Suppose that dy is the metric induced by a homogeneous horizontally strictly convex
normon G = (RY, %). Then it is easy to check that whenever ¢,, g,,9 € G (g9 # g1, 9 # 9,)
are such that dy(g;, 9,) = dy(g, 9) + dn (g, 9), there exists z € RM such that 91_1 * g, €
I(z), in particular g, € g; * Hg :={g; * h: h € Hg}.

We note that on any Carnot group, there exists a homogeneous horizontally strictly
convex norm.

Remark 7.2. In this remark, we comment on Carnot groups for readers who have some knowledge
of Lie theory. Carnot groups are simply connected and connected nilpotent Lie groups G whose
Lie algebra g admits a stratification, that is, a direct sum decomposition ¢ = ;_, V; such that for
everyi <r,[V,,V;] = V;,,.Since G and g are nilpotent, the Baker-Campbell-Hausdorff formula
has only finitely many nonvanishing terms and therefore may be used to globally define, using
polynomials, group operation * on g. Since (g, *) and G are then two simply connected Lie groups
with Lie algebra g, they must be equal. This explains much of (Carl), that is, why without loss of
generality G is RY with polynomially defined multiplication and the decomposition G = RN =
RN @ ... @ RNr corresponds to the stratification V; @ ... ® V, on g, where the dimension of V;,
fori < r,is N;. It also explains why for a fixed z € RN1, I(z)isa subgroup. Indeed, given s, t € R,
sz and tz commute as elements of g, that is, [sz, tz] = 0, so by the Baker-Campbell-Hausdorff
formula, we have ((s + t)z,0...,0) = (s2,0...,0) % (tz,0...,0). Note also that by definition, r = 1
is equivalent to [g, g] = {0}, which, in turn, is equivalent to the fact that G is abelian.

We refer the reader to [19] for a general background on Lie groups, including nilpotency
and the Baker-Campbell-Hausdorff formula. We also refer to [13] which is more specialized to
Carnot groups. In the paragraph below we suggest some references, where the interested reader
may find proofs of the above-mentioned properties of Carnot groups together with some more
interesting results.

The property (Car2) follows from [21, Proposition 2.26]. The notion of horizontally strictly con-
vex homogeneous norm mentioned in (Car3) was introduced in [7] and it was proved in [8] that
such a norm exists on every Carnot group. For some natural examples, we refer to Examples 7.3.

Proof of Theorem 7.1. Let G = (G, dy;) be as in the assumptions. We may without loss of generality
assume G = (RY, %) as in (Carl). First, we claim that

E.(G) = {(9, gl): g’ &g * HG}'
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Indeed, fix two distinct points g, ¢’ € G. Since G is proper, using [3, Proposition 2.3], we obtain
that m, ,» € F(G) is a preserved extreme point if and only if [g, g'1 =1{g, ¢’} which is, in turn,
equivalent to the fact that ¢’ & g * Hg.

Next, we show that for an arbitrary element ¢ € G and for arbitrary € > 0, we can choose a
g. € G such that (g, g.) € E,,;(G) and dy(g, g.) < €. Put H5(g) := ¢ * Hg. Since left translation
is an isometry (and thus a homeomorphism), we get that H;(g) is a closed set with empty interior.
Here, we used that dy is compatible with the Euclidean topology of RY, and that Hg has an
empty interior since dim(Hg) = N; < N as G is not abelian. On the other hand, B(g, ¢) (the dy-
ball centered at ¢ € G with radius ¢) is an open set, and therefore, B(g,¢) \ Hg(g) # @, and for
all g, € B(g,¢) \ Hg(g), using the observation in the paragraph above, we have (g, g,) € E,;(G).
Consequently, V,,;(G) = G.

Finally, if g, g, € G, g; # g,, thenforall € > 0, the same argument as above gives us an element
9: € B(g1,€) \ (Hg(g1) U Hg(g,)). For such a g., we have dy(g;, 95) < dy (9., 91) + dn (91, 95) <
€+ dn(g1, 92), and thus, dy(g;, g.) + dn(9e 92) € [dn (g1, 92), 2€ + dy (g5, 9)]- Using this simple
observation and the fact that (g;, g,), (93, g;) € E,;(G), we have

k
dn(gy, 9p) < inf {Z dy(e): (el-)i.‘:1 € Eext(c,)k is a walk from ¢, to gz}
i=1

< iIgf{dN(gla 9:) + dn (9, 32)} = dn (915 92)

This shows that G is a Prague space. Moreover, since by the above, there are infinitely many
paths between any two points, we have that in particular E,,;(G) is 3-connected, and so, G is
Lipschitz-free rigid by Corollary 4.8. O

Examples 7.3. Let us mention important examples of metrics on Carnot groups to which our
Theorem 7.1 applies.

* Recall that the Heisenberg group H" is the Carnot group H” = (R***1, %), where for x,y € R"
and ¢t € R, we have

n
(6,0 % (Y1) 1= e+ Xy + Y+ 2 )y — X)),
i=1

and Carnot-dilations (8,),. are given by §,(x, y,t) := (1x, Ay, A%t). Examples of horizontally

strictly convex homogeneous norms on H” are, for example, the Heisenberg—Koranyi norm
1

Illzr given by [1Gx, y, Ollg := (16, Y% +£2)# for (x,y,t) € H" or the Lee and Naor norm

Il given by [|(x, y, Ol Ly = \/Il(x,y, Ol + G, W, for (x,y,t) € H*, where ||-|| ; denotes
the Euclidean norm. We refer to [7] for more details and examples of horizontally strictly convex
homogeneous norms on H".

* Given a Carnot group G = (RY, ), the Hebisch-Sikora norm on ||-|| ;5 : G — R, is defined as

lgllpys :=inf{t >0: &,,(q) € B(O,r)}, qE€G,

where B(0,7) C RY is the usual Euclidean ball in RN centered at the origin, with radius r. In
[8], the authors proved that there exists r, > 0 such that for all 0 < r < r, the function ||| ;s
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defined above is a horizontally strictly convex homogeneous norm on G. We refer to [8] and
references therein for more information about Hebisch—Sikora norms and their applications.

Finally, we note that our Theorem 7.1 does not apply to Carnot groups endowed with the standard
Carnot-Carathéodory distance, because geodesic metric spaces are not Prague spaces. However,
we note that the Carnot-Carathéodory distance on Heisenberg groups is the path metric associ-
ated to the Koranyi norm (see [22, Corollary 2.3.5]). We do not know if there is such a close relation
between the Carnot-Carathéodory distance and other horizontally strictly convex norms.

7.2 | Counterexamples from Section 4

In the first proposition, we prove the claim mentioned in Example 4.5.

Proposition 7.4. Consider the subset I := {0} X [0,1] C R? and point x, := (1,0) € R Then the
metric space M = (I U{xy}, || - |I,) is a weak Prague space which is Lipschitz-free rigid, but E, . ;,(M)
is not 2-connected.

Proof. Forany x,y € M, wehave [x,y] = {x,y}ifand only if x, € {x, y}. Fixingy € I and picking
any z # y € I, we have d(x,,y) + d(x,, z) > 2, so clearly by Fact 2.2, My y € extBr(M)**. There-
fore, we have E,, = {(x, xy), (x¢,x) : x € I} and V,,,, = M. Thus, we easily observe that E,, is
weakly admissible and since there are no cycles in E,;, E,,; is not 2-connected. It remains to
check M is Lipschitz-free rigid.

Leto : E,,, — E,,,; be a bijection satisfying conditions (Sa), (Sb), and (Sc). By Theorem 3.9,
it suffices to check that then there exists € € {+1} such that o(e) = ce, e € E,,. Since o is a
bijection, there exists a bijection f : [0,1] — [0,1] and € : [0,1] — {£1} such that o(x,, (0,¢)) =
e(£)(xy, (0, f(1))) for every t € [0,1].

First, we shall show that ¢ is a constant mapping. For ¢t > 0, using (Sc), we obtain that for the
E,.;-path ((0, 0), x,), (x,, (0, t)) from (0,0) to (0, t), we have

t = ”s(o)d(xo, (0,00 (o)., + EOACx0, (0, DMy (o 50y H

_ ‘ d(x,,(0,1))

d(x01 (Oa 0)) 5
d(x,, (0, f)) |
which implies that £(t) = ¢(0) as otherwise we would have

“O) 30, (0, F0) OO

— (1)

H d(xp, (0,0)) d(xo, (0, 1)) = d(xy, (0,0)) + d(xo, (0,0)) > 1,

dCxo, 0, 70O O+ Ty, 0, 7)) OO

which is in contradiction with t < 1. Since t > 0 was arbitrary, this proves that ¢ is a constant map,
so we can without loss of generality assume that o(x,, (0, t)) = (x,, (0, f(¢))) for every t € [0,1]
and it remains to prove that f is the identity.

Similarly as above, given s,t € [0,1] and E,,,-path ((0, 5), x,), (X, (0,t)) from (0, s) to (0, t),
using (Sc), we obtain

d(x,(0,5)) d(x,(0,1))

R Co oy o ey |
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1+t2 > 1452
1+f(0? 7 1+f(s)2°

|t_s|=M+(If(t)—f(S)l—m)\/% ©

1412 1+52 . .
e S Three then the above holds with s and ¢ interchanged). We shall

prove in a series of claims that this already implies that f is the identity mapping.

By the well-known formula [14, Lemma 11], supposing that we have

(and, of course, if

Claim 1. The function f is \/E-Lipschitz. Moreover, it is a strictly increasing homeomorphism
with f(0) = 0and f(1) = 1.

14¢2 1452

Proof of Claim 1. Supposing that TR 2 TR

using (6) and simplifying, we obtain

It =sI(V1+ f)2) + VA +s)A+ O = VA + DA+ f()2) + | f(1) = F() V1 + 52

> V(A +s)A+ FO) + () — &)V +52,

If@O—-f&I 1+ f(6)?
s—t] 1+s2

1412 1452
L+f(6)2 7 1+£(s)?

£ = £5)] [1+ 02 51
WSHIHX W.te[o,l] < 1—_"_0—‘\/5

Thus, the function f is \/E-Lipschitz and therefore f : [0,1] — [0, 1] is continuous bijection, so
it is a homeomorphism, and so, it is either strictly increasing function with f(0) = 0 and f(1) = 1
or strictly decreasing function with f(1) = 0 and f(0) = 1. Since for ¢t = 1 and s = 0, we have

which implies that

and, changing the roles of t and s if does not hold, we obtain that for any t,s €

[0,1], we have

1+¢2 2 1> 1 1+s?
T+ f@?  1+f2 7 714+ £02 1+ f(s)*

from (6), we obtain

1=vV2+ (1= VIt fO)P)———
( f())m

and since we have {f(0), f(1)} = {0, 1}, this implies that f(0) = 0 and f(1) = 1 and, by the above,
the function f is strictly increasing. [l
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Claim 2. We have f(t) =t forevery t € [0,1].

Proof of Claim 2. Assume that we have t > f(¢t). Then, since L = 10

TR 2 e e obtain from

(6) applied to t and s = 0 that, using Claim 1, we have

t=V1+e2+f(0)-V1+ 02,

which implies that for the function h(x) := x — V1 + x2, we have h(t) = h(f(t)), but since h is
one-to-one on [0,1], it follows that t = f(¢).

2 2
Finally, assume that t < f(¢). Then since 1 = 07, 14

1+£(02 7 1+f(0)2°

t=1+(f(t)—1)\/%,

from (6), we obtain

which implies that for the function g(x) := \/)‘1__12 we have g(t) = g(f(t)), but since g is one-to-
+Xx

one on [0,1], it follows that t = f(¢). O

Thus, f is identity, and so, M is Lipschitz-free rigid. O

Next, we provide the example mentioned in Remark 4.10.

Proposition 7.5. There exists a finite graph G = (V, E) that is 2-connected, but not 3-connected
such that for every simple cycle-preserving bijection o : E — E, there exists a graph isomorphism

f 1V = Vsuch that o({x, y}) = {f(x), f(¥)} for every {x, y} € E.
In particular, G is a Lipschitz-free rigid space with E, ., not being 3-connected.

Proof. In this proof by K,,, we denote the complete graph with n vertices. Our graph G consists of
three disjoint complete graphs K; , K; , and K;, together with three more vertices a,, a,, and a;,
where each a j»J € {1,2, 3} is connected by edges E ik with vertices from K;, . k € {1, 2,3}, where
E;; =f@and |E;| > 3 are distinct natural numbers.

E31 a E3,2

- ) 3 [
Ky e K

We claim that if, moreover, min{iy, i, i3} > 2 + max{|E(; iy| : j, k €{1,2,3}, j # k}, then this will
be the graph we are looking for.

It is easy to observe that G is 2-connected and not 3-connected. Moreover, if we denote by G i
Jj =1,2,3 subgraphs with edges U13c=1 Ep ;v Kij, then each G; is 3-connected. Leto : E — Ebea
cycle-preserving bijection. We claim that then 0(G;) = G, for every j = 1,2,3.
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Indeed, first, we observe thate € E; ; if and only if e is contained in exactly |E; ;| — 1 cycles of
length three, which is a property preserved by o, and since |E| ;| are distinct numbers, we have

O.(Ej,k) = Ej’k’ .]7k = 17 27 3. (7)

Next, for each distinct edges e, e’ € E s there is a unique f € Kl-k such that{e, ¢/, f}is a cycle and
since by (7) we have {c(e), o(e’)} C E; ), weobtaino(f) € K; because {o(e),a(e’),o(f)}isacycle.
Thus,

Vk €1{1,2,3}3f €K, : o(f) €K, . (8)

Now, pick any f’ € K;, and consider now the edge f € K; with o(f) € K; . Then, there
are at least i, —2 disjoint cycles containing both {f, f’}, so since we have o(f) € K; and
max{|E; | : j =1,2,3} < i, — 2,weobtain thato(f') € K;, .Since fle K, was arbitrary, we have
O'(Kl-k) = Kik for k = 1,2, 3, which together with (7) gives that O'(GJ-) = Gj for j =1,2,3, which
finishes the proof of the claim above.

Since each G; is 3-connected, by Corollary 4.8, we obtain that there are graph isomorphisms
fj + Gj = Gj such that o{x,y}) = {fj(x), fj(y)} for each edge {x,y} from G;. Since |Ej | are
distinct numbers, vertices a; in graphs G; are uniquely determined by their degrees, and so,
f j|{a1’a2,a3}\{aj} isidentity. Thus, f = f; U f, U f3 : G = G is a well-defined graph isomorphism
satisfying o({x, y}) = {f(x), f(¥)} for any edge {x, y} from G. This finishes the proof that G is the
graph we wanted to find.

The “In particular” part then immediately follows. Indeed, using the same arguments as in the
proof of Theorem 4.9 (together with Lemma 3.8), we see that G is a Lipschitz-free rigid Prague
space. O

8 | CONCLUDING REMARKS AND OPEN PROBLEMS
8.1 | Remarks

A famous open problem asks whether 7(R") and 7(R™), and also F(Z") and F(Z™), are isomor-
phicif n,m > 2, n # m. We cannot answer this exact question but our results provide answers to
some other related open problems.

(1) Consider 7", for n > 2, equipped either with the inherited Euclidean distance or the #;-
distance, also known as the Manhattan distance in this context, which is the graph metric for the
canonical graph structure on Z". It is routine to check that it is a Prague space with E, , being 3-
connected — in the case of the Manhattan distance, simply a 3-connected graph. By Theorem 4.9,
F(z™") is Lipschitz-free rigid and since Z" is uniformly discrete and so does not admit noniso-
metric dilations, it follows that LIso(F(Z")) is equal to the product of {—1, 1} with the isometry
group Iso(Z™) of Z" (see Proposition 6.1), which is the same for both the Euclidean and Man-
hattan distances. The group Iso(Z") as a semidirect product F, X T,, where T, is the group of
translations equal to Z" itself and F,, is the finite group of isometries fixing 0 that consists of rota-
tions and reflections. In particular, LIso(F(Z")) and LIso(F(Z™)) differ for different n # m > 2.
Indeed, assuming n > m, LIso(F(Z™)) is equal to {—1, 1} X (F,,, X Z™) and does not contain Z"
as a subgroup, while LIso(F(Z™)) does.
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Remark 8.1. We were informed by Ramoén Aliaga that it is possible to distinguish 7(Z") and F(Z™)
isometrically also directly by counting the preserved extreme points. Such a direct approach seems
no longer possible in the next more involved example where we really need to compute the
isometry groups as an invariant that distinguishes the corresponding Lipschitz-free spaces.

(2) Consider for each n € N the Heisenberg group H"” equipped with the Koranyi metric, which
is a topological group homeomorphic to R?"*! (see Examples 7.3 for details). By Theorem 7.1, H" is
Lipschitz-free rigid, that is, every isometry of 7(H") isinduced by € € {—1, 1} and an a-dilation ¢ :
H" — H". In fact, according to Proposition 6.1, {—1,1} X Dil(H") 3 (¢, ¢) — €Ty € LIso(F(H"))
is an isomorphism of topological groups. Notice that in the Heisenberg case, an a-dilation can
be uniquely written as the composition of an isometry and a Carnot-dilation. Indeed, using
the homogeneity of the metric, we have that d(x,y) = %d(qb(x), ¢(y) =d(614(x),514(y)), and

thus, ¢(x) = §, (51 c;b(x)), where 81 ¢(x) is an isometry. This means that LIso(F(H")) = {—1, 1} X
Dil(H") can be top%logically identified with {—1,1} X R, X Iso(H"). We claim that if m < n, then
the spaces F(H") and F(H™) are not isometric. Indeed, if they were, then their isometry groups
would coincide. Our task is now to show that {—1,1} X R, X Iso(H") and {—1, 1} X R X Iso(H™)
are not isomorphic. By [27, Theorem 3.5], Iso(H") is the same group regardless of H" being
equipped with the left-invariant Riemannian distance or the Carnot-Carathéodory metric. Fur-
thermore, by [22, Corollary 2.3.5], it is also the same group if H" is equipped with the Koranyi
metric. In particular, it follows from the Myers-Steenrod theorem ([25]) that Iso(H") is a Lie
group. Since R, and {—1,1} are Lie as well and a product of Lie groups is a Lie group, we get
that LIso(F(H")) is a Lie group. Therefore, if LIso(F(H™)) and LIso(F(H™")) were isomorphic their
Lie algebras I,,, resp. I,, would be isomorphic (see, e.g., [19, Corollary 9.1.10]). We shall reach a
contradiction by proving that the dimensions of I, and [,, are not equal. By again [27, Theorem
3.5], Iso(H") is a semidirect product A,, X H", where the right side is the Heisenberg group itself
acting by translations and A,, is the group of isometries of H" fixing 0. Denoting, for i = m, n,
the Lie algebra of A; and H' a;, resp. §;, we get that dim(l;) = dim(a;) + dim(};) + dim(R,) =
dim(a;) + dim(h;) + 1 (by, e.g., [19, Proposition 9.2.25]). We have dim(};) = 2i + 1, so we need
to compute dim(a;). Since by [27, Corollary 3.6 (1)], the connected component of the unit of A;
can be identified with the unitary group U(i), we get that a; is isomorphic to the Lie algebra of
U (i) that is known to have dimension i? (see, e.g., [19, Example 5.1.6 (v)]). Therefore, we get that
dim(1;) = i® + 2i + 2 and we are done.

8.2 | Problems

We find the following question the most pressing.

Question 1. Does there exist a Lipschitz-free rigid metric space M such that | J E,,;(M) is not
dense in M?

A very interesting answer to the previous question would be answering positively the next
question. However, even a negative answer to the next question would be interesting.

Question 2. Is RY, for d > 2, Lipschitz-free rigid? Either if it is equipped with the Euclidean or
with the Manhattan distance.
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Question 3. Does every metric space isometrically embed into a Lipschitz-free rigid space that
contains only one additional point?
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