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Abstract

TU-games with utility functions are considered. Generalizations of the prenucleolus,
essential coalitions and the core: the u-prenucleolus, u-essential coalitions and
the u-core respectively are introduced. We show that u-essential coalitions form a
characterisation set for the u-prenucleolus in case of games with nonempty u-core.

Keywords TU-games - Restricted cooperation - Prenucleolus - Core - Essential
coalitions - TU-games with utility

1 Introduction

The (pre)nucleolus (Schmeidler 1969) is a widely used solution concept of transfer-
able utility cooperative games. Its practical importance lies in the fact that its aim
is to minimize the dissatisfaction of the most dissatisfied coailition, which makes it
unequivocally interesting for social, financial and technical usages as well. A con-
siderable evidence of its value is that it has numerous variants and generalizations,
such as the percapita prenucleolus (Grotte 1970, 1972), the weighted prenucleolus
(Derks and Haller 1999), the modified nucleolus (Sudhdlter 1996, 1997) and the
general nucleolus (Potters and Tijs 1992; Maschler et al. 1992). From the viewpoint
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of this research the most abstract generalization is the one by Potters and Tijs (1992)
and Maschler et al. (1992) called the general nucleolus. The last two papers focus on
the characterization of the general nucleolus, while also providing a generalization
of the lexicographic center algorithm (Maschler et al. 1979), and Kohlberg’s theo-
rem (Kohlberg 1971).

In this paper, we consider the restricted cooperation case, and in connection with
these games we introduce a special case of the general nucleolus, called the u-pre-
nucleolus. Using this less general setting, we can also generalize the results by Kat-
sev and Yanovskaya to the u-prenucleolus; namely, we give sufficient and necessary
conditions for the u-prenucleolus to be nonempty and to be single-valued.

Moreover, the u-prenucleolus is a common generalization of some well known
variants of the prenucleolus such as the percapita prenucleolus (Grotte 1970, 1972),
the g-prenucleolus (Solymosi 2019) and the weighted prenucleolus (Derks and
Haller 1999) among others.

All of these generalizations are common in using a modified version of the
excesses. In our case, we define a u function on the excesses. Using this u function,
we also define a generalization of balanced games and the core (Shapley 1955;
Gillies 1959): the u-balanced games and the u-core respectively. Furthermore, we
show that a game is u-balanced if and only if its u-core is nonempty, that is, among
others, we generalize the Bondareva—Shapley theorem (Bondareva 1963; Shapley
1967; Faigle 1989).

Another variant of the prenucleolus, which is worth mentioning, because of its
similarity to the u-prenucleolus, is the modified nucleolus (Sudholter 1996, 1997).
It also applies the idea of defining a modified excess vector and finding the payoff
vectors, which lexicographically minimize it. However, this modification cannot be
described by using an above-mentioned utility function, so it is not a special case of
our approach, the u-prenucleolus.

Computing the prenucleolus or its variants and generalizations is time-consuming.
Although it has been known that 2n — 2 coalitions are enough to characterize the
prenucleolus of an n player game (Brune 1983; Reijnierse and Potters 1998) — such
a set of coalitions is called a characterization set —, it is not easy to find these 2n — 2
coalitions.

There are several algorithms to compute the (pre)nucleolus (Kohlberg 1972;
Solymosi 1993; Perea and Puerto 2013), however these algorithms have a complexity
of O(2") in general. On the other hand, for some classes of games like neighbour
games (Hamers et al. 2003), permutation games under certain conditions (Solymosi
et al. 2005), tree games (Maschler et al. 2010), a large class of directed acyclic graph
games (Sziklai et al. 2017) the nucleolus can be computed in polynomial time in the
number of players. In addition, some heuristics provide efficient algorithms for us to
find an allocation close to the nucleolus (Perea and Puerto 2019).

In this paper, we consider the lexicographic center algorithm (Maschler et al.
1979), which calculates the nucleolus using O(n) LPs with O(n) variables and O(2")
constraints. The number of constraints can be reduced by finding a smaller charac-
terization set for the nucleolus than the one including all the feasible coalitions.

Huberman (1980) showed that the so-called essential coalitions give a char-
acterization set for the nucleolus of balanced games. In certain classes of games
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(e.g. matching-games) the cardinality of essential coalitions is polynomial in the
number of players and they are also easy to find, thereby providing a way of com-
puting the nucleolus in polynomial time. On the other hand, Huberman’s theo-
rem, typically, cannot be applied to the variants and generalizations of the prenu-
cleolus, neither can it be used for non-balanced games.

In this paper, we define the u-essential coalitions as a generalization
of essential coalitions and prove that the wu-essential coalitions give a
characterization set for the u-prenucleolus of u-balanced games. Choosing our u
function accordingly, this generalization of Huberman’s theorem can be applied
to give a characterization set for the prenuclolus of non-balanced games or to give
a characterization set for the percapita prenucleolus of balanced games, among
others; thereby solving the above-mentioned problems.

Before summarizing our main results stated in the paper, let us consider
some alternative approaches for defining the u-excess. We define the u-excess
by applying a utility function over the excess, however, it is also possible to
take the excess of the utilities instead. This approach would also generalize the
prenucleolus and the percapita prenucleolus. In addition, using the identity or the
percapita utility functions, the two above-defined u-excesses would coincide, due
to the linearity of the utility functions. However, in case of a non-linear utility
function, the two approaches would differ. Taking the excess of the utililities
instead of the utility of the excess is an interesting approach, however, in this
paper, we stick to using the utility of the excess, since we are interested in the
idea, that different coalitions might value their excesses differently.

The literature also pushes us to our choice. The general nucleolus (Potters
and Tijs 1992; Maschler et al. 1992) also applies functions on the excesses. The
results stated in this paper only hold in case of taking the utility of the excess and
not in case of taking the excess of the utilities. This other idea can be a fuel for
future work.

One of the main contributions of this paper is the notion of the u-prenucleolus,
which is a generalization of the prenucleolus and the percapita prenucleolus.
It is also a special case of the general prenucleolus. In this setup, we define
the generalization of the core, least-core, balanced games: the u-core, the u
-least-core and u-balanced games, respectively. A respectable achievement of
our researches is that using these notions, we prove the generalizations of the
Bondareva—Shapley theorem and two theorems by Katsev and Yanovskaya to the
u-prenucleolus, which, according to our present knowledge, cannot be proven to
the general prenucleolus. We also introduce the notion of u-essential coalitions,
and show that the class of u-essential coalitions form a characterization set for
the u-prenucleolus of u-balanced games. In other words, we generalize Huberman
(1980)’s result to TU-games with utilities.

The setup of the paper is as follows: In Sect. 2, we discuss the basic concepts
and notations used in the paper; in Sect. 3, we introduce the notions of TU-games
with utilities, u-excess, u-prenucleolus and u-core; in Sect. 4, we define the
so-called u-balanced games, and show that a game is u-balanced if and only if its
u-core is nonempty.

@ Springer



1008 Z.Dornai, M. Pintér

In Sect. 5, we give a generalization of the lexicographic center algorithm for cal-
culating the u-prenucleolus — this algorithm is a special case of the lexicographic
center algorithm for calculating the general nucleolus by Maschler et al. (1992).

In Sect. 6, we generalize Katsev and Yanovskaya (2013)’s theorem, namely,
we give a sufficient and necessary condition for the nonemptyness of the u
-prenucleolus. In Sect. 7, we generalize another theorem by Katsev and Yanovskaya
, namely, we give a sufficient and necessary condition for the single-valuedness of
the u-prenucleolus.

In Sect. 8, we define the so-called u-essential coalitions, and generalize
Huberman (1980)’s theorem by proving that the u-essential coalitions form a
characterization set for the u-prenucleolus of u-balanced games. In Sect. 9, we
describe the u functions for which the prenucleolus and the core coincide with the u
-prenucleolus and the u-core, respectively.

In Sect. 10, we show that in case of assignment games, using the reciprocal
percapita utility function, we get polynomial many u-essential coalitions in the
number of players. Finally, the last section offers a brief conclusion.

2 Preliminaries

Given a nonempty finite set of players N and a characteristic function v : 2V — R
such that v(f#) = 0, v is called a TU-game. Let G" denote the class of TU-games with
player set N; additionally, let the set of coalitions be denoted by P(N) := {S C N},
and the set of non-trivial coalitions be denoted by P*(N) := {SCN : S# 0,5 # N}.
Furthermore, let Dy denote the class of partitions of set S € N but {S}.

Let A C P(N) be such that §, N € A, then A is called a set of feasible coalitions.
In this case, the characteristic function v : A - R is called a TU-game with
restricted cooperation. Let G A denote the class of TU-games (henceforth: game)
with feasible coalitions A. If A = P(N), then G" A=g¢" so every introduced
concept for games with restricted cooperation is a generalization of a concept for
classical TU-games.

Let A" = A\ {N,@} denote the set of feasible, non-trivial coalitions and let
D‘;* = {B € Dy : B C A"}denote the A"-partition set of S € A",

A solution is a set-valued mapping from a set of games with player set N to
RY. Widely used solutions in the literature are the core (Shapley 1955; Gillies
1959), the kernel (Davis and Maschler 1965), and the bargaining set (Aumann and
Maschler 1964) among others. A value is a singleton valued solution; well-known
values in the literature are the Shapley-value (Shapley 1953) and the (pre)nucleolus
(Schmeidler 1969) among others.

Let Iv) :={xeRY : ¥,y x; =v(N) and x; > v({i)V{i} € A} and
r'e) :={xeRV : YienXi =Vv(N)} denote the set of imputations and
preimputations of a game v € GV A respectively.

Given a game v € GV A a coalition S € A and a payoff vector x € RY, the excess
of coalition § by the payoff vector x in the game v is e(S, x) := v(S) — x(S), where
X(S) 1= Yies X
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The core of a game v € GV A is the set of preimputations for which the excess
of any feasible coalition is non-positive:

core(v) := {x € RV : x() = v(V) and e(S,x) < 0,VS € A*}.

In case the core of a game is nonempty, we say that the game is balanced.

Given a game v € GV A and a payoff vector x € R", the excess vector by the
payoff x in the game v is the vector containing all the excesses in non-increasing
order, that is E(x) := (e(S,X))sc 4+ € RM'|, where E(x); 2 E(x);if i <.

The lexicographical ordering between x,y € R" is the following: we say that
x <; yif x = y or if there exists a k, such that x;, <y, and x; =y, for every i < k.

The nucleolus is the set of imputations which lexicographically
minimize the excess vector over the set of imputations, that is,
Nw)={xel(v) : E(x) <, E(y) Vy € I(v)}; and the prenucleolus is the set of
preimputations which lexicographically minimize the excess vector over the set
of preimputations, that is, N*(v) = {x € I*(v) : E(x) <, EQy) Vy € I"(v)}.

A set of coalitions S C A is a balanced set system if there exists a balancing
weight system Ag € R, § € S such that

D As Xs = Ans
SeS

where y; € RY is the characteristic vector of set 7.

3 Games with utility functions

A well-known variant of the prenucleolus is the percapita prenucleolus (Grotte
1970, 1972). The percapita prenucleolus differs from the preucleolus in a way
that instead of using the excesses, it uses the so-called percapita excesses. The
percapita excess of a coalition S € A* of a game v € G A with a payoff vector

xeRN s % Similarly, the  percapita  excess  vector is

E,(x) := (“gl*) )sear € R where E,.(x); > E,.(x); if i <j. Accordingly, the
percapita prenucleolus is defined as follows:
N ={xel'(v) 1 E,(x) < E,.(y) Vy € I"(v)}.

Solymosi (2019) considers a further generalization of the percapita prenucleolus,
where, instead of dividing the excess by the cardinality of S, it is divided by g(S),
where ¢ is a real valued function over the feasible coalitions. Thereby, Solymosi
(2019) introduced the notion of the g-nucleolus N,, which is defined as follows:
N; ={xerl"(v): E,(x) <, E (y) Vy € I"(v)}, where the g-excess vector is defined
as E,(x) 1= (225 . where E(x); 2 E,(x); if i <.

Partially inspired by the above generalizations of the prenucleolus we generalize
the prenucleolus further by introducing functions, called utility functions, applied to

the excesses. Formally, see the following definition.
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Definition 1 A utility function u : A* X R — R is a family of functions (ig)se 4+
such that ug : R — R is strictly monotone increasing, continuous, and its domain is
R. Moreover, the ranges of ug and u; are the same for every S, T € A*; let R, denote
the common range.

Let the u-excess of a coalition S € A by the payoff vector x € R in the game
v be as follows: ugoe(S,x) = ug(v(S) — x(S)). Moreover, let the u-excess vector be
defined as E(x) := (ug(e(S, x)))sc s+ € RMI, where E(x); 2 E(x);if i <.

We can now define the u-prenucleolus similarly to the percapita prenucleolus.

Definition 2 The u-prenucleolus is the set of preimputations, which lexicographi-
cally minimizes the u-excess vectors over the set of preimputations. Formally,

N.(v) :={x€I'(v) : E,(x) < E,(00) Yy €I"(n)}.

Example 1 Some examples of utility functions:

e If uis the identity function, then the u-penucleolius is the prenucleolus.

e If u is defined for all S € A" as ug(t) = ﬁ, then the u-prenucleolus is the
percapita prenucleolus.

e We can also define u as a shift by a constant c. In this case ug(f) =t +c, and
for any game v € GV A the u-prenucleolus is the prenucleolus of the game V',
where V' (S) = v(S) + ¢ for all S € A", and v/(N) = v(N). Since the prenucleolus
is invariant for shifting, in this case the prenucleolus and the u-prenucleolus
of a game coincide.

e Note that u is not necessarily a family of linear functions. For example
ug(t) = arctan(z) for all S € A" can also be a utility function.

Next, we introduce a generalization of the core (Shapley 1955; Gillies 1959):

gN,A

Definition 3 Given a utility function u, the u-core of a game v € is defined as

follows:
u-core(v) := {x € R : x(V) = v(N)andugoe(S,x) < 0,VS € A*}.

Notice that, if A = P(N) and u is the identity function, then the u-core is the
core.

4 u-balanced games
Let B denote the class of balanced set systems of .A.

Definition 4 Given a game v € G¥* and a utility function u, the game v is u-bal-
anced, if either R, C R_ \ {0} orif 0 € R, and
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max (/INV(N) + Z As (V(S) — u;‘(O))> <v(N), (1)

SeB\ (N}

where (Ag)sep is the balancing weight system of the balanced coalition system B.

Notice that, if A = P(N) and u is the identity function, then the u-balancedness
reverts to balancedness.

The following theorem is a generalization of the Bondareva—Shapley theorem
(Bondareva 1963; Shapley 1967; Faigle 1989) to games with utilities.

Theorem 1 Given a game v € GV and a utility function u, the u-core(v) # @ if and
only if v is u-balanced.

Proof We consider three cases:

Case 1: R, € R_\{0}. In case of such a utility function, the u-core of a game
is always non-empty. The reason for this is that ugoe(S, x) < 0 for all x € I*(v) and
S € A*. Therefore, the u-core of the game is not empty, even more, u-core(v) = I*(v)

Case 2: R, C R, \{0}. In case of such a utility function the u-core of a game
is always empty. The reason behind it is that ugoe(S,x) > 0 for all x € I*(v) and
S € A*; therefore, the u-core of the game is empty.

Case 3: Otherwise, that is, 0 € R,,. First, consider the following problem

x(N) — min

st ugoe(S,x) <0 VS e A* @
e(N,x) <0
xeRY

The problem (2) is equivalent to the following LP (here we use that 0 € R,)

x(N) = min

st e(S,x) < uEI(O) VS e A 3)
e(N,x) <0
xeRN

The LP (3) is equivalent to the following LP

x(N) — min

st x(S) > v(S) — uEI(O) VS e A* @
x(N) = v(N)
xeRN

It is easy to see that LP (4) always has a feasible solution. Moreover, since its
objective function is bounded from below (x(N) > v(N)) it always has an optimal
solution. Let x* denote the optimal solution of (4). Then the u-core is nonempty if
and only if x*(N) = v(N).

The dual of (4) is the following:

@ Springer



1012 Z.Dornai, M. Pintér

AN + Yge e As(S) — 15! (0)) — max

s.t. ZSEA*U{N} Asxs = Xn
Ag >0 VS € A" U {N}

By the strong duality theorem of LPs we know that the optimum of the primal LP
equals the optimum of the dual LP.

Suppose that x* and A* are optimal solutions of the primal and the dual LPs,
respectively. Notice, that A}v(N) + DS A5((S) —u;l(O)) equals the left-hand
side of (1). Due to the strong duality theorem, it is less or equal than v(¥) if and
only if x*(N) is less than or equal to v(N), which is equivalent to the u-core being
nonempty. O

5 A lexicographic center approach for the u-prenucleolus

In this section, we introduce a modification of the lexicographic center algorithm
(Kopelowitz 1967; Maschler et al. 1979) for the u-prenucleolus. More precisely, we
show how the idea behind the lexicographic center algorithm can be applied for the
u-prenucleolus.

The lexicographic center algorithm works by solving a series of LPs. Note that in
our case the optimization problems are not necessarily linear. We do not provide any
algorithm to solve the non-linear problems, but we introduce a condition to decide
whether the problems have optimums or not. The following lemma provides the
considered condition:

Lemmal Letv e GV bea game, u be a utility function and X C I*(v). Then

k — min
st elS,x) <k Se A 5)
xeX

has an optimal solution, if and only if

k — min
st ugoe(S,x) <k SeA* 6)
xeX

has an optimal solution.

Proof If X = (J, then neither problem (5) nor problem (6) has an optimal solution.
Therefore, w.l.0.g. we can assume that X # (.

Since X is nonempty, if problem (5) does not have an optimal solution, then for
every k € R there exists an x;, € X such that maxg 4+ e(S, x;) < k.

Let us define the following sequence: let k; € R be an arbitrary number and
x; € X a payoff vector such that maxg 4+ e(S, x;) < k.

Let k, := ming 4+ e(S, x;) — 1, and x, be such that maxgc 4 e(S, x,) < k,.
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For i>2 let k; :=mingcy-e(S,x;_;)—1, and x;€X be such that
maxge 4+ e(S, x;) < k;.

Then for every neN*t ming 4 e(S,x,) > maxge 4- (S, x,,,), therefore,
for all S € A" we have that e(S,x,) > e(S,x,,,). Since ug is strictly monotone
increasing for every S € A" it follows that for every § € A" it holds that
ugoe(S, x,) > ugoe(S, x,, ). Therefore, maxgc 4+ ugoe(S, x,) > maxge 4+ ugoe(S, x,, ).

So for every x € X there exists an x’ € X such that

max uqoe(S, x) > max uqoe(S, x).
SeA* S ( ) SeA* S ( )

Therefore, (6) does not have an optimal solution.

Now suppose that (6) does not have an optimal solution. Since X is nonempty and
Dus = R (where Dy is the domain of f) for every S € A* we have that problem (6) has
a feasible solution. Let R, = (a, b) denote the range of u, where a,b € R U {00, —c0}

If problem (6) does not have an optimal solution, then
inf{s : ugoe(S,x) <tVS € A*,x € X} = a. It means that for every k € (a,b) N R
there exists x; € X such that maxgg 4+ ugoe(S, x;) < k. Furthermore, it is clear that
ming 4+ ugoe(S, x) € (a,b) N R for every x € X.

Let us define the following sequence: let k; € (a,b) N R be an arbitrary number
and x; € X be such that maxg 4« ugoe(S,x;) < k.

Since  mingg 4+ ugoe(S,x;) € (a,b), there exists >0 such that
ming 4+ Ugoe(S, x;) — € > a. Let k, 1= mingg 4 ugoe(S,x;) — € and x, € X be such
that maxge 4« ugoe(S, x,) < k,.

For any n>2: let £, >0 be such that ming 4- ugoe(S,x,_,) — €, > a. Let
k, 1= ming 4~ ugoe(S,x,_;) — €, and x,, € X be such that maxg. 4+ ugoe(S, x,) < k,.

Then, for every neN't ming 4 ugoe(S,x,) > maxge 4« g0e(S, X, ),
furthermore, for each S € A" it holds that ugoe(S,x,) > ugoe(S,x,,,). Since ug
is strictly monotone increasing, it holds that e(S,x,) > e(S,x,, ), for all S € A
Meaning that maxge 4+ €(S, X,,) > maxge 4+ €(S, X,,41)-

So, for every x € X there exists an x’ € X such that

S, x) > S,x').
i o) > g5 )
Therefore, problem (5) does not have an optimal solution either. O

The following lemma is a direct corollary of Lemma 1.

Lemma2 Letv e GV bea game, and u', w? be utility functions. Let X C I*(v), then

. l _
15161)1(1 Islééj‘)g ugo(v(S) — x(S))

exists if and only if

. 2 _
I;él)r(l Eé%( ugo(v(S) — x(5))
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1014 Z.Dornai, M. Pintér

exists.

Next, we introduce a variant of the lexicographic center algorithm (Kopelowitz
1967; Maschler et al. 1979), which can be used for calculating the u-prenucleolus of
a game.

Let ve G¥* be a game and u be a utility function. Consider the following
problem:

t — min

st ugoe(S,x)<t, Se A
x €W )
IER,

If problem (7) has an optimal solution, let ¢; denote the optimum of (7).
Let X, be defined as follows:

X, ={x€l*(v) : ugoe(S,x) <t;, VS € A*}.
Furthermore, let
W, ={S € A" : 3¢y € R, such that ugoe(S, x) = cg, Vx € X, }.
Let k > 2, and let us consider the following problem:

t — min

st ugoe(S,x) <t, Se€ A"\ (UZIW)
x€X;_;
reR

®)

If (8) has an optimal solution, let ¢, denote the optimum of (8).
Let X, be defined as follows

X, = {x € X,y : ugoe(S,x) < t, VS € A*\ (UZ]W,)}.
Furthermore, let
W, ={Se A" : 3¢5 € R, such that ugoe(S,x) = cg, ¥x € X, }.

It is easy to see that t, > 1, and X 2 X, ., for all k € N_, and there exists k* such
that for all / > k* it holds that X; = X,., and X. # 0.

Maschler et al. (1992) proved that a more general version of the above algorithm
- the lexicographical center algorithm for finding the general prenucleolus - returns
with the general prenucleolus. The u-prenucleolus is a special case of the general
prenucleolus, hence the result by Maschler et al. (1992) implies the following
theorem:

Theorem 2 For every game v € GN4 and utility function u it holds that

NE) = Xp..
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6 The nonemptyness of the u-prenucleolus

In case of classical TU-games (A = P(N) and uy is the identity function for all
S € A", the prenucleolus always consists of exactly one point (payoff vector)
(Schmeidler 1967). However, this does not hold in case of TU-games with restricted
cooperation, where the prenucleolus is a set — not necessarily a singleton set — of
payoff vectors. Katsev and Yanovskaya (2013) showed that the prenucleolus of a
game is nonempty if and only if the set of feasible coalitions is a balanced set of
coalitions. In this section we are going to prove that this statement holds for the u
-prenucleolus of a game as well. The proof relies on the generalization of Kohlberg’s
theorem (Theorem 4) and on Lemma 2.
Kohlberg’s theorem (Kohlberg (1971)) for classical TU-games is as follows:

Theorem 3 (Kohlberg’s theorem) Given a game v € G" and a payoff vector
x € I"(v), x is the prenucleous if and only if for every a € R it holds that either
D(a,x*) :={Se€PWN) : elS,x) >a} =0, or Dla,x*) is a balanced set of
coalitions.

Maschler et al. (1992) proposed a generalisation of Kohlberg ’s theorem for
the general prencucleolus. The u-prenucleolus is a special case of the general
prenucleolus, therefore the following generalization of Kohlberg’s theorem is a
corollary of the result by Maschler et al. (1992):

Theorem 4 (Generalization of Kohlberg’s theorem) Given a game v € GN ’A, a utility
JSunction u, and x € I*(v): x is an element of the w-prenucleolus (x € N;(v)) if and
only if D,(a,x) is a balanced set of coalitions for every a such that D,(a,x) # @,
where Dy(a,x*) 1= {S € A" : ugoe(S,x*) > a}.

The following proposition, which generalizes Theorem 2. on page 58 of Katsev
and Yanovskaya (2013), is a corollary of Theorem 4.

Proposition 1 Letv € GV be a game and u be a utility function. If the u-prenucleo-
lus of the game is nonempty, then A* is a balanced set of coalitions.

Proof Since the u-prenucleolus is nonempty, there exists x € N;;(v). Then by The-
orem 4 it holds that D, (a,x) is a balanced set of coalitions for every a such that
Dy(a,x) # 0.

Take a* such that it is the smallest element of E,(x), that is, let a* := Eu(x)l AT
Then, D,(a*, x) = A", hence, by Theorem 4, A* is a balanced set of coalitions. O

Proposition2 Letv € GV be a game and u be a utility function. If A* is a balanced
set of coalitions, then the w-prenucleolus of the game is nonempty.

Proof The u-prenucleolus of the game is nonempty, if the considered optimi-
zation problem attains an optimal solution in every iteration of the generalized

@ Springer



1016 Z.Dornai, M. Pintér

lexicographic center approach discussed in Sect. 5. We are going to show that if
A" is a balanced set of coalitions, then in every iteration of the generalized lexi-
cographic center approach the considered optimization problem attains an optimal
solution.

Take an arbitrary step in the generalized lexicographic center approach (see
section 5). Then, we have to solve the following minimization problem:

t - min
st ugoe(S,x) <1, S€A\W
ugoe(S,x) =cg, SeW 9)
x erI*(v)
tER,,

where W = Uf.‘zl W for some k.
By Lemma 2, problem (9) has an optimal solution if and only if the following LP
has:

t — min
st v(S)—x(S) <1, Se A\ W
v(S) — x(S) = ugl(cs), Sew (10)
X(N) = v(N)
tER,

Since the LP (10) has a feasible solution (every solution of the optimization problem
in the previous iteration is a feasible solution here, or, if we are at the first iteration,
that is W = @, then it is easy to see that LP (10) has a feasible solution), it is enough
to prove that the objective function in (10) is bounded from below.

Let { A5} sc 4» be a balancing weight system, then

D A =D+ Y Ag(S) = uz' () < D Asxg = v(N)

SeA\W Sew SeA*
D A+ D AW(S) —ug e = v < D At
SeA\W Sew SEA\W

where yg denotes the characteristic vector of a set S C N.
Since 0 < Ag, VS € A" it holds that } ¢ 4-\y 45 > 0, hence

Yseaw AsV(S) + Dsew As((S) — ' (c5)) = v(N) <

Yseaw As

The left-hand side of the inequality is a constant, hence it gives a lower bound for
the right-hand side, which is the objective function of problem (10). Therefore, it is
bounded from below meaning that problem (10) has an optimal solution. O

The following theorem, which generalizes Theorem 2. on page 58 of Katsev
and Yanovskaya (2013) comes from Propositions 1 and 2:
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Theorem 5 Let v € GV be a game and a be a utility function. Then A* is a bal-
anced set of coalitions, if and only if the u-prenucleolus of the game is nonempty.

7 The cardinality of the u-prenucleolus

In this section, we consider the size of the u-prenucleolus. First, we introduce
a notation. For a family of coalitions A C P(N) let X(A) denote the |A| X |N|
dimensional matrix, where its row vectors are the characteristic vectors of the sets
from A.

The following theorem is a generalization of Theorem 3. on page 59 of Katsev
and Yanovskaya (2013).

Theorem 6 Given a game v € QN‘A, where A is a balanced set of coalitions, and
a utility function u, the u-prenucleolus of the game v is a singleton if and only if

rank(X(A)) = |N|.

Proof Only if: Let x € N;;(v) be the only element of the u-prenucleolus. Suppose
for contradiction that rank(X(A)) < |N|. Consider the following system of linear
equations:

y(S) = x(S), VS € A*
{ YN) = V(N) (in

Then (11) can be rewritten as follows:
X(Ay = ex),

where e(x) = (0, ..., x(S), ... ,v(N)T, S € A.

Since rank(X(A)) < |N], the system (11) has an infinite many solutions and all of
those belong to the u-prenucleolus, which is a contradiction.

If: Suppose for contradiction that rank(X(A)) = |N| and there exist x,y € N;(v)
such that x # y. This means that £, (x) = E,(y).

Notice that for all S € A*, such that x(S) = y(S) we have the following:

X+
2

5o (V(S) = 52($)) = uso(v(S) = x(S) = us0(1(S) — YS).

If there exists a coalition § € A" such that x(S) # y(S) (without loss of generality we
can suppose that x(S) > y(S5)), then

15o(0(S) = X(9) < s (1) = 229 < uso(v(S) = ¥S).

Then let 7; be the first coalition according to the order by vector E“/‘(%) for
which x(T;) # y(T;). Then either “T,.°(V(Ti) — %(Ti)) < “T,.O(V(Ti) —y(T;)) or
iy o((T) = ZX(T}) < ug,o((T;) = x(T)).
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Since the u-excesses are in non-increasing order in E) we have that
E‘V‘(’%) <y E¥(x) = E¥(y). Therefore, x(S) = y(S) for all § € A, and y is a solution
of the following system of linear equations:

{ 2S) = x(S),VS € A 12

zZ(N) = v(N)
which can be rewritten as
X(A)z = e(x).

Since rank(X(A)) = |N|, this system has a unique solution y = x, which is a contra-
diction. a

8 The u-essential coalitions

Huberman (1980) showed that the so-called essential coalitions give a
characterization set for the nucleolus of balanced TU-games. Since in case of
balanced games, the nucleolus and the prenucleolus coincide, the essential coalitions
also give a characterization set for the prenucleolus. First, consider the definition of
essential coalitions used by Huberman (1980).

Definition 5 Letv € G" be a game. Then, a coalition S € P*(N) is essential, if either
S| =1, or

¥(S) > max Z w(T).

STeB

Let &£, denote the class of essential coalitions of the v game.
Here is Huberman (1980)’s theorem:

Theorem 7 (Huberman (1980)) Let v € G" be a balanced game. Then &, is a char-
acterization set for the nucleolus, that is, the values (V(S))Seé?v determine the nucleo-
lus of the game v.

When generalizing Huberman’s theorem, we need to "redefine" the essential
coalitions.

Definition 6 Given a game v € gV A and utility function u, a coalition § € A" is u
-essential, if either D? = J or if Ix € u-core(v) such that

ugoe(S,x) > max Z urpoe(T, x).
BeDy" 7B

Let & denote the class of u-essential coalitions of the game v.
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Note, that Definition 6 uses x, while Definition 5 seemingly does not. However, if
u is the identity function, x is cancelled out from the inequality. Moreover, the idea
of the proof of Huberman’s theorem is that the excesses of the essential coalitions
exceed the excesses of the other coalitions.

Notice, that if u is the identity function and A = P(N); then, the u-essential
coalitions are the essential coalitions, hence the wu-essential coalitions are
generalizations of the essential coalitions.

In addition, one could consider using ’Vx € u-core(v)’ instead of *Ix € u-core(v)’
in Definition 6, as both lead to reasonable generalizations of essential coalitions.
By using the alternative definition ('Vx € u-core(v)’), one would obtain a subset
of our class of u-essential coalitions. However, our proofs would not hold in that
case, as Lemma 3 would only establish that there exists x € u-core(v) for which the
lemma’s statements apply. Consequently, in the proof of Theorem 8, when applying
Lemma 3, we would not be able to demonstrate that the lemma’s statements hold for
Y
We should also note, that the inclusion of x in Definition 6 raises the question
which x must be considered. A straightforward option would be that every element
of the preimputations, as it is stated in the definition of the u-prenucleolus, have to
be considered. However, it turns out that not all preimputations must be considered,
in Definition 6 we choose the elements of the u-core. What is more, even a smaller
set, the u-least-core could be applied in the definition of u-essential coalitions.

Example 2 Consider the following game, which is a modification of the game
examined in Example 3 in Solymosi (2019): v(N) = 12,v({1,2}) = v({3,4})
=v({2,3,4}) =6,v({1,4}) =4,v({4}) =3,v({1,2,3}) =9 and for every other
coalition S € P(N) let v(S) = 0.

Let the utility function be the percapita-utility function, that is uy(¢) = ﬁ for all
S € P*(N).

The percapita-core coincides with the core, SO u—
core(v) = {(t,6 —1,3,3) : 1 <t <6}

The percapita-prenucleolus of v is (3, 3, 3, 3). The first iteration in the
lexicographic center algorithm (see (7)) gives t; = 0 and

Wy = {{3},{4},{1,2},{3,4},{1,2,3},{1,2,4} }.
The second iteration (see (8)) gives t, = —1 and
Wy = {1} {2}, {1,3},{1,4},{2,3},{2,4},{1,3,4},{2,3,4} }.

Therefore, the u-prenucleolus is (3, 3, 3, 3).
However, if we consider only the essential coalitions in the calculation of the per-

capita-prenucleolus of the game, we get (4 + %, 1+ %, 3, 3). The essential coalitions
of v are:

&, = {1} {2}, {3}, {4}, {1.2}, {3,4}, {14}, {1,2,3}}.

The first iteration gives ¢, = 0 and
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W, ={{3},{4},{1,2},{3,4},{1,2,3}}.
The second iteration gives: t, = —(1 + %) and
W, = {{1}, {2}, {1,4}}.

Therefore, the u-prenucleolus of the game with restricted coalitions &, is
4+3,1+2,3,3).

However, if we consider the u-essential coalitions when calculating the percapita-
prenucleolus, we get (3, 3, 3, 3), which coincides with the percapita-prenucleolus.
Indeed, the u-essential coalitions are

) ={{1}. {2}, (3}, {4}, {1.2}, {1.3}. {1,4}.{2,3}, {2.4}. {3.4},
{1,2,3},{1,3,4},{2,3,4}}.

Notice, that not all coalitions are wu-essential. Coalition {1,2,4} is not u
-essential, since for all x €w-core(v) uy,40€,({1,2,4},x) = O—;9 =-3
and w1 2y00,({1,2}, %) + upgy0e,({4),0 = E2+3 -3 =0, hence,

ugaa06,({1,2,4},x) <ugygy0e,({1,2},x) + uyyqy0e, ({4}, %).
Considering only the u-essential coalitions the first iteration gives ¢, = 0 and

Wi = {{3}, {4}, {1,2},{3,4}, {1,2,3}}.
The second iteration gives #, = —1 and
Wy = {{1}. {2}, {1.3},{1,4}.{2,3},{2,4}.{1.3,4},{2,3,4} }.

Therefore, the per-capita prenucleolus of the game with restricted coalitions £ is
(3, 3, 3, 3), which coincides with the percapita-prenucleolus of the original game.

In the following, we show that the u-essential coalitions form a characterization
set for the u-prenucleolus in case of u-balanced games. First, consider the following
two optimization problems:

t — min

st ugoe(S,x)<t, SeA
x el*(v) (13)
tER,

and

t = min

st ugoe(S,x)<t, S€E
xerl*(v)
tER,

(14)

Let ¢, be the optimum of problem (13) and X, be the set of optimal solutions of
problem (13) except from t, that is, X; = {x € I*(v) : ugoe,(S,x) <1, VS € A*}.
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Similarly, let # be the optimum of problem (14) and X be the set of optimal solutions
of problem (14) except from ¢, that is, X; ={x €I*(v) : ugoe,(S,x) <1, VS € 5‘;}.
Next, we consider some lemmata which are needed for showing that X; = X]
(Proposition 3). Then, by these results we show that the u-essential coalitions
characterize the u-prenucleolus of u-balanced games (Theorem 8).
In order to help the reader in following the interdependence of the upcoming
results, we have constructed the following graph:

Lemma 23

Lemma 21

Lemma 22

ma 24
Lemma 25

Proposition 27

Theorem 29

Lemma 3 Let S € A*\E). Then for every x € u-core(v) there exists B* € D’S“* such
that ugoe(S,x) < Y rep uroe(T,x) and B* C 5:

Proof Since S is not u-essential, Vx € u-core(v) there exists B € D“S“* such
that ugoe(S,x) < Y czuroe(T,x) by definition. For all x & u-core(v) let
B(x) := {Be DY : ugoe(S,x) < Y ey ttsoe(S,x)} and let B* € B(x) be such that
for every partition B € B(x) it holds that|5*| > |B|.

Assuming, for the purpose of deriving a contradiction, that a coalition T* € B*
is not u-essential. Since 7* is not u-essential by Definition 6 B e D;‘ such that
ur.oe(T*,x) < Y pep upoe(T’, x), therefore,

ugoe(S, x) < Z upoe(T, x),
T'e(B\{T*} )uB'

and |(B*\{T}) u B'| > |B*|, which is a contradiction. O
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Next, we introduce the following notion: for a class of coalitions S C A* and
te€Rlet X(S,1) 1= {x € I*(v) : ugoe,(S,x) <1,VS € S}.

Lemma 4 Given a game veG¥A and 1,1 €R such that t <t', then
X(S,t) C X(S, ).

Proof For any x € X(S, ') it holds that x € I*(v), and for all S € S:
ugoe (S,x) <t <t

Therefore, x € X(S, ). O

Lemma 5 Given a utility function u and a w-balanced game v € G A for every
t; < tit holds that both X(A*, 1) and X (S‘V’, t) are nonempty, convex and closed.

Proof By Lemma X(A*, 1) 2 X(A”, 1;) = u-least-core(v). We know that
u-least-core(v) # @, and X(A",1) C X(E),1), because &) C A" Therefore,
X&), 1) # @ as well.

Let Hg :={x € RN : ugoe,(S,x) < 1} for all Se A" Then
H¢={xe€e RN : e, (S,x) < u;l(t)}, hence Hy is a closed half-space, therefore, it is
convex and closed. X, =I*(v) = {x € RY : x(N) = v(N)} is a hyperplane, therefore
it is convex and closed. Finally,

X(A*, ) ={xeI"(v) : ugoe,(S,x) <tVS e A"} =nge s Hy N X,

hence, X(A*, 1) is an intersection of finitely many convex, closed sets; therefore, it is
convex and closed.

Similarly, X(&,1) = Nge eHg N X, is an intersection of finitely many convex,
closed sets, hence, it is convex and closed. O

Lemma 6 Given a utility function w and a game v € GV take X1, X, € RN and
S e A. Ifugoe, (S, x;) < ugoe, (S, x,), then for every A € (0, 1) it holds that

ugoe, (S, x;) < ugoe, (S, Ax; + (1 — A)x,) < ugoe, (S, x,).
Proof Let A € (0, 1), then
(Ax; + (1 = DHxp)(S) = Ax (S) + (1 = D)x,(S).
Therefore,

e, (S, Ax; + (1 = A)xy) = v(S) — (Ax, + (1 = A)x,)(S)
= () + (1 = H(S) — (Ax,(S) + (1 — Dx,(S))
= Je, (S, x,) + (1 — De, (S, x,).

Since ug is strictly monotone increasing we have that

ugoe, (S, x;) < ugoe, (S, Ax; + (1 — A)x,) < ugoe, (S, x,).
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O

Lemma 7 Given a utility function u and a game v € G" A, if v is u-balanced, then

X(A*, 1) = X(EL1)).

Proof Since £ C A", it holds that X(A”, 1)) C X(EY,1))..
Indirectly assume that 3x' € X&), t)\X(A", 1,). This means that 35 € A" such
that

ugoe, (S, x') > 1,. (15)

Let S, = {S € A" : ugoe (S,x") > 1,}. Then, for all § € S,. it holds that S ¢ £!.

Let x* € X(A", 1,) be the closest point of set X(A*,,) to point x'. It is clear that
such x* exists, since X(A*, #,) is nonempty and closed according to Lemma 5.

Since X(S‘:, t;) is a convex set, for every A€[0,1] it holds that
A+ (1= x e X(E%1,).

By Lemma 3 we have that for each S € S, 3B C £, B; IS Dﬁ* such that

ugoe (S, x*) < Z upoe (T, x").

TeB; (16)

Since 7, <0 and for all x € X(€),1) and T € £ it holds that uyoe (T,x) <1,
therefore for all S € S,

ugoe, (S, x*) < Z upoe (T,x*) <t
TeB;

a7

By (15), (17) and the continuity of ug, for every S € S, there exists Ag € [0, 1] such
that

ugoe, (S, Aqx* + (1 — ﬂg)xl) =1

Let ' € argmingeg  ||x* — (Agx* + (1 — Ag)x"))|[, and let x* = Agix* + (1 — Ag)x’.
Then,
Ugi oev(Sl,xz) > Z uroe (T, x2),

TeB;,
N

because 7; < 0 and upoe, (T, x*) <, forall T € By,
Then, there are two cases:
Case 1:

usloev(Sl,xz): 2 uroe,(T,x?).

TeB:,
N

In this case, f; =ugoe,(S!,x?) = ZTGBZI uroe (T, x*) < |B |ty <1y; therefore,
t] = 0
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Then, ZTeB*,] uroe (T,x*) =0, hence, for all Te€ B;l it holds that
upoe (T, x%) = 0.

We  know that ugoe,(S',x") >t > ¥rep upoe (T.x') and  that

N
x2(SH = ZTGB*I x%(T) and x'(S!) = ZTGB*] x1(T). Then, x'(S") < x2(S"), but then,
S S

AT’ € By, such that x!(T") < x*(T"). However, uy, is a strictly monotone increasing
function; hence, we have that u;,oe (T’ x> t;, which is a contradiction, because
x e X(E1).

Case 2:

ugioe, (S, x*) > Z uroe (T, x?)

TeB, (18)

By the choice of x?and Lemma 6, for all S € S
usoev(S,xz) <t

Since for all § € A"\ S, it holds that ugoe, (S, x') < 7, by Lemma 6
ugoe, (S,x%) <1,

This means that for all S € A" it holds that ugoe, (S, x*) < t,; hence, x> € X(A*,1,).
Since x* € X(A*, 1,) is the closest point of set X(A*,#,) to point x!, we have that
x% = x*. However, then, (18) contradicts (16). O

Lemma 8 Given a utility function u, a u-balanced game v € GV and t € R, if
t < t, then X(A*,1) = X(E!,1) = 0.

Proof By the definition of #;, we have that X(A*,r)=@ and we know that
X(A*, 1) C X(E),1).

By Lemma , since 7<1t, we have that X(S'v’,t)gX(é’f,tl). Furthermore,
by Lemma 7 it holds that X(£,#) = X(A" /). Since #; <0, it holds that
X(A*, ;) € X(A*,0) = u-core(v). Therefore,

X&) CX(E), 1) = X(A", 1)) € X(A",0) = u-core(v)

Then, for every x € X(&), 1) and for every S € A*\E by Lemma 3 and by the non-
positivity of ¢ it holds that 38 € DY BC &} such that

ugoe, (S,x) < Z uroe (T,x) <t
TeB

Then, x € X(A", 1), that is, X(E,1) € X(A",t). Summing up, we can can conclude
that X(E),7) = X(A",1) = 0. O

Remark 1 Notice, that all the results we have discussed so far hold if one defines u
-essentiality by the elements of the u-least core instead of the elements of the u-core.
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The following proposition is a consequence of Lemmata 7 and 8.
Proposition 3 The following holds: t, =t and X, = X.

Proof By definition t’l =min{t : X(E,1) # @#}. We know, that t’l < t,; therefore, by
Lemmata 7 and 8 we have that X| = X(&),#}) = X(A",1)). However, X(A*,#) # @ if
and only if #; > ¢}, hence t; = £, and X; = X. m|

Lemma 9 Let k be a positive integer, S € A"\ U’r‘;} W, be such that D?* # 0, and
B e D?*. Then, there exists a coalition T* € B* such that T* & U’r‘;]lW,.

Proof If k = 1, then U*_| W, = @, hence, T* & U_|W,.
If k > 2, then indirectly assume that B* € U*_! W,. Then for every x € X,_,

ugoe(S,x) = ug(v(S) — x(S)) = MS<V(S) - Z x(T)>

TeB*
- u5<v(S) - Y ) - u;‘(cT))>
TeB*
Therefore, for each x,x’ € X,_, it holds that ugoe(S, x) = ugoe(S,x’), meaning that

S € U2} W, which is a contradiction. O

The following theorem generalizes Huberman (1980)’s theorem (Theorem 7 on
page 420 of Huberman (1980)):

Theorem 8 Consider a u-balanced game v € GV ’A, and let
Y= {x€I'(v) : ugoe(S,x) <1y, VS € £},
and for all k > 2 let Y, be defined as follows:
Y, = {x € X, : ugoe(S,x) < 1, VS € &\ (UZ]W))}.
Then, X, =Y, forall k > 1.

In other words, Theorem 8 claims that the u-essential coalitions give a characteri-
zation set for the u-prenucleolus of u-balanced games.

Proof First, notice that X, C Y, holds for all k by definition.

By Proposition 3, we have that X, = Y|; therefore, X, Y, C u-core(v).

Suppose for contradiction that there exists k > 1 such that X; 2 Y,, which means
that there exist y* € ¥ and § € A™\(E)} U (U’r‘;ll W.)) such that ugoe(S, y*) > t,.

By Lemma 3 for each xe€X, there exists B, € D“S‘l* NE' such that
ugoe(S,x) < Yo uroe(T, x).

Then '
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ugoe(S,y") < ) uroe(T,y")
TEB,«

Moreover, by definition ugoe(S,x) < 0 for all S € A*,x € X,_,. Therefore, for any
coalition T € By* we have that ugoe(S, y*) < upoe(T,y*). By Lemma 9, there exists
T* € B,. such that T* ¢ U],:11Wr' Therefore, ugoe(S,y*) < up.oe(T*,y*) < t;, which
is a contradiction. O

In words, Theorem 8 gives a characterization set for the u-prenucleolus in
case of u-balanced games. As a direct corollary of this theorem, we can find a
characterization set for the percapita prenucleolus in case of balanced games
(notice, that the core and the percapita core coincide), or we can shift the values
of the non-trivial coalitions uniformly so that the u-core (u here is the shift)
of the game becomes nonempty, while the u-prenucleolus coincides with the
prenucleolus. We discuss these applications in more detail in Sect. 9.

9 Two invariance results

There are u functions such that the u-prenucleolus of a game is the same as its
prenucleolus, while the u-core of the game is different from its core. These utility
functions can be useful in finding a characterization set for the prenucleolus of
non-balanced games.

In this section, we characterize the classes of u-functions under which the u
-prenucleolus and the u-core are the same as the prenucleolus and the core,
respectively.

Lemma 10 Given a game v € G A and utility functions u' and w?, the u'-prenucleo-
lus coincides with the w>-prenucleolus if for every S, T € A* and x € I*(v)

ugoe(S,x) < uyoe(T,x) (19)
if and only if
ujoe(S,x) < uroe(T, x). (20)

Proof Notice, that w.l.0.g. we can assume that u! = id. Then let u denote u?.
Let x,y € I*(v) be such that E(x) <; E(y), where

E(x) 1= [e(S},x),e(S,,x), ... ,e(S|A*|,x)]
E(y) = [e(pr), e(T29y)’ ’e(T|A*|’y)]-

Case 1: E(x) = E(y): By (19) and (20) e(S,,x) =e(T,,y) for all 1 <n < |A*|
is equivalent with ug oe(S,,x) = ur oe(T,,y) for all 1<n< |A*. Meaning

E,(x) = E,(»).
Case 2: E(x) # E(y): Then, there exists k such that
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e(S,,x) =e(T,,y) Vn <k,

21
e(S;.x) < e(Ty,y). @D
By (19) and (20) we have that (21) is equivalent with
ug oe(S,,x) = ur oe(T,,y) Vn < k,
(22)

uskoe(Sk,x) < uTkoe(Tk,y).

This proves that for each x,y € I*(v) E(x) <; E(y) if and only if E, (x) <; E, ().
Therefore, x € N*(v) if and only if x € N;(v). O

For example, if u is such that ug = u; for all S, T € A*, then the u-prenucleolus
coincides with the prenucleolus.

Example 3 In this example, we show how to find a characterization set for the prenu-
cleolus of non-balanced games using Lemma 10.

Let ve G¥* be a game and let u be the utility function, such that
ugoe(S,x) 1= e(S,x) — ¢* for all S € A*, where £* is the optimum of the following
LP:

£ — min

st. e(S,x)<e, SeA*
x€er()
eeR.

(23)

In other words, £* is such that the least core is the *-core.

Then, by Lemma 10 the u-prenucleolus of the game coincides with the
prenucleolus. In addition, the game is u-balanced because the least core is never
empty.

Therefore, by Theorem 8, in the case of this u function (ug(t) =1 — €*, S € A"),
the u-essential coalitions form a characterization set for the prenucleolus of v even if
v is not balanced.

In the following we consider the equivalence of the core and the u-core.

Lemma 11 Given a game v € QN’A, and utility functions u' and u?, the u'-core coin-
cides with the w>-core if for every S € A* and x € I*(v)

ugoe(S,x) < 0 (24)
if and only if
uzoe(S, x) < 0. (25)

Proof u'-core(v) = {x € I*(v) : uéoe(S, x) £0VS € A*}. Due to the equivalence of
(24) and (25) this equals {x € I*(v) : uéoe(S, x) <0VS e A*} = ucore(v). O
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For example, if u is such that u(0) = 0 for all S € A*, then the u-core coincides
with the core; therefore a game is balanced if and only if it is u-balanced.

Example 4 In this example, we show how to find a characterization set for the per-
capita prenucleolus of balanced games.

Let veG¥* be a game and let u be the percapita function, that is,
ugoe(S,x) = % forall S € A"

By Lemma 11, the u-core coincides with the core.

Then, a coalition S € A" is u-essential (see Definition 6), if either D’S‘\* =@, (if
A = P(N), these coalitions are the singletons) or if there exists x € core(v) such that

e(S,x e(T,x
6.9 gy 37 €T,
ST~ mep AT
By Theorem 8, the u-essential (percapita-essential) coalitions form a characterization
set for the percapita prenucleolus in case of balanced games.

10 An example

There are certain classes of games and utility functions for which there are only
polynomial many u-essential coalitions in the number of players. For example,
consider the class of assignment games with the reciprocal percapita utility function
u. Our definition of the the reciprocal percapita utility function u is that for all
veGV,S e P*(N) we have that ugoe(S, x) = |S|e(S, x). The reciprocal percapita
utility function can be "interpreted" in a way that the value of a coalition is a public
value for the members of the coalition. Therefore, each player’s utility is the excess
of the coalition; hence, the total utility of the excess of the coalition is the excess of
the coalition multiplied by the size of the coalition.

In case of an assignment game, there are sellers (M’) and buyers (M). Each
seller j € M’ has a reservation value of ¢; 20 and each buyer i € M values the
object of seller j to i;; > 0. If a buyer and a seller trade, they make a joint profit of
a;; = max{0, h;; — ¢;}. These joint profits can be displayed in an assignment matrix

Ay dyp oor Ay
A=| %1 G2 - dop
T S

A matching 4’ is a subset of M X M’, where each agent appears in at most one pair.
Let M(M, M) be the set of matchings.

An assignment game has the set of players M U M’ and a characteristic function
w, defined as: forall S C M, T C M’
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w,(SUT) = max{ Z a;; 1 p € M(S, T}

(M7

The core can be described using only the matchings and the singletons in the
following way:

core(w,) = {(x,y) eRYXRY 1 Y x4 Yy = wM UM,
ieM jem

xi+yj2aiJV(i,j)€MxM’,xiZOViEM,ijOVjEM’}.

Moreover, the core of an assignment game is non-empty (Shapley and Shubik 1972).
By Lemma 11, the core of an assignment game coincides with the u-core of the
game in case of the reciprocal percapita utility function.

Find the u-essential coalitions in case of assignment games. The singletons
are u-essential by definition. The matchings are u-essential, but the other pairs
are not u-essential. Indeed, let i,j € N, {i,j} &€ M(M,M’), then for each x € u-
core(w,) we have that 2(w,({i,j}) — x; — x;) < —x; — x;, because 0 < x; + x;.

Consider a coalition S € P*(N) with cardinality larger than two. Let x € u-
core(w,) and u* be an optimal matching for S. The left-hand side of the inequality
in Definition 6 is:

ugoe(S, x) = |S|(wy(S) — x(5))

=|S] Z(aiJ—xi—xj)— Z x|

(i)ep* keN,
(k,-) & u*,
(k) & p*

Moreover, for B* = u* U {{k}} keN.(keu (- ogus the right-hand side of the inequality
in Definition 6 is

Z upou(T, x) =2< 2 (a;; — x; _xj)> - Z Y-

TeB* (i))eu* ke N, (26)
(k,) & u*,
(k) & u*
Subtract 2(Z(me”*(aizj —x;=x) =S| X keN. M from both sides. Then we
(k) & u*,
(. k) & p*

get
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1S1-2) ) a;

(ij)Ep*

on the left-hand side, and

1S1-2) ) G+x)+(SI=1 D x
(i)en* k €N,
(k,) & u*,
(k) & p*

on the right-hand side. Since x € u-core(w,), it holds that
Z(i,j)em(xi + xj) > Z(U)Eﬂ* ai,j and z ke N’ (k, ) ¢ M*’ (’k) ¢ #* X > 0. Then, 1t
follows that

ugoe(S,x) < Z upou(T,x) .
TeB*

It means that there is no x € u-core(w,) such that the left-hand side would be strictly
larger than the right-hand side, hence S is not u-essential.

In conclusion, only the singletons and the matchings are u-essential in case of
assignment games, hence, there are only polynomial many u-essential coalitions
in the number of players.

11 Conclusion

We have introduced a generalization of the prenucleolus using utility functions,
namely the u-prenucleolus. This generalization also generalizes the percapita
prenucleolus (Grotte 1970, 1972) and the g-nucleolus (Solymosi 2019). On
the other hand, the u-prenucleolus is a special case of the general prenucleolus
(Potters and Tijs 1992; Maschler et al. 1992).

We have considered TU-games with restricted cooperation. For such games,
some of the original properties of the prenucleolus change: for example, the
prenucleolus is no longer a single-valued solution. Katsev and Yanovskaya (2013)
gave necessary and sufficient conditions for the prenucleolus to be non-empty
and to be single-valued, respectively. We have generalized these results to the u
-prenucleolus.

Using the idea of utility functions, we have also introduced generalizations
of the core, least core, balanced games and essential coalitions: the u-core, u
-least-core, u-balanced games and u-essential coalitions, respectively. We have
generalized the Bondareva—Shapley theorem (Bondareva 1963; Shapley 1967;
Faigle 1989) by showing that a game is u-balanced if and only if its u-core is not
empty. We have also generalized Huberman’s theorem (Huberman 1980); we have
shown that u-essential coalitions form a characterization set of the u-prenucleolus
in case of u-balanced games.
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We have given sufficient conditions on the utility functions for the u-prenucleolus
and the u-core to be invariant. Finally, we have discussed a class of games and a
utility function, where a game has polynomial many u-essential coalitions.

Future work can focus on other generalizations of TU-games, such as those
where the utility function is applied not to the excesses, but to the coalitional values
and/or the preimputations. In other words, one could define TU-games with utility
functions by considering the excess of utilities rather than the utility of excesses.
This approach is also interesting, as it would generalize both the prenucleolus and
the per capita prenucleolus.

Another possible direction of future research is the deeper understanding of the u
-prenucleolus by considering dual games.
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