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Abstract

We study a Bayesian persuasion model with two-dimensional states of the world,
in which the sender (she) and receiver (he) have heterogeneous prior beliefs and
care about different dimensions. The receiver is a naive agent who has a simplistic
worldview: while he knows the correct marginal distributions of the dimensions, he
ignores the dependency between the two dimensions of the state. As a benchmark,
we first characterize optimal disclosure when the receiver is rational, i.e. when the
receiver knows the correct prior distribution and thus shares a common prior with
the sender. Then, we provide a characterization for the sender’s gain from persua-
sion when the receiver is naive, and contrast our results to the benchmark. Finally,
we show that the receiver benefits from having a simplistic worldview if and only if
it makes him perceive the states in which his interest is aligned with the sender as
less likely.

Keywords Bayesian persuasion - Correlation neglect - Information design -
Misspecified prior

1 Introduction

Standard models of Bayesian persuasion assume that the sender (she) and receiver(s)
(he) care about the same dimension of the true state of the world. For example, in
their seminal paper Kamenica & Gentzkow (2011) consider a prosecutor (sender)
and a judge (receiver), both of whom are only interested in one dimension of the
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true state, that is whether the defendant is guilty or innocent. What if the sender and
receiver are concerned about different dimensions of the true state?

Consider a company that wishes to build a new factory and only cares about
the project’s profitability. In order to be perceived as environmentally friendly, the
company asks a sustainability consultant to evaluate the project and provide a rec-
ommendation on whether to continue or terminate it. However, the consultant only
cares about a different aspect of the project: its sustainability. Then how should the
consultant conduct her research to convince the company to continue the project
only when it is sustainable?

When considering multidimensional states of the world, however, a behavioral
aspect emerges: thinking about how multiple issues relate to each other is cogni-
tively demanding. Experimental and psychological evidence suggest that people find
it challenging to work with joint distributions of random variables (Shimojo & Ichi-
kawa, 1989; Zhao, Shah, and Osherson, 2009; Wolfe & Reyna, 2010) and tend to
underestimate or ignore the correlation between state variables or observed signals
(Kallir & Sonsino, 2009; Eyster & Weizsicker, 2011; Enke & Zimmermann, 2019).

In this paper, we study how the receiver’s simplistic worldview (i.e. treating
dependent state variables as independent) affects the sender’s ability to influence his
decision. We extend Kamenica & Gentzkow (2011) by (i) allowing for two-dimen-
sional states of the world and (ii) considering a behavioral receiver who ignores the
dependency of state variables. In particular, we model (if) by assuming the receiver
has a misspecified prior belief; while the receiver knows the correct marginal dis-
tribution for each dimension, he assumes that they are independent (which leads to
heterogeneous priors). We first characterize optimal disclosure when the receiver is
rational (i.e. he does not ignore dependency) as a benchmark. Further, we character-
ize the optimal signal for the case of a naive receiver (i.e. he assumes that dimen-
sions are independent), as well as for a receiver who has an arbitrary prior belief.
Finally, we analyze the welfare effects of the receiver’s simplistic worldview and
provide comparative statics on the receiver’s prior belief.

1.1 lllustrative example

Let us return to our example of a company and sustainability consultant. Both the
company and the consultant are initially uncertain whether the project is profita-
ble (P) or loss-making (L) and sustainable (S) or unsustainable (U). The company
chooses to either continue or terminate the project and only cares about its profit-
ability. Continuing the project when it is profitable and terminating it when it is loss-
making provide the company a utility of 1, otherwise, the company’s utility is 0. On
the other hand, the consultant only cares about the sustainability of the project. Con-
tinuing the project when it is sustainable and terminating it when it is unsustainable
provide the consultant a utility of 1, otherwise the consultant’s utility is 0.

Hence, the true state of the world has two dimensions, and the conflict of inter-
est depends on the joint distribution of the dimensions. First, suppose that the com-
pany is rational. That is, it shares a common prior with the consultant, where the
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Table 1 Prior belief distribution I P
U 0.5 0.15 0.65
S 0.2 0.15 0.35
0.7 0.3

prior distribution of the states is given as follows (with marginal distributions on the
sides) (Table 1).

The company asks the consultant to investigate the profitability and sustainability
of the project and provide a recommendation to either continue (c) or terminate (f)
it. Suppose that if the company is indifferent between continuing and terminating the
project, it continues. Since the project is initially more likely to be loss-making, the
company would (ex ante) prefer the project to be terminated (which yields expected
payoft 0.65 to the consultant and 0.7 to the company). However, the consultant can
improve her expected payoff by strategically disclosing information about the true
state of the world. Mathematically, the information disclosure can be represented
by a signal = that sends recommendations contingent on the state of the world. Con-
sider an optimal signal given as follows.

T . L) (U, P) (S, L) . P
c 0 0.33 1
t 1 0.67 0 0

First, observe that # recommends continuing with probability 1 when the pro-
ject is both sustainable and profitable (i.e. in state (S, P)) and recommends termi-
nating with probability 1 when the project is both unsustainable and loss-making
(i.e. in state (U, L)). This is intuitive since in these states the preferred actions of
the sender and receiver are aligned. However, observe that # recommends to con-
tinue the project with probability 1 also in state (S, L).! For this recommendation
to be persuasive, in state (U, P) the sender recommends to continue with a rela-
tively high probability of 0.33, despite the fact that she prefers to terminate since
the project is unsustainable. In particular, the consultant chooses the probability of
c in state (U, P) such that the company’s posterior belief that the project is profit-
able is exactly 1/2 and thus it chooses to continue. While the consultant’s expected
payoff of employing z is 0.95, which improves upon the case of no disclosure, the
company’s expected payoff from =z is 0.7, which is equal to the case of no disclosure.

Now suppose that the company is naive and ignores the dependency
between the states of the world due to insufficient knowledge of sustain-
ability. In other words, the company assumes that the dimensions of the true
state are independent, and thus has a misspecified prior. While the company

! Note that there also exists an optimal signal which does not recommend to continue with probability 1
in state (S, L).
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Table 2 Misspecified prior L P
belief distribution
U 0.455 0.195 0.65
S 0.245 0.105 0.35
0.7 0.3

knows the marginal distributions Pr(S) = 0.35 and Pr(P) = 0.3, it assumes that
Pr(S, P) = Pr(S) Pr(P) = (0.35) - (0.3) = 0.105.> The company’s simplistic world-
view (i.e. misspecified prior) is given as follows (Table 2).

Notice that the company now perceives states (S, L) and (U, P) as relatively more
likely than before. Therefore, the sender has two options to keep the recommenda-
tion persuasive: (i) recommend to terminate more often than before when the project
is loss-making (i.e. decrease probability of ¢ in (S, L)) or (ii) recommend to continue
more often than before when the project is profitable (i.e. increase probability of ¢
in (U, P)). In other words, the consultant needs to make the recommendation to con-
tinue more informative regarding the project’s profitability. It turns out that given the
misspecified prior of the receiver, it is optimal for the sender to follow the second
route.

z . L) (U, P) (S, L) . P
c 0 0.72 1
t 1 0.28 0 0

Indeed, when the project is unsustainable and profitable, the recommendation to
continue is sent with probability 0.72, while it was sent with probability 0.33 in this
state before. The consultant’s expected payoff of employing 7 is 0.892, still improv-
ing upon the case of no disclosure, albeit less than when the receiver is rational. On
the other hand, the company’s expected payoff from 7 is 0.758, which is higher rela-
tive to the case of having a correct prior belief (and also higher relative to the case
of no disclosure).’> Hence, while the company’s simplistic worldview benefits the
company, it is detrimental to the consultant.

The example illustrates how the receiver benefits from ignoring dependency
between the state variables. However, both the sender’s approach regarding disclo-
sure in states with misaligned preferences and whether the receiver benefits from
ignoring dependency crucially depend on the prior belief distribution. In fact,
the receiver might also be worse off due to ignoring the dependency of states. In
our analysis, we consider all possible prior belief distributions, provide a full

2 That is, the company assumes that Pr(P) = Pr(P|S).

3 Here, we use a misspecified model framework, which implies the existence of a correct prior belief
(corresponding to the sender’s belief). Thus, the naive receiver’s expected payoff is evaluated using the
correct prior belief.
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characterization of the sender’s gain from persuasion, and pin down the conditions
under which the receiver benefits from having a simplistic worldview.

1.2 Related literature

Our paper extends Kamenica & Gentzkow (2011) in two aspects and contributes to
three strands of literature. First, it relates to the literature on misspecified models.
The receiver in our model knows the correct marginal distribution of each dimen-
sion, yet, assumes that the dimensions are independent.4 Hence, the receiver pos-
sesses a misspecified prior belief about the states of the world. This naturally relates
to studies that consider correlation neglect, as they motivate the behavioral assump-
tion we make about the receiver. One main difference from such models (e.g. Levy
et al. 2022) is that the receiver in our model ignores dependency between states,
whereas most papers in the literature focus on the receiver neglecting correlation
between messages.’

Our findings share similarities with those from studies focusing on the political
applications of correlation neglect. Ortoleva and Snowberg (2015) show that cor-
relation neglect might lead to overconfidence in voters and that overconfidence is
an important predictor for ideological extremeness. In our model, the misspecified
prior belief of the receiver leads to the receiver having over-optimistic or over-pes-
simistic beliefs about the state of the world. Levy and Razin (2015) show that vot-
ers neglecting the correlation between their information sources might contribute to
higher political polarization in society, howbeit, voters might benefit from it. Simi-
larly, we illustrate that if the receiver ignores dependency between states then the
optimal signal might be more informative.®

Our behavioral assumption regarding the receiver alters his perception of the
joint belief distribution. Yet, there is no ambiguity about the message the receiver
observes. Eliaz et al. (2021a) consider a sender who can redact his message once it
is chosen, but the receiver only knows the message strategy and not the redaction
strategy. In a related study, Eliaz et al. (2021b) consider a sender who can attach
interpretations to messages. Unlike our model where the receiver’s perception of the
signal structure remains correct, both studies assume a distortion in the perception
of the signal structure.

# The study of errors in estimating the conjunctive probability of events has been prominent also in the
cognitive science literature (Wyer Jr, 1976; Tversky & Kahneman, 1983; Khemlani, Lotstein, and John-
son-Laird, 2015).

5 Eyster and Rabin (2005) introduce cursed equilibrium which assumes that players underestimate the
correlation between other players’ actions and information.

6 Che and Kartik (2009) study a disclosure game between a sender acquiring costly information and a
receiver, and also find that heterogeneity in the priors of the sender and receiver leads to more informa-
tion being disclosed. This also relates to studies that investigate: the informativeness of communication
protocols in different environments (Gentzkow & Kamenica, 2016; Ichihashi, 2019; Brooks, Frankel, and
Kamenica, 2022; Herings, Karos, and Kerman, 2024), how a receiver can strategize to increase the infor-
mativeness of the signal (Austen-Smith & Banks, 2000; Kartik, 2007; Ambrus & Egorov, 2017; Tsakas,
Tsakas, and Xefteris, 2021), and how different kinds of biases or reputation concerns might affect per-
suasion (Hagmann & Loewenstein, 2017; Augias & Barreto, 2020; de Clippel & Zhang, 2022; Li, 2022).
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Second, our paper contributes to the literature on Bayesian persuasion with heter-
ogeneous priors. The study that comes closest to ours is Alonso and Camara (2016),
which consider a general setup and mainly focus on conditions under which persua-
sion has value for the sender. Thus, their insights are particularly illuminating in the
context of state-independent (sender) preferences. Meanwhile, we focus on a sender
with state-dependent preferences, so our sender always benefits from persuasion.
Moreover, we study the implications of interplay between the ex ante preference
alignment (as captured by the prior) and the heterogeneous priors for the sender’s
persuasion capability. Another difference with our study is that they do not consider
an interpretation of a finite state space as two correlated random variables, and thus
do not focus on the effect of correlation neglect. Meanwhile, this constitutes one of
the main focus points of our paper. Finally, the specific assumptions we make allow
us to characterize the specific form of optimal signals for arbitrary prior beliefs.

Kosterina (2022) analyzes optimal disclosure when there is ambiguity about the
receiver’s prior. In particular, the sender only knows that the receiver assigns prob-
abilities to the states that are above a certain threshold.” While we also consider
a sender and receiver who disagree on the prior, in our setup this is also common
knowledge. In a result similar to ours, the author shows that the effect of ignorance
on the receiver’s welfare is ambiguous. However, while in her model the receiver
always strictly prefers an ignorant sender over a perfectly informed one, in our
model the sender might prefer a receiver that has a correct prior to one that does not.

Third, our study relates to the literature on persuasion with multidimensional
state variables. Rayo and Segal (2010) consider a model of information disclosure,
in which the sender’s expected payoff is the product of posterior mean of the send-
er’s and receiver’s dimension of state, and characterize optimal disclosure. Tamura
(2018) studies optimal disclosure in a more general setup similar to the model in
Rayo and Segal (2010). In a related study, Dworczak and Kolotilin (2019) charac-
terize the optimal persuasion mechanism when the state is two-dimensional and
the objective is quadratic. Malamud and Schrimpf (2021) study a model where
the sender observes the multidimensional state and show that it is optimal for the
sender to “reduce” the dimensions of the state. All studies above consider a rational
sender and receiver. In contrast, our paper considers implications of the receiver’s
ignorance regarding the connection between the dimensions of state for the optimal
signal and welfare. Babichenko et al. (2022) consider a sender who provides infor-
mation to a receiver about a product, where each dimension represents a different
attribute of the product. The authors extend the standard model also by assuming the
sender does not know the utility of the receiver and wishes to minimize regret and
show that ignorance of the utility of the receiver is extremely harmful to the sender.
We, on the other hand, assume that agents have complete information about the util-
ity functions, yet, the receiver incorrectly assumes independence of the dimensions.

7 In a related study, Galperti (2019) considers a setup in which the receiver assigns very low (or zero)
probability to some states of the world and the receiver is persuaded in those states only when the evi-
dence is sufficiently surprising.

@ Springer



Persuasion with simplistic worldviews

2 Preliminaries
2.1 The model

A sender (she) wishes to persuade a receiver (he) to take an action depending on the
true state of the world. Let Q = X X R be the set of states of the world, such that the
sender’s payoff depends only on X = {6, 6, } and the receiver’s payoft depends only
on R = {py, p,}. Foreach k,Z € {0, 1}, let w,, = (0}, p,;) € Q.

We start by considering a rational receiver, hence, the sender and receiver
share a common prior belief 4 € A(Q2) about the true state of the world. For each
k., € {0,1}, let y,, = Pr(c;, p,) and let the marginal distributions be denoted as
u(o,) = Pr(o},) and u(o,) = Pr(p,). The distribution u is presented in Table 3 with
marginal distributions given on the sides.

Communication, actions, and beliefs. The receiver’s action set is binary and
given by A = {0, 1}. A signal consists of a set of messages M = {0, 1} and a family
of distributions {7 (-|®)},cq over M. That is, # : Q — A(M) maps each state of the
world to a probability distribution over the two messages. Thus, we denote a signal
by & = (7yg, 7oy, 719, 71;) Where 7, = n(1|wy,), for k,Z € {0, 1} and the set of all
signals by I1.

Given p € A(Q) and = € I1, a message m € M generates the posterior belief
u" € A(Q). For each k,¢ € {0, 1}, the marginal posterior beliefs upon observing
message m are given by " (c;) and u"(p,), where

HieTore + HeeTops
Hie T + HeeToe + Moo + Mg
Hie (L= ) + ppp(1 = 7pp)
e (U= 700) + tpp(1 = Tpp) + pp(1 = 7) + (1 = )’

u'(py) =

1(p,) =

and u"(o,) is given analogously.® We denote the posterior belief for the joint distri-
bution upon observing message m by y" (6, py).

Payoffs. The receiver wishes his action to match the dimension of the state he
cares about, i.e., the receiver wants to choose 0 when the state is (o, p) and wants
to choose 1 when the state is (o3, p,), for any k € {0, 1}. The receiver’s utility func-
tionu : AXR — {0, 1}1is given by

_ [ Vif(a.p)=(0.p) or (a.p) = (L. py),
wa, p) = { 0 otherwise.

Given the receiver’s preferences, it follows that the receiver is indifferent between 0
and 1if u"(py) = u"(p)) = 1/2.

The sender wishes the chosen action to match the dimension of the state she cares
about. The sender’s utility functionv : A X X — {0, 1}is given by

8 We drop 7 when denoting 1" (o,) and p™(p,) to ease notation.
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Table i
3 Common prior u (=.R) % o
Og Hoo Hoi u(oy)
1 Hio Hi
u(po)

_ f lif(a,0) = (0,04) or(a,0) = (1,0,),
va,0) = { 0 otherwise.

The following assumption on the prior beliefs implies that the default action of the

receiver is 0, which is without loss of generality.

Assumption 1 u(p;) < u(py)-

Given z € I1, the choice rule a* : M — A of the receiver is given by

e Lifu"p) 2 3,
@r(m) = { 0 otherwise. M

That is, the receiver switches his action if he receives a message that leads to a pos-
terior of at least 1/2 about state being p,.

Note that considering a binary message space M = {0, 1} is without loss of gen-
erality, since the receiver’s action set is binary as well. In the case where the sender
and the receiver share a prior belief (i.e. the receiver is rational) it follows from a
simple argument analogous to the revelation principle, as in Kamenica and Gentz-
kow (2011), that the sender can restrict attention to straightforward signals without
loss of generality.” On the other hand, if there is disagreement about the prior (i.e.
the receiver is naive) the optimality of straightforward signals follows from the mes-
sage space reduction argument of Proposition 2 (i) in Alonso and Camara (2016).
Hence, messages 1 and 0 are interpreted as recommendations to take action 1 and 0,
respectively.

2.2 Benchmark

We start by characterizing optimal disclosure when the receiver does not ignore the
dependency of states, i.e., when he is rational. This will serve as a benchmark for the
next sections.

Depending on the prior, the sender may choose z € II to induce a switch of the
receiver’s default action O to 1. For this to be successful, message 1 should induce a
posterior belief u'(p,) > 1/2, i.e. the receiver should follow the recommendation.

A signal is straightforward if it holds that (i) M C A and (ii) for alla € M, a"(a) = a.
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Lemma 1 (Straightforwardness constraint) Given =z € I1, the receiver chooses
action 1 upon observing message 1 if and only if

HooToo + Hi10T10 < Ho1 o1 + U117

Note that Lemma 1 implies that the straightforwardness constraint for action 0
given by py (1 — 7y) + py (1 — 7)) < poo(1 = mo) + p19(1 — 7y) is also satisfied.
See Lemma Al in the appendix for the formal statement and proof.

We can now state the sender’s optimization problem, which is to maximize the ex
ante expected utility by choosing a signal:

max 7 + M10T10 — Ho1To1 — Hoo%oo

@

S.L. HooTog + H10T10 < Hoi o1 + 1171

Let z* denote an optimal signal when the receiver is rational.

When the straightforwardness constraint for message 1 is binding, the receiver is
indifferent between choosing action 0 and action 1. However, recall that in this case
the tie is broken in favor of action 1 (i.e. the receiver chooses 1 when u'(p;) = 1/2).
The next lemma shows that this tie-breaking is sender-preferred. That is, the sender
prefers action 1 when the realization of the optimal signal is 1.'°

Lemma 2 Given z* € II that solves (2), it holds that ;41(0']) >1/2.

In the appendix, we postpone the proof of Lemma 2 to after the proof of Proposi-
tion 1 as it employs the properties of an optimal signal.

We are now ready to present the characterization of optimal disclosure in the case
of a rational receiver.

Proposition 1 Assume that the sender and receiver share a common prior y. An
optimal signal is given by

* * * * _ (010,1’1) ifM]] 2 Ml()s
(g0 Zo1> 100 711 = { (0, 8,7, 1) otherwise,

where uygr = po1 f = py-

There are a few aspects to note about Proposition 1. First, it is intuitive that ﬁgo =0
and IZTI = 1, since in states (o, py) and (o, p;) the sender’s and receiver’s preferences
are aligned. In other words, it is optimal for the sender to disclose the truth in these
states, i.e., she sends message 1 with probability O in state (o, p,) and with probability
1 in state (o, p;). More precisely, when the state is (o,, p,) the sender has an incen-
tive to increase the frequency of message 1, which switches the receiver’s action. Simi-

larly, when the state is (o, py) the sender has an incentive to decrease the frequency

10 Note that we do not need to consider the sender-optimal tie-breaking for message 0 because as
Lemma Al suggests, the receiver strictly prefers action O upon observing message 0.
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of message 1. Note that both increasing 7, and decreasing 7, relaxes the straightfor-
wardness constraint in (2).

Further, observe that while the sender has an incentive to decrease 7y, in state
(09, p;) and increase m, in state (o, p,), this tightens the straightforwardness constraint
since the sender’s and receiver’s preferences are misaligned. The sender’s choice of 7,
and 7,, makes the constraint bind if y;; < py,. Finally, if g, > p,(, then the constraint
is slack even when the sender chooses her most preferred signal zj; =0, 7, = 1, in
which case she persuades the receiver with certainty.

3 Optimal signal when the receiver is naive

In this section and Sect. 4 we assume that the receiver is naive. More precisely, while
the receiver knows (u(c,), (o)) and (u(py), u(p;)), he perceives o and p as independ-
ent random variables. This gives rise to the misspecified prior ji about €, where the
receiver assumes that each element of the support of /i is the product of corresponding
marginals, i.e. A, = p7 y;. We present the misspecified prior in the following Table 4
with marginal distributions written on the sides.

We call such a misspecified prior i a simplistic worldview. We assume that the send-
er’s prior u and receiver’s prior g are common knowledge, i.e. they disagree on the
prior. Moreover, while both the sender and receiver believe that they hold the correct
prior, we suppose that the sender’s prior is objectively correct. Lemma 3 below dem-
onstrates that the simplistic worldview relates to the correct prior in a systematic way.

Lemma3 Lety € A(Q)and k,Z € {0, 1}. Let
Ay — My = .
In this case,
Py — My = —C, fork # £

Lemma 3 shows that the amount of change in the priors about the states (due to
the simplistic worldview) in which preferences are aligned and misaligned is the same
but in opposite directions. That is, if the naive receiver perceives the states in which
preferences are aligned as more likely than the rational receiver (i.e. if ¢ > 0), then he
perceives the states in which preferences are misaligned as less likely than the rational
receiver, by the same amount (and vice versa) (Table 5). Therefore, we can represent
the misspecified prior /i in terms of the correct prior p.

The naive receiver updates his belief according to the signal chosen by the
sender and the misspecified prior fi. Let " (p,) denote the posterior belief about
state p, when the receiver updates according to f. Thus, the receiver’s posterior
that the state is p, upon observing message 1 is

1 Ao 7oy + dyy 7y
A (p)) = = ~ = = .
Hoo oo + Hi10710 t Ho1 o1 + H11 714

3
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Table 4 Misspecified prior fi =, R) P ’
il 0 !
oy uog)u(py) H(ooIupy) o)
o) u(o (o) He ()
upy)
Table 5 jiexpressed in terms (Z,R) P 1
of u.
oy Moo +¢ Hor — ¢ H(oy)
o, Hip— ¢ i +e
H(po)

While the sender calculates her expected utility according to u, she knows
that the naive receiver updates according to ji. Therefore, the straightfor-
wardness constraint in the sender’s optimization problem is now given by
foo7oo + o7 < fg1 o + Ay 7. Let 2% denote the optimal signal when the
receiver is naive. Note that in 7*, similar to the rational receiver case, the sender’s
optimal choice in states (oy, py) and (o, p;) relaxes the straightforwardness con-

straint. Thus, #;) = 0 and £}, = 1. This allows us to simplify the sender’s problem:

max ptyomyo — Mo 7
max H10%10 — Ho17o1 @
st oo — Aoy Ttor < Ay

Similar to the result we demonstrated in Lemma 2, when action 1 is recommended
under 7%, this is also the sender’s preferred action. The formal result and its proof
can be found in Lemma A2 in the appendix.

The next proposition provides the full characterization of an optimal signal for
a naive receiver.

Proposition 2 Let the priors of the sender and receiver be u and fi, respectively. The
optimal signal is given by

e e 0,0,1,1) if Ay > Ay,
* * * _
(Fo0> Zor F100 #11) = { (0, 8,7, 1) otherwise,

where

>

(0.00) i o < ton
Ho Hio Hio
By =4 (1, 2o ) i ot g ot <
Hio Hio Hio Hio
A L o
(MmA /"11’ 1) if A_01 > Hor and M01A Hiy > 1’
Ho1 Hio Hio Hio

and fi,oy — Ay B = iy if fg [ Bho = Hor/ o
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The optimal signal in Proposition 2 has several features similar to the one in
Proposition 1.!! First, the sender always recommends switching the default action
in state (64, py) (i.e. #]; = 1) and never recommends switching in state (o, py) (i.e.
75, = 0). Second, when fi;; > fi;,, the sender can ensure that the receiver takes her
desired action with probability 1 (i.e. Z;, =0 and 7z}, = 1). On the other hand, if
Ay < flyo then Z, and 7} are pinned down by the relation between the slope of
the straightforwardness constraint (/i /fi;,) and the slope of the objective function
(Ho1 / H10)-

One very important difference from Proposition 1 is that when p,q # gy, (Which
implies fiy,/f,o # Ho1/ M) the optimal signal in Proposition 2 is unique. This is a
direct consequence of the receiver’s naivete, as it leads to the sender and receiver
having different priors. More precisely, if they have the same prior then the sender
is indifferent between marginally increasing 7z, or marginally decreasing z,,;. On the
other hand, if they have different priors then this indifference no longer holds as the
two options tighten the straightforwardness constraint to a different extent. Hence,
the sender chooses the option that tightens the straightforwardness constraint less as
to optimally persuade the receiver.

4 Welfare implications of a simplistic worldview

In this section, we analyze a number of general properties of the sender’s problem
when the receiver is naive in comparison to the benchmark (2). This allows us to
characterize the welfare implications of the receiver’s naivete and explain the eco-
nomic intuition behind them. Lemma 4 demonstrates how the receiver’s naivete
affects the sender’s ability to manipulate the receiver’s actions.

Lemma 4 Assume that ¢ > 0. For any z € II with 7, = 0 and z;; = 1it holds that

() A'(py) > u'(py). That is, recommendation 1 induces a higher belief about state
p, for a receiver with a simplistic worldview than for a rational receiver.

Q) (A /fo) + oy /o)me, > (i1 Hio) + (Mo / Hig)7o;- That is, the straightfor-
wardness constraint in (4) is more relaxed relative to the benchmark (2).

If ¢ < 0, the converse of the inequalities in () and (i) hold.

The intuition of Lemma 4 is as follows. First, if ¢ > 0 then by Lemma 3 the
naive receiver perceives the aligned states (o, p,) and (o, p,) as more likely
(and the two misaligned states as less likely) than the rational receiver. Hence,
the naive receiver associates recommendation 1 with p; more than the rational
receiver and thus has a higher posterior belief.

' It is important to note that our characterization of the optimal signal holds for an arbitrary prior of the
receiver. Nevertheless, we are particularly interested in the simplistic worldview of the receiver and in its
welfare implications. We consider comparative statics with respect to an arbitrary prior in Sect. 5.
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Part (ii) of the lemma follows easily from (i). Since the sender can induce a
posterior belief of at least 1/2 that the state is p; when the receiver is naive by
recommending 1 more frequently than before, the straightforwardness constraint
in (4) is more relaxed relative to the benchmark (2). It is easy to see that the con-
verse of the above argument hold if ¢ < 0.

Importantly, Lemma 4 has direct implications on the sender’s and receiver’s
welfare as it pins down the conditions under which it is “easier” for the sender
to persuade a naive receiver. In particular, if ¢ > 0 then by (ii) the straightfor-
wardness constraint is more slack than in the benchmark. Hence, the sender can
decrease 7, and increase m,, so that the receiver chooses the sender-preferred
actions in the misaligned states (o, p,) and (o, py) with a higher probability.
Clearly, this benefits the sender. Moreover, since total welfare is the same at the
optimum in both cases, it follows that naivete harms the receiver. Intuitively, con-
verse arguments hold if ¢ < 0.

The welfare implications of the receiver’s simplistic worldview are summa-
rized in Proposition 3.

Proposition 3 Let ¢ > 0. Then,

(1) the receiver’s simplistic worldview harms him and benefits the sender and
(i1) the differences in their expected utilities are strict if and only if p;; < g0

If ¢ < 0, then the converse of (i) holds and the differences in their expected utili-
ties are strict if and only if fi;; < fi,.

Part (ii) of Proposition 3 follows from the structure of the optimal signals. If
the sender is facing a rational receiver, then she can ensure that the receiver takes
her preferred action whenever p;; > u;o. Hence, in this case if ¢ > 0 the sender
can only weakly benefit from the receiver being naive. Otherwise, the sender can
always guarantee a strict improvement. On the other hand, if ¢ < 0 and the sender
is facing a naive receiver, then she can ensure that the receiver takes her preferred
action whenever fi;; > fi;,. But since the receiver’s naivete is detrimental for the
sender if ¢ < 0, it follows that the sender obtains her preferred outcome with cer-
tainty also when the receiver is rational. In this case, the sender is only weakly
harmed by the receiver’s naivete.

Proposition 3 can also be interpreted in terms of the receiver’s misperception
of ex ante preference alignment. Recall that by Lemma 3 if ¢ > 0 then the naive
receiver perceives the misaligned states as less likely than the rational receiver.
Therefore, Lemma 4 implies that in this case it is easier for the sender to persuade
the receiver. Hence, naivete makes the receiver more manipulable and is detri-
mental for the receiver. Intuitively, if ¢ < 0 the naivete of the receiver constrains
the sender more and thus the “correct” recommendation is sent with a higher
probability. In this case, naivete makes the receiver less manipulable and is ben-
eficial for the receiver.
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5 Comparative statics on the receiver’s prior

The optimal probabilities of recommending action 1 in the two states of preference
alignment does not depend on the receiver’s prior: it follows from Proposition 1 and
Proposition 2 that the sender always recommends action 1 in state (¢,, p;) and action
0 in state (6, py). Yet, in the two states of preference misalignment, (o, p;) and
(61, py), the sender’s ability to beneficially fine-tune z,, and x, crucially depends
on the receiver’s prior. In this section, rather than focusing on the receiver’s simplis-
tic worldview, we consider the sender’s problem when the receiver has an arbitrary
prior ji € A(2), and denote the sender’s optimal choice by #*. We show how the
receiver’s prior /i affects the choice of 7, and 7, and thus the sender’s ability to
persuade the receiver.

Observe that lower the receiver’s prior about state (o, py), higher the probabil-
ity the sender can assign to m,, in an optimal signal. It follows that if the receiver
attaches O probability to state (¢, py), i.e. fi;, = 0, then the sender can recommend
action 1 with probability 1. Similar arguments hold for state (o, p;). Therefore,
fi0 = fip; = Ois a sufficient condition on the receiver’s prior for the sender to induce
hgr preferred actions with probability 1 by choosing (7?30, ﬁgl,ﬁfo, ﬁT1) =(0,0,1,1)

Intuitively, when the receiver attaches O probability to the states in which prefer-
ences are misaligned, the receiver perceives preferences as perfectly aligned, and is
thus always willing to follow the sender’s recommendations.

Similarly and intuitively, a lower prior belief about state (c;, p;) makes the send-
er’s job more difficult; it is harder to persuade a receiver who thinks the state in
which the sender and receiver both prefer action 1 is less likely. Hence, this captures
a change in the receiver’s prior that unambiguously restricts the sender’s ability to
persuade the receiver. The next result formalizes this observation.

Proposition 4 Let ji € A(). Then either (i) 7, is weakly decreasing in ji,; or (ii)
@}, is weakly increasing in ;. If fij; < jio, then the relations in (i) and (ii) are
strict.

The intuition for Proposition 4 is simple: as the likelihood of state (o}, p;)
decreases, the sender has to adjust the optimal signal such that the recommendations
that match the receiver’s preference (i.e. recommendation 1 in states (o4, p;) and
(69, p;) and recommendation O in the two remaining states) are sent with a higher
probability. This can happen in two ways: send recommendation 1 (i) less often
when the state is (o, p,) or (if) more frequently when the state is (o, p;). That is, to
respect the straightforwardness constraint, the sender has to mix the recommenda-
tions in a manner sufficiently more favorable for the receiver.

12 This implies that if the sender had the option to alter the prior of the receiver without a cost before the
communication phase, she would decrease the priors of the states in which preferences are misaligned as
much as possible.
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6 Conclusion

Real-world examples of Bayesian persuasion problems, such as corporate con-
sulting, often involve the sender and receiver caring about different, but con-
nected issues of a problem. This paper studies the impact of the receiver’s
naivete regarding the interconnected nature of the two dimensions of the state
of the world on the optimal outcomes for both parties. First, as a benchmark, we
study the case of a rational receiver, i.e., the sender and receiver both know the
correct prior distribution of the states. We show that regardless of the receiver
being rational or naive, it is optimal for the sender to truthfully disclose the states
whenever her preference is aligned with the receiver. On the other hand, optimal
disclosure in states where preferences are misaligned crucially depends on the
receiver’s perception of the prior.

Our findings reveal that the receiver’s naivete can disadvantage him while
favoring the sender, particularly when it leads the receiver to overestimate the
likelihood of states where both parties prefer the same action and underestimate
states where they have conflicting preferences. Intuitively, this makes the receiver
“easier” to persuade; the sender can commit to sending the “wrong” message
with a higher probability. Conversely, if the naivete leads the receiver to perceive
aligned states as less likely and misaligned states as more probable, the receiver
benefits at the expense of the sender.

In this study, for clarity of exposition we use a framework with two actions and
four states rather than general finite action and state spaces. Extending our model
to a general finite state space in both the sender’s and receiver’s dimensions can
be handled using our approach, however, it would complicate the analysis without
yielding substantial new insights to the qualitative features of our results. On the
other hand, allowing for a general finite action space goes beyond the analytic
approach that we take and requires considering a different model, which consti-
tutes an avenue for further research.

Proofs
Proof of Lemma 1 For the straightforwardness constraint to be satisfied, it must hold
that u'(p,) > 1/2, which is equivalent to

Ho1 7oy + My 7y
Ho1 o1 + H11 71 + K190 T HooToo

>1
2
Rearranging the inequality yields the straightforwardness constraint. O

Lemma A1 Let eIl If HooToo + Hi10710 < Ho1 01 + H117115 then
Hor (1 = o) + py (1 = 7)) < proo(1 = 70) + pyo(1 = 7y0).
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Proof Let HooToo + H10T10 < Ho1 o1 + M1 7115 which implies

—Ho1 o1 — M1 < —HooToo — MioT1o-  Recall  that  u(p)) < u(py), ie.
Hor + H11 < Moo + M- Hence, it follows that

Ho1 + Hi1 — Ho1%o1 — M11% 11 < Moo + Hio — HooToo — H10710-

Rewriting the above inequality provides the desired result. Hence, the straightfor-
wardness constraint for O is satisfied. That is,

Hio(l = 7y0) + pgo(1 — 74)

1
0
u(po) > > -
0 Hio(1 = 710) + poo(1 = 7o0) + por (1 — 7o) + py (1 —7yy) 2
O

Proof of Proposition 1 We solve the following problem:

Max 7y, + H10710 — Ho1%o1 — HooToo

" ©)

S.L. HooToo + Hi0T10 < Hoi o1 + 11711

First suppose that Hig < My It is clear that setting
= (n(’;),rc(’;l,n;‘o,ﬂ;"]) = (0,0, 1, 1) satisfies the straightforwardness constraint in
(5) and maximizes the sender’s expected utility since it provides the upper bound
payoft of 1. Hence, z* is the unique solution to the sender’s optimization problem.
Now suppose that u,;, > p,,. First observe that it is optimal in this case to set
zy, =1 and 7y, =0 as well, since it increases the sender’s expected utility and
relaxes the straightforwardness constraint. Hence, substituting z}, = 1 and z;, =0

into the sender’s optimization problem and simplifying we obtain

max po79 — Mo 7
max Hioio = Hoi 7ol ©
8.t H19T10 = Ho1 o1 t K-
It is easy to see from (6) that the objective function is increasing in 7, and decreas-
ing in 7y, Hence, if (6) is not binding then the sender can marginally increase x,, or
decrease 7, to achieve a higher expected payoff. Thus, the constraint is binding at
the optimum.
Therefore, since both the objective function and the constraint are linear (in 7
and 7,), there exists a continuum of solutions to (6). O

Proof of Lemma 2 The sender prefers action a = 1 if u' () >
lent to

1 . . .
> which is equiva-

HioT1o T Hy1 7y N 1
Hio7 10 + M1y F Hoi oy + HooToo 2 @)

<= Moo+ Hi1 T 2 Ho1 o1 + HooToo-
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To proceed, we demonstrate that the signal solving (5) satisfies the alignment con-
straint (7). First, consider the case pu;; > y,o, then imputing 7* in alignment con-
straint yields

0< o+ Hyg»

so it is satisfied. Second, consider the case p;; < p;¢, then the straightforwardness
constraint is binding,

Hi0Tyo — Ho1 %, = Hiis
while the alignment constraint (7) can be written as

ES ES
—(mi07yy = Hor7gy) < Hip

and this inequality is implied by the binding straightforwardness constraint. Thus, 7*

satisfies (7). O

Proof of Lemma 3 Let i, — u;;, = c and assume that k # £. Then,

A — te = H(o )L — u(p) — prp = e + My — (oI U(P) — Hye
= u(ou(p) — ¢ — u(oulp,) = —c.

Proof of Proposition 2 We solve the problem
max po7 o — Ho1 %
max Hio7io — Hor o1
st fymyg = Ao oy < Ay

As the problem is a linear program, the solution lies either on the straightfor-
wardness constraint or on one of the boundaries of the set I1. First, suppose that
f1; = - Then the solution lies on the boundary and the straightforwardness con-
straint is inactive for fi;; > fio. It follows easily that z;, = 0,7}, = L

Next, suppose that fi;; < fi;,. All three possible types of solutions for this case
are presented in Fig. 1. We proceed with characterizing each of the three cases.

Case (a) The active constraints are 7y, > 0 and f,o7,q — fig; 7y, < fi;;- Hence,
#y, = 0and 7}, solves fi,gm g — fig; 7oy = fyy, 1.€. 7}y = fly;/ fio- The solution to (4)
has this particular form if and only if the slope of the objective function is steeper
than the slope of the straightforwardness constraint, i.e. (f;/fi;0) < (Ho1/H10)-

Case (b) The active constraints are 7y < 1 and f,q7,9 — flg; 7y, < fi;;- Hence,
7y, = land 7}, solves fijom o — foy o) = fiyy> 1.€. 7], = (flg; + A1)/ f1p- The solu-
tion to (4) has this form if and only if (1) (fiy, /(f,0) > (Ho1/ #10) (i-e. the slope of the
objective function is flatter than the slope of the straightforwardness constraint) and
(ii) (fg; + f;1)/ fi1o < 1 (which implies that the constraint z,, < 11is inactive).

Case (c¢) The active constraints are 7,y <1 and fgm9— fo %o, < Ay

Ax A A A PN . Ax A A A
HCHCC, ﬂl() =1 and 77()1 SOIVGS H10710 — Ho1To1 = H11> 1.€. 7[01 = (ﬂlo - /411)//401.
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= 701 5 701 = To1

Fig. 1 Three possible forms of solutions to the problem (4). Indifference curves are in blue and dashed.
Active constraints are in orange

The solution to (4) has this form if and only if (i) fg,/f10 > Hoi/Hip- and (ii)
(fig1 + f111)/ fio = 1 (which implies that the constraint ;, < 11is active).

Finally, if (fg/f9) = (Ho1/M19), then any m, and =z, such that
A7 — Ho1 o, = [y solves (4). O

Lemma A2 Given #* € II that solves (4), it holds that u'(c,) > 1/2.

Proof Here, we demonstrate that the optimal signal #* satisfies the alignment con-
straint for a = 1 presented in (7). First, assume fi;; > fi;,, then imputing z* in align-
ment constraint yields

0 <y + my1s

which holds for any p, and p;.
Now assume fi;; < fi;,. Thus, we have cases (a), (b), and (c) by Proposition 2.
Consider case (a), i.e. % < % Imputing 5, = 0 in the alignment constraint yields
10 10

Hi
0 < pyomyg+ 4y = 792 ——,
Hio
which trivially holds. X o
Consider case (b), i.e. % > % and % < 1. Imputing #5 =1 in the align-
10 10 10
ment constraint yields
Ho1 — Hiy
Hor S Moot iy & T2 —
Hio
while 7%, = Aot Byrther, it holds that Zoti > K=k Tg see that note
Hio Hio Hio
P4 3 . .
ﬂmA Hiy > Ho = Hin @_m2_<@+ﬂ>’
Hio Hio Hio  Hio Hio  Hio

which holds given the case (b) parametric restrictions.
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=

Hy
> B
Hio

Consider case (c), i.e. =%

=
>

ment constraint yields

and @ > 1. Imputing 7} = 1 in the align-
10

Hig T Hy
MHo1Tgr S Hip T My & g £ ——,
Ho1
while 75, = A0~ Fyrther, it holds that 297411 < £0tHi1 Ty gee that note
Hoi Hot Hoi
L + N .
/410A /411S/410 Hi1 @_@S@_i_ﬂ’
Ho1 Ho1 Ho1 Hot Ho1 Ho1

which trivially holds as the case (c) parametric restrictions imply that the left-hand

side of the last inequality is negative.
Finally, consider the non-generic case

Aor/Bio = Mo/ Hip- In this case, the

straightforwardness constraint is binding at optimum, #,y%}, — flo #;, = f;;- From
the binding straightforwardness constraint and the non-genericity condition, it fol-

lows that

Hio _

Ho1

A 1
Ho1  To

Rewriting the alignment constraint

Ho17o1 = Hio%10 < By <
—
and plugging (8) gives
1) 7 V]
Au L Zoy o Mu
Hor 7w Tio o Hor
which trivially holds.

Hence, given 7%, (7) is satisfied.

Tor _ Hio

— = ®)
Tio Mo
HioT1o + Hit = Hoi o
Moy Zoo Ko 1
Hot — Tio Mo T
L A A
1o Aoy Hoi
O

Proof of Lemma 4 We begin by proving part (i). Since it is optimal to set #;, =0

and 77, = 1, (3) can be rewritten as

Ho1 o1 + Hyy

ﬁl(l’l)

By Lemma 3, it follows that

Ho1 7oy + Hyp + HigZyo
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(Hor = €)@ + (41 +¢)
(Mot =€) 71 + (p1y +¢) + (Mg =€) 79
_ Hor oy + pyy + (1 = 7py)
- Hot%or + M1y + HigZtyo + ¢(1 = 7, —”10).

ﬁl(Pl) =

Suppose that ¢ > 0. Then it holds thatc(l - 7:0]) > c(l — o — ”10)’ and thus

#l(p): Ho17o1 + M1y
Ho1 o1 + Hip + Hio710
Ho1 oy + Hyy +C(1 - ”01)

< =4'(p).
#01”01"‘#11+M10”10+C(1_”01_”10) ( 1)

Next suppose that ¢ < 0. Then it holds that ¢(1 — 7y, ) < ¢(1 — my; — 7y), and thus

1 Ho1 o1 + Hyy
u'(py) =
Ho1 o1 + My + Hip7g
Ho1 7oy + Hyy +C(1 - ”01)

> =4'(p).
Ho1 o1 + Hyy +M10”10+C(1_”01 _”10) ( l)

Now we prove part (ii). Recall the sender’s simplified problems (2) for the rational
receiver and (4) for the naive receiver.
Rewriting the constraints in (2) and (4), respectively, yields

H U a Q
Mo S —mg + L, my < =g + /f“~
10 Hio Hio Hio
Define 81 (7o1) = (uor/ mo)mor + (uyy/ Hio) and
82 (mo1) = (gy/ fvg)moy + (fiyy/ fiy)- By Lemma 3 it follows that
Mo — € Hyp+C
gz(”()l) = oy + .
Hio—¢ Hio—¢€

Consider g,(-) and g,(-) at the boundaries of the set of feasible signals:
810) = (U1 /m10)s  8200) = (uyy +0) /(g —¢)  and g (1) = (gy + p11)/ Hao»

&)= (ﬂo] + /411)/(/410 - o).
First suppose that ¢ > 0. It follows that g,(0) < g,(0) and g,(1) < g,(1). Moreo-
ver, by linearity of g,(-) and g,(-), for all ,;, € [0, 1]it holds that

81 (”01) < gz(”01)~

Thus, the constraint in (2) is relatively more slack than in (4).
Next suppose that ¢ < 0. It follows that g,(0) > g,(0) and g,(1) > g,(1). Again,
by linearity of g,(-) and g,(-), for all #y; € [0, 1]it holds that

81 (”01) > 82(”01)~
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Thus, the constraint in (2) is relatively more tight than in (4). a

Proof of Proposition 3 Let V* and V* denote the sender’s optimal (ex ante) expected
payoff when the receiver is rational and when he is naive, respectively. Then,

V= 7wy + oy + Ho (1= 7)) + poo(1 = ),

V* = /4117%?] + /4107%?0 + /l()l(l bl ﬁSI) + [loo(l - ﬁ'go)

As the form of optimal signal in Propositions 1 and 2 depends on sign(y,; — H;),

we consider four cases based on sign(pu;; — p,) and sign(c). First, assume |, > p0.
If ¢ >0, then from Proposition 1 and 2 and Lemma 3, (7[;0,7[:;1, ﬂi‘o, ﬂ'Tl) =
(B0 Boys By #11) = (0,0, 1, 1). Thus, V* = V* = 1. If ¢ <0, then either fi,, > fi;,

and, as above, V* = V= 1, or fi;; < fi;p and (as, according to Proposition 2, the
sender does not get her first best payoff) V* < V* = 1. Thus, it follows that

V* > V* if and only if ¢ > 0. 9)

Second, assume pu;; < u,o. By Proposition 1, the difference in the sender’s optimal
expected payoffs between the benchmark and the naive receiver case is given by

— (% * Ak * * Ak
vEV -V = /‘10(”10 - ”10) + Ho (”01 - ”01)
N Hio Hi1 N
=/410(”T0—V)+M01<—7———”§1> (10)
Ho1 Hoi
= Mo}y — Hofg — Hir-

Plugging the optimal signal for case (a) from Proposition 2 in (10) yields

A

I 5t M tc
V=HWUHo%— —Hi1 = Hio—= — Hiu
Hio Hio

(1)

_ HioH11 F H €~ HigHn T HioC (i1 + Hro)
g Ao

Similarly, plugging the optimal signal for case (b) from Proposition 2 in (10) yields

_ Mot Hy
V=Ho——F% — — Ho1 — Hu
Hio (12)
Moy —C+ M+ C(”H"‘”Ol)
=Ho—=  —Hoh " Hun“=T — -
Hio Hio

Finally, plugging the optimal signal for case (c) from Proposition 2 in (10) yields
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A A

_ Hio — Hi
V= Hio _M01ﬁ—01 — Hn
2cpg; + (m10 = #11) (Aor) = por (1o — H11) (201 + pyy = Hyo)
= - = - (13)
Hoi Hoi
_c(upy) = mo + Hot)

Ho1

From the parametric condition for the case (c), (fy; + fi;,)/ 1o = 1 and thus it fol-
lows that u(p,) > fi;,- By Lemma 3, this can be rewritten as u(p;) — p;y = —c.
Since we also have y,, > ¢ by Lemma 3, it holds that

u(py) =ty + Hoy 2 0. (14)
By (11), (12), (13), and (14) it follows that,
V* > V* if and only if ¢ > 0. (15)

Note that the sum of optimal expected payoffs of the sender and the receiver in the
benchmark and the case of naive receiver is given by the same constant:

7y, + poo(1 = m50) + myoyy + poy (1 = 75))
. S

~
the sender’s expected payoff

+ pp sy + Hoo(l = 750) + pyo (1 = 75y) + Hoy 7,
o /

~
the receiver’s expected payoff

(/411”161 + poo(1 — ”So)) + Hip t Mo
(/411 + I‘oo) + Hyo + Hor

(16)

=2
=2

where the naive receiver’s expected utility is evaluated using the correct (sender’s)
prior belief.

Denote the receiver’s sender-optimal expected payoff in the benchmark and the
case of naive receiver by U* and U*, respectively. Since by (16) the sum of sender’s
and receiver’s expected payoffs does not change between the benchmark and the
case of naive receiver and the sender’s expected payoff changes according to (9) and
(15), it follows that

U* < U* if and only if ¢ > 0, (17)

i.e. when the receiver’s naivete yields a higher expected payoff to the sender, it
yields a lower expected payoff to the receiver.

Finally, given ¢ > 0, by Lemma 4 the receiver’s naivete relaxes the straightfor-
wardness constraint. Thus, the difference between the expected payoffs in (9), (15),
and (17) is strict if and only if in the benchmark case the sender does not obtain
her first best payoff of 1, which is the case if and only if y;; < y;,. Similarly, given
¢ <0, by Lemma 4, the receiver’s naivete tightens the straightforwardness con-
straint. Thus, the difference between the expected payoffs in (9), (15), and (17) is
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strict if and only if the sender does not obtain her first-best payoff of 1 in the naive
receiver case, which is true if and only if fi;; < f,. O

Proof of Proposition 4 Here, we use the fact that the result of Proposition 2 holds
not only for the simplistic worldview prior /i, but for an arbitrary receiver’s prior ji.
If fi;; > fi,o, then decreasing fi,; does not affect 7*. If ji;; < fi,o, then three cases are
possible in line with Proposition 2.

In the first and second cases, it holds that dﬁl“o /dji;, > 0. In the third case, it
holds that d, /dji;; < 0. Finally, in the non-generic case of fiy, /fi;g = Ho1/ 19> WE

~x o~k \ _ [mx A By ~% ~ ~
have (71'01,71'10) = (71'01, ﬂ—i(‘) + LA ), and thus d#}, /dfi,, > 0. O
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