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The topic of this paper belongs to the modeling of human-software experience to support product 
development. The primary objective of this paper is to present a structured modeling framework, 
incorporating user feedback to support software product development. The proposed modeling 
framework constructs a model that outlines the relationship between measurable parameters of 
objective and subjective user feedback and the evaluation metrics of software and user capability, 
motivated by the typical disparity between feedback parameters and capability metrics. A key 
benefit of the framework is its visually enhanced interpretability power. The resulting model is 
based on a manageable set of linguistic fuzzy rules, designed to remain at a level comprehensible 
to human intuition, thereby enabling developers to understand the primary causal relationships. 
A further benefit of the framework is its adaptability across the entire application lifecycle; it 
can initiate with minimal user feedback and is computationally equipped to handle the gradually 
increasing volume of feedback over time. Thus, this approach serves two critical purposes: first, to 
guide the development team in identifying features that require enhancement to better align with 
user needs; and second, to optimize the alignment between the application’s functionalities and 
the diverse capabilities of its user base. Beyond this proposed framework, the primary novelty in 
the field of modeling lies in the special modification of the TS fuzzy model transformation method 
that enables the selection of principal components within the fuzzy rules and facilitates the use of 
interpretable fuzzy sets, along with a pseudo-inverse-based model adaptation that mitigates the 
computational load as the number of users grows. The effectiveness of the proposed framework is 
demonstrated through four use case examples. The first use case is in a hypothetical example for 
illustrative purposes to intuitively clarify the framework’s functionality. The second models user 
demographics, digital content engagement, and VR platform adaptation preferences. The third 
addresses the subjective and objective challenges of users when performing tasks in 2D versus 3D 
environments. The fourth examines the experience of spatial presence in 3D environments.

1. Introduction

The primary objective of this paper is to propose a modeling framework that utilizes user feedback to better understand the users of 
a software product (app) to enhance further development. The paper demonstrates and evaluates this framework in various use-case 
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scenarios. The proposed framework offers two key benefits. First, it produces a model with high visual and linguistic interpretability, 
making it accessible to the app development team, including members without a deeper mathematical background. Second, it adapts 
seamlessly throughout the app’s entire lifecycle �-from the initial stages, when only sparse user feedback is available, to later phases 
when abundant feedback supports its ongoing development and adjustment.

1.1. Goals and motivation of the paper

This paper proposes a modeling framework that describes the relationship between objective and subjective user feedback and 
various feature metrics of the app. This framework is motivated by the recognition that the information gathered from or provided 
by users differs significantly from the evaluation metrics and feature metrics used by the development team.

The primary goal of the modeling framework is to provide the development team with interpretable insights, rather than to derive 
a closed-form formula or a high-accuracy approximation from a trained neural network that functions as a black-box model, lacking 
interpretability.

• Thus, the goal of the proposed modeling framework produce a TS fuzzy model in which the antecedent fuzzy sets offer a vi
sual interpretation of input sensitivity and meaningful categories, while the fuzzy rules explain the linguistic IF-THEN causal 
relationships within the model.

• The framework has a goal to offer a trade-off between model accuracy, in terms of approximation, and the number of antecedents 
and fuzzy rules, as an excessive number of these components becomes challenging for human comprehension.

• The modeling framework also aims to be equipped with mathematical solutions that allow it to adapt across the entire lifecycle 
of the app—from the early stages, when only sparse user feedback is available, to the later success phase, when large volumes 
of feedback enable further model refinement.

1.2. State of the art and literature overview

Product development often struggles with limited data, particularly in prototyping, where incomplete measurements hinder robust 
analysis and decision-making [1,2]. Strategies like targeted sampling [3] and data imputation [4] offer partial solutions but fail to 
adapt to real-time feedback shaped by socio-demographic and cognitive factors.

Product adoption depends heavily on user contexts, cognitive styles, and personalized experiences, which significantly complicates 
user modeling [5--7]. As the dimensions of user characteristics grow, capturing all potential combinations becomes increasingly 
challenging, making effective user modeling essential for guiding software design, optimizing adoption strategies, and addressing 
these complexities. The increasing complexity in user modeling and the demand for adaptive methodologies underscore the relevance 
of fuzzy-based multicriteria decision-making (FMCDM) approaches, which offer robust solutions to the challenges of uncertainty and 
sparse data in product design and decision-making contexts. Shahmohammad et al. [8] emphasize the need for interpretable, efficient 
FMCDM models for robust decision-making in dynamic settings. Parallel advances in AI-driven methods, like deep learning and neural 
networks, optimize product design decisions under data scarcity. Li et al. [9] and Zou et al. [10] showcase the power of deep residual 
networks and data-driven models in evaluating complex design criteria early in development. AI techniques, such as multidimensional 
neural networks [11] and collaborative deep learning [12,13], enhance FMCDM by enabling personalized recommendations and 
addressing user data inconsistencies. Applications like Wang and Slowik’s [14] study of AI in consumer behavior illustrate FMCDM’s 
relevance in consumer-focused domains. Adaptive algorithms further align FMCDM with dynamic user data, as seen in Nilashi et 
al.’s [15] use of neuro-fuzzy systems for accurate recommendations despite data challenges. The integration of AI with FMCDM 
promises advanced, adaptable tools for early-stage decision-making in new product development, excelling in environments with 
limited or evolving data.

The proposed method in this paper is compared to existing solutions across three hierarchical levels, focusing on interpretability 
for product development. Instead of assessing accuracy, this framework emphasizes relevant literature at each level to position our 
approach and clarify where our model provides unique contributions, particularly in handling sparse data challenges.

1.2.1. First level

The top-level summarizes findings that provide high-level guidance for product development stages, particularly when data is 
limited or complex to manage. Rather than directly comparing our proposed method, this level highlights foundational strategies 
from the literature on data management and adaptability in product development. The focus is on general recommendations, such 
as adaptable methods and the importance of interpretability, which serve to inform practical, accessible decision-making. Lee and 
Ahmed-Kristensen [16] identify four patterns of data-driven design activities that enhance flexibility in new product development, 
offering insights into adaptable approaches that are beneficial when data availability is constrained. Similarly, a recent paper examines 
the integration of product development data for further ontological analysis, underscoring structured data handling as a foundation 
for effective decision-making [17]. Wilberg et al. [18] address the need for comprehensive data strategies to improve interpretability 
and support variable data contexts, even during early development. Another study explores the use of product data in designing 
materials supply systems, providing adaptable strategies that help mitigate limitations posed by inconsistent data availability [19]. 
Together, these studies underscore the importance of flexibility and interpretability in data handling to guide practical, accessible 
decision-making in product development.
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1.2.2. Second level

The second level focuses on user feedback-driven and cognitive modeling techniques, highlighting the benefits of these approaches 
for product development. We explore studies addressing the cognitive aspects of feedback-based modeling and compare these to 
traditional feedback and statistical methods, which often lack flexibility in low-data environments. In a recent study, researchers 
examine the cognitive aspects of feedback-based modeling, demonstrating how cognitive analysis can extract key concepts to enhance 
product design by aligning closely with user perceptions [20]. Kolbachev et al. [21] explore human cognitive methods in product 
design, underscoring the role of human factors in creating systems that are more responsive to user needs. Another study further 
integrates consumer preferences with external data through advanced modeling techniques, showcasing the value of incorporating 
both subjective feedback and broader contextual data for a refined design process [22]. Traditional statistical methods face limitations 
not only in product development but also in cases involving sparse or noisy data. Challenges like misinterpreting non-significant 
p-values [23,24], reliance on strict significance thresholds (e.g., 𝑝 < 0.05) [25], sensitivity of p-values to sample size [25], and 
limitations in sample size recommendations—such as the commonly cited ``magic number'' of five participants in usability studies, 
which may miss critical insights [26]�-can lead to misleading conclusions. These constraints highlight the need for models that can 
interpret variable data more flexibly, as standard statistical approaches often fall short in developmental contexts where data may be 
inconclusive and sample sizes limited. Such methods struggle to account for users’ nuanced, evolving requirements due to their rigid 
structure. Our fuzzy modeling framework approach addresses these limitations, adapting dynamically to user feedback to meet the 
interpretive needs of early development with greater effectiveness.

1.2.3. Third level

The third level closely aligns with our proposed TS fuzzy model, allowing for a comparison with similar approximation methods 
cited in the literature. In mathematical modeling, numerous approximation techniques can capture input-output relationships, yet 
many lack the interpretability required for practical applications. For our model, the development team prioritized features such as 
visually interpretable antecedent fuzzy sets, clear causality expressed through IF-THEN fuzzy rules, and a focused set of primary rules 
via principal component analysis to maintain clarity and usability. One category of techniques yields a closed-form formula; however, 
this approach does not provide the intuitive understanding necessary for those without a mathematical background. Similarly, arti
ficial neural network-based methods, while powerful, operate as black-box models that fail to offer the transparent insights needed 
by the team. In contrast, our approach is grounded in the interpretability strengths of fuzzy logic, aligning with findings by Hsiao 
and Su [27], who demonstrated how fuzzy systems enhance decision-making by capturing nuanced relationships in a format accessi
ble to non-experts. Additionally, another research highlights the value of multi-layer fuzzy inference systems in creating structured, 
interpretable models suitable for complex decision-making environments [28]. By drawing from these studies, our model is able to 
provide a mathematically robust yet transparent framework. This balance between rigor and interpretability ensures that the model 
remains accessible to the development team, supporting informed decision-making while maintaining analytical depth.

1.3. Novel contributions of the paper

The novel contribution of this paper from a modeling standpoint is twofold. First, the proposed modeling framework is built on the 
TS fuzzy model transformation where we extend the TS fuzzy model transformation [29--31] in more than one way. On the one hand, 
we replace the first step of the TS fuzzy model transformation (the rectangular gridding-based sampling step) with an interval gridding 
technique for projecting random located sparse data onto a rectangular grid whose density can be adaptively increased as more data 
is collected in subsequent stages. On the other hand, the higher-order singular value decomposition (HOSVD) that is carried out as 
a core step of the TS fuzzy model transformation is generally applied to the task of finding good approximation tradeoffs; however, 
in our case, we apply this step to finding useful tradeoffs between the precision and human interpretability of the resulting fuzzy 
rule set. Further, when determining the shape of the antecedent fuzzy sets -- unlike in the existing literature on the TS fuzzy model 
transformation -- is not to manipulate the convex hull, but rather to generate antecedent fuzzy sets that are as easily interpretable by 
the human eye as possible, in that they will preferably comprise ``dominant'' and ``less dominant'' components for any given input 
value combination.

From a practical standpoint, the novelty of this paper lies in its ability to provide development teams with a clear understanding 
of user needs and feedback. The model offers high visual and linguistic interpretability. This ensures that the insights derived from 
both objective and subjective feedback are easy to understand and apply in decision-making.

Another key strength of the model is its adaptability throughout the app’s lifecycle. In the early stages, when user feedback is 
sparse, the model effectively interprets limited data to guide initial development decisions. When critical information is missing, 
experts’ contribution plays a crucial role in filling these gaps, drawing on their experience to provide necessary insights. As the app 
evolves and user feedback becomes more abundant, the model seamlessly adjusts, ensuring its relevance and supporting ongoing 
sophistication and optimization.

Practical applications include recommendation systems for newly launched services with few initial users. Additionally, the method 
is suitable for other scenarios where inferences must be made based on sparse or noisy data, offering an adaptable tool for tackling 
challenges across different stages of product development. By bridging the gap between feedback data and capability metrics, the 
model empowers teams to make informed decisions, enhancing both the development process and the end-user experience.

Within the fuzzy model, fuzzy input sets are used to represent the relative dominance or subordinate of different dimension 
values in contributing to a general outcome. By integrating this model into a recommendation system, a flexible and adaptive tool is 
developed that can provide meaningful interpretations and actionable insights even with minimal data. In this context, the inhibitive 
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Fig. 1. Framework for Fuzzy Model-Based Analysis of User Feedback. 

costs associated with user testing are highly relevant -- initially, the number of users involved in testing is often limited to around 
80-100 users per application. As the user base expands into the 1000s during a general launch, the model can be fine-tuned to ensure 
reliable performance. The mathematical foundations presented in this paper ensure the model’s adaptability and robustness, even 
with a large and diverse user base.

Fig. 1 presents the proposed framework for fuzzy-model-based analysis of user feedback, integrating both objective and subjective 
data and expert contribution to enhance understanding of user needs. The process involves defining fuzzy sets, creating fuzzy rules and 
selecting principal components to balance interpretability, comprehension and accuracy. The outcomes is a causal and interpretable 
visualisation that supports decision-making and improvements throughout the app’s lifecycle.

Conventional methods typically demand well-structured datasets to yield accurate predictions, yet these methods often break 
down in the face of the noise and uncertainty typical of early-stage product data. In contrast, the fuzzy model’s unique ability to 
handle uncertainty and adapt to dynamic data environments makes it an ideal choice for early product development stages as well.

In the broadest sense, by presenting this fuzzy modeling framework, the paper aims to provide a valuable tool for enhancing the 
decision-making capabilities of researchers and developers working with sparse datasets.

1.4. Structure of the paper

The paper is structured as follows. In Section 2, we summarize the notations and concepts used in the paper. This section also 
introduces a set of symbols with specific meanings that are systematically used throughout the paper. These symbols are defined at 
the outset and consistently understood within this framework, ensuring clarity and uniformity in the mathematical exposition. This 
section also reviews essential concepts, such as the definition of the TS fuzzy model and its transfer function, which will be used 
later. Section 3 introduces the proposed framework, describing its specific objectives, such as achieving interpretable and adaptive 
user feedback models. This section details the framework’s ability to evolve with increasing data availability, offering a novel variant 
of the TS fuzzy model transformation that handles sparse datasets and adapts to a large amount of feedback when it increases. 
Section 4 provides practical applications, starting with an illustrative example designed to intuitively clarify the workflow of the 
proposed framework. This example uses a hypothetical scenario to demonstrate how fuzzy membership functions can be applied to 
categorize user behaviors, offering a visual and conceptual introduction to the methodology. Following this, three real-world use cases 
demonstrate the framework’s versatility in virtual reality (VR) development. These use cases explore key aspects such as demographics 
and digital content preferences, task complexities in 2D vs. 3D environments, and spatial presence in VR settings. Section 5 presents a 
comparative analysis, including Table 1, which highlights the differences and advantages of our proposed fuzzy modeling framework 
compared to traditional approaches in product development. Collectively, these sections demonstrate the framework’s potential as a 
valuable decision-support tool.
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2. Notations and basic concepts

In this section, we briefly summarize the mathematical notations and the key concepts used for the derivations in this paper.

2.1. Notations

• Lower-case letters of the English alphabet, such as 𝑖, 𝑗,𝑚, 𝑛, 𝑔… will be used as indices with lower bound 1 and an upper bound 
denoted by the corresponding upper-case character, e.g. 𝐼, 𝐽 ,𝑀,𝑁,𝐺…. In case we have a number of dimensions to index, 
these can be differentiated between using a further lower index; e.g. 𝑖1, 𝑖2,… 𝑖𝑛 can take values between 1 and 𝐼1, 𝐼2,…𝐼𝑁 , 
respectively.

• The notations 𝑎 ∈ℝ, 𝐚∈ℝ𝐼 , 𝐀 ∈ℝ𝐼1×𝐼2 , ∈ℝ𝐼𝑁 are used to denote scalars, vectors, matrices and tensors, respectively, where 
the notation ℝ𝐼𝑁 is equivalent to ℝ𝐼1×𝐼2×…×𝐼𝑁 .

• 𝟏 denotes a vector whose elements are all 1.
• 𝑟𝑎𝑛𝑘(𝐀) denotes the rank of matrix 𝐀.
• 𝑟𝑎𝑛𝑘𝑛() denotes the 𝑛-mode rank of tensor , see [32].
• [⋅]𝑖𝑛𝑑𝑒𝑥 is used to refer to elements of a vector, matrix or tensor, as in e.g. []𝑖1 ,𝑖2 ,…𝑖𝑁 = 𝑎𝑖1 ,𝑖2 ,…𝑖𝑁 of .
• {}(𝑖) denotes the 𝑖-mode unfolding of , see [32]. {}(𝑖) is a matrix whose columns are the vectors from dimension 𝑖 of . 

Thus the size of {}(𝑖) is 𝐼𝑖 ×
∏𝑁
𝑛=1,𝑛≠𝑖 𝐼𝑛.

•  ∈ 𝑐𝑜{∀𝑛 ∶𝑛} denotes that  is within the convex hull defined by the vertices 𝑛.
• 𝐔 denotes an orthonormed matrix;
• 𝐖 denotes a matrix that satisfies the properties:

𝟏 =𝐖𝟏 and ∀𝑖, 𝑗 ∶ 0 ≤ [𝐖]𝑖,𝑗 .

• 𝐔→𝑐𝑡𝑟𝐖 denotes the Convex Transformations that transform the orthonormed matrix 𝐔 to 𝐖. Such transformations in the TS 
Fuzzy model transformation related literature include the Sum Normalisation -- Non Negativeness (SNNN), Normalized (NO), 
Close to Normalized (CNO), Relaxed Normalized (RNO), Inverse Normalized (INO), and the Inverse Relaxed Normalized (IRNO) 
transformations [29,30,33]. These transformations guarantee further characteristics of 𝐖 that are advantageous in TS Fuzzy 
model based design.

• The notation 𝑓 (𝐩) is used to represent a bounded continuous function 𝑓 (𝐩) ∈ℝ𝐽 , where 𝐩 ∈Ω ⊂ℝ𝑁 . Here, Ω is defined by the 
intervals 𝜔1 ×𝜔2 ×⋯ ×𝜔𝑁 , where 𝑝𝑛 ∈ 𝜔𝑛, and 𝜔𝑛 denotes the interval [𝜔𝑚𝑖𝑛𝑛 ,𝜔𝑚𝑎𝑥𝑛 ].

2.2. Basic concepts

This section reviews two fundamental concepts from the fuzzy literature to be utilized in the proposed framework.

Definition 1. TS Fuzzy model

We recall that the widely used form of the fuzzy rules in the TS fuzzy model is as follows [34,35,29--31]:

IF𝐴1,𝑖1 AND𝐴2,𝑖2 …AND𝐴𝑁,𝑖𝑁 THEN 𝐵𝑖1 ,𝑖2 ,…𝑖𝑁 ,

where 𝑁 denotes the number of inputs of the TS fuzzy model and the antecedent fuzzy sets are denoted by 𝐴𝑛,𝑖𝑛 . The consequents 
are denoted by 𝐵𝑖1,𝑖2 ,…𝑖𝑁 . The antecedent fuzzy set 𝐴𝑛,𝑖𝑛 is defined by the membership function 𝑤𝑛,𝑖𝑛 (𝑝𝑛). The antecedent fuzzy sets 
are given in a Rusini-partition, which means that:

∀𝑛, 𝑝 ∶𝐰𝑛(𝑝)𝟏 = 1; ∀𝑛, 𝑖, 𝑝 ∶ 0 ≤ [𝐰𝑛(𝑝)]𝑖,

where 𝐰𝑛(𝑝) =
[
𝑤𝑛,1(𝑝) 𝑤𝑛,2(𝑝) … 𝑤𝑛,𝐼 (𝑝)

]
is a vector of the membership functions. The consequents 𝐵𝑖1 ,𝑖2 ,…𝑖𝑁 can represent 

scalar or vector (in case of multi-output) denoted as 𝐬𝑖1 ,𝑖2 ,…𝑖𝑁 ∈ℝ𝐽 and structured in a tensor  ∈ℝ𝐼𝑁×𝐽 . Further, let the observation 
fuzzy sets be singleton sets over the input value 𝑝𝑛, as is also widely adopted in the case of TS fuzzy models.

Definition 2. Transfer function of a TS Fuzzy model

When product-sum-gravity inference operator is used then the transfer function of the TS Fuzzy model defined in Definition 1 is 
[34,35,29--31]:

𝑓 (𝐩) =
𝐼1∑
𝑖1

𝐼2∑
𝑖2

…
𝐼𝑁∑
𝑖𝑁

𝑁∏
𝑛=1 
𝑤𝑛,𝑖𝑛 (𝑝𝑛)[]𝑖1 ,𝑖2 ,…𝑖𝑁 .

This transfer function can also be expressed using the tensor product operation as [29--31]:

𝑓 (𝐩) = 
𝑁

⊠ 
𝑛=1

𝐰𝑛(𝑝𝑛). (1)
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Fig. 2. Phases of the modeling framework. 

The tensor product operation utilized in Eq. (1) is a concept that was introduced in tensor algebra in [32]. Since then, Eq. (1) has 
been widely employed in the literature on TP model and TS Fuzzy model transformations [29--31].

3. The proposed modeling framework

First of all, let us outline the main properties that the proposed method should address.

• Visualising

One of the most important properties is that the resulting model should describe the input in a very informative and visualizable 
way:
– Visualising of the input categories: It should classify the input into categories.
– Determining the membership values of input elements in different categories: Then it should determine and visualise the 

most dominant elements of these categories and the overlapping of these categories. These are actually forming the antecedent 
fuzzy sets of the resulting model.

– Balancing between accuracy - number of categories - human comprehension: The method should aim to minimise the 
number of categories, as a high number of categories can hinder human comprehension. Therefore, the model must balance 
reducing the number of principal categories with maintaining accuracy. The focus is on enabling an intuitive understanding of 
input membership within these categories, even if this requires a slight trade-off in precision, given that the output represents 
a distribution rather than an exact value.

– Noise filtering: The function to be modeled exhibits a significant degree of variability, as user feedback may differ for the 
same case, even from a single user. This means that noise-like variations between input and output must be filtered out. This 
requirement aligns with the need for a trade-off between filtering out noise and details with small relevance while retaining 
the essential, principal elements of the information. This is closely related to the previous point; however, the focus here is not 
on identifying the main components but on filtering out the minor ones.

– Identifying causality: To enhance human understanding of the process between input and output, we need to identify lin
guistically explainable IF-THEN rules, such as ‘IF input, THEN output.’ This approach allows the development team to readily 
grasp how inputs influence outputs. The goal here is to retain only the principal rules, avoiding an overwhelming number that 
could obscure clarity in unnecessary details.

– Refining and updating with stable computational load: The model should be able to operate effectively with both small 
and large datasets, ensuring that computational load remains manageable even as the dataset grows significantly. Furthermore, 
the model should allow revisiting the visualization of input categories and causal rules, as these features in the initial small 
dataset may differ significantly from those in the subsequently larger dataset.

In the following let us discuss the three main phases in the lifecycle of the software product. Fig. 2 depicts the main phases.

• Phase 1: Launch preparation

In this phase, the app is not released. It is under user testing. Since performing measurements based on a large user pool can be 
costly, the number of users involved in this phase of data collection is generally limited to about 80-100 users. Thus the initial 
TS fuzzy model is created on sparse data set. Those areas of the input space (e.g. border of the input space) that are not covered 
by user feedback are supplemented with expert opinion.
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Fig. 3. Illustration of a 2-dimensional interval-grid and one way in which this interval grid could be transformed into a grid. 

• Phase 2: Refining the TS fuzzy model

In this phase, the app is released and the number of users can be expected to increase into the thousands. The goal is to update 
the initial model, while keeping the number of antecedent fuzzy sets low and only the resolution of the antecedent fuzzy sets is 
improved.

• Phase 3: Updating the TS fuzzy model

In this phase, the number of users is around a million -- hence, the number of data points obtained in real time is very high. 
This is especially true when modeling an increasing number of apps is done in parallel. As a result, the feature space for product 
assessment is well covered by the data points, therefore automatic updates and refinements can be made to the TS fuzzy model 
on a regular basis.

Before introducing the key steps of the proposed method let us define the following concepts.

Definition 3. Interval grid

Let us consider an 𝑁 -dimensional hypercube denoted by Ω = 𝜔1 × 𝜔2… × 𝜔𝑁 . Assume that for each dimension, 𝑛, we have 𝐺𝑛
disjoint (non-overlapping) interval- grid 𝛾𝑛,𝑔𝑛 = [𝛾𝑚𝑖𝑛𝑛,𝑔𝑛 , 𝛾

𝑚𝑎𝑥
𝑛,𝑔𝑛

] ⊂ 𝜔𝑛, where ∀𝑛, 𝑔 ∶ 𝛾𝑚𝑎𝑥𝑛,𝑔 < 𝛾
𝑚𝑖𝑛
𝑛,𝑔+1. Based on the above, the corresponding 

interval-grid is defined by grid cells:

Γ𝑔1 ,𝑔2 ,…𝑔𝑁 = 𝛾1,𝑔1 × 𝛾2,𝑔2 ×…× 𝛾𝑁,𝑔𝑁 .

The interval-grid covers Ω:

∀𝑛 ∶ 𝜔𝑚𝑖𝑛𝑛 = 𝛾𝑚𝑖𝑛
𝑛,1 ; and 𝜔𝑚𝑎𝑥𝑛 = 𝛾𝑚𝑎𝑥

𝑛,𝐺𝑛
.

The left-hand side in Fig. 3 shows an illustration of Ω defined by intervals 𝜔1 × 𝜔2 and the grid intervals 𝛾1,𝑔 and 𝛾2,𝑔 , which in 
turn determine grid cells Γ𝑔1 ,𝑔2 for an 𝑁 = 2 dimensional case. For the sake of generality, we can see that there is a gap between the 
grid intervals in the figure. In practical scenarios, however, the union of intervals would cover the whole space Ω.

Method 1. Transforming the interval-grid to grid tensor

Let each grid interval 𝛾𝑛,𝑔 be represented by its center (or any otherwise dominant point). Let these points be stored in vector 
𝐠𝑛 ∈ℝ𝐺𝑛 ), i.e.:

𝑔𝑛,𝑔 =
𝛾𝑚𝑖𝑛𝑛,𝑔 + 𝛾𝑚𝑎𝑥𝑛,𝑔

2 
except at the border of hypercube edge 𝜔𝑛, where

𝑔𝑛,1 = 𝜔𝑚𝑖𝑛𝑛 and 𝑔𝑛,𝐺 = 𝜔𝑚𝑎𝑥𝑛 .

These points of the grid intervals define the coordinates of the grid cell Γ𝑔1 ,𝑔2 ,…𝑔𝑁 as:

𝐝𝑔1 ,𝑔2 ,…𝑔𝑁 =
[
𝑔1,𝑔1 𝑔2,𝑔2 … 𝑔𝑁,𝑔𝑁

]
∈ℝ𝑁.

These coordinate vectors form the grid tensor  ∈ℝ𝐺𝑁×𝑁
.

The right-hand side of Fig. 3 illustrates how the interval grid is replaced by a grid. It shows that each interval 𝛾𝑛,𝑔 is replaced 
by grid 𝑔𝑛,𝑔 on dimension 𝑛. It also illustrates that 𝑔1,𝑔1 and 𝑔2,𝑔2 define the coordinate vectors 𝑑𝑔1 ,𝑔2 =

[
𝑔1,𝑔2 𝑔2,𝑔2

]
. Note that in 

this case, what we have done is to transform the interval-grid to a grid that is defined by a grid tensor (the coordinates of the tensor 
correspond to grid intervals that are not necessarily equidistant and may span differently sized ranges).
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Fig. 4. Illustration of the zero order membership functions 𝑖𝑔(𝑥). 

Method 2. Determination of the representative tensor with increasing resolution

Consider a function 𝑦 = 𝑓 (𝐩) whose closed formula is unknown, but is sampled over a point-cloud consisting of 𝐾 different 
arbitrary points 𝐩𝑘 =

[
𝑝𝑘,1 𝑝𝑘,2

]
∈ Ω as 𝑦𝑘 = 𝑓 (𝐩𝑘) as depicted by points on the right image of Fig. 3. We use the term ``sampled'' 

to signify that the function 𝑓 unknown in analytical terms. When the interval-grid is constructed, a key requirement is to ensure 
that each grid cell Γ𝑔1 ,𝑔2 ,…𝑔𝑁 includes at least 𝑡𝑚𝑖𝑛 different points {𝐩𝑘}𝑔1 ,𝑔2 ,…𝑔𝑁 . Now, let us select 𝑦𝑡 the closets to the grid point 
𝐝𝑔1 ,𝑔2 ,…𝑔𝑁 , and define

𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 = 𝑦𝑡.

If we have 𝑍 different 𝑦𝑧 over the same point 𝐩𝑡 then we use the average as

𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 =
∑𝑍
𝑡=𝑧 𝑦𝑧

𝑍
.

More generally, 𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 can be defined as any aggregate of 𝑦𝑡 or any ‘representative’ value of the grid cell Γ𝑔1 ,𝑔2 ,…𝑔𝑁 . These values 
𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 can be used to construct the representative tensor:

[ ]𝑔1 ,𝑔2 ,…𝑔𝑁 = 𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 .

Thus, the representative tensor  and the grid tensor  is assigned to each other element-wise, and hence, the 𝑓𝑔1 ,𝑔2 ,…𝑔𝑁 can then 
be used as a rough estimate of the function over the grid as:

𝑓 ([]𝑔1 ,𝑔2 ,…𝑔𝑁 ) ≈ 𝑓 ([]𝑔1 ,𝑔2 ,…𝑔𝑁 ) = [ ]𝑔1 ,𝑔2 ,…𝑔𝑁 , (2)

where the hat over  denotes ``approximation''. When 𝐾 is increasing we split the cells (keeping 𝑇𝑚𝑖𝑛 in each new cell). As a 
consequence the density of the grid defined by  and the size of the representative grid tensor will in turn increase. This leads to a 
better resolution of the approximation in Eq. (2). As a consequence the representative grid tensor will converge to a sampled tensor 
over a dense grid defined by  with increasing 𝐾 .

The right-hand side of Fig. 3 shows a case where each grid cell has at least 𝑡𝑚𝑖𝑛 = 1 sampled data points (dots in the figure).

Definition 4. Zero order membership function system

Let us consider a vector 𝐢𝑛(𝑥𝑛) =
[
𝑖𝑛,1(𝑥𝑛) 𝑖𝑛,2(𝑥𝑛) … 𝑖𝑛,𝐺𝑛 (𝑥𝑛)

]
defined over a given grid as an interpolation between grid points:

𝐢𝑛(𝑥𝑛) = 𝜆𝑛[𝐈]𝑔 + (1 − 𝜆𝑛)[𝐈]𝑔+1, where 𝜆𝑛 =
𝑔𝑛,𝑔+1 − 𝑥𝑛
𝑔𝑛,𝑔+1 − 𝑔𝑛,𝑔

,

and [𝐠]𝑔 ≤ 𝑥𝑛 ≤ [𝐠]𝑔+1, and [𝐈]𝑔 represents the 𝑔-th row of the identity matrix 𝐈. Fig. 4 illustrates the functions 𝑖𝑛(𝑥𝑛) for 𝑛 = 1.

3.1. Determination of the TS fuzzy model

Based on the above, let us consider a function 𝑓 (𝐱) whose closed formula is unknown, but its output is known over 𝐾 different 
samples 𝐩𝑘 as 𝑦𝑘 = 𝑓 (𝐩𝑘). The proposed modeling framework has the following steps:

• Step 1: Determination of the representative tensor

Method 3. Method of Step 1
Let us define the hypercube interval grid 𝛾𝑛,𝑔𝑛 in such a way that each cell Γ𝑛1 ,𝑛2 ,…𝑛𝐺 contains, at a minimum, 𝑡𝑚𝑖𝑛 different 
points. Further, let us assume that the resolution of the grid tensor  is acceptable in the given phase of the app development. 
In this case, a multi-linear approximation can be determined as:

𝑓 (𝐩) = 
𝑁

⊠ 
𝑛=1

𝐢𝑛(𝑝𝑛), (3)
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Fig. 5. Illustration of the multi-linear approximation based on the representative matrix. 

based on grid tensor  and grid .

As an illustrative example, consider the hypercube Ω =
[
1 4

]
×
[
1 4

]
. Further, assume that 5 × 5 interval grid is defined. 

Further, consider the function:

𝑓 (𝐩) =
(
1 + 𝑝−21 + 𝑝−1.52

)2
, where 𝐩 =

[
𝑝1 𝑝2

]
. (4)

Fig. 5 illustrates a 2-dimensional case based on the multi-linear approximation of the function given in Eq. (4) in which the 
representative tensor is a matrix and has the following values:

 =

⎡⎢⎢⎢⎢⎢⎣

8.9761 5.7940 4.8896 4.5693 4.4568
5.2776 3.1042 2.4846 2.2444 2.0902
4.5207 2.5321 2.0040 1.7714 1.6558
4.2885 2.3401 1.8141 1.6011 1.4887
4.1596 2.2390 1.7364 1.5207 1.4102

⎤⎥⎥⎥⎥⎥⎦
, (5)

and in which case the grid vectors are 𝐠1 = 𝐠2 =
[
1 2 3 4 5

]
in dimensions 𝑝1 and 𝑝2 respectively. Note that this represen

tation arises as an interpolation between neighboring values in a matrix (tensor), whose coordinates are interpreted over a grid 
tensor.

• Step 2: Select the main components to enhance interpretability for human comprehension.

Method 4. Method of Step 2
Let us execute the compact HOSVD (CHOSVD) on tensor  , thus obtaining:

 
𝑐ℎ𝑜𝑠𝑣𝑑
=== 

𝑁

⊠ 
𝑛=1

𝐔𝑛. (6)

Here, the core tensor  has the size of 𝑅1 × 𝑅2 × … × 𝑅𝑁 and orthonormed matrices 𝐔𝑛 have the size 𝐺𝑛 × 𝑅𝑛, where 𝑅𝑛 =
𝑟𝑎𝑛𝑘𝑛( ). Each row of matrices 𝐔𝑛 defines the weights of the elements (subtensors) of the core tensor to be combined to obtain 
each element of  , such as

[ ]𝑔1 ,𝑔2 ,…𝑔𝑁 =
𝑁

⊠ 
𝑛=1

[𝐔𝑛]𝑔𝑛 ,

where [𝐔𝑛]𝑔 is the 𝑔-th row of matrix 𝐔𝑛. One can create the multi-linear approximation based on the TP structure. Based on 
Eqs. (3) and (6), we have that:

𝑓 (𝐱) =
(


𝑁

⊠ 
𝑛=1

𝐔𝑛
)

𝑁

⊠ 
𝑛=1

𝐢𝑛(𝑥𝑛) =
𝑁

⊠ 
𝑛=1

𝐮𝑛(𝑥𝑛), where 𝐮𝑛(𝑥𝑛) = 𝐢𝑛(𝑥𝑛)𝐔𝑛. (7)

The CHOSVD guarantees that the number of the piece-wise linear weighting functions is the absolute minimum. If one would 
like to further decrease the number of weighting functions 𝐮𝑛(𝑥𝑛) by dimensions (for example, with the goal of increasing the 
human interpretability of the resulting fuzzy rule set), then non-zero singular values and the corresponding columns of 𝐔𝑛 can 
be discarded. As a trade-off, this will result in further approximation errors over the grid, which are bounded by the sum of the 
discarded singular values. For further details on the rank and approximation trade-off of the TP model transformation is given 
in [36--39].
Thus, assume that we finally keep 𝐼𝑛 singular values by dimension, which will lead to 𝐼𝑛 number of antecedent fuzzy sets by 
dimensions and 𝐼𝑁 number of fuzzy rules in the TS fuzzy model at the end. Therefore the size of  will be 𝐼1 × 𝐼2 ×…× 𝐼𝑁 × 𝐽
and the size of 𝐔𝑛 will be 𝐺𝑛 × 𝐼𝑛.

Fig. 6 illustrates a case where the weighting functions 𝐮𝑛(𝑥𝑛) =
[
𝑢𝑛,1(𝑥𝑛) 𝑢𝑛,2(𝑥𝑛) 𝑢𝑛,3(𝑥𝑛)

]
are obtained from Eq. (5). Since 

in this case is a matrix, SVD (instead of HOSVD) is applied, resulting in:

 =𝐔1𝐃𝐔𝑇2 .
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Fig. 6. Illustration of the weighting functions whose values may not be between 0 and 1, and, hence, may not interpretable as fuzzy sets. 

Since the range of  is 𝑅1 =𝑅2 = 3 in this case, this will result in only 3 antecedent fuzzy sets per dimension (9 fuzzy rules in 
total), which can be readily understood by humans. Therefore, we keep all non-zero singular values. As a result we have:

𝐔1 =

⎡⎢⎢⎢⎢⎢⎣

−0.7280 0.6720 −0.0997
−0.6481 0.4347 0.0964
−0.5960 0.2925 0.1275
−0.5589 0.1934 0.1338
−0.5307 0.1231 0.1026

⎤⎥⎥⎥⎥⎥⎦
and 𝐔2 =

⎡⎢⎢⎢⎢⎢⎣

−0.6988 −0.6924 0.1332
−0.6331 −0.4583 −0.0993
−0.5872 −0.3208 −0.1092
−0.5538 −0.2202 −0.1061
−0.5276 −0.1477 −0.0796

⎤⎥⎥⎥⎥⎥⎦
The functions 𝐢𝑛(𝑥𝑛)𝐔𝑛 are shown in Fig. 6. Note that these functions might be interpretable as Fuzzy membership functions 
representing the degree to which different subtensors should be taken into account, but for the fact that they are not scaled 
between 0 and 1 (as is required of membership functions).

• Step 3: Transforming to Ruspini-partitioned CNO type antecedent fuzzy sets

Since matrices 𝐔𝑛 are real-valued and can contain even negative elements, the resulting piece-wise linear weighting functions 
in 𝐮𝑛(𝑥𝑛) can also have negative values as illustrated above. In order to obtain a TS fuzzy model with Ruspini-partitioned fuzzy 
sets, the piece-wise weighting functions are further transformed by Convex Transformations. In order to obtain fuzzy sets whose 
dominant elements are emphasised via higher membership values, leading to a representation that is closer to human intuition, the 
Close-to-Normal (CNO) type Convex Transformation is applied here [29,30,33]. The CNO type Convex Transformation increases 
the membership values of the functions to 1 at least over one element. If this is not possible, then it gets as close to one as 
possible. This means that the dominant elements of each antecedent fuzzy set will be emphasized by higher membership values 
and over those elements the other fuzzy sets will have lower or even zero membership values. This helps to extract classifications 
of the elements, expressed through more understandable and visualizable membership functions, clarifying their role in the TS 
fuzzy model. Thus the following method is proposed:

Method 5. Method of Step 3
We execute convex transformation here as

𝐔𝑛→𝑐𝑡𝑟 𝐖𝑛,

Here, 𝐖𝑛 still satisfy Eq. (7), and at least one element of each column will equal 1 or will get as close as possible to 1. Note that the 
Convex Transformation may increase the number of columns by one, therefore, the size of 𝐖𝑛 is 𝐺𝑛 ×𝑇𝑛, where 𝐼𝑛 ≤ 𝑇𝑛 ≤ 𝐼𝑛 +1. 
The core tensor is calculated as

 =
𝑁

⊠ 
𝑛=1

(
𝐖𝑛

)+
, therefore  = 

𝑁

⊠ 
𝑛=1

𝐖𝑛. (8)

Based on Eqs. (3) and (8), this leads to

𝑓 (𝐱) = 
𝑁

⊠ 
𝑛=1

𝐰𝑛(𝑥𝑛), where 𝐰𝑛(𝑥𝑛) = 𝐢𝑛(𝑥𝑛)𝐖𝑛. (9)

Continuing our example, Fig. 7 illustrates the antecedent fuzzy sets 𝐰𝑛(𝑥𝑛) =
[
𝑤𝑛,1(𝑥𝑛) 𝑤𝑛,2(𝑥𝑛) 𝑤𝑛,3(𝑥𝑛)

]
. In the current very 

simple case, we arrived at the same model as Eq. (3). The resulting matrices 𝐖𝑛 are:

𝐖1 =

⎡⎢⎢⎢⎢⎢⎣

1.0000 0.0000 0.0000
0.8368 0.0779 0.0853
0.7075 0.1977 0.0948
0.6167 0.2802 0.1030
0.5485 0.3420 0.1096

⎤⎥⎥⎥⎥⎥⎦
and 𝐖2 =

⎡⎢⎢⎢⎢⎢⎣

−0.0000 0.0000 1.0000
0.0000 0.1839 0.8161
0.0119 0.2947 0.6934
0.0223 0.3736 0.6041
0.0664 0.3966 0.5371

⎤⎥⎥⎥⎥⎥⎦
The figures demonstrate that the weighting functions have no negative values and have a dominant maximum or minimum 
value. This example demonstrates that the inputs can be effectively classified into at least 3 antecedents. It further shows that 
one antecedent strongly dominates at an input value of 1, while the other two categories exhibit low dominance across the entire 
input range.
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Fig. 7. Illustration of the CNO type membership functions. 

• Step 4: Refining the TS Fuzzy model in Phase 2
As the number of points for 𝐾 increases, we can split the grid intervals, leading to a larger grid tensor and representative tensor. 
This results in antecedent fuzzy sets defined over a denser grid, making the piecewise linearly interpolated membership functions 
of the antecedents smoother.

Method 6. Method of Step 4
Assume that we introduce a new grid on dimension 𝑧. Let us denote the location of this extra grid by 𝑔𝑧,𝑒 . The values of the 
membership functions on dimension 𝑧 - that is the new row [𝐖𝑧]𝑒 to be inserted into 𝐖𝑧, which can then be determined over 
𝑔1,𝑒. Since(


𝑁

⊠ 
𝑛=1,𝑛≠𝑧

𝐖𝑛

)
×𝑧 [𝐖]𝑧,𝑒 =  ′, that is { ′}(𝑧) = [𝐖]𝑧,𝑒

{


𝑁

⊠ 
𝑛=1,𝑛≠𝑧

𝐖𝑛

}
(𝑧)
.

Here,  ′ is the new slice to be inserted in the 𝑧-th dimension, positioned between the (𝑒− 1)-th and (𝑒+ 1)-th elements of  . Its 
size is 𝐺1 ×𝐺2 ×…×𝐺𝑧−1 × 1 ×𝐺𝑧+1 ×…×𝐺𝑁 . Therefore

[𝐖]𝑧,𝑒 = { ′}(𝑧)
({


𝑁

⊠ 
𝑛=1,𝑛≠𝑧

𝐖𝑛(𝑧)

})+

.

• Step 5: Updating the TS fuzzy model in Phase 3
In the first two phases of the app development, we have approximately a thousand data points, and the size of the corresponding 
representation tensor results in an acceptable computational load for executing HOSVD. This means that the HOSVD can be 
periodically executed to identify better or additional antecedents, if they exist. However, when the number of points is very high, 
resulting in a dense grid and high-resolution representation tensor, executing the HOSVD becomes computationally challenging. 
Since the causal relationship between the input and output of the TS fuzzy model is well defined by the fuzzy rules and the shape 
of the antecedents at the end of Phase 2, we may retain the existing rules and antecedents, focusing only on updating the TS 
fuzzy model to improve its accuracy in Phase 3. Therefore the following method is proposed here:

Method 7. Method of Step 5
We use the pseudo TP model transformation to recalculate the core tensor  based on the updated representative tensor  as 
follows:

 ′ =  ′
𝑁

⊠ 
𝑛=1

𝐖+.

This is a simple tensor product computation that does not require executing HOSVD.

4. Illustrative showcase of the workflow

The dataset analysed in this study has also been used in prior works [40,41]. However, this study presents a new analysis of 
previously collected data, which serves as the basis for the novel approach and interpretation introduced in this manuscript.

In this section, we present four examples that demonstrate the practical application of the framework discussed in Section 3. 
The first example offering a real-life scenario to clarify the workflow outlined in our framework, though it is not based on specific 
measurement data. This example aims to provide a clear and intuitive understanding of the framework’s functionality.

Following this, three additional examples apply the fuzzy modeling framework to real measurement-based use cases, each high
lighting different facets of virtual reality development. These case studies explore key questions relevant to VR developers and sales 
professionals: Who are the ideal potential customers? Which VR work environments should be recommended for each target group? 
How do task complexity and workflows impact VR usage? And what approaches can help identify the best-suited target audience to 
optimize sales? The topic of each section will be as follows:

Demographics, Digital Content, and VR Adoption Section 4.2 explores how initially sparse data on user demographics and 
digital content usage can still be used to understand VR platform adoption. The system provides early insights into user acceptance, 
highlighting key factors influencing VR adoption across different age groups and content usage patterns.
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Task Difficulty in 2D vs. 3D Section 4.3 examines the system’s ability to assess the subjective and objective difficulties of 
tasks performed in 2D versus 3D environments. By analyzing user interactions and performance in different virtual settings, the 
recommendation system offers valuable feedback on the optimal environment for various educational and work-related tasks.

Spatial Presence Analysis Section 4.4 focuses on analyzing spatial presence scores based on users’ navigational and previous VR 
experiences. This use case illustrates how the system can adapt to users’ abilities and continuously refine recommendations, ensuring 
an optimized and effective VR experience.

Collectively, these use cases demonstrate the flexibility and adaptability of the recommendation system. By integrating diverse data 
sources and evolving through continuous updates, the system offers actionable insights that can significantly enhance decision-making 
processes. Experts can apply these recommendations to make informed decisions about deployment and optimization, ensuring an 
efficient and user-centric approach to product adoption.

4.1. Illustrative showcase I.: Age-based fuzzy membership function for health recommendations

Imagine an app that offers health recommendations based on user behavior. The age of users might be a significant input, as 
different age groups have varying needs and behaviors. In this case, we might define fuzzy membership functions for three age 
categories: ``young,'' ``middle-aged,'' and ``elderly.''

• Young (0--30 years): This membership function peaks at a lower age and gradually decreases toward middle age. Young users 
may prioritize fitness and social features, so this input could influence the app to highlight those features in recommendations.

• Middle-aged (30--60 years): This membership function reaches its peak around middle age and gradually decreases toward 
young and elderly categories. Middle-aged users may have different preferences, such as balancing health recommendations for 
managing stress or work-life balance. Here, the input would guide the app to provide content relevant to this group.

• Elderly (60+ years): The membership function peaks for ages 60 and above, capturing needs that may differ significantly from 
younger groups. Elderly users might prioritize health monitoring or features to support physical wellness. For these users, the 
input influences the app to emphasize features aligned with their specific requirements.

By visualizing these membership functions, we gain a clearer picture of how age influences the model. If we see a strong overlap 
between ``middle-aged'' and ``elderly'' categories, this suggests the app could adapt features to reflect the shared priorities of these 
groups. Alternatively, if the overlap is minimal, the model recognizes age as a distinct factor in user needs, signaling the development 
team to design specific features for each age group. This visualized distribution ultimately explains the role and importance of age in 
influencing the app’s behavior and recommendations.

There are two main reasons for using principal component analysis to extract only the most important IF-THEN rules. First, a high 
number of antecedents for each input reduces human comprehension; too many antecedents are challenging for humans to interpret. 
Second, the number of fuzzy rules increases exponentially with the number of antecedent fuzzy sets, making the task overly complex 
and hindering intuitive understanding.

Another important objective is to filter out noise-like information resulting from distributional variance. Therefore, a balance must 
be struck between retaining principal components and removing noise-like elements, all while ensuring that the resulting antecedents 
and fuzzy rules remain comprehensible for human interpretation. Continuing from the health recommendations example, the ``young,'' 
“middle-aged,'' and ``elderly'' membership functions may have overlapping ranges, potentially introducing noise-like information that 
could the interpretability of our rules. Principal component analysis allows us to retain only the principal components, focusing the 
model on clear distinctions or shared characteristics relevant to each age group, thus preserving interpretive accuracy. In cases where 
user feedback is limited before the app’s full release—given the cost and time required for extensive human testing—the model is 
built on sparse data. In this case, rules are constructed directly from the available feedback. A key issue is that the boundaries of 
the input space are often not covered by user feedback, meaning the model cannot interpolate between rules where no boundary 
information exists. In such situations, we consult product experts to supplement missing information based on their experience and 
understanding of user psychology. Additionally, at this stage, the initial model is carefully evaluated to ensure it is both informative 
and sufficiently accurate. If it meets these criteria, the model, including its antecedents and fuzzy rules, will be retained and refined 
when thousands of additional feedback points become available. This ensures that the model remains robust and insightful as data 
grows, aligning recommendations with nuanced user needs across the defined age categories.

4.2. Use case example I.: Demographics, digital content, and VR adoption

Despite the impressive information-sharing capabilities of 3D virtual reality and the rapid advancements behind the technology, 
its adoption in office and workplace environments remains limited. High initial costs and user acceptance are major limitations. 
Understanding the cognitive processes that form Attitude Toward Technology (ATT) is crucial, as it significantly influences the 
adoption of new technologies [42,43]. This example aims to explore the factors that drive or hinder the acceptance of VR in virtual 
environments, particularly focusing on perceived utility as a decisive factor in user acceptance.

4.2.1. Measurement description

The study was carried out using an online survey in April 2024. The survey was distributed through social media platforms 
and participation was voluntary, with no compensation offered to respondents. A total of 132 (anonymous) individuals completed 
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the survey. The survey collected demographic and educational background information, as well as objective indicators such as VR 
training, frequency of VR use, time spent actively using VR, number of digital contents used concurrently in a single project or 
workflow, and the number of collaborative partners.

Subjective measures were also collected through the survey, focusing on users’ acceptance of VR. A 5-point Likert scale, ranging 
from ‘strongly disagree’ to ‘strongly agree’, was employed to gauge user perceptions.

The first step was to aggregate the questionnaire. The objective was to define two input parameters and one output parameter to 
validate the new methods. In this sample, the input parameters included users’ age and the number of digital contents used in a single 
project, while the output parameter was the level of VR acceptance. This approach aimed to enhance the decision-making process in 
sales by considering users’ digital content handling habits. Users were categorized into age groups as follows:

• Gen Z college students aged 18-21 (1. age group)
• Gen Z employees aged 22-28 (2. age group)
• Gen Y users aged 29-45 (3. age group)
• Gen X members aged 46 and above -no upper age limit specified (4. age group)

The categorization of Generation Z users into two distinct groups was based on expert opinions indicating that, after entering the 
workforce, these users engage in significantly more live projects and manage more digital content simultaneously within a single 
workflow.

In terms of the number of digital content used, the users were divided into four groups:

• Users working with 1-10 digital contents
• Users working with 11-20 digital contents
• Users working with 21-30 digital contents
• Users working with over 30 digital contents

The ranges for categories of digital content quantity were determined with input from experts in the field of Cognitive Infocommu
nications [44--46] and Cognitive Aspects of Virtual Reality (cVR) [41]. Experts agreed that defining additional categories beyond 30 
digital contents is unnecessary, as managing such a large number requires complex information processing and advanced cognitive 
skills, with only a few users falling into higher categories.

In addition, all of the data obtained was based on the users’ self-assessment in relation to a ‘typical project’; hence, the numbers 
obtained were expected to be inherently noisy to some degree.

4.2.2. Creation of fuzzy model and analysis thereof

Clustering the data points into a single matrix, we obtained the following matrix (in which the rows correspond to content quantity 
– from low to high -- and in which the columns correspond to age group -- from youngest to oldest):

 =
⎡⎢⎢⎢⎣
3.28 3.37 3.1 3.33
4.33 4.16 4 3.5
3 2.83 4.5 3.33
4 2.71 3.33 4

⎤⎥⎥⎥⎦
Using SVD, while keeping only one singular value, we obtain a mean squared approximation error of only 0.44, which, on a scale 

of 1 − 5 is acceptable. Hence, based on the derivations leading to Eq. (9), we obtain the following core tensor:

 =
[
4.12 3.8
3.47 2.93

]
along with the interpolated weighting functions shown on Fig. 8, based on which we obtain the following reconstruction:

̃ =
⎡⎢⎢⎢⎣
3.4 2.93 3.47 3.22
4.08 3.8 4.12 3.97
3.56 3.13 3.62 3.4
3.64 3.24 3.7 3.49

⎤⎥⎥⎥⎦
The fuzzy sets, as shown in Fig. 8 represent user groups based on digital content usage and age, providing interpretable categories 

for VR acceptance analysis:
Based on Fig. 8, we can identify linguistically explainable IF-THEN rules that are straightforward for the development team to 

understand, such as ``IF input 1 and input 2, THEN output.'' The authors aimed to provide examples that illustrate the interpretability 
of the visual representation rather than presenting the complete set of rules. This approach focuses on clarity by highlighting key 
rules.

1. IF the user belongs to age group 1 (18-21 years) AND works with fewer than 10 digital content items in a project, THEN VR 
acceptance is moderate/neutral.

2. IF the user belongs to age group 1 AND and uses 10-20 digital content items THEN VR acceptance significantly increases.
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Fig. 8. Weighting functions for content quantity and age group. 

3. IF the user belongs to age group 1 AND works with more than 21 digital content items in a project, THEN then VR acceptance 
decreases again.

4. IF the user belongs to age group 2 AND works with fewer than 10 digital content items in a project THEN VR acceptance is 
moderate/neutral.

5. IF the user belongs to age group 2 AND uses 11-20 different digital contents for their work THEN VR acceptance is particularly 
high.

6. IF the user belongs to age group 2 AND uses more than 21 digital content items in a project THEN VR acceptance drastically 
decreases.

7. IF the user belongs to age group 3 AND uses 21-30 digital content items THEN VR acceptance is optimal for them.
8. IF the user belongs to age group 4 AND works with any number of digital content items THEN VR acceptance is neutral.

Based on this example, the fuzzy sets of the subsequent use cases can also be described as linguistic rules.
Detailed Mathematical Perspective:

• By referring to the reconstructed values (i.e., a matrix which has the same dimensions as  ), we can see that when the content 
number is close to 15 (blue weighting function for ContentNum on Fig. 8) and the age of the user is close to 25 (red weighting 
function for Age)�-which corresponds to the second item in the second row of matrix  (4.16)�-we need to take into consideration 
the first row (blue ContentNum) and second column (red age group) of the core tensor  , obtaining an approximation of 3.8.

• Conversely, when the content number is close to 0 (red weighting function for content num) and the age group is close to 20 
(mostly blue weighting function for age group), in which case we need to consider the second row and (mostly) the first column 
of the core tensor, obtaining an approximation to the 3.28 that is somewhat less than 3.47, but still closer to 3.47 than 2.93.

Thus, we see that in the case of the weighting functions for both content number and age group (on Fig. 8), blue corresponds to 
the first row and first column of the core tensor, respectively.

This structured inquiry not only allows us to interpret the acceptance score of VR technology depending on age group and number 
of contents generally used, but also enables us to make qualitative judgments based on these independent variables. For example, we 
see that the blue colored weighting function for ContentNum (hence, the first row of the core tensor) really starts to play a role for 
users who prefer to use at least about 10 different content elements. Therefore, we can say that the first row of the core tensor, with 
the relatively higher values of 4.12 and 3.8, seems to have increasing weight as the number of content elements grows—at least up 
to a point, after which less benefits may accrue.

Practical Insights and Simplified Explanation:

To make the results more intuitive: In Fig. 8, the weighting functions illustrate VR acceptance based on two primary factors: age 
groups and the number of digital contents managed by users.

• Content Quantity and VR Acceptance: The model shows that users who handle 11--20 digital content are more likely to accept 
VR. This range seems to balance the cognitive load and VR capabilities, making the experience comfortable and efficient.

• Age Group Impact: Younger users, particularly those aged 22--28, are more open to VR adoption. This demographic benefits 
the most from VR due to their technical adaptability and preferences for engaging digital content.

Key Insight: The optimal user profile for VR adoption includes individuals aged 22--28 who handle 11--20 digital contents. This 
combination maximizes VR acceptance and provides actionable insights for marketing or development efforts targeting similar user 
groups.

4.3. Use case example II.: Task difficulty evaluation in 2D vs. 3D

A highly relevant theory in educational psychology, Cognitive Load Theory (CLT), seeks to describe and demonstrate how the 
human cognitive system processes information and what this means for instructional design. The goal of cognitive load theory in this 
context is to clarify how increased information processing demands during learning tasks can impact students’ capacity for taking in 
and storing new information in long-term memory [47--50].



Heliyon 11 (2025) e43537

15

A. Sudár, B. Berki and I. Horváth 

4.3.1. Measurement description

In the study associated with this dataset, we aimed to assess differences in the subjective and objective difficulty of questionnaires 
filled out by test subjects based on content that was shared on a 2D web-based interface as well as two different 3D desktop VR spaces 
(for more information on this study, see [40] and [51]).

In the 2D case, participants used a classical Google Sites page accessed via Chrome browser. The learning materials and ques
tionnaires were serially embedded in the site, requiring users to scroll through the documents and then complete the associated 
questionnaires. Documents and questionnaires were presented in a top-to-bottom linear order.

For two separate groups of users, the same documents and questionnaires were laid out in two different 3D desktop VR spaces 
using the MaxWhere1 platform.

In the dataset examined here, we consider only the age groups of users, the experimental condition (whether 2D, the first 3D 
space or the second 3D space), and the perceived difficulty reported by the users.

We distinguished between the following age groups:

• Ages 18-23
• Ages 24-29
• Ages 30-34
• Ages 35-55

Perceived level of difficulty was obtained from users on a Likert scale of 1-7, with 7 corresponding to the highest perceived 
difficulty.

4.3.2. Creation of fuzzy model and analysis thereof

Based on the above, the clustered matrix contained 4 rows (one per age group) and 3 columns (one per experimental condition):

 =
⎡⎢⎢⎢⎣
3.25 2.75 1.75
4.25 7 1.5
4 3.75 3.25
4.5 3 5.5

⎤⎥⎥⎥⎦
Using SVD, while keeping only one singular value, we obtain a mean squared approximation error of 1.04 for the whole dataset, 

which, on a scale of 1− 7 is higher than desired but still acceptable for our purposes. Note also that keeping more singular values, as 
well as differentiating among different age groups (more fine-grained or separated at different ages) did not have a significant impact 
on the error with respect to the whole dataset.

For the above reasons, we decided to keep the model with only one singular value. Based on the derivations leading to Eq. (9), 
we obtain the following core tensor:

 =
[
5.14 3.42
2.78 2.42

]
and the weighting functions shown on Fig. 9, based on which we obtain the following reconstruction:

̃ =
⎡⎢⎢⎢⎣
2.7 2.78 2.42
4.78 5.14 3.42
3.85 4.08 2.97
4.4 4.7 3.24

⎤⎥⎥⎥⎦
Detailed Mathematical Perspective:

By analyzing the weighting functions and core tensor in Fig. 9, we can observe the following:

• The 2D scenario is closely related to the first VR space (``Spaceship'') in that the model considers the first column of the core 
tensor, interpolating—based on age—between 5.14 and 2.78;

• The second VR space (``Sublimus'') is unique in that in this condition, the model instead considers the second column of the core 
tensor, interpolating between the generally lower values of 3.42 and 2.42 (such that for younger age groups, it prefers the second 
difficulty value of these two.

Despite some uncertainty in the model—likely due to the limited number of data points—the results indicate that users found the 
“Sublimus'' VR space less challenging overall. This observation is further supported by external evidence, such as the pupillometry 
data in [40] which suggests a lower cognitive load for tasks completed in ``Sublimus''.

Practical Insights and Simplified Explanation:

To better understand the results, Fig. 9 illustrates how task difficulty varies across 2D and 3D environments based on user feedback.

1 https://maxwhere.com/.

https://maxwhere.com/
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Fig. 9. Weighting functions for age group and experimental condition (2D scenario corresponding to 1, first VR space, i.e. ``Spaceship'' corresponding to 2, and second 
VR space, i.e. ``Sublimus'' corresponding to 3.

• Task Complexity and Environment: The results indicate that tasks with moderate complexity receive higher user preference scores 
in both 2D and 3D environments. This outcome suggests that tasks should maintain an optimal level of complexity—avoiding 
extremes of simplicity or di˙iculty—to support engagement and cognitive performance.

• The weighting functions and core tensor derived in this study further highlight the impact of environmental familiarity on task 
difficulty perceptions. Users tend to perform better in environments they frequently use. The ``Sublimus'' VR space, with its cleaner 
design and reduced navigational requirements, demonstrates lower difficulty ratings compared to the more complex ``Spaceship'' 
VR environment. This indicates that designing environments with user familiarity and simplicity in mind can significantly reduce 
perceived task difficulty.

Key Insight: The optimal task performance in both 2D and 3D environments occurs when tasks are designed with moderate 
complexity and set in familiar environments. This combination reduces cognitive load and maximizes user engagement, making it 
particularly effective for educational and professional VR applications. Designers can use these insights to create intuitive, user
friendly experiences that balance challenge and usability, ensuring sustained performance and satisfaction.

4.4. Use case example III.: Spatial presence analysis

This section demonstrates the application of the fuzzy modeling framework for analyzing spatial presence scores and interpreting 
the underlying fuzzy sets and rules derived from small and scarce data sets. The objective is to describe spatial presence scores based 
on users’ navigational experience and prior VR usage. This recommendation system is particularly relevant because a high degree of 
presence contributes to good situational awareness [52] and can enhance engagement and enjoyment of mediated content [53,54].

4.4.1. Measurement description

A total of 112 individuals were involved in this use case, with 75 male and 37 female participants. The average age of the 
participants was 23.9 years. All individuals volunteered and gave their written consent to participate.

The participants were selected from two distinct studies [55,40], each with unique tasks in various virtual environments. Despite 
the differences in tasks and environments, all virtual reality experiences were administered using desktop virtual reality through the 
MaxWhere software platform. This ensured uniformity in navigation and interaction methods for all scenarios.

Participants were asked to complete a questionnaire with identical questions after their virtual reality sessions to be able to 
thoroughly compare their experiences across diverse virtual settings.

Participants were divided into 4 groups based on their prior experience with utilizing desktop VR software, including whether 
they were first-time users or had used VR for varying durations such as between 30-60 minutes, between 1-4 hours or more than 4 
hours.

At the end of the VR session, participants rated their experience in 3D desktop VR navigation using a 10-point Likert scale based 
on five statements detailed in [56]. Participants were then grouped into six clusters based on their scores:

• Users with navigation score ≤ 0.4
• Users such that 0.4 < navigation score ≤ 0.6
• Users such that 0.6 < navigation score ≤ 0.7
• Users such that 0.7 < navigation score ≤ 0.8
• Users such that 0.8 < navigation score ≤ 9
• Users such that 0.9 < navigation score ≤ 1

To measure spatial presence, we used the Igroup Presence Questionnaire (IPQ), which assesses the sense of presence using 14 items 
rated on a 7-point scale from 0 to 6 [57,58]. Lower scores indicate disagreement. The questionnaire includes three subscales: spatial 
presence, involvement, and experienced realism. This study focuses on spatial presence, which evaluates the connection between the 
virtual environment and users’ bodies, reflecting the feeling of physical presence in the simulated environment.

4.4.2. Creation of fuzzy model and analysis thereof

Based on the above, the clustered matrix contained 4 rows (one per VR experience group) and 5 columns (one per navigation 
score group), with values between 0 and 6 corresponding to spatial presence assessments:
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Fig. 10. Weighting functions for VR experience (in minutes) and navigation score (on a scale of 0 to 1). 

 =
⎡⎢⎢⎢⎣
2.4 0 2.8 4.4 2.6 3.4
0 0.6 3.4 4.4 4 1.2
3 1.4 2.8 2.4 3.2 3.4
3.2 0.2 1.2 5.2 4.6 4.2

⎤⎥⎥⎥⎦
Using SVD, while keeping only one singular value, we obtain a mean squared approximation error of 0.97 for the whole dataset, 

which, on a scale of 0 − 6 is reasonable for our purposes. At the same time, keeping more singular values, as well as differentiating 
among different (more fine-grained or separated at different ages) did not have a significant impact on the error with respect to the 
whole dataset.

Based on the derivations leading to Eq. (9), we obtain the following core tensor:

 =
[
5.2 0.01
3.5 0.85

]
and the weighting functions shown on Fig. 10, based on which we obtain the following reconstruction:

̃ =
⎡⎢⎢⎢⎣
2.22 0.57 2.41 4.06 3.55 3.08
2.1 0.85 2.25 3.5 3.12 2.76
2.13 0.78 2.29 3.64 3.23 2.84
2.46 0.01 2.75 5.2 4.44 3.74

⎤⎥⎥⎥⎦
Detailed Mathematical Perspective:

By analyzing the weighting functions and core tensor in Fig. 10, we can observe the following:

• Sensitivity to Navigation at Higher Experience Levels: For users with more than 200 minutes of VR experience, their sense of 
presence becomes increasingly dependent on their navigation skills. The model assigns greater weight to the higher core tensor 
values (up to 5.2) for users with high navigation scores, amplifying the immersive effect for these skilled individuals.

• Stable Presence at Low Experience Levels: For users with less than 200 minutes of VR experience, presence scores remain relatively 
stable, ranging between 0.85 and 3.5, regardless of navigation skill. This stability suggests the influence of a ``novelty factor'', 
where the novelty of VR itself maintains a consistent sense of presence for beginners, independent of their navigation ability.

This structured mathematical inquiry highlights how prior VR experience and navigation skills interact to influence users’ sense of 
presence, with the model interpolating between the respective values of the core tensor.

Practical Insights and Simplified Explanation:

To make the findings more intuitive, Fig. 10 evaluates the relationship between users’ prior VR experience and navigation skills, 
providing actionable insights for adapting VR applications:

• Beginner Users: Users with limited VR experience (less than 200 minutes) exhibit stable presence scores, largely unaffected by 
navigation ability. This suggests that beginners are primarily influenced by the novelty of VR. Developers could focus on simple, 
engaging interfaces, such as tutorials or orientation sessions, to maximize this effect while gradually introducing core navigation 
concepts.

• Experienced Users: For users with more than 200 minutes of VR exposure, navigation skills play a critical role in enhancing their 
sense of presence. Advanced navigation options, such as customizable control schemes or more sophisticated interactions, could 
significantly enhance immersion for this group.

The above seems to suggest that a kind of ``novelty factor'' could be at play in creating a sense of presence for users. At the 
same time, we would expect that the collection of more data could help us create a more precise model with a more nuanced 
interpretation. In Fig. 10, the model uses weighting functions to evaluate the relationship between users’ prior VR experience (in 
minutes) and navigation skill (scaled from 0 to 1), showing how these factors influence users’ sense of presence in VR.

• Sensitivity to Navigation at Higher Experience Levels: The model indicates that once users surpass approximately 200 minutes 
of VR experience, their sense of presence becomes increasingly sensitive to their navigation skills. Specifically, higher navigation 
scores correlate with stronger presence experiences, as the model assigns greater weight to high core tensor values (up to 5.2), 
amplifying the immersive effect for these skilled users.
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Table 1
Comparison of the proposed fuzzy modeling framework and traditional approaches in product development.

Feature Fuzzy modeling framework Other methods 
Interpretability High interpretability through visually interpretable 

antecedent fuzzy sets and IF-THEN rules, designed for 
intuitive understanding by development teams, including 
those without a deep mathematical background

Many traditional models (e.g., statistical or neural networks) 
lack transparency, often functioning as ``black-box'' models 
that are difficult for non-experts to interpret.

Adaptability to 
sparse data

Designed to handle sparse or noisy data, making it suitable 
for product development and situations with limited data.

Standard statistical methods and some machine learning 
models require complete, well-structured datasets and 
struggle in low-data scenarios.

Mathematical 
structure

Applies the Takagi-Sugeno (TS) fuzzy model transformation, 
which offers a balance between complexity and clarity 
through principal component analysis and minimal fuzzy 
rules.

Traditional methods, like closed-form solutions or neural 
network-based models, lack flexibility for trade-offs between 
simplicity and human comprehension.

Flexibility and 
refinement over 
time

Gradually adapt as more data becomes available, with a 
pseudo-inverse-based model adaptation that scales with 
increasing user feedback.

Many traditional approaches lack flexibility and cannot 
dynamically adjust to new data without significant 
re-training.

Causal clarity Provides linguistically structured IF-THEN rules that clarify 
causal relationships between inputs and outputs, aiding 
decision-making processes and help to form 
recommendations.

Statistical models like correlation analyses (e.g., Spearman’s 
rank) only indicate associations, often failing to reveal 
causal insights.

Noise handling Designed to filter out minor, noise-like variations while 
retaining core data elements, ensuring that essential 
information remains highlighted.

Conventional statistical techniques may struggle to 
differentiate noise from signal in sparse, noisy data 
environments.

• Stable Presence in Low Experience Levels: For users with limited VR experience, presence scores remain consistent (between 
0.85 and 3.5) across various navigation skills. This consistency suggests that beginners may experience a ``novelty factor'', where 
the initial VR experience provides a stable sense of presence regardless of navigation ability, potentially due to the novelty and 
initial excitement of VR.

Recommendation for VR developers: Fig. 10 suggests that VR applications could be optimized by adapting user experiences based 
on VR familiarity and navigation ability:

• Beginner Users: For newcomers with low VR experience, focus on providing an engaging yet simple navigation interface. As pres
ence scores are stable at this stage, beginners might benefit from straightforward tutorials or orientation sessions that maintain 
the novelty effect while introducing them to core navigation skills.

• Experienced Users: For users with over 200 minutes of VR exposure, developers should enhance the depth and complexity 
of navigational features. Since experienced users’ sense of presence is sensitive to their navigation skills, offering advanced 
navigation options, such as customizable control schemes or more sophisticated in-world interactions, could significantly boost 
immersion.

Key Insight: Fig. 10 highlights the importance of user-specific adjustments. For less experienced users, VR should focus on max
imizing the novelty effect with simple, intuitive controls, while more experienced users would benefit from advanced navigational 
features that enrich their immersive experience. Modifying VR experiences in this way could improve user engagement, skill progres
sion, and overall satisfaction across varied user levels.

5. Comparison

The comparison in Table 1 highlights the strengths of our proposed fuzzy modeling framework in product development contexts, 
especially when working with sparse or noisy data.

6. Conclusions

This paper proposes a fuzzy modeling framework to help app development teams better understand and evaluate the nature of 
user feedback in relation to app feature metrics. The framework is built upon a modified version of the TS fuzzy model transformation 
developed in this study. The framework results in a highly visualizable categorization of inputs that highlights category dominance 
through fuzzy set membership functions. Furthermore, it provides a causal flow between input and output in the form of IF-THEN 
linguistic rules. The framework is equipped with principal component analysis to retain the most important rules and filter out 
less significant, noise-like rules. This feature helps the development team maintain a clear focus, providing a comprehensible and 
manageable set of rules for improved understanding and overview. The framework is designed to start with sparse information and 
progressively improve as the volume of user feedback grows and keeps the computational load on a lower level. The paper includes use 
cases that demonstrate how the proposed method effectively visualizes and provides causal descriptions, offering highly informative 
insights. Overall, the fuzzy modeling framework introduced in this paper provides a valuable tool for developers, researchers, and 
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marketers, enabling them to navigate the uncertainties of product development with increased quality. As the model continues to 
adapt and refine itself with the accumulation of new data, it holds significant potential to mitigate risks and support the success of 
new product launches.
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