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Abstract

We extend the theory of TU-games with utility functions, which is a generalization of TU-
games with restricted cooperation, to include dual games. By using the theory of dual games,
we define dually-u-essential coalitions and show that they characterize the u-prenucleolus
of u-balanced games. Additionally, we demonstrate that the intersection of u-essential and
dually-u-essential coalitions also forms a characterization set for the u-prenucleolus, provided
that the u-least-core is a proper subset of the u-core.

Keywords TU-games - Restricted cooperation - Prenucleolus - Least-core -
Characterization set - Dual game - Anti-prenucleolus - TU-games with utility functions

1 Introduction

The prenucleolus (Schmeidler, 1969) is a widely used solution concept for transferable utility
cooperative games. Its practical importance lies in minimizing the dissatisfaction of the most
dissatisfied coalition, making it particularly relevant for social, financial, and technical appli-
cations. Significant evidence of its value is its numerous variants and generalizations, such as
the per capita prenucleolus (Grotte, 1970, 1972), the weighted prenucleolus (Derks & Haller,
1999), the g-nucleolus (Solymosi, 2019), the modified nucleolus (Sudhélter, 1996, 1997),
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the general nucleolus (Maschler et al., 1992; Potters & Tijs, 1992), and the u-prenucleolus
(Dornai & Pintér, 2024).

From the viewpoint of this research, the most abstract generalization is the one by Potters
and Tijs (1992) and Maschler et al. (1992), called the general nucleolus. The main focus of
this paper is the u-prenucleolus (Dornai & Pintér, 2024), which is a generalization of the per
capita prenucleolus and the g-prenucleolus among others and a special case of the general
nucleolus.

One motivation for introducing utility functions applied to the excesses of coalitions is to
model scenarios where the relationship between different gains is inherently non-linear. For
instance, in economics, the concept of diminishing marginal utility illustrates how the value
or satisfaction derived from an additional unit of a resource decreases as more of that resource
is accumulated. By allowing for utility functions to operate on excesses, this framework can
capture such diminishing or varying returns in coalition gains more accurately than linear
models.

Additionally, the choice to apply utility functions specifically to the excess, rather than
other aspects of the game, is grounded in the nature of the excess itself. The excess represents
the actual surplus or “real” gain that a coalition can achieve beyond its assigned value. By
focusing on this surplus, utility functions can provide a nuanced evaluation of coalition
outcomes, reflecting not only the magnitude of gains but also the way these gains are perceived
or utilized by the players involved. This perspective enriches the theoretical framework and
expands the applicability of game-theoretic models to more complex and realistic settings.

The generalization of TU-games using utility functions is theoretically significant, as it
enables key results-such as the generalizations of the Bondareva-Shapley theorem and two
theorems by Katsev and Yanovskaya-to extend to the u-prenucleolus (Dornai & Pintér, 2024).
According to current knowledge, these results cannot be proven for the general prenucleolus.
Furthermore, the generalization of Huberman’s theorem (Huberman, 1980) to TU-games
with utility functions (Dornai & Pintér, 2024) allows its application to the per-capita prenu-
cleolus or even to games with an empty core, provided that the utility functions are chosen
appropriately.

Like other solution concepts, such as the Shapley value (Shapley, 1953), the prenucleolus
and the u-prenucleolus suffer from computational difficulty. Several algorithms compute the
(pre)nucleolus (Kohlberg, 1972; Solymosi, 1993; Perea & Puerto, 2013), but these algorithms
generally have a complexity of O(2").

However, for some classes of games like neighbor games (Hamers et al., 2003), permu-
tation games under certain conditions (Solymosi et al., 2005), tree games (Maschler et al.,
2010), and a large class of directed acyclic graph games (Sziklai et al., 2017), the nucleolus
can be computed in polynomial time based on the number of players. Additionally, some
heuristics provide efficient algorithms to find an allocation close to the nucleolus (Perea &
Puerto, 2019).

In addition, there are ongoing efforts to enhance the algorithms for computing the nucle-
olus. Benedek et al. (2021) presents an improved algorithm capable of handling games of
moderately large size by utilizing a refined version of Kohlberg’s criterion. This refinement
reduces the verification process to at most (n — 1) collections of coalitions for balancedness,
instead of an exponentially large number. Similarly, Koenemann and Toth (2023) introduces
a framework for designing efficient nucleolus computation algorithms and demonstrates that,
using this approach, the nucleolus of b-matching games on graphs with bounded treewidth
can be computed in polynomial time.

Although it is known that 2n — 2 coalitions are sufficient to characterize the prenucleolus
of an n-player game (Brune, 1983; Reijnierse & Potters, 1998), identifying these 2n — 2
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coalitions is not straightforward. For this reason, Granot et al. (1998) introduced the concept
of a characterization set, a set of coalitions that determines the prenucleolus by itself. They
also proved that if the number of coalitions in a characterization set is polynomial in the
number of players, then the prenucleolus can be computed in polynomial time.

Huberman (1980) showed that the family of essential coalitions is a characterization
set for the (pre)nucleolus in the case of balanced games. Dornai and Pintér (2024) extended
Huberman’s theorem, demonstrating that u-essential coalitions provide a characterization set
for the u-prenucleolus of u-balanced games. This result also generalizes Huberman (1980)’s
theorem to games with restricted cooperation.

Another characterization set for the (pre)nucleolus in balanced games was provided by
Solymosi and Sziklai (2016), who showed that the family of dually essential coalitions forms
a characterization set for the (pre)nucleolus. They also demonstrated that the intersection of
essential and dually essential coalitions provides a characterization set for the (pre)nucleolus
in balanced games if the grand coalition is vital.

In this paper, we define another variant of essential coalitions, namely the dually-u-
essential coalitions (Definition 12). We prove a variant of Theorem 7 on p. 420 in Huberman
(1980), claiming that the dually-u-essential coalitions form a characterization set for the
u-prenucleolus in u-balanced games (Theorem 15). This result also generalizes Theorem 10
on p. 522 in Solymosi and Sziklai (2016), which states that dually essential coalitions form
a characterization set for the (pre)nucleolus in balanced games.

Dually-u-essential coalitions are also a variant of u-essential coalitions (Dornai & Pintér,
2024). As in Dornai and Pintér (2024), we focus on games with restricted cooperation, adding
another layer of generality to our results. In Dornai and Pintér (2024), u-essential coalitions
are defined by considering u-core allocations. However, Dornai and Pintér (2024) suggests
that (Remark 1) instead of the u-core, the u-least-core could be used, and the redefined u-
essential coalitions would still form a characterization set in u-balanced games. Indeed, this
redefined class of u-essential coalitions is a subset of the previously defined class. Therefore,
using u-least-core allocations in the definition can potentially decrease the number of u-
essential coalitions, providing a smaller characterization set. In this paper, we will use this
latter definition.

To prove the theorem about dually-u-essential coalitions, we first define the dual of TU-
games with utility functions (and with restricted cooperation) (Definition 2). We define
generalizations of the anti-nucleolus, anti-prenucleolus, anti-core, least-anti-core, and dually
essential coalitions, namely the u-anti-nucleolus, u-anti-prenucleolus (Definition 5), u-anti-
core, u-least-anti-core (Definition 6), and dually-u-essential coalitions (Definition 12).

Additionally, we generalize Theorem 2.3 on p. 362 in Granot et al. (1998) about character-
ization sets of the prenucleolus to TU-games with utilities (and with restricted cooperation)
(Theorem 20). We also show that the intersection of the set of u-essential and the set of dually-
u-essential coalitions characterizes the u-least-core of u-balanced games if the u-least-core
is a proper subset of the u-core (Proposition 26). With the help of these results, we generalize
Theorem 11 on p. 523 in Solymosi and Sziklai (2016), demonstrating that the intersection
of the set of u-essential and the set of dually-u-essential coalitions forms a characterization
set for the u-prenucleolus in u-balanced games if the u-least-core is a proper subset of the
u-core (Theorem 27).

In summary, we significantly generalize the results by Huberman (1980), Granot et al.
(1998), Solymosi and Sziklai (2016), and Dornai and Pinter (2024). Our contributions extend
these findings in two key ways. First, we broaden the scope of the results to include games
with restricted cooperation. Second, we apply our generalizations to transferable utility (TU)
games with utility functions. Although a TU-game with restricted cooperation is formally a
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TU-game with utility functions, we emphasize these two layers to highlight the depth of our
generalizations. These enhancements lead to a deeper understanding of the (pre)nucleolus,
particularly regarding its computational properties.

The paper is structured as follows: In Sect. 2, we discuss the basic concepts and notations
used in the paper. In Sect. 3, we define the notions of TU-games with utilities and introduce
the dual of TU-games with utilities and related notions such as the u-anti-nucleolus, u-anti-
prenucleolus, u-anti-core, and u-least-anti-core.

In Sect. 4, we discuss a generalization of the lexicographic center algorithm for calculating
the u-prenucleolus-this algorithm is a special case of the lexicographic center algorithm for
calculating the general nucleolus by Maschler et al. (1992), and show a modification of this
algorithm, which can be used to calculate the u-anti-prenucleolus.

In Sect.5, we define the so-called dually-u-essential coalitions and generalize a theo-
rem of Solymosi and Sziklai (2016), proving that the dually-u-essential coalitions form a
characterization set for the u-prenucleolus of u-balanced games.

In Sect.6, we generalize a theorem by Granot et al. (1998) about characterization sets.
Using this theorem, we further generalize a result of Solymosi and Sziklai (2016), demonstrat-
ing that the intersection of the set of u-essential and the set of dually-u-essential coalitions
forms a characterization set for the u-prenucleolus of u-balanced games if the u-least-core
is a proper subset of the u-core.

All technical lemmata and their proofs are provided in the Appendix. Finally, in
Appendix 10, Table 1 summarizes the various notions considered in this paper and their
relationships to each other.

2 Preliminaries

Given a nonempty finite set of the players N and a function v: 2V — R such that v() = 0;
then v is called a TU-game (henceforth game for short). Let GV denote the class of games
with player set N, moreover, let the set of coalitions be denoted by P(N) := {S: S C N}
and the set of non-trivial coalitions be denoted by P(N):={SCN:S # @, S # N}. Let
Ds denote the class of partitions of set S € N except {S}.

Let A € P(N) be such that §, N € A, then A is called a set of feasible coalitions. In
this case, the function v: A — R is called a game with restricted cooperation. Let V-4
denote the class of games with restricted cooperation on A. If A = P(N) then V-4 = gV,
therefore each introduced concept for games with restricted cooperation is a generalization
of the related concept for classical games. )

Let A:= A \ {N, @} denote the set of non-trivial feasible coalitions, and let Dg“ ={B €
Ds: B C fl} denote the non-trivial A-partitions of set S € A.

A solution is a set-valued mapping from a set of games with player set N to RY. For
example, the core (Shapley, 1955; Gillies, 1959), the kernel (Davis & Maschler, 1965), and
the bargaining set (Aumann & Maschler, 1964). A value is a singleton valued solution, for
example the Shapley-value (Shapley, 1953) and the (pre)nucleolus (Schmeidler, 1969).

Let I(v) := {x € RY: DienXi = v(N)andx; > v({ihV{i} € A} and PI(v) :=
{x e RV: Y ien Xi = v(N)} denote the set of imputations and preimputations of a game
veghA respectively.

Given a game with restricted cooperation v € GV A a coalition S € A and a payoff a
vector x € R¥, the excess of coalition S by the payoff vector x in the game v is e, (S, x) :=
v(S) — x(S), where x(S) := ) ;g Xi-
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The core of a game with restricted cooperation v is the set of preimputations for which
the excess of every feasible coalition is non-positive:

core(v) := [x eRV: x(N) =v(N)and ¢,(S,x) <0, VS € /i] .

In case, the core is nonempty, we say the game is balanced.
The e-core of the game is the set of preimputations, for which the maximal excess is at
most g, that is

coreg (v) :={x € PI(v): maxe,(S,x) < ¢}.
SeA
Moreover, the least-core of the game is its smallest nonempty e-core.

The vector Ey(x) == [... > ¢e,(S,x) > ...: S € A] is called excess vector. It consists
of all the excesses in non-increasing order. The lexicographical ordering between x, y € R”
is the following: x <; y if x = y or if there exists k such that x; < y; and for everyi < k it
holds that x; = y;. The nucleolus is the set of imputations which lexicographically minimize
the excess vectors over the set of imputations, that is,

N@) :={x € I(v): Ey(x) <L Ey(y), Yy € I(v)}.

Moreover, the prenucleolus is the set of preimputations which lexicographically minimize
the excess vectors over the set of preimputations, that is,

PN@w):={x € PI(v): Ey(x) <p Ey,(y), Yy € PI(v)}.

A set of coalitions S C A is a balanced set system if there exist A.s € R, § € S, called
balancing weight system, such that
Z As XS = XN

SeS

where xs € RY is the characteristic vector of set S.

Given a game v € GV, then its dual is the game v*: 2 — R such that v*(§) =
v(N) — v(N\S), forall § € P(N).

Let AE denote the set of the complements of the sets from A4, that s, .A[3 ={N\S: S e A4}
Given a game with restricted cooperation v € GV, then its dual is the game with restricted
cooperation v*: ZAG — IR, such that v*(S) = v(N) — v(N\S) forall S € AC. Moreover,
let anti-1 (v*) := {x € PI(v*): v*(N\{i}) = x(N\{i}), YN\{i} € AB} denote the set of
anti-imputations of the dual game v*. Notice that 7 (v) = anti-7(v*).

Consider a game v € GV A a coalition § € AL and a payoff vector x € RN. Then
the satisfaction of coalition S by the payoff vector x in the dual game v* is fiy+(S, x) :=
x(8) — v*(S). Notice that if x € PI(v) then f,+(S, x) = ey (N\S, x). Let Fy=(x) :==[... >
for(S,x)>...: S € AG] denote the satisfaction vector of the dual game v*. It consists of
all the satisfactions in non-increasing order. The anti-nucleolus of the dual game is the set
of anti-imputations which lexicographically minimize the satisfaction vectors over the set of
anti-imputations, that is,

anti-N(v*) := {x € anti-I (v*): Fy«(x) <p Fp+(y), Yy € anti-1(v*)}.

Moreover, the anti-prenucleolus of the dual game is the set of preimputations which
lexicographically minimize the satisfaction vectors over the set of preimputations, that is,

anti-PN(v*™) :={x € PI(v*): Fy«(x) <[ Fy=(y), Yy € PI1(v")}.
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The anti-core of the dual of the game v is the set of preimputations for which the satisfaction
of any coalition from the complementer set of the set of feasible coalitions is non-positive,
that is,

anti-core(v*) := {x € PI(v*): f+(S,x) <0, VS € AC}.

3 Games with utility functions

In this paper, we focus on TU-games with utility functions. This notion was introduced by
Dornai and Pintér (2024). Each coalition has a utility function, and it is applied on the excess
by the coalition. Then solutions and values modify to u-solutions and u-values, respectively,
where u denotes the considered family of utility functions. Thereby, we get generalizations
of the nucleolus, prenucleolus, core and least-core, namely, the u-nucleolus, u-prenucleolus,
u-core and u-least-core respectively.

Next, we introduce the notions related to games with utility functions (for a more detailed
discussion of the notion please consult with Dornai and Pintér (2024)).

Consider a game with restricted cooperation v € GV, A utility functionu: A xR — R
is a family of functions ug, S € fi, such that u g is strictly monotone increasing, continuous,
the domain of ug is R and the ranges of ug and ur are the same for all S, T € A. This
common range is denoted by Ry.

The u-excess of coalition S € A by the payoff vector x € R in the game v is ug o
ey(S, x) 1= us(v(S) — x(S)) and the u-excess vector is E}}(x) 1= [--- > ug o e,(S, x) >
..., 85€ /i].

The u-(pre)nucleolus is the set of u-(pre)imputations, which lexicographically minimize
the u-excess vectors over the set of u-(pre)imputations, that is

Nu(v) :={x eu-I(v): E}(x) < E}(y) Vy € u-I(v)},
where u-/(v) := {x € PI(v): ugy oey({i}, x) <0, V{i} € A}, and
PNy(v) :={x € PI(v): Ey(x) < E}(y) Vy € PI(v)}.
Similarly, the u-core is defined as follows:
u-core(v) = {x € RN : x(N) = v(N) and us o e, (S,.x) < 0,¥S € A} .
If the u-core of a game is not empty then we say that the game is u-balanced.
Example1 N ={1,2,3}, A=P(N) and

0, if |S|=1o0r S = {1, 2},

4 if S ={1,3
o(s) = 1% 1 {1, 3},

-1, ifS={23},

2, ifS=N.

Let the utility function be a shift by —1, thatis us(t) = ¢t — 1 forall S € A. Then the
u-excess of coalition S by the payoff vector x is v(S) — x (S) — 1 and the u-prenucleolus of the
game is (2, —1, 1), which coincides with the prenucleolus. However, the u-core of the game
is the non-empty set: {x € PI(v): x; > —1,x;1 +x2 > —1,x; +x3 > 3, x2 +x3 > =2},

while the core of the game is empty.
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The idea of applying utility functions to games can be extended to dual games. Since
the feasible coalitions of the dual game are the complementer set of the feasible coalitions
of the primal game, we define the u-satisfaction of the dual game using the ug functions
corresponding to their complementers.

Definiti N, A - . . * N, AC
efinition 2 The dual of a game v € G with utility function u is the game v* € G
with utility function u* := [un\slge ac-

Notice that the dual of the dual game with utility function is the primal game with utility
function, because v** = v and u™* = ([un\slgc 40)" = lunm )l a0)e = luslge 4-

Example 3 Consider the following game with the percapita utility function: N = {1, 2, 3},

1, if|S| =1,
v(S) =42, if|S| =2,
6, ifS=N

and A = {1}, {2}, {1, 2}, {1, 3}}.

Then AB = {{2}, {3}, {1, 3}, {2, 3}}, v*({2}) = v*({2})) = 6 —2 = 4, v*({1,3}) =
v*({2,3}) =6 —1=5and v*(N) = 6 — 0 = 6. Moreover, let u be the percapita utility
function, thatis ug(t) = |tT| forall S € A. Then ufy (1) = uh (1) = £. Similarly, ufy 3 () =

upy 3 () = [=t

Definition 4 Consider a game v € GV and a utility function u. Then the u-satisfaction of
a coalition S € .AC by the payoff vector x € RY in the dual game v* is un\s o fux(S, x),
and the u-satisfaction vectoris Flu (x) :==[... > un\so fr(S,x) >...: S € AG].

The u-anti-nucleolus and u-anti-prenucleolus is defined with the u-satisfaction vectors:
Definition 5 Consider a game v € GV and a utility function u. Then the u-anti-nucleolus
of v* is the set of u-anti-imputations, which lexicographically minimize the u-satisfaction
vectors over the set of u-anti-imputations, that is,

anti-Ny (v*) = {x € w-anti- (v*): Fii(x) <p FX(y), Yy € u-anti-I (v*)},

where u-anti-1 (v*) := {x € PI1(v*): ugy o fur(N\{i},x) <0, VN\{i} € .AC}.
Moreover, the u-anti-prenucleolus of v* is the set of preimputations which lexicographi-
cally minimize the u-satisfaction vectors over the set of preimputations, that is,

anti-PNy(v*) = {x € PI(v*): Flx(x) <p Fi(y), Vy € PI(v¥)}.
Similarly, the u-anti-core of the dual game is also defined with the u-satisfactions:

Definition 6 Consider a game v € GV and a utility function u. Then the u-anti-core of the
dual game v* is the set of preimputations for which the u-satisfactions are non-positive:

u-anti-core(v*) = {x € PI(v*): uy\s o fux(S,x) <0, VS € AC}.
If the u-anti-core of a game is not empty then we say that the game is u-anti-balanced.

Example 7 Consider the game described in Example 3. u-anti-core(v*) = {x € R3: x| +
Xyt x3 =6, 270 <0, 850 <0, 20 <0 MG <o) = (x e R xy +ap 43 =
6,x2 <4,x3 <4,x2+x3 <5,x; +x3 <5}
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It is well-known that primal and dual games are related to each other as follows:
N(v) = anti-N(v*)
PN (v) = anti-PN (v*),
core(v) = anti-core(v*) ,
least-core(v) = least-anti-core(v*).

Similar relations hold in case of games with utility functions:

Theorem 8 Consider a game v € GV A and a utility function u. Then the following hold:

1. Ny(v) = anti-Ny(v*),

2. PNy(v) = anti-P Ny(v*),

3. u-core(v) = u-anti-core(v*),

4. u-least-core(v) = u-least-anti-core(v™).

Proof Forevery S € A, x € PI(v) it holds that
us o fyr(N\'S,x) =uso(x(N\S)—v*(N\S))
=ugo (x(N) —x(5) — (v(N) — v(S)))
=ugo (v(S) —x(S5)) =usoey(S, x).
3: Then it follows
u-core(v) = {x € PI(v): ugoey(S,x) <0, VS € A}
={x € PI(W"): ums o for(S.x) <0, VS € A}
= u-anti-core(v™) .
4: Similarly, for any ¢ € R

u-coreg (v) = {x € PI(v): maxug oey(S,x) < &}
SeA

={x € PI(v): maxugo fix(N\S,x) <¢}
Se A

={x € PI(v): max uy\s o fo(S, x) < &} = u-anti-core, (v*) .
SeA

Therefore, u-least-core(v) = u-least-anti-core(v*).

1-2: v*(N) = v(N) — v(®) = v(N), therefore PI(v) = PI(*) and u-I(v)
u-anti-7 (v*).

Since uso fr (N\S,x) = usoey(S,x)forall S € A, x € PI(v) we have that E}} (x) =
F.(x) forall x € PI(v). Therefore, Ny(v) = anti-Ny (v*) and P Ny(v) = anti-P Ny (v*). O

Example 9 Consider the game in Example 3. Then u-core(v) = {x € R¥:xi4+x+x3=
6, l—lxl <0, l—lxz <0, Z—xé—x3 <0, 2—x5—x2 < 0} — {x e R3: X1+ x2+x3 = 6,x1 >
1, xo > 1, x1+x3 > 2, x1+xp > 2}, whichequals to u-anti-core(v*) calculated in Example 7.

4 The lexicographic center method for games with utility functions

Later, we will use the lexicographic center method (Kopelowitz, 1967; Maschler et al., 1979),
hence here we shortly discuss it. More precisely, we discuss its u-modified version (Dornai
& Pintér, 2024).
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Let v € GV be a game with a utility function u. The modified lexicographic center
algorithm for calculating the u-prenucleolus of game v solves the following optimization
problems iteratively:

t — min
st.ugoe,(S,x) <1, Se A\ (UI;;(I)WV)

x € X1
t € Ry,

ey

where X := PI(v) and Wy := @, and for k > 1 #; denotes the optimum of (1) if it exists,
and

Xi = {x € Xp_1: usoen(S,x) <, VS € A\ (u’;;éw,)] ,
W ={S e A: des € R, suchthat ug o e, (S, x) = cs, Vx € Xi}.

Itis easy to see that 7 > 341 and X; D Xy forall k € N, and there exists k* such that for
all / > k* it holds that X+ = X;. Then according to Maschler et al. (1992) X+ = P Ny(v),
as discussed in Dornai and Pintér (2024).

Similarly, the modified lexicographic center algorithm for calculating the u-anti-
prenucleolus of the dual game v* solves the following optimization problems iteratively:

t — min
Stunso for(S.x) <1, §e A\ (u’;;éwf)

X € Xlg—l
t € Ry,

(@)

where X‘O’l := PI(v*) and W(‘)j ;=@ andfork > 1 t,f denotes the optimum of (1) if it exists,
and

X,f = {x € X,‘il sun\s o fur(S,x) < t,f, VS e AC \ (UI;;(I)W,d)} ,
wd = {S € AC: 3¢5 € R, such that fy\s o fue(S.x) = cs. ¥x € X;j} .

Again, it is easy to see that t,f > tde and X,f ) X,‘{iJrl for all k € N, and there exists

k* such that for all [ > k* it holds that Xy = X;. Since for every x € PI(v), S € A
us o ey(S,x) = ug o fy(N\S, x), we have that 1/ = #; and X¢ = X; foralli € N;. In
addition, we learned in Theorem 8, that the u-prenucleolus of the primal game equals the
u-anti-prenucleolus of the dual game. Therefore, we can apply the result of Maschler et al.
(1992), saying, that X¢, = anti-P Ny (v¥).

5 u-essential and dually-u-essential coalitions

In this section, we shortly discuss the notion of u-essential coalitions (Dornai & Pintér, 2024),
and a related result which generalizes Huberman (1980). In most of this section, we discuss
the notion of u-anti-essential coalitions and show that those form a characterization set of the
u-anti-prenucleolus for games having non-empty u-anti-core. Finally, using the results for
u-anti-essential coalitions, we show that dually-u-essential coalitions form a characterization
set for the u-prenucleolus of u-balanced games.

First, we consider the u-essential coalitions:
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Definition 10 Consider a game v € G- with a utility function u. A coalition S € A is
u-essential if either Dg“ = { or if there exists x € u-least-core(v) such that

ugoey(S,x) > max Z uroey(T,x).
BeDg“ TeB

Let &£} denote the class of u-essential coalitions of the game v.

Comparing the definition above to the one in Dornai and Pintér (2024) (Definition 6), we
can see that the two definitions are not the same. While in the version of Dornai and Pintér
(2024) the considered x is form the u-core of the game, in the definition above it is from the
u-least-core of the game. This approach yields a subset of u-essential coalitions as defined
in Dornai and Pintér (2024), resulting in a smaller set £}. Consequently, Theorem 11 is a
stronger result than Theorem 8 in Dornai and Pintér (2024). However, as noted in Remark 1 of
Dornai and Pintér (2024), this distinction does not affect the results discussed subsequently.
Therefore, we can rely on the proofs provided in Dornai and Pintér (2024).

The following theorem generalizes the result by Huberman (1980) and it is a reformulation
of Theorem 8 in Dornai and Pintér (2024). Remark 1 in Dornai and Pintér (2024) applies
here, and in the proof of Theorem 15 we use the same idea as the one that can be applied to
prove this theorem, hence we omit its proof.

Theorem 11 Consider a u-balanced game v € GNA, and let
Yi:={x € PI(v): usoey(S,x) <n, VS €&},
and for all k > 2 let
Ye o= {x € Xio1: usoey(S,x) <1, VS € EM\ (u’;;{wr)] .
Then Xy = Yy, forall k > 1.

In other words, Theorem 11 claims that the u-essential coalitions give a characterization
set for the u-prenucleolus of u-balanced games.
Now, we turn our attention to dual essentiality.

Definition 12 Consider a game v € G with a utility function u. Then a coalition S € AL
. . Lo e . . .
is u-anti-essential if Dg“ = { or if there exists x € u-least-anti-core(v*) such that

un\s © frr(S,x) > max > unr o fur(T,x).
AC
BeDy' ™ TeB

The complementer set of the class of u-anti-essential coalitions (of game v*) is called
the class of dually-u-essential coalitions (of game v). Let £, " denote the class of u-anti-
essential coalitions (of v*) and 81‘)1_“ denote the class of dually-u-essential coalitions (of

v).

Example 13 Consider an additive game with the pecapita utility function u, where N =
{1,2,3}, v({i}) = 1 foralli € N and A = {{1}, {2}, {1, 2}, {1, 3}}.

Then u-least-core(v) = wu-least-anti-core(v*) = {(1,1,1)} and AC = {12}, {3},
{2, 3}, {1, 3}}. X

The u-essential coalitions of the game are £ = {{1}, {2}, {1, 3}}, since D¢ = ¢ for all
S € EYandforall x € u-least-core(v) v({l,2};xl—xz) = 27;1 =v({1)—x1+v({2) —x2 =
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1 —1+ 1 — 1. Note that although {1, 3} is not singleton, it is u-essential by definition, since
it does not have a decomposition of feasible coalitions.
The u-anti-essential coalitions are &, Y = {{2},{3},{1,3}}, since for all three

.. iC . . .
of these coalitions Dg“ = (. {2,3} is not u-anti-essential, because for all x €
. o _ AC
u-least-anti-core(v*) 2H0=V(23D) _ xntn-d 0 and D 3, = {{{2), {3}}). Therefore

1
MaX s pd Lren UN\T © fur (T X) = 557 =0.

The dually u-essential coalitions of v are the complementer set of the anti-u-essential
coalitions of v*, hence 53 v ={{2},{1,3},{1,2}}.

Notice that the dually-u-essential coalitions (Definition 12) do not coincide with the u-
essential coalitions (Definition 10).

Consider the following notation: for a class of coalitions S C Aandt € Rlet X4 (S,1) =
{x e PI(v): UN\S © for(S,x) <t,VS € S}

Before proving the main theorem of this section, we need to prove that the u-anti-essential
coalitions characterize the u-least-anti-core. For this result we need Lemmata 29, 30, 31 and
Lemma 32 (see Appendix 5), which provides the main step in proving that the u-anti-essential
coalitions characterize the u-least-anti-core. When proving this lemma, it is important to
acknowledge that, unlike in the general case of TU-games, the utility functions prevent x from
bemg removed from the mequallty in Definition 12. Consequently, we must examine whether
x4 (A d) and X4 (Cem vt ) truly represent the same sets. (This result would have been
easier to prove if we had used P I (v) instead of u-least-anti-core(v) in Definition 12; however,
doing so would significantly increase the size of the set of dually-u-essential coalitions.)

We need Lemma 33 to show that not only x4 (AG td) = X4 (8“ v fl) (see Lemma 32),
but also £ = min{r: X4 (£ , 1) # ).

The following proposition is a corollary of Lemmata 32 and 33.

Proposition 14 Consider a utility function u, and a u-balanced game v € GNA, Let tf’/ =
min{z: Xd(é’f)’*_“, t) # B}, and X‘f/ = Xd(/in, tf/). Then the following hold: tf = tf/ and
xd — xd'
1= 41
Proof We know that tl/ < tl. Therefore, by Lemmata 32 and 33 we have that X‘l”” =
x4 (5 ) Xd(./AB t ). However, Xd(./ic, tii/) # () if and only if tld, > tii, hence
tl—tl andX‘li—X‘f. O
The following theorem states that the u-anti-essential coalitions form a characterization

set for the u-anti-prenucleolus of v*, if v is u-balanced.

Theorem 15 Consider a utility function u, and a u-balanced game v € gh-A and fork > 1
let

vi = {x e X ums o fur (S0 = f VS e £t}

Then X,‘f = Y,f for all k > 1. In other words, the u-anti-essential coalitions (of v*) form
a characterization set for the w-anti-prenucleolus of v*.

Proof X¢{ C Y{ forall k > 1 by definition.
By Proposition 14, we have that X f = Y]d . Therefore, Yld =X f = u-least-anti-core(v*).
Indirectly assume that there exists k > 2 such that X Z" 2 Y?, that is, there exists y*e ka
and S € (.ﬁc)\(gl‘ff“ U (Ulr‘;éWrd)) such that un\s o fo(S, y*) > t,f.
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. . iC

It follows from Lemma 28 that for all x € u-least-anti-core(v*) there exists By € Df‘ ,

By C &%, such that uy\s o fu«(S,x) < Y rep Ut © for(T, x). In particular, since
Y,f C u-least-anti-core(v*)

um\s o for (S, ") = 3 umr o fur (T, y").
TEB},*

Since u-anti-core(v*) # @, we have that uy\s o fi+(S,x) < 0, for all § e AE’ x €
X,‘j_l C u-least-anti-core(v*). Therefore, for any T € By« it holds that uy\g o fy+ (S, y*) <
un\r o for (T, y*). By Lemma 34, there exists T* € By« suchthat 7* ¢ Uff;(l) W<, Therefore,
un\s © fux(S, y*) < un\rx o fir (T*, y*) < t,f, which is a contradiction. O

The following theorem establishes the connection between characterization sets for the
u-prenucleolus of the primal game and characterization sets for the u-anti-prenucleolus of
the dual game.

Theorem 16 Consider a game v € GV A with a utility function u. Then a set system is a
characterization set for the u-prenucleolus of v if and only if its complementer set system is
a characterisation set for the w-anti-prenucleolus of v*.

Proof Let B C A be an arbitrary set system. In the first step of the generalized lexicographic
center algorithm (see Sect.4) for calculating the u-prenucleolus of v with respect to 3, we
have to solve the following optimization problem:

t — min

st.usoey(S,x) <t, SebB 3)
x(N) =v(N)
t € Ry

Since ey(S, x) = v(§) — (x(NV) — x(N\S)) = x(N\S) — (W(N) —v(S)) = x(N\S) —
v*(N\S)) Problem (3) is equivalent with the following problem
t — min
st.ugo (x(N\S) —v*(N\S)) <t, SeB @)
v(N) = x(N)
t e Ry
From the dual perspective Problem (4) can be reformulated as follows

t — min

stunys o fur(S,x) <t, SeBl
V*(N) = x(N)
t € Ry

(&)

Problem (5) is the f irst step of the generalized lexicographic center algorithm (see Sect. 4)
for calculating the u-anti-prenucleolus of v* with respect to BC. Therefore, if its optimum
exists then ¢t = tf, X = X‘f and W; = Wld.

Applying the steps in the lexicographic center algorithm for each k > 2 we have t;_; =
t,f_l (if the optimum exists), X;_1 = X,‘f_l and Wiy_| = W,f_l, and we have to solve the
following problem as the kth step of the algorithm

t — min

stousoey(S,x)<t, SeB\UIIW,
x € Xp—1
t € Ry
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or equivalently

t — min

s.touns o fr(S,x) <1, SeBl\UZiwd
X € X,‘f_l
t € Ry.

Therefore, if the optimum exists #; = t,f X = X,‘f and Wy, = W,f.
Summing up, for all k > 1 X; = XZ, hence the u-prenucleolus of v with respect to

B coincides with the u-anti-prenucleolus of v* with respect to BC. Moreover, B is a char-
acterization set of the u-prenucelolus of v if and only if B is a characterizaton set of the
u-anti-prenculeolus of v*. O

The following theorem is a corollary of Theorems 15 and 16.

Theorem 17 Consider a game v € GV A with a utility function w, such that v is u-balanced.
Then the dually-u-essential coalitions form a characterization set for the u-prenucleolus of
v.

6 The intersection of two characterization sets

Solymosi and Sziklai (2016) showed that the intersection of the set of essential coalitions
and the set of dually-essential coalitions is a characterization set for the nucleolus for games
without restricted cooperation, where the least-core is a proper subset of the core (Theorem
11 on p. 523 in Solymosi and Sziklai (2016)).

In this section, we show that the intersection of the set of u-essential coalitions and the
set of dually-u-essential coalitions is a characterization set for the u-prenucleolus for games
where the u-least-core is a proper subset of the u-core. Therefore we generalize (Solymosi
& Sziklai, 2016) in two directions: we consider games with restricted cooperation and we
consider games with utility functions.

First, we prove a generalization of Theorem 2.3 on p. 362 in Granot et al. (1998). In case
of games with restricted cooperation, the original conditions do not imply the equality of the
considered characterization sets, but only less:

Theorem 18 Consider a u-balanced game v € GN-A with the utility function u, and a set of
coalitions F C A, F £ (. Let v’ € GN-FIYW0} po o/ = v|FuiN,gy- If x € PNu(V'), and for
every S € A \ F there exists Fs x C F, Fs.x % ¥ such that

1. usoey(S,x) <uroey(T,x)foralT e Fsy,
2. xs €Lin{xr: T € Fsx U{N}},

then x € P Ny(v).

To prove this theorem we need Lemma 35 and a generalization of Kohlberg’s theorem
(Kohlberg, 1971).

Maschler et al. (1992) proposed a generalization of Kohlberg’s theorem for the general
prencucleolus (Theorem 7.2 on pp. 102-105 in Maschler et al. (1992)). The u-prenucleolus
is a special case of the general prenucleolus, therefore the following generalization of
Kohlberg’s theorem is a corollary of the result by Maschler et al. (1992):
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Theorem 19 Consider a game v € GN-A with a utility Sfunction u, and x € PI(v). Then
x is an element of the u-prenucleolus, that is, x € P Ny(v) if and only if D{l‘i(a, x)isa
bfllanced set of coalitions for every o such that D{l‘i(ot, x) # 0, where D{l‘i(a, x)={S €
A:ugoey(S,x)>al.

Now we are ready to prove Theorem 18.

The proof of Theorem 18 Since F C A we have that D] (a, x) C DA(oz x). Therefore, if
D (o, x) # 0 then DA(a x) # (. By Point /. 1fDA(a x) # ¥ then Df(oc x) # 0.

By Theorem 19, if x € P Ny(v') then for every « € R it holds that Df (o, x) is either
empty or balanced. If Df (o, x) = ¥ then by Point /. D{,‘i (o, x) =0.1f Df(oz, x) is balanced
then by Lemma 35 and Point 2. D{l‘i(a, x) is balanced as well. Therefore, by Theorem 19
x € PNy(v).

Notice that by Theorem 18 we have that P Ny(v') € PNy (v). In case of games with
restricted cooperation, we need an extra condition to get P Ny (v') = PNy (v).

Theorem 20 Consider a game v € GNA with a utility function u such that v is u-balanced,
and a set sytem F € A, F # @. Let v' € GN-FYNI be such that v/ = v Fun,g) and
X C PI(v) be such that P Ny(v), PNy(v') C X. Ifforeveryx € X, S € A\]—' there exists
Fsx € F, Fs.x # @ such that

1. usoey(S,x) <uroey(T,x)foralT e Fsy,
2. xs €Lin{xr: T € Fsx U{N}},
3. Foralla e R ifD(fl(x, «) is balanced then Df(x, «) is balanced,

Then F is a characterization set for P Ny (v).

Proof Take x € X C PI(v). Since F C A we have that Df(a, x) C D{l“(a, x). Therefore,
if DF (@, x) # ¥ then Dy (, x) # ¥. By Point 1. if Dy(«, x) # @ then DJ (a, x) # 0.

By Lemma 35 if DJ («, x) is balanced then Dy} («, x) is balanced. By Point 3. if Dz («, x)
is balanced then Df (a, x) is balanced.

By Theorem 19 x € PNy (v') if and only if for every @ € R it holds that Duf(oz, x) is
either empty or balanced. In the first paragraph we concluded that Dﬂ: (e, x) is empty if and
only if D!(e, x) is empty. In the second paragraph we concluded that D} (, x) is balanced
if and only if D(fl (a, x) is balanced. Therefore, by Theorem 19 x € P Ny(v) if and only if
x € PNy(V).

Since, for every x € X it holds that x € PNy(v) if and only if x € PNy(v') and
PNy(v), PNy(v') C X, we conclude that F is a characterisation set for P Ny (v). ]

Consider a game v € GV with a utility function u such that v is u-balanced. Then for
every S € A\ (551 ~"N&Y) itholds that either S is not u-essential or it is not dually-u-essential.
Indeed:

Case 1: If S is not u-essential then by Lemma 36 for every x € u-least-core(v) there exists

Bs € Dg‘i, Bs € &Y such that

ugoey(S,x) < Z ur oey(T, x).
TeBgs
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Case 2: If S is u-essential, that is, it is not dually-u-essential then for every x €
u-least-core(v)
ug oey(S,x) =us o (v(S) — x(S))
=us o (V(N) —v*(N\S) — (x(N) —x(N\S5))) ©)
=uso (x(N\S) —v*(N\S) =uso fx(N\S,x),

and by Lemma 28 there exists B € Dﬁfs, B < &57" such that ug o fi«(N\S,x) <
ZTEB UN\T © fv* (T, x). Then
uso fr(N\ S, x) < Y unr o fur (T, x)

TeB

= ZMN\T er(N\T,x) = Z ur OEU(T,X).

TeB TeRrC

)

Let By := BE - Sl‘f’“. Then by Eq. (6) and (7) we have that

usoe,(S,x) < Y uroey(T,x).
TeBs

Let adirected graph I'y, y (x) be defined as follows: the nodes are the coalitions of A\ Ern
55"“), and there is a directed edge from S to ', S, §' € A\(EY N 85‘“), if §” appears in the
partition or in the anti-partition of S, that is, if S’ € Bs\ (¥ N £47Y).

Remark 21 Note that since the considered partitions and anti-partitions can be arbitrarily
chosen, the graph I';, y(x) can be defined multiple ways. However, this does not make any
problem in our analysis, since we need only an instance of such graphs, we do not need to
consider all of them.

The following example illustrates the idea of the directed graph above.

Example 22 Consider the following game: N = {1, 2, 3, 4}, A= {{1}, {2}, {3}, {4}, {1, 2},
{1,3},{2,4},{1,2,3},{1, 2,4}, {1,3,4}, {2, 3,4}}, v({1h) = v({2) = 1.5v({3) =
v({4h = Lv({L,2}) = 35 v({1,3) = v({2,4) = 2,v({1,2,3}) = v({1,2,4}) =
v({1, 3,4} = v({2, 3,4}) = 4, v(N) = 6. Let u be the identity function.

The essential coalitions are: £, = {{1}, {2}, {3}, {4}, {1, 2}, {1, 3, 4}, {2, 3, 4}}.

The dual game is the following: v*({1}) = v*({2}) = v*({3}) = v*({{4}) =
2,v*({1,3}) = v*{2,4)h) = 4,v*({3,4}) = 2.5 v*{1,2,3}) = v*{1,2,4}) =
5,v*({1, 3,4}) = v*({2,3,4}) =4.5,v*(N) =6.

The anti-essential coalitions of the dual game are: €5 = {{1}, {2}, {3}, {4}, (3.4}, {1, 2, 3},
{1, 2,4}}. Therefore, the dually-essential coalitions of the original game are: El‘f =
{{1, 2,3}, {1,2,4},{1,3,4},{2, 3,4}, {1, 2}, {3}, {4}}.

Therefore, £} N 551_“ = {{3}, {4}, {1, 2}, {1, 3, 4}, {2, 3, 4}} and the nodes of the graph
are A\(é’;‘ N 551_“) = {{1}, {2}, {1, 3}, {2, 4}, {1, 2, 3}, {1, 2, 4}}.

For all § € A\(é‘;‘ N £47Y) there exists a Bs € EY partition (Case 1) or a B~ anti-
partition (Case 2) as described above. To define the graph, fix one of these coalition sets for
each coalition.

B4 = {{1}, {2}, {4}}, because v({1,2,4}) < v({1}) + v({2})) + v({4}) and
{1}, {21 4 c &)

Bp,ay = {{2, 3,4}, {1, 2, 4}}, because —v* ({1, 3}) < —v*({1}) — v*({3}) and {{2, 3, 4},
{1,2,4)} c g4
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Similarly, let By 2,3 = {{1}, {2}, {3}}, B3y = {{1,2,3}4{1,3,4}}, By = {{1,2},
{1,3,4}}, Bigy = {{1, 2}, {2, 3, 4}}
For an arbitrary x € u-core(v), I'y u(x) is the following

({2, 4} —{1. 2,4} {1}

{1, 3} —{{1.2,3) {2}

There is an edge from {2, 4} to {1, 2, 4}, because {1, 2, 4} € B{2 4y and there is an edge
from {1, 2, 4} to {1}, because {1} € By1 2,4, etc.

As mentioned in Remark 21, I'y 4 (x) can be defined in multiple ways depending on the
choice of the By partitions and anti-partitions. For example, By, 4) can be chosen as {{2}, {4}},
because v({2, 4}) < v({2})+v({4}) and {{2}, {4}} C &} and By1 3) canbe chosenas {{1}, {3}}.
Then the graph would be

Lemma 38 shows that the above defined graph is acyclic, if u-least-core(v) 7# u-core(v).
In Example 24, we show that if u-least-core(v) = u-core(v) then I'y, 4 (x) can be cyclic.

Remark 23 From a geometric perspective, the condition u-core(v) # @ and u-least-core(v) #
u-core(v) is equivalent to the u-core having maximal dimension (|N| — 1) or, equivalently,
to the u-core having a nonempty relative interior. This equivalence holds in the absence of
utility functions, and since utility functions homeomorphically transform the excesses, the
equivalence still applies.

Example 24 Consider the game from Example 13. We have already seen that & =
{{1}, {2}, {1, 3}}, 81‘)1_“ = {{2}, {1, 3}, {1, 2}} and wu-least-core(v) = {(1,1, 1)}. Since
u-core(v) = {(1, 1, 1)}, it equals the u-least-core.

EYNEITY = ({2}, {1, 3}}; therefore, A\(E N EI™™) = ({1}, {1,2}}. Letx = (1,1, 1) €
u-least-core(v).
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Then the nodes of I'y y(x) are {1}, {1, 2}. There is an edge from {1, 2} to {1}, because
”({1’2})2_x 1= vdl }1)_’” + ”({2}1)_’“2 ,hence {1} appears in the partition of {1, 2}. In addition,
there is an edge from {1} to {1, 2}, because x2+x3_f*({2’3}) < Xz_v;({z}) + x3_v;({3}), hence
{1, 2} appears in the anti-partition of {1}.

Iy.u(x) is cyclic:

{1,2} {1}

In the following example, we illustrate the idea behind the proof of Lemma 40. In particular,
we want to illustrate the idea behind the proof of the following: for a u-balanced game v, a
coalition S € A\(E,‘J‘ﬂé'{f’“), if u-least-core(v) # u-core(v), thenforall x € u-least-core(v),
there exists Fs x € £ N €g_“ such that ug o €,(S, x) < ZTE]:SX ur o ey(T, x).

Example 25 Consider the game of Example 22 with the identity utility function, x €
u-least-core(v), Bii24) = {{1},{2},{4}}, Bpa = {{2,3,4},{1,2,4}}, Bupzs =
{13, {2}, (31}, Buuzy = {{1, 2,3}, {1, 3, 43}, By = {1, 2}, {1, 3, 4}}, Bizy = {{1, 2}, {2, 3, 4}}

and I'y y(x):
(2. 4} —{ (1.2, 4} {1}

{1, 3} —f{1. 2,3} 2}

The game is u-balanced and u-least-core(v) # u-core(v). Consider the coalition S =
{2,4}. Let F/U’u(x) be the induced subgraph of I'y, y, (x) consisting only of the nodes {S}U{T e

fl\(S,‘} N Sl‘f’“): there is a directed path in I'y y(x) from S to T}, that is:

{1

{2, 4} (1.2, 4}]

{2}

Since I'y u(x) is acyclic, according to Lemma 38 I‘,’j’u(x) is acyclic as well. Therefore,
there is a topological ordering on the nodes of F{),u: T, = (2,4}, T, = {1,2,4}, Tz =
{1}, Ty = {2}.

v(S) =v({2,4) < Y u(T) =v({2,3,4) +v({1,2,4)), ®

TeB 2

where {2, 3,4} € £¥NEIY, but {1,2,4}) ¢ EYNEIY. Letus remove T» = {1, 2, 3} from the
sum by using v(7») < ZTGBTZ v(T). Then 7, = {{2, 3, 4}, {1}, {2}, {4}} gives the coalitions
appearing in the sum:

v({2,4})) = v({2,3.4) + v({1}) + v({2}) + v({4]). ®
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here {2,3,4}, {4} € EY N &Y, but {1}, {2} ¢ £Y N Y. Now we can remove T3 = {1}
from the sum as above by using Br;. Then 73 = {{2, 3,4}, {1, 2}, {1, 3, 4}, {2}, {4}} gives
the coalitions appearing in the sum:

v({2,4}) = v({2,3.4}) + v({L, 2}) + v({1, 3.4} + v({2}) + v({4]). (10)

here {2, 3,4}, {1,2},{1,3,4},{4} € £} N 55‘“, but {2} ¢ E¥ N S,ﬁl_“. Remove Ty = {2}
from the sum by using Br,. Then 74 = {{2, 3, 4}, {1, 2}, {1, 3, 4}, {4}} gives the coalitions
appearing in the sum:

v({2,4}) = 2v({2, 3,4} + 2v({1, 2}) + v({1, 3,4}) + v({4}), an

where 73 C &' N 851_“.

Finally, we have a set of coalitions (74) such that v(S) < ZTG% v(T)and Ty C S;‘ﬂfl‘f’“.
We can follow this idea, whenever I, y(x) is acyclic. The method for finding such a set of
coalitions is explained in more detail in the proof of the Lemma 40.

In order to apply Theorem 20 to prove that £* N £97Y is a characterization set for the
u-prenucleolus we must find a set X € PI(v) such that P Ny(v), PNy(v') € X, where
v e GN-ENET i such that v/ = V] cungd-u-

We know that PNy (v) € u-least-cvore(v) and PNy (v') C u-least-core(v’). Lemmata 42
and 43 state that u-least-core(v) = u-least-core(v’), hence we can apply Theorem 20 with
X = u-least-core(v) = u-least-core(v’).

Similarly to the notion in Sect.5, we introduce the following: for a class of coalitions
SCAandt e Rlet X(S,1) :={x € PI(v): usoe,(S,x) <t,V¥S € S}.

The following proposition is a direct corollary of Lemmata 42 and 43, hence we omit its
proof.

Proposition 26 Consider a u-balanced game v € GY-A with the utility function v, and
v = V| gungd-u. If U-least-core(v) # u-core(v) then u-least-core(v) = u-least-core(v').
v v

The following theorem is the main result of this section.

Theorem 27 Consider a game v € GN-Awitha utility function a such that v is u-balanced. If
u-least-core(v) # u-core(v) then Ef ~UNEY is a characterization set for the u-prenucleolus.

Proof 1If u-least-core(v) # u-core(v) then by Proposition 26 we have that u-least-core(v) =
u-least-core(v'), where v/ = V] cupgd-u- Therefore, P Ny(v), PNu(v') C u-least-core(v).

By Lemmad40forall S € A\(El‘f_“ﬂgl‘j‘),x € u-least-core(v), there exists Fg , < El‘f_“ﬂ
EY such that us o e, (S, x) < ZTE}-“ ur oey(T,x)and xs € Lin{xr: T € Fsx U{N}}.
Since for all T € Fg , it holds that ur o ¢,(T,x) < O we have that ug o €,(S,x) <
ur oey(T,x), forall T € Fg .

Moreover, by Lemma 39 for all « € R it holds that if D{,‘i(x, «) is balanced then

gduney .
W’ Y (x, «) is balanced.

Therefore, we can apply Theorem 20 on X = u-least-core(v), F = 55’ *Né&Y and
conclude that Sl‘f ~"'N &Y is a characterization set for P Ny (v). O

D,
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7 Conclusion

In this paper, we define a variant of essential coalitions, namely the class of dually-u-essential
coalitions, which generalizes the concept of dually-essential coalitions by Solymosi and
Sziklai (2016) to TU-games with utilities (Dornai & Pintér, 2024). Using this notion, we
prove a variant of Huberman (1980)’s theorem, which also generalizes a theorem by Solymosi
and Sziklai (2016), stating that the dually-u-essential coalitions form a characterization set
for the u-prenucleolus of u-balanced games.

Furthermore, we explore the dual of TU-games with utility functions and define the
u-anti-nucleolus, u-anti-prenucleolus, u-anti-core, u-least-anti-core, and dually-u-essential
coalitions.

In addition, we generalize a result by Granot et al. (1998) about characterization sets of
the prenucleolus to TU-games with utility functions. Leveraging this theorem, we generalize
a result by Solymosi and Sziklai (2016), demonstrating that the intersection of the set of u-
essential coalitions and the set of dually-u-essential coalitions forms a characterization set for
the u-prenucleolus, provided the u-least-core is a proper subset of the u-core. Furthermore,
we show that this intersection also characterizes the u-least-core under these conditions.

8 Lemmata and proofs for Sect. 5

Lemma 28 Consider a game v € GV with a utility function . Let S € AL be a non u-anti-

. .. . . AC
essential coalition (of v*). Then for every x € u-least-anti-core(v*) there exists B* € DSA
such that up\s o fu+(S,x) < X pepe Ut © for (T, x) and B* C £5.7"

Proof Since S is not u-anti-essential, by definition for each x € u-least-anti-core(v*) there
. AC
exists B € Dg‘l such that up\s o fu+(S,x) < > pcgumr o for(T,x). For each x €

. A0
u-least-anti-core(v*) let B(x) := {B € Dg“ sun\so fr (S, x) < ZTGB un\t o fox(T, x)},
and let B* € B(x) be such that for every partition B € B(x) it holds that |B*| > |B|.
Indirectly assume that there exists a coalition 7* € B* such that it is not u-anti-essential.

i i ; . .. n
Since T* is not u-anti-essential, by Definition 12 35’ € D;fl* such that un\ 7 o f+ (T*, x) <
> e Un\17 © fur(T’, x). Therefore,

un\s © for(S, x) < > um\rr © fur (T', x),
T'e(BA\(T*)UB'

and |(B*\{T'}) U B'| > |B*|, which is a contradiction. O

Lemma29 Consider a game v € GN-A with a utility function u, and t', 1" € R such that
" <t". Then X4(S,1") € X4(S,1").

Proof For every x € X4(S,t') it holds that x € PI(v*), and for all S € S:
un\s o fur (S, x) <t <1".
Therefore, x € X4(S, t”). |

Lemma 30 Consider a utility function w and u-balanced game v € GN-A. Then for every
tld < t it holds that both X4 (A", t) and X¢ (5;’[ ' t) are nonempty, convex and closed, where
tf is from Problem 2.
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Fig. 1 The relationships of the results of Sect.5

Proof By Lemma 29 Xd(fic, t) 2 Xd(AG, tf) = u-least-anti-core(v*). We know that
u-least-anti-core(v*) # @, hence Xd(flc, t) # ¥, and Xd(.flc, 1) C Xd(é';’f“, 1), because
€474 < AC. Therefore, X4 (97", 1) # 0 as well.

Let Hs := {x € RV: ups o fou(S,x) < 1}, forall S € AC. Then Hs = {x «
RN: £+(S,x) < u&{s(t)}, hence Hy is a closed half-space, therefore, it is convex and
closed. Xg = PI(w) = {x e RN: x(N) = v*(N)}is a hyperplane, therefore it is convex
and closed. Finally,

X9(AC, 1) = (x € PI(w"): uys o foe(S.x) <1 VS € AC)
= (Nye 40 Hs) N X§

hence X4 (AC, 1) is the intersection of convex closed sets, therefore, it is convex and closed.
Similarly, X¢ (Epr Y= (ﬂgegbl Hs) N Xg is the intersection of convex closed sets, hence
it is convex and closed. O

Lemma 31 Consider a game v € GN-A with a utility function w, and take x1,xy € RV,
se Al Ifun\s o fu(S,x1) <um\so fux(S, x2) then for every A € (0, 1) it holds that

un\s o fo<(S,x1) <un\s o fox(S,Ax1 + (1 —A)x2) <un\s o fur(S, x2).
Proof Let A € (0, 1), then

(Ax1 + (1 = 2)x2)(S) = Ax1(S) + (1 — A)x2(S).
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Therefore,
Jor (S, Ax1 4+ (1 = Mx2) = (Axg 4+ (1 = M)x2)(S) — v™(S)
= Ax1(8) 4+ (1 — Mx2(S) — A™(S) — (1 — MHv*(S)
= Afox (S, x1) + (1 = 4) fux (S, x2) .
Since u y\ s is strictly monotone increasing we have that
un\s o fux(S, x1) <umso fo (S, Axy + (1 —A)x2) <ums o fux(S, x2).

m}

Lemma 32 Consider a game v € GNA with a utility function u. If v is u-balanced, then
X4(AC, 1y = x40V 1),

v*
Indirectly assume that Ix! € X9( S tfl)\Xd (AL, tfi). This means that 35 e AC such
that

Proof Since 47" < AU, it holds that X7 (AC, 17) < X4(£%7°, 1%).

uns o for (S, x> 1. (12)

LetS,1 :={S € AC: uN\SofU*(S,xl) > tld}.ThenforallS € S,1itholdsthat S ¢ Sl‘f{“.

Let x* € X4 (.AC, tfl) be the closest point of set X¢ (flc, tfl) to the point x!. It is clear that
such x* exists, since Xd(N\f\, tf) is nonempty and closed by Lemma 30.

Since Xd(Eg,?“, tf) is a convex set, for every A € [0, 1] it holds that Ax* 4 (1 — Mxle
x4@Eam .

By Lemma 28 we have that for each § € S,1 there exists By C £.7", B € Dg‘ic such
that

NS © fur (S, %) < Y ung o for (T, x™) . (13)
TeBj

Since ! < Oandforallx € X4(£47", 1) and T € £% " itholds thatun\7 o fu+ (T, x) <
tf, therefore for all § € S

NS © fur (S, %) < Y ung o for (T, x*) <1 (14)
TeBs

By (12), (14) and the continuity of uy\s, for every S € S,1 there exists Ag € [0, 1] such
that

UN\S © fu (S, Asx* + (1 —Ks)xl) = tfi.

Let S € argmingcs | [|x* — (Asx™ + (1 —xg)x)|l, and let x2 = Agix* 4+ (1 —)le)xl.
Then

upst © fr (S, x%) = D7 umr o fir (T, %7),
Tel’j’z1

because tf <0andun\7 o fp(T, x2) < tld, forall T € B;l.
Then there are two cases:
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Case 1:
Up\s1 © for (8', x%) = Z unr o for (T, x%).
TEB’;,I

In this case, #{ = up\g1 0 fu= (S, x?) = Yres:, UNT © Sor (T, x%) < B 11 < 1

therefore zf = 0.
Then ZTGB; UN\T © for(T,x?) = 0, hence for all T € B;l it holds that uy\7 o
for (T, x%) = 0.
We know that g1 0 fyr (S, x1) > 1 > Yoren, UNVT o fy+(T, x") and that x(S') =
Yres:, x2(T) and x'(S") = Yrepe x'(T). Then x'(S") > x*(S') and 37" € By, such
N S
that x' (T”) > x2(T"). However, u N\7" is a strictly monotone increasing function, hence we

have that uy\77 o fu (T, x> tf, which is a contradiction, because x! € Xd(é',‘j*_“, tf).
Case 2:

UN\S! ofv*(Sl,xz) > Z UN\T ofv*(T,xz). (15)
TeBy,

Since forall S € fic\é‘xl it holds that uy\s o f«(S, xh < tf, by Lemma 31
UN\S © fu*(S,xZ) < tfl .
This means that for all S € (AL it holds that un\s o fu=(S,x%) < #{, hence x? €
X4(AC, ).

Since x* € X4 (AC, ti") is the closest point of set x4 (AG, tf) to the point x!, we have that

x2 = x*. However, then (15) contradicts (13). ]

Lemma 33 Consider a utility function w, and a u-balanced game v € GV Aandt € R. If
t < 1% then X4(AC, 1) = X497, 1) = 0.

Proof By the definition of tf (see Problem 2), we have that X< (AD, t) = ¢ and we know
that X¢(AC, 1) € X447, 1).

By Lemma 29, since t < tld, we have that X9 & c x4 &, tld). Furthermore, by
Lemma 32 it holds that X¢ (53*_“, tf) = x4 (/ic, tf) = u-least-anti-core(v*). Therefore,

x4@Ea 1y < x4 iy = X4(AL, 1) = u-least-anti-core(v*) .

Then for every x € X4(£%7", 1) and for every S € (N\A)\E% ™™ by Lemma 28 and by
the non-positivity of ¢, it holds that 38 € Dg‘lc, B C Sg[ " such that
NS © fur (S, %) < Y unr o fr (T, x) < 1.
TeB
Then x € Xd(ﬁc, t), that is, Xd(g‘f;‘[", 1) C Xd(./ic, t). Summing up, we can conclude
that X9 (€47, 1) = X4(AL, 1) = 0. a]

vE

Lemma 34 Consider a utility function v, and a u-balanced game v € GN-A. Consider
Problem (2), and let k be an arbitrary positive integer. Then for every S € AD\(UI;;é Wrd )

AC n —_
such that Dg“ # {0, and for every B* € Dg“ there exists T* € B* such that T* ¢ Uf:(l) wd.
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Proof k = 1: Then U/r‘:W,fi = @, hence for every B* € Dg‘ic it holds that T* ¢ Uf;é Wrd ,
forall T* € B*. C
k > 2: Indirectly assume that for every B* Dg‘l it holds that B* C Ulr:(l) Wrd . Then for

iC
every B* € Dg“ and x € X,‘QI

Un\s © fo+ (S, x) = uns o (x(S) — v*(S)) = unso ( Z x(T) — U*(S)>

TeB*

=unso ( > (g pler) +v5(T)) — v*(S)) :

TeB*

where c7 is a constant such that uy\r o fy«(T, x) = cr, forall x € de, where T € Wld.

Therefore, for each x, x’ € X,‘f_l it holds that un\s o fy=(S,x) = ums o fur(S, x")

k

meaning that S € Ur;(l) Wrd, which is a contradiction. O

9 Lemmata and proofs for Sect. 6

Lemma35 Let F € 2V be a balanced set of coalitions and S ¢ F be such that xs €
Lin{x7: T € FU{N}}. Then F U {S} is a balanced set of coalitions.

Proof F is balanced, hence there exist Ay > 0, T € F weight system such that
Z ATXT = XN -
TeF
xs € Lin{xr: T € FU {N}}, hence there exist k7 € R, T € F and ky € R such that
kvxn + Y krxr = xs-
TeF
Then there exists ¢ > O such that A7 — ¢k > Oforall T € Fand 1 4+ cky > 0.

AN = Z ATXT + €Xs — €XS

TeF
= Y O —ekr)xr — ekn Xy +eXs -
TeF
Therefore,
(I +ekn)xn =D rerr —ekr)xr +exs
Ar—ck
XN = Yier Tretn XT + Trery XS»
where )‘IZZ‘ZII‘VT > 0 and ﬁ > (. Therefore, the set 7 U {S} is balanced. O

Lemma 36 is a technical result. It is a variant of Lemma 3 in Dornai and Pintér (2024).
Remark 1 in Dornai and Pintér (2024) applies to this lemma, hence we omit its proof.

Lemma 36 Consideragamev € GN-Awitha utility functionu. Let S € fl\E},‘. Then for every

x € u-least-core(v) there exists B* € Dg“ such that us o ey(S,x) < Y pep«tr 0 ey(T, x)
and B* C &}
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Fig.2 The relationships of the results of Sect. 6

We need Lemma 37 to show the balancedness of certain set systems.

Lemma 37 Consider the set systems S, 7 C P(N) such that T C S, and a sequence of set
systems S = Fo, F1, Fa, ... such that

1. if Fy is balanced then F, 11 is balanced, for every n € N,
2. [T NFul <17 N Fuyil, foreveryn € N,
3. T C Fy then | Fy N (S\D)| > |Fop1 N (S\TI.

Then there exists n* € N such that Fn+ = T, and if S is balanced then T is balanced.

Proof By Point 3. there exist n* < |S\ 7| such that | F,« N (S\7)| = 0, that is, F+ C 7.
By 7 € S = Fp and Point 2. it holds that 7 C F;,, for all n € N, in particular 7 C F».
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Therefore, 7 = F,+, and by Point /. if S is balanced then for all n € N it holds that 7,
is balanced. In particular F,+ = 7 is balanced. O

Lemma 38 Consider a u-balanced game v € GN-A with the utility function u, and x €
u-least-core(v). If u-least-core(v) # u-core(v) then I'y y(x) is acyclic.

Proof Indirectly assume that the graph is not acyclic. Then there is a cycle Ty, T, ..., T, €
A\(ET N 53_“) such that
k1
1
ur, o ey(Ti,x) < ur, o ey(To, x) + Zus} oey(S;, x)
j=1
ky
ury o ey(Tg, x) < uzy 0 ey(T3, %) + Y ug 0 ey(S7, x)
J '
j=1

kr
ur, o ey(Ty, x) < ury 0 ey(T1, %) + ) ugr o ey(S], x),
=t
where By, = {Tj+1} U {Sj.}];":], i=1,...,r—1and By, = {T1} U {S;}/J‘.’:1 are the corre-
sponding partitions or anti-partitions.
Summing up the inequalities above, we have that

r kr
OfZZuS;er(S},x). (16)
i=1 j=1
By Eq. (16), we have that ug; o eU(S;, x)=0,foralli =1,2,...,r,j = 1,2,..., k.
] .
However, since x € u-least-core(v) # u-core(v), we have that u i o e, (Sj., x) < 0, for all
J

i=12,...,r,j=1,2,..., k-, which is a contradiction. O
We need Lemma 39 to show that Point 3. of Theorem 20 holds for the intersection of the

set of u-essential and the set of dually-u-essential coalitions, if u-least-core(v) is a proper
subset of u-core(v).

Lemma 39 Consider a u-balanced game v € GN-A with a utility function w, and x €
u-least-core(v). If u-least-core(v) # u-core(v) then the following holdf: if A is balanced

then E® N €47 is balanced. In addition, for all a € R it holds that if D («, x) is balanced

gungd-u .
then Dy’ ' («, x) is balanced.

Proof By Lemma 38, we have that I', ,(x) is acyclic, hence there is a topological order-

ing on its nodes 71, 72, .. ., T| A\Erngdu)- Then we can define the following sequence of
coalitions:
Fo=A,
Fo=Fat \{T}UBr, . n=12. JA\(ENneI™)],
Fp=Fu_1,n€N, n>]A\(EYNETY).

Let By, denote the partition or anti-partition of 7;, used in defining I, 4 (x). Next we check
the three conditions of Lemma 37:
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Point 1.: If F, is balanced then 1 is balanced, for every n € N.
Ifn > |A\(EY N 6’,‘)1_“)| then F,, = F,+1, hence Point /. holds.
Otherwise, if 7, is balanced then there exists (As)scx, > 0 such that

D hsxs=xn- (17)
SeF,

If Br,_, is the corresponding partition of 7,11, then T, 1| is not u-essential and

XTn-H = Z XT -

TEBTn+1

Therefore, Eq. (17) can be rewritten as

Yo hsxs+ DL My xr = XN,

SeF\Tut1) TeBr,,,

hence Fy 11 = (Fi\{T+1}) U Br,,, is balanced.
If Br,., is the corresponding anti-partition of 7,41, then T, is not dually-u-essential
and

X = x1— (Brl = Dxw .

TEBTnJrl

Therefore, Eq. (17) can be rewritten as

Z Asxs + Z At XT — AT UBT, 0 | — DX = xn

SeFu\{Tnt1} TeBr,

> dsxs+ Y. Apgxr = +Ag, (B, | — Dy

SE./T"\{Tn+1} TEBTn+l

As )‘Tn+1
Se]—'%anﬂ} 1+ }LT"“ (|BT"+1| -D o Te;iﬂ b+ )\T"H (lBTHI =D e

hence, Fr1+1 = (Fu\{T+1}) U Br,, is balanced.
Point 2.: [(EY N EY™™) N F,| < |(EY N EY™) N Fpq1], for every n € N.

Ifn > |A\(EXNEL™Y) | then F,, = Fyy1,hence |(EPNEI™NF, | = [(EXNET™™)NFtl.

Otherwise, since 711 = (Fu\{Tn41}) U Br,,,, where T, 11 ¢ (£ N Sg_“), the number
of coalitions in the intersection never decreases, that is, [(} N Sf‘“) NF.l < (E2N 55 N
j:n+1 |
Point 3.: If (EY N €97Y) C Fy, then | F, N (A\(EY NEI™M)| > | Fua1 N (AV(ET N EIY))].

By the topological ordering of the nodes (coalitions), forall i, j € Ny, i < j < |.A\ érn
Sl‘f_“)| it holds that 7; ¢ Brj. Therefore, T; ¢ F;. Since T; € F;—1 and if a coalition — not
from the intersection - is removed then it never comes back, we have that | F; N (A\ érn
EIT)] > [Firr N (AVEL NET™)L. )

In conclusion, by Lemma 37 we have that ﬁA\(Sgngig—u)‘ = (&N g;i—u), and if A is
balanced, then (£}' N 53"“) is balanced.

To prove the second part of the theorem, for each o € R consider the induced subgraph of
I'y.u(x) with nodes from (A\ érn Sg_“)) N D{:‘ (x, o). Let Ty, (x) denote this induced sub-
graph. It is easy to check that I'j , (x) is a directed acyclic graph, hence there is a topological

ordering on its nodes: T/, T4, ... T . 3 .
g 2 [(A\(EINES)NDA(x.e)|

@ Springer



Annals of Operations Research

Consider the following sequence of sets:

Fj =DAx, @)
Fr=(FL_ I UBr, n=1,2,..., (D{f‘(x,a)\(é’,‘jﬂé‘f’“) ,
F=F_, neN, n> (Df(x,ot)\(ﬁb‘ﬁ&fﬂ!)) .

The proof of that Points /. and 2. of Lemma 37 hold for the sequence of sets (F,) goes
as it goes for the sequence of sets (F,), hence we omit its proof. For Point 3. of Lemma 37
consider the following: .

Forevery n = 1,2, ..., [(D'(x, )\(EX N EI7"))| and S € By \(E¥ N EIY) it holds
that S is a node in I'y , (x). Indeed, since x € u-least-core(v), u-least-core(v) # u-core(v)
and ugs o ey (T,, x) < ZSEBT/ us o ey(S, x), we have that for every S € By it holds that

usoey(S,x) > ur oey(T,,x) > a.
Therefore, we can apply Lemma 37 and get that

!
(DA (x,a)\(EXNET™Y)]

u d—u A u d—u
= Dl(,g” (rengy ))(x, «) and that, if D{,“(x, «) is balanced then D,(f” ()N, (x,a) is
balanced. O

Lemma 40 shows that Points /. and 2. of Theorem 20 hold for the intersection of the set of
u-essential and the set of dually-u-essential coalitions, if u-least-core(v) is a proper subset
of u-core(v).

Lemma 40 Consider a game v € GNA with a utility function w such that the game is
u-balanced, and a coalition S € fi\(&‘)' N 5,‘)1’“). If u-least-core(v) # u-core(v) then
for every x € u-least-core(v) there exists B* C £ N Sff’“ such that ug o e,(S,x) <
Y repur oey(T,x) and xs € Lin{xr: B* U {N}}.

Proof If u-least-core(v) # wu-core(v) then by Lemma 38 I', ,(x) is acyclic. Take
the induced subgraph of I', y(x) consisting only of the nodes {S} U {T € f\\(é’l‘)‘ n
Sl‘f’“): there is a directed path in I';, y (x) from S to T'}. Let F;,u(x) denote this induced
subgraph. Then T, ,(x) is also acyclic, hence there is a topological ordering on its nodes:
T,,T»,...T,,where T} = S.

Consider the following sequence of sets:

To = {5},
Ty = (T \{TL,HUBg,, n=1,...,r.

By the definition of By, n =1,...,r

usoey,(S,x) < Y uroey(T,x),
TeT,

in particular

usoey(S,x) < ) uroen(T,x).
TeT,

Moreover, since for all 1 <i < j < r it holds that 7; ¢ BTj, and forall T € Br,\(&) N
53_“) we have that T is a node of the graph I'; , (x), we have that 7, € &' N 551_“.

@ Springer



Annals of Operations Research

Since for each n = 1, ..., r it holds that By, is either a partition or an anti-partition of
T,, we have that x7, € Lin{x7: T € By, U {N}}. If By, is a partition of 7, then

XT, = Y Xr-

TeBr,

If B7,, is an anti-partition of 7}, then

xt, = Y xr— (Bl — Dxn .
TEBTn

Therefore, foreveryn = 1, ..., ritholds that xs € Lin{xr: T € 7,, U{N}}. In particular
xs € Lin{xr: T € 7, U{N}}.

In conclusion, let B* := 7,.. Then B* C 53055‘“,145060(& x) <Y pepruroey(T, x),
and x5 € Lin{x7: T € B*U{N}}. O

Remark 41 Notice that Lemmata 29, 30 and 31 hold if one changes X4(S, 1) and u N\S ©
Sfv (S, x) for X(S, 1) and ugs o e, (S, x) respectively. The proofs are practically the same as
the proofs of Lemmata 4, 5 and 6 in Dornai and Pintér (2024) respectively, hence we omit
them.

Lemma 42 Consider a game v € GNA with a utility function u such that v is w-balanced. If
u-least-core(v) # u-core(v) then X (A, t1) = X(EY N Sl‘f’“, f).

Proof Since €Y N £47" C A it holds that X (A, r;) € X(E% N €471, 1), where 7 is from
Sect. 4.

Indirectly assume that 3x! € XeEn 55’_“, t1)\ X (A, t1). This means that 35S € A such
that

usoey(S,xH >1. (18)

LetS,1 :={S € A: ugoe,(S, x') > 11}. Thenforall S € S,1 itholds that § ¢ £*NEIY,

Letx* e X (fl, t1) be the closest point of set X (.A, t1) to the point x!. It is clear that such
x™* exists, since X (A, t1) is nonempty and closed by Lemma 30 and Remark 41.

Since X (&) ﬂé’;"“, t1) is a convex set, for every A € [0, 1] it holds that Ax* + (1 — Mxle
X(EYNEITY 1).

By Lemma 40 we know that for each S € S, there exists B € €% N €47 such that

usoey(S.x*) < Y uroe(T. x%). (19)
TeBj

Since t; < 0, for every x € X(EY N &Y™, #1) and T € Y N 47V it holds that ur o
ey(T, x) < t1. Therefore, for all § € S,

usoe,(S,x*) < Y uroe (T, x*)<n. (20)
TeBj

By Eqgs. (18), (20) and the continuity of ug, we have that for every S € S,1 there exists
As € [0, 1] such that

Us o ey (S, Asx® 4+ (1 —As)xl) =f.

Let S! € argmingeg , []x* — (Asx* + (1 — As)x" )], and let x? := Agix* + (1 — Ag)xl.
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Since 1 < 0 and u7 o ey (T, x2) <1, forall T € B;l we have that

MsloevS %2 ZurerTx) 21
TEB’;

By the choice of x2, Lemma 31 and Remark 41, for all § € S,
us oev(S,xz) <.
Since for all S € A\Sx, it holds that ug o e, (S, x!) < ;. By Lemma 31 and Remark 41
us er(S,xz) <f.

This means that for each S € A it holds that us o ev(S x2) < 11, hence x IS X(A ).

Since x* € X (.A t1) is the closest point of set X (.A t1) to the point x!, we have that

x2 = x*. However, then (21) contradicts (19). ]

Lemma 43 Consider a utility function u, a u-balanced game v € GNAandt e R. Ift <n
then X(A, 1) = X(EYNEIT 1) =0

Proof By the definition of #; (see Sect.4), we have that X (fl, t) = {. Moreover, we know
that X (A, 11) € X(EY N EX, 1y).

By Lemma 29, Remark 41 and that < #; we have that X(&! N Sl‘f_“, 1 C XENN
53_“, t1). Furthermore, by Lemma 42 it holds that X (&' N Sg_“, ) = X(fl, H) =
u-least-core(v). Therefore,

X(EYNEI™ 1) S X(EMNEI™ 1) = X(A, 1) = u-least-core(v) .

Then by Lemma 40 and by the non-positivity of ¢ for every x € X(E) N 53_“, t) and
S e A\EY N £47 it holds that IB C % N €471, such that

us oey(S,x) < Z uroey,(T,x) <t.
TeB

Thenx € X(.A t), thatis, X(S“ﬂé‘d Ut C X(.A t). Summing up, we can can conclude
that X(E* NEIY, 1) = X(A, 1) = 0. O

10 Summary

See Table 1.
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