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A B S T R A C T

Every sport needs rules. Tournament design refers to the rules that determine how a tournament, a series
of games between a number of competitors, is organized. This study aims to provide an overview of the
tournament design literature from the perspective of operational research. Three important design criteria are
discussed: efficacy, fairness, and attractiveness. Our survey classifies the papers discussing these properties
according to the main components of tournament design: format, seeding, draw, scheduling, and ranking. We
also outline several open questions and promising directions for future research.
1. Introduction

Practicing sports is an important part of the life of many people
all over the world as many health, psychological, and social benefits
are associated with physical activity. Watching and following sports
is even more popular than playing it. About 3 billion people watched
the 2020 Summer Olympic Games (Statista, 2023), while no less than
1.5 billion people tuned in for the 2022 FIFA World Cup final (FIFA,
2023b). Even tournament design aspects can be popular: the draw for
the 2021/22 UEFA Champions League Round of 16 has attracted more
than 1 million views on the YouTube channel of UEFA (Boczoń &
Wilson, 2023). Hence, ‘‘designing an optimal contest is both a matter of
significant financial concern for the organizers, participating individuals,
and teams, and a matter of consuming personal interest for millions of
fans’’ (Szymanski, 2003, p. 1137).

Every tournament is governed by a set of rules that determine the
set of contestants, the format, the schedule, the ranking, and the prize
allocation. Deciding on these rules is what we call tournament design.
In the following, the contestants will be called players or teams inter-
changeably. The set of matches to be played is given by the tournament
format. Seeding is typically used to guarantee that a strong contestant
is not eliminated at the early stages of the tournament merely because
it plays against an even stronger opponent. Subject to these and other
constraints, the contestants can be allocated randomly, through a so-
called draw. At first sight, the schedule, the order and timing of the
matches, seems a purely operational issue (involving travel distance,
referee and venue availability, etc.). However, it may have powerful
effects on the fairness and the outcome of the tournament. Ranking aims

∗ Corresponding author.
E-mail address: karel.devriesere@ugent.be (K. Devriesere).

to order the teams according to their performance in the tournament.
Although performance can be directly measured in some sports (e.g.
by finishing times), most sports allow only to rank the contestants by
paired comparisons, games or matches. Prize allocation determines how
prizes (e.g. promotion, relegation, qualification, broadcasting revenue)
will be awarded to the contestants.

Given the variety of tournament designs, the question arises on what
basis they can be compared. We identify four different criteria that
appear frequently in the literature on tournament design: (1) Efficacy;
(2) Fairness; (3) Attractiveness; and (4) Strategy-proofness. Efficacy is
defined as the ability of a tournament to reveal the ‘‘true’’ (but hidden)
ranking of participants. In contrast, fairness has no uniform definition
(see Section 2.3.2 and Baumer, 2024); in our paper, it mainly refers
to the principle of equal treatment. Attractiveness also has multiple
interpretations, but they are always connected to the excitement that
the tournament generates. Finally, all participants should have an
incentive to exert full effort and play according to their true strength
under any possible scenario in the tournament. That is, the tournament
design needs to be strategy-proof.

Our focus on these criteria may suggest that sports federations
can freely choose an optimal tournament design from their own per-
spective, i.e., a design showing an appropriate balance of theoretical
properties. In practice, however, traditions and the nature of the sport
may play an even larger role in this decision process. For instance,
European football leagues are usually played in a round-robin format
(Section 2.1.1), while tennis competitions are organized as a seeded
knockout tournament (Section 2.1.2). Similarly, the Swiss system (Sec-
tion 2.1.3) is mainly used in chess. Sports differ in how much time a
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player needs to recover between two matches: for instance, baseball
eams play almost daily, while World Rugby recommends that at least
our clear recovery days are provided after each match. The number
f rest days required may depend on the frequency of changes allowed
y the rules, too; ice hockey teams can play every second day mainly
ecause they often change lines. Some sports plan their season in order
void overlap with other popular sports (Pagels, 2018), while travel

costs may force tournaments to be organized in a short time span on one
ocation (Nurmi et al., 2014). Hence, any ‘‘good’’ tournament design

depends on the particular sport, and operational research should take
hese constraints into account to improve decision making. However,
n this paper – apart from a number of specific examples – we will
aintain a more generic view.

Tournament design is a research field at the interface between op-
erational research and (sports) economics. Operational research mainly
contributes to tournament design by optimizing design choices over
certain criteria and aiding decision-making. In sports economics, the
main issue is typically how the tournament design may affect the
behavior and efforts of the players, through theoretical or empirical
research (Medcalfe, 2024; Palacios-Huerta, 2023). There is a clear
synergy between these two angles: sports economics research can bring
new criteria and conditions to be taken into account in optimization (or
debunk myths that traditionally played a role in tournament design),
and validate the decisions proposed by operational research.

In this paper, we assume an operational research perspective. There-
ore, prize allocation will be discussed only marginally, as this is, in

our view, related to sports economics rather than to operational re-
earch. We refer the reader to Bergantinos and Moreno-Ternero (2020),

Dietzenbacher and Kondratev (2023), and Moldovanu and Sela (2001)
or excellent discussions on this topic. Furthermore, even though this
s certainly one of the most important theoretical properties of tourna-
ent design, we have decided not to review strategy-proofness here

or the same reason. In addition, including this issue would have
ubstantially increased the length of our survey, and a recent book
eals with the problem of incentives from an operational research
erspective (Csató, 2021c). Analogously, the effect of tournament de-

sign on competitive balance, consumer demand, or market structure
will be mostly ignored; we refer the interested reader to a seminal
economics paper on these aspects (Szymanski, 2003). Nevertheless,

e always try to emphasize practical applications by connecting the
opics to real-world tournaments. As such, this survey will hopefully
e useful for sports economists, too, and advance collaboration between

the two domains. Sports administrators and tournament organizers can
also benefit from such an up-to-date review of the tournament design
literature.

Previous surveys on operational research and tournament design
have so far mainly focused on scheduling, and, in particular, its opera-
tional aspects, see Kendall et al. (2010), Rasmussen and Trick (2008),
Ribeiro (2012), Ribeiro et al. (2023b), and Van Bulck et al. (2020).
Self-contained textbooks about sports scheduling are Briskorn (2008)
nd Ribeiro et al. (2023a). There are also good – albeit somewhat

outdated – overviews of the operational research analysis of sports
rules (Wright, 2009, 2014). Kendall and Lenten (2017) consider a
number of examples from sports where rule changes have had unin-
tended consequences. The recent survey of Lenten and Kendall (2022)
ollects academic works that proposed rule changes in sports. We add

to the existing surveys by considering a broader set of papers and
covering a wider set of design issues and criteria, motivated by recent
contributions of operational research in these areas. On the other hand,
we offer less by excluding many studies that do not explicitly deal with
tournament design but focus on, for example, individual games.

The rest of the paper is organized as follows. Section 2 provides
the necessary background and terminology on tournament formats,
ranking, and the three design criteria presented above. Investigations
of tournament formats, seeding policies, draw rules, scheduling, and
ranking methods with respect to these criteria are discussed in Sections
3–7. Finally, Section 8 concludes and lists several open questions
identified by us.
2 
2. Basic terminology and background

Tournament design uses several, not always well-defined, notions.
This section attempts to summarize and clarify them in order to pre-
pare and structure the following discussion. In particular, Section 2.1
presents tournament formats, Section 2.2 overviews ranking, and Sec-
tion 2.3 defines three criteria that play a crucial role in the evaluation
f tournament designs.

2.1. Tournament formats

The format of a tournament indicates the set of matches to be
layed, without identifying the particular teams. Three fundamental
ypes of tournament formats exist: knockout, round robin, and Swiss
ystem tournaments. They are presented in Sections 2.1.1, 2.1.2, and

2.1.3, respectively. More complex tournament formats can be formed
by combining these formats, as briefly discussed in Section 2.1.4.

2.1.1. Round robin
One of the basic competition formats is the round robin tourna-

ment (Harary & Moser, 1966). In a 𝑘-round robin (𝑘RR) tournament,
each participant faces each other 𝑘 times. Most domestic football
leagues are 𝑘RR tournaments (Lasek & Gagolewski, 2018); for example,
he competitions in the top five leagues (England, France, Germany,
taly, Spain) are organized as a 2RR. Since 1RR is typically called
‘single round robin’’ and 2RR is called ‘‘double round robin’’, we will
use the notations SRR and DRR, respectively, for these formats.

If not all rounds of a round robin tournament are played, by design
especially if there are many contestants), or because the tournament

is aborted (see Section 7.2.1), we call it an incomplete round robin
tournament. While this format dates back to at least (Cochran, 1971),

ho discussed it in the context of bridge, it got more attention through
the qualifying phase of the 2019/20 CONCACAF Nations League, which
was contested by 34 teams in a single group, playing just 4 matches
each (two home and two away). UEFA adopted an incomplete round
robin structure for its club competitions from the 2024/25 season:
he group stage is replaced by an incomplete round robin phase with

36 clubs that play against six or eight different opponents (UEFA,
2023). Incomplete round robin tournaments can also emerge from
unevenly combining round robin tournaments between a subset of the
pponents (e.g. teams in the same division) and bipartite round robin
ournaments, where each team plays against each team from another
roup (e.g. teams in different conferences, or interleague play) as is
ommon in North American sports.

2.1.2. Knockout
Another traditional competition format is the knockout tournament.

In contrast to round robin tournaments, here a player generally faces
only a subset of the other players. In a single knockout (SKO) tourna-
ment, players are immediately eliminated if they lose.

In a double knockout (DKO) tournament, one loss is allowed in
the tournament. This format is organized as two separate SKOs: the
first SKO is called the main tournament, and the second SKO is called
the consolation tournament. A player losing in the main tournament
is moved to the consolation tournament. However, another loss in
the consolation tournament eliminates the player. In essence, a player
needs to lose twice in order to be knocked out. If the winner of the
main round loses the final match against the winner of the consolation
tournament, a rematch is played between them. The final phase of
the Russian football cup is a double knockout tournament since the
2022/23 season. A variant of this structure is used, for example, in judo,
where the loser of the final in the main tournament fights against the
winner of the consolation tournament for the second place. Thus, the

inner will always have no losses, the silver medalist will have one

loss, and the bronze medalist will have two losses.
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Fig. 1. Different types of knockout tournaments.
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In some knockout tournaments, the two players facing each other
play more than one match. For instance, in the NBA playoffs, the
opponents play as a ‘‘best-of −7’’: the team that first reaches four
wins advances to the next round. If multiple knockout tournaments
are played by the same players, the SKO is said to be repeated (David,
1959) or serial (Lambers et al., 2024). The results of all subtournaments
are aggregated to determine the final winner.

Knockout tournaments are characterized by their seeding policy,
which is typically used to avoid matches between the strongest con-
testants at the beginning of the competition. For instance, assume that
eight participants are ranked from one to eight, with 1 being the
strongest player, 2 being the second strongest player, etc. The standard
seeding for eight players is shown in Fig. 1(a). Notation-wise, we use
rackets to represent the structure of the knockout tree, e.g. ((a,b),(c,d))

denotes that the winners of matches (a,b) and (c,d) face each other in
he subsequent round. Thus, the standard seeding for eight players can

be written as (((1,8),(4,5)),((2,7),(3,6))). The standard seeding ensures
hat in round 𝑟 = 1,… , 𝑛 of a tournament with 2𝑛 players, the sum

of ranks in every match of round 𝑟 is 2𝑛−𝑟+1 + 1 if always the favorite
ins. The tree diagram that represents the series of games to be played

n a knockout tournament is called the bracket. If the seeding is done
andomly, the knockout is said to be unseeded or random; the study of

random KO structures dates back to at least (Narayana & Zidek, 1969).
In a balanced SKO, each player should win the same number of

matches in order to win the tournament. This is not the case for an
unbalanced SKO: in Fig. 1(b), players 1 and 2 enter the tournament
ater than the other players and can claim the tournament victory by
inning one game less. The most unbalanced case is shown in Fig. 1(c),

which is known as a ‘‘caterpillar’’. Unbalanced knockout tournaments
are organized in a variety of sports, for instance, in baseball, boxing,
bowling, and squash. A prominent example is the qualification for

EFA club competitions (Csató, 2022c).

2.1.3. Swiss system
The Swiss system is a non-eliminating tournament format where

a predetermined number of rounds is played. Contrary to the round
robin format, it contains fewer rounds than the 𝑛 − 1 required to
meet all players in a tournament with 𝑛 players. Its key characteristic
is that opponents are determined dynamically. In the first round,
the matches depend on an exogenous ranking of the players. In all
subsequent rounds, opponents are matched based on several criteria,
but the primary goal is typically to play against an opponent having
approximately the same number of points (Sauer et al., 2024). The
wiss system was first used at a chess tournament in Zürich in 1895,

but its variants have recently been applied to schedule other sports
competitions, including e-sports tournaments (Dong et al., 2023).
 n

3 
2.1.4. Multi-stage and hybrid tournaments
Tournaments can be played in multiple stages. Typically, only a

subset of the players is allowed to proceed to the next stage, based
on their performance in the previous stage. If the tournament formats
differ in at least two stages, the tournament is commonly called hybrid.
The FIFA World Cup, with a SRR group stage followed by a knockout
stage for the best teams, is a well-known example.

2.2. Ranking

The ultimate aim of organizing a tournament is to rank the con-
testants. Section 2.2.1 introduces ranking in an individual tournament,
Section 2.2.2 deals with the aggregation of rankings, and Section 2.2.3
gives a concise overview of global rankings, which rank the players on
the basis of several tournaments.

2.2.1. Tournament ranking and tie-breaking
A tournament ranking gives an order of the teams based on their

chievements in the tournament. In some sports, performance can be
directly measured by distances or finishing times. In the case of paired
omparisons, the score for each possible match outcome (win or loss,
n some cases tie) needs to be decided. In football, for instance, a win
s typically worth 3 points, a draw 1 point, and a loss 0 points, which
s the (3,1,0) scoring/ranking system.

While various sophisticated ranking methods exist, the most widely
used approach is to sum these scores. Naturally, this method does not
ake the quality of a win into account, i.e. matches played against a
trong and a weak opponent yield the same number of points. This
an be a problem especially in incomplete round robin and Swiss

system tournaments, as will be discussed in Sections 7.2.1 and 7.2.3,
respectively.

Summing the scores resembles counting the number of opponents
a player has beaten, which is the only ranking rule satisfying three
appealing axioms (Rubinstein, 1980): anonymity (the ranking method
does not depend on the identity of the players), positive responsiveness
a loss does not result in a better rank than a win), and autonomous
elative ranking (the relative ranking of two players is not influenced by
 match where neither of them is involved in). Henriet (1985) extends

this characterization by allowing for ties, which are worth half of a
win. While this method is used in some team sports where ties are
allowed such as handball, the (3,1,0) scoring system has no theoretical
background according to our knowledge.

Another well-known property from social choice theory is inver-
sion (Chebotarev & Shamis, 1998): the ranking is reversed if all results
re reversed. Consider a SRR with four players 𝑖, 𝑗, 𝑘, 𝓁 where 𝑖 won
gainst 𝑗 and 𝓁, 𝑗 won against 𝓁, while the three matches of 𝑘 resulted
n a draw. This example shows that the (3,1,0) scoring system does

ot satisfy inversion. Indeed, using the notation (=, >) for the pairwise
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majority relation based on the aggregated score, the ranking according
to the (3,1,0) method is 𝑖 > 𝑗 > 𝑘 > 𝓁, and the ranking after all results
are reversed is 𝓁 > 𝑗 > 𝑘 > 𝑖. Naturally, the (2,1,0) scoring system
atisfies inversion; in our example, the original ranking is 𝑖 > 𝑗 = 𝑘 > 𝓁,

and the ranking after all results are reversed is 𝓁 > 𝑘 = 𝑗 > 𝑖.
Often a complete ranking of the players is desired. Therefore, rank-

ing methods contain various tie-breaking rules to rank players with the
same score. In round robin tournaments, the most popular criteria are
the number of matches won, head-to-head results, and superior goal
difference (Csató, 2021c, Chapter 1.3). The effects of choosing a specific
ierarchy of tie-breaking rules are often non-negligible; for example,
hey influence the probability of heteronomous relative ranking, i.e. the
elative ranking of two teams depends on the outcome of a match in
hich neither team was involved (Berker, 2014).

Knockout tournaments also require tie-breaking rules in some sports
such as football and handball. Tied matches are usually followed by
xtra time, and the final tie-breaking is usually a penalty shootout since
he 1970s (Palacios-Huerta, 2014). UEFA introduced the away goals
ule in the 1965/66 European Cup Winners’ Cup for two-legged clashes.

According to this principle, if both teams score the same number of
goals in the two games, the team that scores more goals away will
advance.

The majority of tie-breaking rules used in Swiss-system tournaments
are based on the idea that players playing against stronger opponents
hould be preferred. One of the most extensively used methods is Buch-
olz, which is essentially the arithmetic mean of the scores obtained
y the opponents. Freixas (2022) suggests using a weighted average of
he opponents’ scores where the weights are assigned according to the

binomial distribution.

2.2.2. Aggregation of rankings
Some tournaments consist of individual contests, which have their

own rankings. Examples include cycling (e.g. Tour de France), motor-
sport racing (e.g. Formula One), or winter sports (e.g. Biathlon World
Cup). Here, a score is typically associated with each position in each
ontest, and they are added to obtain the final tournament ranking. A
imilar aggregation of rankings can be favorable even if the official rule

is based on the ‘‘objective’’ finishing times: Ausloos (2024) argues for
anking teams in cycling races by the cumulative sums of the places of
heir riders instead of their finishing times. However, the aggregation
an lead to different paradoxes; Kaiser (2019) presents some of them

from Formula One. Since rank aggregation is an extensively studied
problem in social choice theory, we do not go into details; a recent
ummary is provided by Kondratev et al. (2023).

2.2.3. Global rankings
Ranking can also refer to the global ranking of players in a particular

iscipline. In that case, the ranking is often based on a rating, which
quantifies their strength relative to each other. Since players in this
case typically did not face equally strong opponents, the rating should
account for the strength of their opponents. The widely used rating
method developed by Arpad Elo, a Hungarian-born physics professor,
does exactly that Aldous (2017) and Elo (1978). After each match, the
ating of a player is updated by the formula

𝑟𝑛𝑒𝑤 = 𝑟𝑜𝑙 𝑑 +𝐾(𝑆 − 𝜇), (1)

where 𝐾 is a sports-specific parameter reflecting the maximum possible
djustment per game, 𝑆 is the outcome of the match (typically 1 for a
in and 0 for a loss), and 𝜇 represents the expected outcome. The latter

s determined by the ratings of players 𝑟𝑖 and 𝑟𝑗 , as well as the scaling
parameter 𝑠 according to the following formula:

𝜇 = 1
1 + 10(𝑟𝑗−𝑟𝑖)∕𝑠

. (2)

Naturally, the Elo method can be parameterized in different ways
epending on the value of 𝐾, the definition of match outcome 𝑆, or the

adjustment of 𝑟 due to the potential home advantage. Gomes de Pinho
𝑖

4 
Zanco et al. (2024) present a comprehensive stochastic analysis of the
lo algorithm in round robin tournaments, and investigate the effect of

parameters 𝐾 and 𝜇 on its performance to obtain design guidelines.
FIFA, for instance, after having received serious criticism in the aca-

demic literature (Cea et al., 2020; Csató, 2021c; Kaminski, 2022; Lasek
t al., 2016), adopted the Elo method for their world ranking (FIFA,

2018). The popularity of Elo ratings is shown by the fact that the
IFA world ranking has an alternative, the World Football Elo Ratings

(https://www.eloratings.net/), that takes home advantage and goal
difference into account as suggested by Szczecinski and Roatis (2022).

nalogously, the performance of football clubs is measured by at least
two independent websites, http://clubelo.com/ and http://elofootball.
com/. Nonetheless, some global rankings do not take the strength of
pponents into account. For example, UEFA club coefficients are based
n awarding points for wins and reaching certain stages in previous
EFA club competitions (Dagaev & Rudyak, 2019).

There are many sports-specific ranking rules and rating systems.
Stefani (2011) lists the official rating systems of 159 sports federations,
while Langville and Meyer (2012) provide an overview of the mathe-

atics of various ranking methods. An overview of ranking systems in
ootball can be found in Van Eetvelde and Ley (2019).

2.3. Design criteria

Sections 2.3.1–2.3.3 shortly discuss the three main criteria that have
been identified to evaluate a tournament design: efficacy, fairness, and
attractiveness.

2.3.1. Efficacy
The ability of a tournament to rank contestants according to their

true strength is called efficacy (Lasek & Gagolewski, 2018; Sziklai et al.,
2022). Efficacy with respect to only the best player is also known as
effectivity (Glenn, 1960) or predictive power (Ryvkin & Ortmann, 2008;
Vu & Shoham, 2011).

By far the most popular way of evaluating these properties is to use
simulation: all matches of the tournament are simulated and the ob-
served ranking is compared with the assumed true ranking of players.By
aggregating the results over many simulation runs (i.e. Monte Carlo
simulation), meaningful insights can be derived about how efficacious
the tournament is. Efficacy is mostly studied from the perspective of
the tournament format and the seeding rule.

2.3.2. Fairness
In contrast to efficacy, there is no uniform definition of fairness

s there exists no universally agreed system of ethics (Baumer, 2024;
Palacios-Huerta, 2023). Still, we have identified two main principles of
fairness. The first one is based on the idea that, a priori, a player should
ot be disadvantaged compared to any weaker player. This means that,
or every player, the probability of winning the tournament should be
igher than that of any weaker player. This concept is also commonly
alled order preservation (Groh et al., 2008; Karpov, 2016; Placek, 2023;

Prince et al., 2013; Schwenk, 2000; Vu & Shoham, 2011).
The second approach of fairness takes on a completely different

perspective. It is based on the principle of treating all players equally
and tries to eliminate any favoritism towards particular players. For
instance, if players are allocated to groups based on a draw, the
procedure is said to be fair if all allocations are equally likely. Anal-
ogously, fairness in scheduling is mostly related to this principle by
balancing some objectives (the number of rest days, the distances to be
traveled, the number of consecutive home or away games, etc.) over the
eams. Equal treatment of all players is sometimes weakened to equal

treatment of equally strong players (Arlegi & Dimitrov, 2020; Csató,
2022a; Guyon, 2018b).

Note that the first fairness principle is closely related to efficacy. In
fact, the main reason why an organizer would want to adhere to this
principle is to guarantee efficacy. Hence, to reduce the overlap between

https://www.eloratings.net/
http://clubelo.com/
http://elofootball.com/
http://elofootball.com/
http://elofootball.com/
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the discussion of our design criteria, fairness will mean the principle of
equal treatment in the following. Therefore, papers studying fairness
from the perspective of order preservation will be presented in the
sections dealing with efficacy.

2.3.3. Attractiveness
The attractiveness of a match can be defined in multiple ways: by its

uality, competitive intensity, and importance. The quality of a match
layed by players 𝑖 and 𝑗 with their strengths 𝑟𝑖 and 𝑟𝑗 , respectively,

can be quantified as 𝑟𝑖 + 𝑟𝑗 , while its competitive intensity can be
defined as −|𝑟𝑖 − 𝑟𝑗 | (Csató, 2020a; Dagaev & Rudyak, 2019; Dagaev
 Suzdaltsev, 2018). Both measures seem to be linked with higher

attendance rates (Forrest & Simmons, 2002; García & Rodríguez, 2002)
nd TV audiences (Schreyer et al., 2018).

On the other hand, the importance of a match is usually defined
with respect to a certain prize. Jennett (1984) suggested a simple mea-
sure to estimate the uncertainty of winning the championship ex post.
Let 𝑘 be the total number of points that turned out to be necessary to
win the championship. The importance of a match is the inverse of the
minimum number of matches required to achieve 𝑘 points. This metric
was later used by Borland and Lye (1992) and Dobson and Goddard
(1992) to investigate attendance rates. A decade later, Schilling (1994)
ntroduced probably the importance measure that is probably most
ell-known. The Schilling importance 𝑖𝑆(𝑋)𝑡,𝑡+𝑘 of match 𝑡 + 𝑘 at time

period 𝑡 for team 𝑖 is defined as:

𝑖𝑆(𝑋)𝑡,𝑡+𝑘 = 𝑃 𝑟(𝑖𝑋|𝑖𝑊𝑡+𝑘, 𝐻𝑡) − 𝑃 𝑟(𝑖𝑋|𝑖𝐿𝑡+𝑘, 𝐻𝑡), (3)

where 𝑃 𝑟(𝑖𝑋|𝑖𝑊𝑡+𝑘(𝐿𝑡+𝑘), 𝐻𝑡) is the probability that team 𝑖 wins prize
𝑋 (e.g. avoiding relegation) if 𝑖 wins (loses) the match 𝑡 + 𝑘, given the
history 𝐻𝑡 of all matches played before 𝑡. Lahvička (2015b) extends
Schilling’s measure to account for ties.

Many other ways have been suggested to quantify match impor-
ance. Goossens et al. (2012) take into account the number of teams

that are still competing for a given prize. An integer program is used
o determine the highest and lowest rank any team can still obtain

at the end of the season when a certain match is played. Similar
formulations are proposed by Gotzes and Hoppmann (2022), Raack
et al. (2014) and Ribeiro and Urrutia (2005). Geenens (2014) measures
he decisiveness of a match based on the expected entropy (i.e. uncer-
ainty). Corona et al. (2017) use an entropy-based measure to identify
he most decisive matches in the 2014 FIFA World Cup and the 2015
opa América. Goller and Heiniger (2024) extend the entropy measure

by considering the difference between the reward probability distri-
utions derived from the possible outcomes of a single event. Csató,

Molontay et al. (2024) introduce a classification scheme to determine
weakly (where the final rank of one team is known, regardless of
the match outcome) and strongly (where the match outcome does not
influence the ranking of both teams) stakeless matches.

There is a wide consensus in the literature that still being in con-
tention for a prize positively affects attendance (García & Rodríguez,
2009; Losak & Halpin, 2024; Pawlowski & Nalbantis, 2015). In partic-
ular, the tightness of the contention seems to control the size of this
effect (Krautmann et al., 2011). Furthermore, Buraimo et al. (2022)
how that match importance is the key driver for the size of TV au-
iences in the case of English football games instead of the much more
esearched outcome uncertainty (see the so-called outcome uncertainty
ypothesis (Rottenberg, 1956; Schreyer & Ansari, 2022; van der Burg,

2023) for recent overviews).
While importance is usually measured at the level of individual

games, suspense refers to uncertainty in the outcome of the tournament.
Although suspense can be related to any outcome, such as relegation
or qualification for international competitions, it is typically interpreted
within the context of the tournament winner. Suspense is an important
measure of attractiveness as it is positively related to both stadium
attendance (Pawlowski & Nalbantis, 2015) and TV audience (Bizzozero
t al., 2016; Buraimo et al., 2020, 2022).
5 
3. Tournament format

The comparison of tournament formats has received much atten-
ion in operational research since determining the format is probably
he first task of the contest organizer. Even if the number of games
hat can be played is strictly limited, usually several options remain
vailable. For example, Guyon (2020) uncovers a serious drawback of

the original format of the 2026 FIFA World Cup and lists 7 alternative
options. Rennó-Costa (2023) presents another one based on double
limination, while Guajardo and Krumer (2024) develop three further

formats. Choosing the best from such a set of feasible designs clearly
equires their evaluation with respect to a number of criteria.

3.1. Efficacy

At its inception, the tournament design literature was mainly con-
cerned with the probability of the best player winning under a given
tournament format, also called effectivity. Pioneering work was done
by David (1959), who used combinatorial techniques to compute exact

inning probabilities for a SKO and SRR. To that end, a series of
pairwise win probabilities needs to be assumed; 𝜋𝑖𝑗 is the probability
hat 𝑖 beats 𝑗, which are collected in matrix 𝛱 . David (1959) assumes a

cumulative normal distribution 𝛷(⋅) for the pairwise win probabilities,
i.e. 𝜋𝑖𝑗 = 𝛷{ 1

𝜎 (𝑟𝑖 − 𝑟𝑗 )}, with 𝜎 being the variance term and 𝑟𝑖 being the
‘true’’ rating of player 𝑖. Glenn (1960) and Searls (1963) apply a similar
approach to evaluate tournament structures, although they assume an
arbitrary matrix 𝛱 . All three papers compute the probabilities that
ther players finish in a certain position as well. Although limited

to tournaments with 8 players, the authors find SKO to be the least
effective format. Double and serial knockout formats are more effective,
in particular, if matches are played as a best of three. For random
nockout tournaments, Knuth and Lossers (1987) compute the chance

of player 𝑖 winning the tournament, assuming that it wins against player
𝑖 + 1 with probability 𝑝 and always defeats player 𝑗 if 𝑗 > 𝑖 + 1.
Adler et al. (2017) derive an upper and lower bound on the probability
or of winning the tournament for all players, if player 𝑖 wins against
layer 𝑗 with probability 𝑣𝑖∕

(

𝑣𝑖 + 𝑣𝑗
)

, where the values 𝑣1, . . . , 𝑣𝑛 are
xogenously given.

As the exact computation of these expressions quickly becomes
ntractable, the standard approach in the literature is to perform Monte
arlo simulation. Using this approach, several papers conclude that
ound robin tournaments are typically more efficacious than knockout

tournaments (Appleton, 1995; Csató, 2021b; McGarry & Schutz, 1997;
Ryvkin, 2010; Ryvkin & Ortmann, 2008; Scarf & Yusof, 2011; Scarf
et al., 2009). Furthermore, the efficacy of a SKO increases by extending
it towards a DKO (McGarry & Schutz, 1997; Stanton & Williams,
2013). Efficacy can usually be improved by increasing the number
of matches (Lasek & Gagolewski, 2018) but the relationship is not
necessarily monotonic for complex hybrid tournaments (Csató, 2021b).

ccording to earlier studies (Appleton, 1995; Dinh et al., 2020), the
wiss system is rather weak in identifying the true ranking of players.
owever, Sziklai et al. (2022) find that the Swiss system outperforms

other formats with the same number of games. To the best of our
knowledge, the efficacy of incomplete round robin tournaments has not
een examined yet.

Lahvička (2015a) studies the effect of the additional playoff stage
on the efficacy of a DRR in the Czech ice hockey league. The average
probability that the strongest team becomes a champion is found
to decrease from 48% to 39%. The reduction is even higher if the
strongest team is more dominant, and is robust with respect to relaxing
the assumptions of constant team strengths and the lack of strategic
behavior. This is an important message to administrators: uncertainty
can be increased by organizing an extra knockout phase after a round
robin tournament.

The balancedness of a knockout tournament also affects its efficacy.
Balanced knockout tournaments with eight or more players cannot
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Table 1
Studies on the efficacy of tournament formats.

a Papers focusing on efficacy
Study Format 𝜋𝑖𝑗 Best Worst 𝑛

McGarry and Schutz (1997) SKO, SKOS, SKOA,
DKO, DKOS, SRR,
SRR+SKO, SRR+SRR

𝛱𝑎 DKOS,
SRR,
SKOS

SKOa 8

Scarf et al. (2009) DRR, DKO, DKOS,
SKOS, SRR+DKO,
SRR+DKOS, DRR+DKO,
DRR+DKOS, DRR+SKOS

Poisson(⋅) DRR SKO 32

Scarf and Yusof (2011) 23 formats Poisson(⋅) SRR SKO 32

Stanton and Williams (2013) SKO, DKO CRM, 1
2
+ 𝑗−𝑖

2(𝑁−1)
DKO SKO 8–1024

Lasek and Gagolewski (2018) SRR, multistage RR Poisson(⋅) 3RR +
(SRR/SRR)

SRR 12, 16, 18

Dinh et al. (2020) SKO, DKO, SKOS,
SRR, Swiss, Reaper T

NS SRR SKO 8

Csató (2020a) Three hybrid formats:
D(8+6), D(4×7),
D(4×6)a

(57−𝑟𝑖 )𝑘

(57−𝑟𝑖 )𝑘+(57−𝑟𝑗 )𝑘
D(8+6) D(4 × 6) 24, 28

Csató (2021b) Four hybrid formats:
SRR, SKO, G64,
G66, G64b

1
1+[(𝑟𝑖+24)∕(𝑟𝑗+24)] G66 G64 24

Sziklai et al. (2022) SRR, DRR, SKO,
SKO-3, DKO,
SRR+SKO, Swiss

1
1+10(𝑟𝑗 −𝑟𝑖 )∕400

Swiss SKO 32

b Papers focusing on effectivity
Study Format 𝜋𝑖𝑗 Best Worst 𝑛

David (1959) SRR, SKO,
serial SKO

𝛷{
(

𝑟𝑖 − 𝑟𝑗
)

∕𝜎} serial SKO NS 3–8

Glenn (1960) SRR, SKO, SKO-3,
serial SKO, DKO

𝛱𝑎 SKO-3 SKO 4

Searls (1963) SKO, SKO-3,
SKO+SKO,
SKO-3+SKO-3

𝛱𝑎 SKO-3+SKO-3 SKO 8

Appleton (1995) SKO, SKOS, DKO, DKOS,
SKO-3, SRR, DRR,
SRR-SKO, Swiss

𝛷{𝑘(𝑟𝑖 − 𝑟𝑗 )} DKO𝑆 , DRR SKO 8, 16

Ryvkin and Ortmann (2008) SKO, SRR pdfc SRR SKO NS

Ryvkin (2010) SKO, SRR pdfc SRR SKO NS

NS: not specified.
𝑘RR+𝑥KO stands for a hybrid format where 𝑘RR is followed by 𝑥KO.
The subscript S as in SKO𝑆(𝐴) indicates that the SKO is seeded according to the standard (an alternative) seeding.
KO-𝑦: best of 𝑦 knockout format.

a D(8+6): 2 groups of 8, 2 groups of 6; D(𝑔, 𝑛): 𝑔 groups of 𝑛 teams, all followed by a knockout stage.
b G𝑥𝑦: stage 1 with groups of 𝑥 teams and stage 2 with groups of 𝑦 teams, followed by a knockout stage.
c Due to the notational complexity of probability density functions (pdf), we refer to the paper itself for the formulas for 𝜋𝑖𝑗 .
t

t
t

i

satisfy simultaneously that (a) stronger players are favored over weaker
layers; and (b) equally strong players are treated equally (Arlegi &

Dimitrov, 2020; Vu & Shoham, 2011). In particular, pairwise proba-
bility matrices can be found to show the incompatibility of these two
axioms, see Arlegi (2022) and Kulhanek and Ponomarenko (2020).
Stronger players can be favored more explicitly by an unbalanced
knockout tree. In the most extreme case of a caterpillar SKO (Fig. 1(c)),
a stronger player can always be favored over a weaker player (Vu &
Shoham, 2011). Arlegi and Dimitrov (2020) generalize this finding: any
unbalanced tree is verified to be efficacious if it satisfies the following
two properties: (a) it does not contain any antler (a special substructure,
see Arlegi & Dimitrov, 2020); and (b) the seeding rule places weaker
layers to higher levels in the knockout tree than stronger players.

A structured overview of the papers that either compute or simulate
winning probabilities is presented in Tables 1. The formats considered
are given in the second column. The third column shows the pairwise
win probabilities 𝜋𝑖𝑗 that were used to compare the formats. Using
Poisson distribution or arbitrary win probabilities turns out to be the
6 
most popular approaches. Next, the best and worst formats of all
formats studied are reported. Finally, the last column indicates the
number of players in the tournaments compared.

As can be seen from Table 1, almost all studies use different sta-
istical models, each with its limitations. This raises questions about

whether the results can be attributed to the tournament format or
o the model assumptions. However, as noted by Appleton (1995),
hese simulation studies primarily aim to compare different tournament

formats, and not to correctly estimate the chance of a player winning
any particular tournament. Still, it would be interesting to see how the
efficacy of tournament formats is influenced by the assumptions that
are made about the strengths of the teams.

Finally, the effect of the number of participants (𝑛) on efficacy
s still a blind spot. Muller et al. (2023) use simulations to analyze

how expanding the NCAA college football championship from four
to eight or 12 teams affects the probability that the championship
tournament includes and is won by the true best team. Further research
in this direction would be particularly welcome since there exist many
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examples of well-known tournaments that have seen a change in the
number of participants: the FIFA World Cup is organized with 32
eams in 2022 but 48 in 2026, the UEFA European Championship was
ontested by 16 teams in 2012 but by 24 in 2016, and the World Men’s
andball Championship expanded from 24 to 32 teams between 2017
nd 2019.

3.2. Fairness

The principle of equal treatment is discussed separately for the main
tournament formats.

3.2.1. Round robin tournaments
In a round robin tournament, no player is a priori advantaged over

any other player since each player faces each other player the same
umber of times. In the case of a 𝑘RR with odd 𝑘 and matches played
t the venue of the home team, a possible element of unfairness can

be that different teams enjoy their home advantage against different
teams. This happened for instance in the UEFA Cup between 2004 and
2009, when the group stage had groups of 5 playing SRR. Additionally,
f the number of teams is even, half of the teams have one more home
ame than the remaining teams. This is an issue, for example, in the
aroe Islands and Hungarian domestic football league, which are 3RR
ournaments.

In an incomplete round robin tournament, teams do not face each
pponent the same number of times, which conflicts with the principle
f equal treatment. One solution can be to determine each team’s
pponents such that the total strength of the opponents is the same

over all teams. Fronček et al. (2006) and Fronček (2007) give con-
ditions for the existence of this so-called fair incomplete tournament.

n the other hand, Fronček (2013) designs an incomplete round robin
tournament where all teams have a priori roughly the same chance of
winning since the highest-ranked teams face the toughest opponents,
and weaker teams play against weaker opponents; he calls this a
handicap incomplete tournament.

Sporadically, unforeseen circumstances (e.g. COVID-19) force a
ound robin tournament to be incomplete. Hassanzadeh et al. (2024)
ocus on the problem of finishing a suspended league where there are
ot enough rounds left to complete all matches. They propose a data-
riven model that exploits predictive and prescriptive analytics to select

a subset of originally scheduled games, in a way that the resulting
ranking is similar to the ranking that would have resulted had the
season been completed fully.

3.2.2. Knockout tournaments
Fairness is an important criterion in serial knockout tournaments

uch as the format that has recently been adopted by the Professional
arts Corporation. According to Lambers et al. (2024), each pair of
layers should potentially meet equally often in each round. By making
 connection to Galois fields, they construct a stable tournament with
− 1 subtournaments for any number of players 𝑛 that is a power of

wo.
Contrary to a serial SKO, the four prestigious Grand Slam tennis

tournaments are SKOs played independently from each other. However,
since the seeding only aims to avoid matches between top players in
earlier rounds, a weak player sometimes has to face strong players over-
abundantly. Therefore, Della Croce et al. (2022) develop an integer
uadratic program together with a heuristic to maximize the diversi-
ication of pairings in the first round. Furthermore, repeated pairings

over the tournaments are limited as much as possible.
7 
3.2.3. Swiss system tournaments
In these tournaments, the pairing for a round depends on the results

f the previous rounds (see Section 2.1.3). Therefore, the tournament
format can be described only together with the pairing rules that
determine the set of matches to be played in the next round. The

ain goals are as follows: (1) players with (approximately) equal scores
hould play against each other; (2) each player alternately has the
dvantage (e.g. play white in chess or play at home in other sports)

to the extent possible; and (3) no player is allowed to face the same
opponent twice.

Ólafsson (1990) reveals how the pairing can be implemented by
solving a weighted matching problem, which converts the pairing
rules into penalty points. Similarly, Biró et al. (2017) show that the

ore complex matching procedures as described by the World Chess
ederation (FIDE) can be calculated in polynomial time with maximum
eight matching. Kujansuu et al. (1999) suggest using the well-known

stable roommates algorithm to determine the pairs in a Swiss system
tournament such that each player has a preference list on the other
layers, where the preferences are constructed to reflect the criteria

above. Sauer et al. (2024) present an innovative pairing rule by com-
puting maximum weight matchings in a carefully designed graph. On
the basis of extensive simulations, the proposed procedure yields fairer
pairings, and produces a final ranking that reflects the players’ true
strengths better than the FIDE pairing system.

3.3. Attractiveness

In some tournament formats, unimportant matches are difficult or
ven impossible to avoid. Faella and Sauro (2021) define a match as

irrelevant if its outcome cannot change the ranking, and prove that
𝑘RR tournaments with more than five players, a fixed schedule and
ranking by the win-loss method may contain irrelevant matches. Scarf
and Shi (2008) calculate the Schilling importance and conclude that
52% of the matches in the second half of the 2004/05 English Premier
League season did not have any effect on which team would win
the league. Hence, although RRs are typically quite efficacious, they
are also characterized by a high proportion of unimportant matches.
According to Scarf et al. (2009), on average 18% of all matches are
nimportant in a DRR.

Goossens et al. (2012) simulate match results based on historical
ata to compare four different competition formats considered for the
elgian football league. The 2RR format used at that time scored rather

poorly; indeed, the tournament format of the league was reformed
not much later. Csató (2020a) compares the expected quality and
competitive balance of alternative tournament formats for the EHF
Men’s Handball Champions League. Similarly to Goossens et al. (2012),
ormats other than the traditional one are revealed to increase the
ttractiveness of the tournament.

Stakeless games (see Section 2.3.3) are detrimental not only due
o problems with incentives but they are also probably much less
nteresting for the audience. The FIFA World Cup format has been
xtensively studied from this perspective (Chater et al., 2021; Guyon,

2020; Stronka, 2024). The novel incomplete round robin format of
the UEFA Champions League (Section 2.1.1) is found to substantially
decrease the probability of stakeless matches (Gyimesi, 2024).

According to Section 3.1, the tournament outcome is generally less
ncertain if more games are played. Thus, SKO provides more suspense
han other formats, which can explain why many competitions include
ost-season playoffs (Bojke, 2007). The number of players qualifying

for the playoffs also has an impact on suspense. Olson and Stone
(2014) study the 2014/15 NCAA playoffs that featured only the two
strongest teams from the regular season. Suspense is measured at any
time period as the expected change in the teams’ probabilities of being
champion, summed across ranked teams. A playoff format with more
than two teams is found to decrease overall suspense, because the gain
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in suspense in the playoffs resulting from playing more games does not
ounter the drop in suspense during the regular season.

In an incomplete round robin tournament, the number of matches
between two teams is also a decision variable. Kyngäs et al. (2017)
nd Lenor et al. (2016) discuss how more popular matches (e.g. be-
ween local rivals) are selected to occur more frequently in the Aus-
ralian Football League in order to boost attendance. Lenor et al. (2016)
laim they could – at least as a short-term effect – increase attendance
y 7% by programming more rivalry games at the expense of the

randomly selected matches.
The number of participating teams is also an important consid-

ration with respect to the attractiveness of the tournament format.
n football, the practice seems undecided on this matter: of the 25
uropean football leagues reported in Goossens and Spieksma (2012b)
or the 2008/09 season, 8 countries have increased their number of
articipants by the 2023/24 season, while 5 decreased it. A structural
hange happened in the basketball EuroLeague in the 2016/17 season,
s the number of participating teams has been reduced from 24 to
6, while the number of games per team has increased. Di Mattia and
rumer (2023) find that this reform decreased attendance by about 9

percent per game, predominantly in the first half of the new DRR with
16 teams where the matches are probably perceived as less important.

4. Seeding

Seeding is typically used to avoid the top-ranked teams eliminating
ach other in the earliest rounds. Hence, round robin and Swiss-system
ournaments do not require seeding but knockout tournaments, as a
tand-alone tournament or as part of a multi-stage tournament, call
or seeding. Naturally, the seeding policy may affect our three design
riteria.

4.1. Efficacy

Seeding can directly enhance the ability of a tournament to select
he best players as the winners. However, a misaligned seeding policy
ight easily favor a weaker player compared to a stronger one.

4.1.1. Single knockout tournaments
Perhaps the most popular seeding method is the standard seeding,

ee Fig. 1(a). For four players, the seeding ((1,4),(2,3)) is generally
onsidered to be the most efficacious option as the probability of
inning will be a monotonic function of the rank of players (Groh et al.,

2008; Horen & Riezman, 1985). For a SKO with eight players and 𝜋𝑖𝑗 =
𝑖∕
(

𝑟𝑖 + 𝑟𝑗
)

, the standard seeding (((1,8),(4,5)),((2,7),(3,6))) is not the
most efficacious: the second strongest player has a higher probability to
dvance to the finals than the strongest player (Prince et al., 2013). The
eason is that the top player always plays against a player ranked 4 or 5
n the semifinals, while the second best player has a positive probability
f playing against the player ranked 6, which increases its chance of
eaching the final. Therefore, the seedings (((1,8),(2,7)),((3,6),(4,5)))
nd (((1,8)(3,6)),((2,7)(4,5))) can be more efficacious than the standard
eeding (Prince et al., 2013). However, Horen and Riezman (1985)
nexpectedly find that up to eight different seedings can maximize
he probability of the best player winning the tournament. All eight
eedings are characterized by player 1 being matched with either player
 or 8 in the first round, and players 2, 3 and 4 being in the other side
f the bracket as 1.

Baumann et al. (2010) observed empirically that the 10th and 11th
eeds typically progress further in the playoffs of the NCAA basketball
ournament compared to the 8th and 9th seeds. Although the 8th and
th seeds have a higher probability of winning in the first round, they
lmost certainly play against the first seed in the second round. In

contrast, the 10th and 11th seeds have a more difficult first round but
ill meet the 2nd or 3rd seed in the next round. Hence, the advantage
 h

8 
in the second round seems to outweigh the disadvantage in the first
round. This also shows why fairness is sometimes related to efficacy.

Intuitively, random seeding can easily make a stronger player’s
winning probability smaller than that of a weaker player, since the
stronger players might be unequally distributed over both sides of the
bracket (Israel, 1981). This is especially true for an unbalanced KO.
However, if the pairwise winning probabilities of players are strongly
stochastic transitive, namely, 𝛱 is such that 𝑖 < 𝑗 implies 𝜋𝑖𝑘 > 𝜋𝑗 𝑘 for
all 𝑘 and 𝜋𝑘𝑘 = 1∕2, Chen and Hwang (1988) prove that balanced SKOs
do not suffer from this anomaly. The condition of strong stochastic
transitivity is crucial since the result does not hold for an arbitrary

inning probability matrix (Arlegi & Dimitrov, 2020). Therefore, Vu
and Shoham (2011) argue that efficacy can be guaranteed only if
the seeding is allowed to vary according to the win probabilities,
while Hwang (1982) advocates to use reseeding, i.e. seeding (re)done
n every round depending on the relative ranks of the players in that
ound.

Hennessy and Glickman (2016) also investigate the optimal seeding
that maximizes the probability of the best player winning the SKO but
only partial information is assumed to be known about the strengths
of the players. For 16 players, the optimal bracket places the seven

eakest players on the side of player 1. Naturally, a different utility
function can lead to another optimal seeding. For example, the seeding
that maximizes the probability of the best two players meeting in the fi-
nal is ((((1,16),(13,14)),((6,7),(8,9))),(((2,15),(11,12)),((3,10),(4,5)))).
Since it is computationally prohibitive to obtain the exact values for
16 players, Monte Carlo simulation is used together with simulated
annealing to estimate the utility functions. Hennessy and Glickman
(2016) show that the most efficacious design depends on the subset
of players that must be ranked according to their true strength.

Karpov (2016) proposes the so-called equal gap seeding, which is
(((1,5)(3,7)),((2,6)(4,8))) for eight players. Here, the gap between the
trength of players is balanced over all matches. The equal gap seeding

can be characterized by a set of reasonable axioms and is the unique
eeding that maximizes the probability that the strongest participant is
he winner, the strongest two participants are the finalists, etc. under
he assumptions of the paper.

Karpov (2018) formulates desirable properties for seeding in gener-
alized knockout tournaments where one match involves three or four
players. Both the standard and the equal gap seeding are extended to
this case and justified by a set of axioms.

A structured overview of the papers analyzing seeding rules with
espect to efficacy are provided in Table 2.

4.1.2. Multi-stage tournaments
In the playoffs for the 2020 UEFA European Football Championship,

16 teams were divided into four parallel SKOs (paths) with four teams
each based on the results of the 2018/19 UEFA Nations League. Csató
(2020b) defines a partial ranking on the set of these SKOs. The rules in-
tend to favor UEFA Nations League group winners, creating appropriate
incentives in this tournament. Still, they do not exclude a group winner
playing in a more difficult playoff path than a non-group winner of the
same league, which is not efficacious. The problem can be solved in
an illuminating way: if a group winner envies the position of a non-
group winner of its league, then its envy is justified and the group

inner can request an exchange of the two teams. The play-offs in the
uropean section of the 2022 FIFA World Cup qualification and the
ualification for the 2024 UEFA European Championship suffer from
he same theoretical shortcoming.

Seeding systems used in practice have also been extensively inves-
igated with respect to efficacy. Corona et al. (2019) and Dagaev and

Rudyak (2019) both analyze a reform in the seeding of the UEFA Cham-
pions League group stage by Monte Carlo simulation. The changed
policy, in use from season 2015/16 to 2023/24, placed the champions
of the strongest national associations in the first pot rather than the
ighest-ranked clubs. While this has only marginally worsened efficacy,
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Table 2
Studies on the efficacy of seeding policies.

a Papers focusing on efficacy
Study Best Worst 𝑛

Hwang (1982) Reseeding Standard Arbitrary
McGarry and Schutz (1997) (((1,8),(5,4)),((2,7),(6,3))) (((1,8),(6,7)),((2,3),(4,5))) 8
Groh et al. (2008) ((1,4),(2,3)) Non-seeded 4
Scarf and Yusof (2011) Reseeding Random 32
Karpov (2016) Equal gap Standard Arbitrary

b Papers focusing on effectivity
Study Best Worst 𝑛

Searls (1963) (((1,8),(6,7)),((2,3),(4,5))) (((1,3),(2,8)),((4,7),(5,6))) 8
Horen and Riezman (1985) (((1,7/8), (5/6, 6,7)),((2, 3/4), (x,x))) Non-seeded 4, 8
Hennessy and Glickman (2016) ((((1,16),(14,15)),((10,11),(12,13))),

(((2,3)(4,5)),((6,7)(8,9))))
Random 16
t

r

‘

r

o

f
g
(
o

C

the impact on individual clubs has been more powerful, sometimes
odifying the probability of qualification for the Round of 16 by 10–15

percentage points.
On the other hand, the empirical study of Engist et al. (2021)

as arrived at a remarkable conclusion based on the results of the
EFA Champions League and UEFA Europa League until 2019/20. In
articular, even though a better seed implies weaker opponents on
verage in the group stage, it does not lead to a higher probability of
ualifying for the knockout stage. In other words, seeding itself does
ot affect efficiency and efficacy. Consequently, it would be especially
elcome to carry out similar regression discontinuity studies for other

ports and tournaments.
Under the standard seeding, players should theoretically exert full

effort in the group stage since this will lead to easier opponents at
he beginning of the knockout stage. Nonetheless, the conventional
racket suffers from several weaknesses: the role of luck seems to be
xcessive and players have an incentive to deliberately lose in some
ituations (Hall & Liu, 2024). Therefore, it has been suggested to allow

higher-ranked players to choose their opponent sequentially in each
ound (Guyon, 2022). This mechanism can increase the probability that
he strongest contestant wins and the two strongest contestants play the
inal, as well as reduce shirking (i.e. deliberately losing a game in order
o obtain an easier path through the tournament) (Hall & Liu, 2024).

A variant of the ‘‘choose your opponent’’ policy is used in skiing
sprint elimination tournaments, however, the athletes seem to make
uboptimal decisions (Lunander & Karlsson, 2023). The International

Central European Hockey League also uses this rule to some extent. In
articular, the teams ranked seventh to tenth after the regular (4RR)
eason play pre-playoffs where the seventh-placed team can choose
hether to play the ninth or tenth-placed team. Analogously, the top

hree teams sequentially select their opponent in the quarterfinals, but
he fourth-ranked team is not available to choose. Finally, the host
gypt had the right to assign themselves to a group of their choice in
he 2021 World Men’s Handball Championship (IHF, 2020).

4.2. Fairness

Equal treatment of equals is closely related to efficacy in knockout
tournaments according to Section 4.1, so this topic will only shortly be
discussed here. On the other hand, it poses a great challenge for certain
ybrid tournaments.

4.2.1. Single knockout tournaments
While a balanced SKO may violate the efficacy principle of stronger

players having a higher probability of winning the tournament, the
seeding ((1,4)(2,3)) guarantees that equally strong players are treated
equally in knockout tournaments with four players (Arlegi & Dimitrov,
2020).
9 
Schwenk (2000) defines a SKO fair if the probability of winning the
ournament is proportional to the inherent strength for each player.

However, the author adds that this condition should not be guaran-
teed by receiving a favorable schedule, a property called favoritism
minimized. In order to satisfy this requirement, the so-called cohort
andomized seeding is suggested that involves random seeding and

contains 𝑘 cohorts for 2𝑘 players. The first cohort consists of the two
‘best’’ players, i.e. 𝐶1 = {1, 2}. Then, 𝐶𝑖 = {2𝑖−1 + 1, 2𝑖} for all 2 ≤
𝑖 ≤ 𝑘. The seeding of the SKO is designated by the numbers 1,… , 𝑘. A
andom draw determines the assignment of players to the cohorts. This

method improves efficacy and still adheres to the desirable properties
f knockout tournaments.

4.2.2. Multi-stage tournaments
To create appropriate incentives to perform in the group stage,

the subsequent knockout stage typically matches group winners with
teams that performed worse in the group stage. However, this natural
structure can be achieved only if the number of groups is a power
of two, which might be prohibited by time constraints. A prominent
example is given by a tournament with 24 teams, with a group stage
played in six groups of four teams. In football, three FIFA World Cups
(1986, 1990, 1994), the UEFA European Championship since 2016,
as well as the 2015 and 2019 FIFA Women’s World Cups follow this
format. The six group winners and the six runners-up qualify for the
Round of 16, together with the four best third-placed teams. Thus, some
group winners should be matched with a runner-up, and some with a
third-placed team in the Round 16.

The traditional design, used until 2016 and depicted in Fig. 2 suffers
rom severe shortcomings (Csató, 2021c; Guyon, 2018b). Indeed, the
roups are not treated equally; the winner and runner-up of Group A
E) enjoy a much easier (tougher) road to the final compared to the
ther groups, which violates equal treatment of all players (especially if

the host is automatically assigned to Group A). Furthermore, the policy
used to assign the four third-placed teams to the matches R1–R8 in the
Round of 16 is unfair, as the probability of ending up in a harsh quarter
(i.e. where one meets a group winner in the quarterfinals) is highly
unbalanced over the groups. Eventually, the 2019 FIFA Women’s World
Cup has exchanged some matches in the knockout bracket (Csató,
2021c) to mitigate these issues, and UEFA has implemented the rec-
ommendation of Guyon (2018b) in the 2020 and 2024 UEFA European

hampionships.
However, this issue remains relevant due to the recent decision of

FIFA (FIFA, 2023a) to play the 2026 FIFA World Cup with 48 teams, in
12 groups of 4, essentially ‘‘doubling’’ the previous tournaments with
24 teams. Thus, similar to UEFA, FIFA can benefit from the proposal
of Guyon (2018b) for future World Cups.
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Fig. 2. The traditional knockout bracket of football tournaments with 24 teams (Csató, 2021c, Figure 5.1).
Teams are on the right hand side, for instance, A2 is the runner-up of Group A, while B/E/F3 is the third-placed team from Group B, or Group E, or Group F, depending on the
llocation rule of the third-placed teams.  indicates the winner of the previous round.
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4.3. Attractiveness

There is an obvious trade-off between efficacy and suspense in
knockout and multi-stage tournaments: suspense is heavily reduced
in the earlier rounds by deliberately matching the strongest and the
weakest teams (Ely et al., 2015). Karpov (2016) compares the equal gap
eeding (Section 4.1.1) with the standard seeding and shows that the
ormer results in a higher competitive intensity. Dagaev and Suzdaltsev

(2018) consider seedings in a SKO with eight players concerning the
uality and competitive intensity of the matches. Perhaps unsurpris-
ngly, the seeding (((1,2),(3,4)),((5,6),(7,8))) is optimal for competitive

intensity, and the seeding (((1,8),(2,7)),((3,6),(4,5))) maximizes the
overall quality of the tournament.

Placek (2023) interprets competitive intensity similarly to Dagaev
nd Suzdaltsev (2018). Fairness is defined by minimizing the sum of
he ranks of the winners in each match since, in a fair tournament,
ny player performs at least as well as the lower-ranked players. An
mpossibility result is derived: under some reasonable conditions, a
ournament cannot optimize both competitive intensity and fairness.

5. Draws

A draw refers to the allocation of teams to groups or knockout
brackets, thus, it certainly affects efficacy (Section 5.1) and attractive-
ness (Section 5.3). Nonetheless, tournament organizers usually want to
retain some randomness in this procedure in order to maximize public
interest and carry out a draw as a live media show, which may have a
price in fairness as presented in Section 5.2.

5.1. Efficacy

The FIFA World Cup draw has received a lot of criticism in the last
ecade for creating imbalanced groups, mainly due to the misaligned
 p

10 
policy of guaranteeing the geographic diversity of the groups. Lapré
and Palazzolo (2022) empirically assess competitive balance between
the groups in the FIFA Women’s World Cups from 1991 to 2019,
while Lapré and Palazzolo (2023) repeat this analysis for the FIFA
World Cups organized between 1954 and 2022. The groups of both
tournaments are shown to exhibit substantial competitive imbalance.

Several solutions have been proposed in the literature to create
roups with approximately equal strength subject to geographic con-

straints. Guyon (2015) suggests improving the draw procedure with
an S-curve-type algorithm. Laliena and López (2019) develop another
algorithm that outperforms the S-curve-type draw system of Guyon
(2015). Both proposals involve a heuristic extraction of teams from
pots. Laliena and López (2019) also provide a procedure for perfectly
alanced groups, where the strength of each group coincides, by finding
ll equal-sum partitions first and drawing one of them randomly.

The traditional solution to create 𝑘 balanced groups is assigning
he teams to 𝑘 pots based on their strength such that teams of similar
trength are in the same pot. Then, each group will contain a randomly
rawn team from each pot. FIFA has introduced this procedure from the
018 FIFA World Cup (Guyon, 2018a). However, a necessary precondi-
ion of balancedness is the appropriate classification of the teams into

the pots. This cannot be guaranteed if the underlying ranking – such as
the previous FIFA World Ranking – is inaccurate, which will be shortly
discussed in Section 7.1.

Sometimes the identity of the participants is not known at the
ime of the draw. For example, the three winners of the playoffs have
utomatically been assigned to the weakest Pot 4 in the 2022 FIFA
orld Cup draw. This seeding policy has not balanced the strengths

of the groups to the extent possible: a better alternative would have
been to assign the placeholders according to the highest-ranked poten-
tial winner, similar to the rule used in the UEFA Champions League
qualification (Csató, 2023b).

Entry to a tournament may be determined by geography. The most
rominent example is the FIFA World Cup, where the six continental
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confederations of FIFA are responsible for their qualifying tournaments.
owever, the current system is based neither on ensuring the partici-
ation of the best teams in the world, nor does it fairly allocate slots
y the number of teams per confederation or any other reasonable
etric (Stone & Rod, 2016). Hence, exploiting the opportunity offered

by the increase in the number of teams in the FIFA World Cup from
026, Krumer and Moreno-Ternero (2023) explore the allocation of
dditional slots among continental confederations with the standard

tools of fair allocation. Csató, Kiss et al. (2024) extend the method-
ology of the FIFA World Ranking to compare the performance of FIFA
onfederations for a merit-based allocation of qualifying slots among
hem. Csató (2023d) investigates the fairness of the 2018 FIFA World
up qualification to verify that the qualifying probabilities of national
eams differ substantially between continents and do not reflect the Elo
atings. For example, the move of Australia from the Oceanian to the
sian zone has increased its probability of playing in the 2018 FIFA
orld Cup by about 65%. A partial remedy is proposed by fixing the

raw of the inter-continental playoffs.
Balancedness can also be achieved through optimization. Cea et al.

(2020) provide a mixed integer linear program to balance the strength
of the groups and satisfy all geographical constraints. The model
is applied for the 2014 FIFA World Cup, and is shown to create
groups with more balanced relative strengths compared to the original
draw. Melkonian (2021) gives integer programming formulations for
rganizing recreational doubles tennis competitions such that for every

player, the average ranking of partners in all matches is as close as
ossible to the average ranking of the opponents in all matches. Nev-
rtheless, an optimization model can have multiple optimal solutions,
lthough generating all of them may be computationally challenging.
n this case, rather than simply letting the solver pick one, one should
airly select an optimal solution, which may again involve a lottery
see e.g. Demeulemeester et al., 2025). For fairness and transparency
easons, however, most organizers stick to a draw.

5.2. Fairness

Dividing teams from 𝑘 pots into 𝑘 groups such that each group
ontains exactly one team from each pot can be done easily and
pectacularly, by drawing the teams sequentially in a random order.
owever, the problem becomes more complicated if some assign-
ents are invalid; for example, there are geographic restrictions in

he FIBA Basketball World Cup draw to maximize the number of
nter-continental matches. In such a constrained draw, fairness has a
traightforward definition: each feasible allocation should be equally
ikely, namely, the draw should be uniformly distributed. Otherwise,
eams playing against stronger opponents in expected terms may feel
heated.

This property has been violated in the 1990 (Jones, 1990), 2006
Rathgeber & Rathgeber, 2007), 2014 (Guyon, 2015) FIFA World Cup
raws because the pre-assignment of certain teams to certain groups
as combined with the so-called group-skipping policy (i.e. if a draw

estriction prevents the team drawn to be assigned to the first empty
lot in a group, the next group is considered, and so on, until a group
s found where the team can be assigned to) to ensure geographical
iversity.

A similar problem emerged in the UEFA Champions League, where
he Round of 16 draw was implemented with the following constraints

between the 2003/04 and 2023/24 seasons: (a) the eight group-
winners have to play against the eight runners-up; (b) teams from
he same group cannot play against each other; (c) teams from the

same national association cannot play against each other. UEFA used
 computer-assisted but transparent draw procedure to enforce the

imposed constraints. A probability calculator for the 2023/24 season
is available at https://julienguyon.github.io/UEFA-draws/, and the
underlying mathematics – essentially, Hall’s marriage theorem – is
explained by e.g. Guyon and Meunier (2023) and Wallace and Haigh
11 
(2013). The mechanism used by UEFA is remarkably close to achieving
the fairest possible outcome (Boczoń & Wilson, 2023). Nonetheless,
while the distortions are small in terms of differences in pairwise match
probabilities, in almost every season there exist teams with an expected
loss of over 10 thousand euros in prize money due to the bias of the
draw procedure (Klößner & Becker, 2013).

The UEFA draw procedure has inspired (Guyon, 2014) to suggest
three sequential mechanisms for the FIFA World Cup draw. A vari-
ant of one recommended mechanism has been adopted for both the
2018 (Guyon, 2018a) and 2022 (Csató, 2023b) FIFA World Cup draws,
and has also been used in the 2019 and 2023 FIBA Basketball World
Cups. However, it is also non-uniformly distributed, and the biases
are non-negligible, sometimes exceeding one percentage point in the
robability of being the group winner or the runner-up (Csató, 2024b).
herefore, Roberts and Rosenthal (2024) propose some fair (uniformly

distributed) draw methods that use balls and bowls to remain suitable
for a televised event. These solutions can be tried for both the 2018
and 2022 FIFA World Cups at http://probability.ca/fdraw/.

A similar draw mechanism is used for the draw of the league
phase of the UEFA Champions League and UEFA Europa League, intro-
uced in the 2024/25 season, which are organized as an incomplete
ound robin tournament with the following constraints: (a) each of
he 36 teams plays eight matches, one home and one away match
gainst two different teams from each of the four pots; (b) teams
rom the same national association cannot play against each other;
c) no team is allowed to play against more than two teams from the
ame national association; and (d) the matches should be played over
ight matchdays. A simulator of the draw procedure is available at

https://julienguyon.pythonanywhere.com/uefa_app/ and the problem
is discussed by Guyon et al. (2024).

Draw constraints may threaten fairness even if the draw is uniformly
istributed. For instance, consider a SKO with three strong players 1,

2, 3, and one weak player 4. Assume that players 1 and 2 cannot be
rawn against each other in the semi-final due to a draw constraint.
hen, players 1 and 2 will meet the weak player 4 with a probability
f 50%, but this is impossible for player 3, which violates the prin-
iple that equally strong players are treated equally. Csató (2022a)

attempts to uncover the effects of draw restrictions on knockout tour-
aments. Nonetheless, both the quest for fairer draw procedures and

the evaluation of existing mechanisms are far from completed.

5.3. Attractiveness

A disadvantage of striving for groups of equal strength is that
t may result in several matches with low competitive intensity and
ow uncertainty of outcome. Therefore, some tournaments have been
ntentionally designed with imbalanced groups. The 2024 European

ater Polo Championships divided the teams into two divisions based
n their past performance. Division 1 (2) contained the first (second)
ight teams that played in two groups of four teams each. The group
inners and runners-up in Division 1 advanced to the quarterfinals,
hile the third- and fourth-placed teams had to play against the group
inners and runners-up in Division 2 in a playoff round to qualify

or the quarterfinals. A similar design was used in the EHF (men’s
andball) Champions League between the 2015/16 and 2019/20 sea-
ons. According to the results of Csató (2020a), this format can lead to

more exciting matches without sacrificing fairness. The UEFA Nations
League, introduced in 2018, follows a similar idea, too: the national
eams are grouped into four leagues of different strengths with a
romotion and relegation system (Csató, 2022b; Scelles et al., 2024).

Balanced groups reduce the competitive intensity of the group
stage in order to increase the quality and competitive intensity in the
ext stage. As far as we know, it has never been considered whether
his trade-off is the best solution with respect to the overall quality
nd competitive intensity of the tournament. According to Olson and

Stone (2014), although organizing the playoffs with more players can

https://julienguyon.github.io/UEFA-draws/
http://probability.ca/fdraw/
https://julienguyon.pythonanywhere.com/uefa_app/
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increase suspense in the playoffs, the total suspense over the whole
ournament actually decreases. It is nevertheless desirable if the most
ttractive matches are played near the end, culminating in an exciting
inal match.

Draw constraints can also be used to increase attractiveness. For
example, FIFA maximizes the number of inter-continental games during
the group stage of the FIFA World Cup to make it a unique tournament

ith matches never seen in continental championships. Csató (2022b)
hows that restrictions in the group draw can decrease the probabil-

ity of matches that are potentially vulnerable to manipulation, and
he suggested framework may be used to avoid any kind of matches

specified by the organizer. However, according to Section 5.2, the
usual draw mechanisms cannot guarantee uniform distribution in the
presence of draw constraints. A thorough analysis of this trade-off poses
n interesting direction for future research.

6. Scheduling

The schedule of a tournament designates the order of the matches.
ypically, the schedule is subject to many different constraints from
arious stakeholders that should be satisfied (Durán, 2021; Rasmussen

& Trick, 2008; Ribeiro & Urrutia, 2012). Some constraints may be soft :
hey can be violated but this comes with a penalty, which allows trade-
ffs between different desiderata. Developing a schedule for a single
ound robin tournament without any constraint is easy (de Werra,

1980). However, the problem becomes  -hard as soon as some costs
eed to be minimized (Briskorn et al., 2010).

6.1. Efficacy

Compared to other design criteria, the scheduling literature is much
less concerned about efficacy. Nevertheless, the schedule may have an
impact on the efficacy of the tournament. Several empirical papers
investigate whether the order of the matches in two-legged clashes in
knockout tournaments matters, but the results are mixed (e.g. Amez
et al., 2020; Flores et al., 2015). Jost (2024) identifies the conditions
nder which a team prefers to play first home, first away, or is indif-

ferent, depending on the size of home advantage, the relative strengths
of the two teams, and the tie-breaking rule.

In a theoretical work, Krumer et al. (2017) consider a single round
obin tournament with three symmetric players and one prize. The
layer that has no game in round 2 is found to have the highest
xpected payoff. In the same tournament with two prizes, the sequence
f the matches does not affect the winning probabilities if and only if
he second prize is valued at half of the first prize (Laica et al., 2021). In

a single round robin tournament with four players where no games are
layed simultaneously, there is a first-mover advantage: the player who
ompetes first in rounds 1 and 2 enjoys a significant advantage (Krumer

et al., 2017). These theoretical predictions are confirmed by historical
match outcomes from the FIFA World Cup and Olympic wrestling
tournaments (Krumer & Lechner, 2017).

Even if a round robin tournament is efficacious at the end of the
season, there are still concerns whether intermediate rankings reflect
he true strength of the opponents (see also Section 7.2.1). A crucial

issue is whether each team has played (approximately) the same num-
ber of games. The games played difference index (Suksompong, 2016)
s the minimum integer 𝑝 such that at any moment, the difference in
he number of games played between any pair of teams is at most 𝑝.

An integer program minimizing this measure is proposed by Van Bulck
and Goossens (2020). Goossens and Spieksma (2012b) call a schedule
-ranking-balanced if the difference between the number of home games
layed by any two teams up to each round is at most 𝑔. Ideally, the

sequence of the strengths for the opponents of each team is also as
balanced as possible over the tournament. Theoretical results about
such schedules are given by Briskorn (2009) and Briskorn and Knust
(2010). Briskorn and Drexl (2009) propose an integer program to
istribute the matches of each team against teams of a specific strength

group as evenly as possible.
12 
6.2. Fairness

Fairness is an important concept in sports scheduling, reflected
y the objective functions of many studies on constructing sports
chedules. Van Bulck et al. (2020) mention travel distance, breaks, and

the carry-over effect as possible objectives (besides the more general
osts and soft constraints); in this section, we also discuss rest times.
ypically, no schedule makes every team happy. Therefore, while most
f the literature deals with minimizing the global dissatisfaction with
he schedule (i.e. criterion efficiency), we particularly focus on how this
version is balanced over the teams (i.e. distribution equity). We refer
o Goossens et al. (2020) for a discussion of the trade-off between both

angles in the context of sports scheduling.

Travel distance. Balanced travel times are particularly important if
teams do not face each opponent an equal number of times at home
and away (e.g. in a 𝑘RR tournament with an odd 𝑘), or if a team can
make away trips, traveling directly from the venue of one opponent to
the venue of the next without returning home – as in the well-known
traveling tournament problem, see e.g. Irnich (2010) and Ribeiro and
Urrutia (2007).

Surprisingly, the relatively large literature on the traveling tour-
nament problem has focused exclusively on minimizing total travel
distance, ignoring the matter of balancing the travel distance over the
teams. Durán et al. (2021) balance the travel distances of the teams in
six Argentinean youth football divisions that play a SRR. Their solutions
have been effectively implemented since 2018. Osicka and Guajardo
(2023) adopt a cooperative game theoretical framework to allocate
the travel distances among the teams according to different notions of
fairness. They also study the trade-off between minimizing total travel
and maximizing fairness.

Breaks. A break occurs if a team plays two consecutive games at home
r away, which is considered undesirable. Consecutive home games
ave a negative impact on stadium attendance (Forrest & Simmons,

2006), and consecutive away games can result in substantial revenue
loss (Durán et al., 2017). Breaks are especially deemed unfair at the
eginning and the end of the season (Goossens & Spieksma, 2012b).
he group stage of the UEFA Champions League has, for instance, been
layed without breaks in the first or last rounds for any team.

The definition of a break may depend on other characteristics of
the tournament. For example, the qualifications for the FIFA World
Cup are usually played in double rounds: the national teams play two
matches over a week, followed by a longer period without any matches.
Then the focus ought to be only on breaks in these double rounds. In
particular, away breaks in double rounds are worth avoiding because
they might imply a long period without home games and can mean long
travels within just a few days. Therefore, Durán et al. (2017) develop
n integer programming model for scheduling the South American

Qualifiers for the FIFA World Cup that minimizes the total number of
away breaks within double rounds. Their proposal was unanimously
pproved and has been used since the qualifiers for the 2018 World
up. Goossens and Spieksma (2011) even consider breaks between non-
onsecutive rounds, motivated by the idea of balancing the number

of midweek home games over the teams (see Goller & Krumer, 2020;
Krumer & Lechner, 2018 for empirical evidence that midweek games
re different from the usual weekend games).

Several studies attempt to minimize the total number of breaks,
oth from a practical and theoretical point of view (see e.g. Elf et al.,

2003; Rasmussen & Trick, 2007; Ribeiro & Urrutia, 2012; Ribeiro
et al., 2023b; Tanaka & Miyashiro, 2016; Van Bulck & Goossens,
2020; van’t Hof et al., 2010). Finding an equitable schedule with a

inimal number of breaks such that breaks are equally distributed
ver all teams, has also received some attention. For a SRR with 𝑛
eams, an equitable schedule where each team has one break exists (de

Werra, 1980). Fronček and Meszka (2005) show that a unique schedule
without breaks exists if one extra round is used (and hence each team
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has one round without a match). Miyashiro and Matsui (2005) propose
a polynomial-time algorithm to find an equitable schedule for a given
timetable of a round-robin tournament.

The carry-over effect. Player 𝑖 is said to give a carry-over effect to player
if another player 𝑘 plays against 𝑗 immediately after playing against
(Russell, 1980). It is considered unfair if a player systematically gives
 carry-over effect to the same player. Take, for example, the TATA
teel Chess Championship 2020. The winner of the tournament, Fabiano
aruana, was ranked second in the world at that time. Remarkably,
aruana played in 10 of the 13 rounds against someone who had played

n the previous round against Magnus Carlsen, the number one player
n the world at that time. According to Lambers et al. (2020), this

schedule gave Caruana an unfair advantage, letting him play often
against opponents who were ‘‘exhausted’’ or ‘‘depressed’’ after (losing)
their match against Carlsen. On the other hand, Goossens and Spieksma
(2012a) find no evidence that carry-over has a significant impact on the
esults of Belgian professional football teams. Nevertheless, substantial

effort has been devoted to balancing the carry-over effects as evenly as
possible over all players (e.g. Anderson, 1999; Guedes & Ribeiro, 2011;
Henz et al., 2004; Kidd, 2010; Miyashiro & Matsui, 2006; Russell, 1980;
Trick, 2000).

Rest time differences. Shorter rest times are related to both increased
injury rates (Bengtsson et al., 2013; Dupont et al., 2010) and higher
levels of fatigue. This introduces an element of unfairness if a team
with a fully rested squad plays against a team having a short rest
time (Scoppa, 2015). Indeed, Bowman et al. (2022) find that in the
NBA, back-to-back games are the single most significant factor affecting
team success. An easy way of reducing the differences in rest times
etween teams is to limit the total number of games per week for

each team (Knust, 2010). Other approaches are to directly minimize
he rest time differences between teams (Atan & Çavdaroğlu, 2018;

Çavdaroğlu & Atan, 2020; Durán et al., 2022; Tuffaha et al., 2023), or to
minimize an aggregated rest time penalty (ARTP) which gives a higher
weight to shorter rest times (Van Bulck & Goossens, 2020). Based on the
latter, Goossens et al. (2020) propose an integer program formulation
and a bi-criteria evolutionary algorithm to generate a set of so-called
equitably-efficient schedules. A schedule is equitably-efficient if no
chedule exists with a smaller ARTP for one team, or with a smaller
RTP for a worse-off team at the expense of a better-off team, without
orsening the ARTP of the other teams compared to this schedule. They

apply and visualize this for a non-professional indoor football league,
allowing practitioners to make a well-informed trade-off.

Unsurprisingly, there exist unavoidable trade-offs between these
airness criteria. The distance minimization and the break maximization
roblems are equivalent if the distance between every pair of teams is
qual (Urrutia & Ribeiro, 2006). Craig et al. (2009) focus on the trade-
ff between minimizing travel distance for teams, avoiding sequences

of consecutive home or away games, and ensuring equity in rest times.
For a SRR with 𝑛 teams, the minimal number of breaks is 𝑛 − 2,
which is achieved (for instance) by the canonical schedule. However,
this schedule also yields maximally unbalanced carry-over effects for
an even number of teams (Lambrechts et al., 2018). Çavdaroğlu and

tan (2022), Goossens et al. (2020), and Günneç and Demir (2019)
iscuss the trade-off between minimizing breaks and balancing the
arry-over effect. Obviously, there are also trade-offs between fairness
nd organizational or financial criteria (see e.g. Goossens & Spieksma,

2009; Ribeiro & Urrutia, 2012).

6.3. Attractiveness

In the sports scheduling literature, basically two approaches exist to
eal with attractiveness. One approach assumes that the set of popular
atches is known or given by a broadcaster, possibly inspired by

tudies like Jakee et al. (2022), Krumer (2020) and Wang et al. (2018).
The schedule should then assign as many of these games as possible
13 
to commercially interesting timeslots, and avoid any overlap between
them. This approach has been reported in several practical applications,
rom e.g. Australian football (Kyngäs et al., 2017), football (Goossens

& Spieksma, 2009; Ribeiro & Urrutia, 2012), and volleyball (Cocchi
et al., 2018). Matsumura and Hasuike (2022) estimate the impact of
cheduling decisions on TV audiences for the Japanese professional
aseball league by multiple regression analysis to develop a schedule
hat maximizes the expected number of spectators. Domestic football
ompetitions occasionally shut down for some days due to periods
eserved for international matches played by national teams. According
o Pérez (2024), home wins have a lower probability after such an

interruption, which leads to greater uncertainty of outcome. Conse-
quently, the set of matches played immediately after ‘‘FIFA reserved
dates’’ needs to be chosen strategically.

The other, much less attempted approach tries to find a schedule
that is as attractive as possible given a prediction of match results,
or robust with respect to a subset of possible outcomes. Yi (2021)
proposes an implementer-adversary approach to dynamically develop
round robin schedules that maximize suspense, measured by how late
in the season the winner is decided. The algorithm works by generating
 set of scenarios (realizations of match outcomes) based on historical

data from betting odds. The implementer problem finds a schedule that
eveals the winner as late as possible, given the information about
atch outcomes. Next, the adversary problem finds a new (realistic)

scenario under which the generated schedule is the worst possible,
and this new scenario is added to the set of scenarios. The algorithm
continues until the implementer and adversary solutions converge.

We see at least two avenues for future research on improving the
attractiveness of tournament schedules. The first is to include match
importance measures (see Section 2.3.3) in order to obtain a schedule
that maximizes the total importance of matches over the season. This
can be easily done in a SRR with three or four teams; papers focusing on
takeless matches usually recommend an optimal (Chater et al., 2021;

Guyon, 2020) schedule. Using complete enumeration, Csató, Molontay
t al. (2024) have managed to solve this problem in a DRR with four

teams and some scheduling constraints. Given the complexity of these
easures, such an endeavor will be challenging computationally for

larger tournaments. The second avenue focuses on dynamic scheduling,
which means that the schedule is not computed and announced fully at
the beginning of the season, but is released gradually during the season.
Except for recent applications in the NFL (Bouzarth et al., 2020), in the
IFA World Cup (Stronka, 2024), and in e-sports (Dong et al., 2023),
ynamic scheduling has not received much attention in the literature.

Yet, it may have a great potential to improve the attractiveness of
tournaments, as recent information about the strength and ranking of
players can be taken into account in order to maximize the importance
of the remaining matches.

7. Ranking methods

The theoretical properties of ranking procedures have been widely
discussed in the literature. González-Díaz et al. (2014) provide a com-
rehensive axiomatic analysis of ranking methods for general tourna-
ents where the players may play an arbitrary number of matches

gainst each other. Applying maximum likelihood to the (Zermelo–
Bradley–Terry model (Bradley & Terry, 1952; Zermelo, 1929), and

the generalized row sum, a parametric family of ranking methods
introduced by Chebotarev (1994), turn out to be the most appealing by
atisfying all reasonable axioms that are compatible with each other.

7.1. Efficacy

While efficacy in the context of tournament formats and seeding
rules refers to the ability to rank the players according to their true
(but hidden) strength, the efficacy of a ranking method usually refers
to its predictive power, the ability of a ranking to accurately predict
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Table 3
Papers on the efficacy of ranking methods.

Study Application Best Worst

Govan (2008) NFL
NCAAF
NCAAB

Massey Keener

Lasek et al. (2013) National football teams Elo (eloratings.net) Network based

Gásquez and Royuela (2016) National football teams Elo (eloratings.net) (previous)
FIFA World Ranking

Chartier et al. (2011) NFL Massey, Colley PageRank

Barrow et al. (2013) MLB
MBA
NCAAB
NCAAF

–
Keener
–
Least squares

PageRank
Win percentage
–
–

Dabadghao and Vaziri (2022) NBA
NFL
NHL

(1, 𝛼)
(1, 𝛼)
(1, 𝛼)

Elo
Win-loss
Win-loss

Csató (2024a) UEFA Champions League Elo (clubelo.com) UEFA club coefficient
l
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future matches. McHale and Davies (2007) test a previous formula
of the FIFA World Ranking from this perspective. Lasek et al. (2013)
ompare the predictive power of several methods for ranking national

football teams. The Elo rating is found to be a better indicator of
success than the old FIFA World Ranking, a result that is reinforced
by Gásquez and Royuela (2016). Indeed, FIFA reformed the World
Ranking in 2018 (FIFA, 2018). Nonetheless, the predictive power of
the current FIFA World Ranking can still be considerably improved
by incorporating home-field advantage and introducing a weighting by
goal difference (Szczecinski & Roatis, 2022). Somewhat analogously,
 variant of the Elo rating (Football Club Elo Ratings, http://clubelo.
om/) robustly outperforms the UEFA club coefficient in terms of

predictive accuracy for the UEFA Champions League (Csató, 2024a).
In round robin tournaments, the points scored in individual matches

are usually summed for each team, and the teams are ordered based
on the total number of points obtained (Section 2.2.1). Dabadghao
and Vaziri (2022) call this the win-loss method, which is compared
to other, more sophisticated ranking methods for the NBA, NHL, and
NFL. Although the win-loss method is used officially in these leagues,
it is the worst performing method for the NFL and NHL, and the
second worst for the NBA. An extension of the Markov method, which
is a pairwise comparison ranking method that uses Markov chains to
rate and rank the competitors, turns out to be the most efficacious
in each of the three cases. Barrow et al. (2013) and Govan (2008)
lso compare ranking methods in North American sports competitions.

Tiwisina and Külpmann (2019) develop a statistical model that assumes
only transitivity to describe the outcomes of sports matches, and applies
t to evaluate ranking methods. Scoring systems (3,1,0) and (2,1,0) are
ound to be close to each other and competitive with the Elo rating
n the German football league and NFL. Table 3 presents a concise

overview of some of these results.
Standard scoring rules perform badly in settings where players play

 different number of matches and some pairs of players do not play
gainst each other, which is the case, for instance, in tennis. Radicchi

(2011) shows that a network-based ranking method has better predic-
tive power than other well-established methods. Bozóki et al. (2016)
nd Temesi et al. (2024) use the eigenvector and least squares methods
o derive all-time rankings for men and women tennis players, respec-
ively. Chao et al. (2018) use a similar methodology to rank players in

Go.

7.2. Fairness

Vaziri et al. (2018) introduce three criteria for the fairness of a
ranking: (a) the quality of a victory or defeat is taken into account
(opponent strength); (b) a team always has a clear incentive to win
a match to improve its rank (incentive compatibility); (c) a factor
14 
should not be considered if the teams have no direct control over it
(independence of the schedule). Opponent strength is often not taken
into account in round robin tournaments, but it can be important in
other tournaments. Incentive compatibility, which is basically equiva-
ent to the monotonicity properties of González-Díaz et al. (2014), is

not discussed in this survey (see Section 1). One might think that all
easonable ranking methods are independent of the schedule, but this
s not the case. In particular, the Elo rating depends on the sequence of
atches: if two teams play two games against each other such that one

s won by both teams, then winning the second game leads to a higher
ating (Csató, Kiss et al., 2024).

A possible interpretation of fairness is self-consistency, which re-
quires assigning the same rank for players with equivalent results, while
a player who performs better than another should be ranked strictly
igher. This fundamental axiom is however incompatible with two
ther reasonable properties on the set of general tournaments where the

players are allowed to play any number of matches against each other.
The first is independence of irrelevant matches (Csató, 2019a): the relative
ranking of two players should be independent of the outcome of any
match played by other players. The second is order preservation (Csató,
2019b): if player 𝑖 is not worse than player 𝑗 in two tournaments where
all players have played the same number of rounds, then their relative
ranking should remain the same even when the two tournaments are
aggregated.

However, these results do not imply that the axioms cannot be met
imultaneously on a restricted set of tournaments. In particular, the
hree properties above are satisfied in a round robin tournament if the
layers are ranked according to the number of points scored, provided
hat a tie is worth half of a win. Note that both the maximum likelihood
nd the generalized row sum ranking methods are score consistent, they
oincide with the ranking based on scores on the set of round robin
ournaments (González-Díaz et al., 2014).

7.2.1. Round robin tournaments
Ranking in a round robin tournament usually does not necessitate

taking the strength of opponents into account because any two play-
ers play against the same set of opponents (themselves disregarded).
However, this does not hold in an incomplete tournament.

During the COVID-19 crisis, almost all sports competitions were
uddenly shut down, and some of them never finished, accidentally
urning them into incomplete round robin tournaments. Obviously,
umming all the points obtained over the unfinished season does not
esult in a fair ranking, since the strength of opponents can substantially

differ between the teams.
Thus, several ranking methods that take the strength of opponents

into account have been proposed in order to construct a fair ranking. In
particular, the method of Gorgi et al. (2023) measures the performance

http://eloratings.net
http://eloratings.net
http://clubelo.com
http://clubelo.com/
http://clubelo.com/
http://clubelo.com/
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of the teams in the previous matches of the season and predicts the
remaining non-played matches through a paired-comparison model.
Van Eetvelde et al. (2023) develop a tool to calculate the probabilities
of possible final rankings. Csató (2021a) identifies a set of desired
axioms for ranking in these incomplete tournaments and verifies that
the generalized row sum satisfies all of them.

7.2.2. Knockout tournaments
Bahamonde-Birke and Bahamonde-Birke (2023) find that in home-

away clashes between two teams, the advantage that the team closing
the series at home enjoys can be countered to some extent by valuing
away goals over home goals in the event of a tie. However, UEFA
decided to abolish this away goals rule in its competitions starting from
the 2021/22 season. Note that this issue is also related to scheduling
in knockout tournaments, see Section 6.1.

Among all topics of tournament design, penalty shootouts have
received probably the most serious attention in the economic literature;
highly influential empirical works are Apesteguia and Palacios-Huerta
(2010), Kassis et al. (2021), Kocher et al. (2012), and Palacios-Huerta
(2014). There are also several suggestions to improve the fairness of
enalty shootouts as a tie-breaker by changing the standard shooting
rder, which are summarized in Csató and Petróczy (2022).

7.2.3. Swiss system tournaments
In a traditional Swiss system tournament, the players are paired

using a set of complex rules, which basically aim to ensure that the
opponents have a similar running score (see Section 3.2.3). Take two
players 𝑖 and 𝑗 who finish with the same score such that 𝑖 has scored
most of its points at the beginning of the tournament, while 𝑗 has scored
most of its points at the end of the tournament. Consequently, the
opponents of 𝑖 have probably higher scores than 𝑖 (it is unlikely that all
of them show the same decline in performance as 𝑖) and the opponents
of 𝑗 have probably lower scores than 𝑗 (it is unlikely that all of them
show the same improvement in performance as 𝑗).

As we have seen in Section 2.2.1, the strength of opponents is
considered by some tie-breaking rules; for instance, the Buchholz score
adds the scores of all opponents. However, taking the strength of
opponents into account only in breaking ties is obviously insufficient. In
the situation above, player 𝑗 might easily score marginally more points
than player 𝑖 by playing against much weaker opponents. Csató (2021c,
Chapter 1.2) presents an example from the 2011 European Team Chess

hampionship Open tournament: Serbia scored 10 and France scored
9 points but their Buchholz scores were 152 and 179, respectively.
Therefore, ranking Serbia above France can be easily debated. Csató
(2013, 2017) have proposed novel methods, however, the optimal
rade-off between the number of points scored and the strength of the

schedule remains unknown.

7.3. Attractiveness

It is probably harmful to attendance in any tournament if the final
position of a team is already secured, independently of the outcomes
of the remaining games. Csató (2023c) uncovers that tie-breaking rules
have a non-negligible role in this respect: the chance of a fixed position
n the group ranking can be reduced by at least two and usually five
ercentage points in the last round of a DRR with four teams if goal

difference and number of goals scored are the primary tie-breaking
criteria instead of head-to-head results.

Garcia-del Barrio and Reade (2022) show that interest in Formula
One decreases once the driver’s champion is known. Although a natural
olution would be to decrease the relative value of winning a race, this
ould increase the probability that a driver could win the competition
ithout winning any races – as happened in the 1999 Motorcycle
rand Prix 125cc. Csató (2023a) evaluates point scoring systems for
ormula One from this perspective, and finds that the current point

scoring system provides a reasonable compromise between these two
 r
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perils. Furthermore, it is competitive with the geometric scoring rules
proposed by Kondratev et al. (2023) based on axiomatic arguments.

Until the 1998/99 season, the NHL gave 2 points for a win, 1
oint for a draw, and 0 points for a loss. However, starting with the
999/2000 season, the league awarded one point for a loss in overtime
n order to decrease the frequency of overtime games ending in a tie.
he new scoring system has achieved the outcome intended by league
fficials but the ratio of overtime games has also risen as the total
eward has increased for games ending in overtime (Abrevaya, 2004).

Almost all round robin football leagues award a win by 3 points, a
draw by 1 point, and a loss by 0 points. This method was introduced
first in England in the 1981/82 season, and adopted by other tourna-
ments mainly in the 1990s. Moschini (2010) develops a game-theoretic
model that reflects the crucial strategic elements of a scoring system
where the value of a win is a parameter. The empirical results are in line
with the model implications: the (3,1,0) system leads to a significant
increase in the expected number of goals and a decrease in the ratio of
draws. However, according to Guedes and Machado (2002), a higher
eward for victory induces the weaker team to play more defensively
f the difference between the strengths of the two teams is sufficiently

high. The authors also find empirical support for this hypothesis.
There are many more papers on this issue. However, since an over-

whelming majority of them have been published in (sports) economics
ournals, they are not discussed here. The main message is probably
that changing ranking rules in order to increase the attractiveness of the
ournament may have unintended consequences. Hence, consultation
ith the scientific community before rule changes would not be a futile

xercise.

8. Conclusions and directions for further research

Our study has aimed to overview the tournament design literature
rom the perspective of operational research. A basic question of the
ield is the efficacy (i.e. the ability to rank all players according to

their true strength) of tournament designs. In the case of knockout
tournaments, seeding is usually found to have a significant effect on
both measures, although some works challenge this result. Fairness is
also an important aspect of tournament design but has no uniform def-
inition. Many papers call a tournament fair if it favors stronger players,
while other studies argue that players should be treated equally. The
importance, suspense, and quality of matches are also crucial criteria
for choosing a tournament design.

Unsurprisingly, round robin tournaments seem to be better at identi-
fying the true ranking of the competitors, while knockout tournaments
require fewer matchdays and do not contain unimportant matches. This
may explain why popular sports competitions, like the FIFA World Cup,
have adopted hybrid designs consisting of a round robin group stage
followed by a single knockout tournament. However, the traditional
group stage often becomes ‘‘boring’’, hence, there are recent attempts to
create imbalanced groups or replace groups with an incomplete round
robin tournament.

Based on the previous sections, several issues require further inves-
tigation by the operational research community. In particular, we think
more research is needed in the following areas:

Optimizing the number of contestants. What is the optimal number of
contestants for a tournament in terms of efficacy and attractiveness?
Changes in the number of contestants, increases as well as decreases,
have regularly occurred during the recent decades in practice; however,
these decisions seem to have rarely been based on scientific research.

Robustness of seeding policies. Recently, Engist et al. (2021) have found
no empirical evidence that seeding contributes to success in the UEFA
club competitions. Since this result is in contrast to the common
ssumption of the operational research literature, more studies are
eeded for other tournaments and sports to decide whether it is only
 statistical oddity or a more general finding. The robustness of the
optimal) seeding rule also requires further investigation since the true
anking of the players can only be approximated in practice.
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Constrained draw. If draw constraints exist, the currently used ran-
om draw procedures do not guarantee that all valid assignments are
qually likely. How can we develop draw mechanisms that respect
ll constraints (e.g. geographic, scheduling), are (approximately) fair,
ut still offer a transparent implementation that is appealing to a TV

audience? In particular, the issue is worth studying in the incomplete
round robin format, which contains an added complexity: all teams
should eventually be ordered in a single ranking, even though the teams
have faced different sets of opponents (determined by the draw).

Imbalanced groups versus incomplete round robin tournaments. It seems
that organizers attempt to increase attractiveness and guarantee more
matches between the top players by two different formats: deliber-
ately creating imbalanced groups (Section 5.3) or replacing the group
tage with a single incomplete round robin tournament (Section 2.1.1).

It remains an open question to what extent can these formats im-
rove our main design criteria. In particular, the novel incomplete
ound robin format of UEFA club competitions is foreseen to provide
reater fairness, a more dynamic ranking, and a higher level of sporting
nterest (UEFA, 2023). However, these expectations have not been

confirmed by a scientific analysis at the moment, except for a recent
tudy focusing on competitive balance (Gyimesi, 2024). It would also
e interesting to explore how a predetermined set of matches worsens
fficacy compared to the Swiss system.

Organizing incomplete round robin tournaments. The incomplete round
robin format of UEFA club competitions, introduced in the 2024/25
season, substantially increases the complexity of addressing the theo-
retical criteria discussed in our survey. The set of matches to be played
epends on the seeding rules and is determined by a draw. However, it
ay lead to an infeasible schedule (if the chromatic index of the regular

raph representing the matches exceeds the number of available match
days), in other words, the matches-first approach should consider at
least some scheduling constraints. On the other hand, the schedule-first
approach, when the teams are assigned to the already chosen slots, is
too rigid and may threaten the randomness of the draw (Guyon et al.,
2024). Finally, the properties of the ranking method are also affected by
the seeding regime and the set of matches to be played. Therefore, the
organizer needs to simultaneously take all these aspects into account,
and their optimal treatment seems to provide serious challenges for OR
in the coming years.

Dynamic scheduling. What flexibility remains to schedule the last half/
uarter of the tournament, once the first part has been played (see Lamb
t al., 2023 for some measures)? To what extent can extra information

(e.g. on which teams are still running for which prizes) be taken
into account? What is the impact of (partial) dynamic scheduling on
efficacy, fairness, and attractiveness? To reduce practical challenges,
the organizers could fix the home game days for each team at the
start of the season, and fill in the opponents gradually during the
season. How should each team’s home dates be set in order to maximize
lanning flexibility for the later parts of the season? What is the trade-
ff between the ratio of matches that are scheduled dynamically and
he performance of the tournament with respect to the main design
riteria?

Multi-league scheduling. The extant literature focuses mainly on
cheduling a single league or tournament. How to deal with multiple
ournaments that are played simultaneously and linked with each other,
.g. through shared infrastructure, or players taking part in more than
ne tournament (Davari et al., 2020; Li et al., 2023)? To what extent is

scheduling linked with the grouping of teams into leagues (resulting
from a draw, promotion/relegation, or optimization over e.g. travel
distance)?
16 
Optimizing global ranking systems. How can the ranking methods of
sports federations be optimized to predict future performance? Can they
be improved by changing their methodology, or taking further factors
into account? To what extent can other tournament design choices
(format, schedule, draw, etc.) contribute to this accuracy? The issue
is important especially because global rankings are widely used for
seeding and the allocation of qualifying slots.

Tournament design is a research domain that has a strong link with
ractice. Practitioners and sports governing bodies will hopefully take
n interest in this survey, too. In recent years, the results of academic
esearch have frequently been adopted by sports administrators:

• FIFA has introduced a better ranking procedure for men’s national
teams in 2018 (FIFA, 2018) (Section 2.2.3);

• UEFA has modified the knockout bracket of the 2020 and 2024
UEFA European Championships to balance group advantages ac-
cording to the recommendation of Guyon (2018b) (Section 4.2.2);

• FIFA has reformed the draw of the 2018 and 2022 FIFA World
Cups inspired by Guyon (2014), see Guyon (2018a) (Section 5.2);

• The proposal of Durán et al. (2017) for a fairer schedule of the
South American Qualifiers for the 2018 FIFA World Cup has been
unanimously approved by the participants and is currently being
used (Section 6.2).

Governing bodies in sports can also learn from each other. Both the
IBA Basketball World Cup and the FIFA World Cup aim to maximize
eographic diversity in the group stage since maximizing intercontinen-
al matches is useful both for attendance and ranking purposes (Guyon,

2015). On the other hand, the 2023 World Men’s Handball Champi-
nship contained a group with two of the three African teams, another
roup with two of the four South American teams, while the number

of European teams varied between one and three in the eight groups.
The example of the 2022 FIFA World Cup draw warns that it

is worth consulting with the wider scientific community before rule
hanges are implemented. On 22 March 2022, FIFA released the de-
ails of this draw procedure, which treated the three placeholders of

the playoffs unfairly and threatened the balancedness of the groups
as discussed in Section 5.1. Even though Csató (2023b) immediately
realized the problem, it was clearly impossible to correct the mistake
before the draw happened.

Consequently, since governing bodies in sports quite often change
the design of their tournaments, usually driven by commercial motives,
and some innovative ideas repeatedly emerge in practice, operational
research in sports will certainly remain a growing research field for the
coming decades.
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