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Unified causality analysis based on the degrees of freedom

András Telcs ,1 Marcell T. Kurbucz ,2 and Antal Jakovác 1,3

1Department of Computational Sciences, Institute for Particle and Nuclear Physics, HUN-REN Wigner Research Centre for Physics,
29-33 Konkoly-Thege Miklós Street, H-1121 Budapest, Hungary

2Institute for Global Prosperity, The Bartlett, University College London, 49 Tottenham Court Road, London W1T 7NF, United Kingdom
3Department of Statistics, Institute of Data Analytics and Information Systems, Corvinus University of Budapest,

8 Fővám Square, H-1093 Budapest, Hungary

(Received 28 October 2024; revised 12 March 2025; accepted 29 April 2025; published 8 July 2025)

Temporally evolving systems are typically modeled by dynamic equations. A key challenge in accurate
modeling is understanding the causal relationships between subsystems, as well as identifying the presence
and influence of unobserved hidden drivers on the observed dynamics. This paper presents a unified method
capable of identifying fundamental causal relationships between pairs of systems, whether deterministic or
stochastic. Notably, the method also uncovers hidden common causes beyond the observed variables. By
analyzing the degrees of freedom in the system, our approach provides a more comprehensive understanding
of both causal influence and hidden confounders. This unified framework is validated through theoretical models
and simulations, demonstrating its robustness and potential for broader application.
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I. INTRODUCTION

Studying causal interactions between systems through ob-
servations of the evolution of their variables has recently
become an active research area. Reichenbach’s common cause
principle, when adapted to stochastic dynamic systems (cf.
Ref. [1]), states that if two subsystems are not independent,
then they share a common cause. The original principle is
about events and also assumes that they are positively corre-
lated. In that formulation, the common cause can be one of the
subsystems itself, leading to the common way the principle is
often cited.

Although identifying causal relationships without direct
intervention is generally considered unattainable, several
techniques have been developed to expose specific types of
causal links by making assumptions about the underlying
system or data. The most well-known and widely used method
is Granger causality (GC) [2], which is based on the Wiener-
Granger predictive causality principle. Granger’s approach
and its generalizations (e.g., transfer entropy [3]) can be ap-
plied to stochastic dynamic systems but not to deterministic
ones. The GC method is widely used, though it cannot reveal,
if there is, a hidden common cause; instead, it indicates one-
or bidirectional causality.

Sugihara’s convergent cross mapping (CCM) method [4]
belongs to the family of topological causality methods. These
methods share a foundation in Takens’s embedding theorem
[5] and its various generalizations, including a particularly
influential one proposed by Sauer [6]. This family, the family
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of topological causality, is designed to analyze the interplay
between deterministic dynamic systems but cannot handle
stochastic ones or detect common causes. In this family a
new method, the dimensional causality (DC) method has been
developed in Ref. [7] and further improved in Ref. [8]. The
DC method is able to reveal the existence of a hidden com-
mon cause in deterministic dynamic systems. To the best of
our knowledge, this was the first method of its kind with a
complete and statistically rigorous analysis. Other promising
methods in this area include those by Hirata [9], Krakovská
[10], and Tao [11]. In particular, Malinski [12] removes almost
all restrictions on latent processes, even allowing for contem-
poraneous causation, except for cyclic ones. Malinski extends
the labeling of the edges of classical directed acyclic graphs,
but the completeness, as defined there, does not necessarily
imply that all relations are unambiguous. Here completeness
means that all possible Markov equivalent maximal ancestral
graphs can be generated, and no further structural informa-
tion can be obtained from independence tests. Separately, the
PCMCI method [13] is worth mentioning. One attempt to
provide a full causal discovery of time series can be found
in Mastakouri et al. [14], which assumes several strict condi-
tions, but some of them are impossible to verify. In a recent
work Tao [11] suggested a method for deterministic dynamic
systems, which is also based on cross mapping. Their analysis
of the overlap of cross mapped neighborhoods reveals hidden
drivers as well.

Further refinements and extensions have been developed
in a series of papers by Runge and his coauthors, all based
on conditional independence and Pearl’s causal discovery
algorithm (see Refs. [13,15–22]). Instead of attempting an
exhaustive review of the vast literature, we highlight some
recent and noteworthy surveys and offer some observations to
position our own work. The capabilities and limitations
of causal discovery algorithms have been thoroughly
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investigated in seminal works and reviews such as
Refs. [12,23–27]. See also Refs. [13,15–17,28–35]. Emerging
methodologies include the use of (deep) neural networks
[36–38], representational learning [39], and large language
models [40–43].

Broadly speaking, these approaches can be categorized by
whether they allow for intervention or are purely observa-
tional, the type of system they analyze (e.g., deterministic or
stochastic), the assumed properties of the time series (e.g.,
stationarity, noise characteristics), and the foundational prin-
ciples they rely on, such as the Wiener-Granger predictive
causality principle, topological (and dimensional) causality
(often based on time-delay embedding), Pearl’s causal dis-
covery method, score-based techniques, and recurrence maps.
Additionally, the methods differ in their ability to target
various causal relationships, including identifying the ex-
istence and direction of direct causality, detecting indirect
causal chains, recognizing causality amidst shared observa-
tional noise, and identifying hidden or latent common causes
(or drivers).

These observations prompt the consideration of the number
of degrees of freedom as a key concept in this investigation.
The work by Iwasaki and Simon [44] can be regarded as a
precursor to this study. Their paper defines causality between
components of self-contained deterministic equilibrium and
dynamic systems and introduces the notion of causal ordering.
While their investigation focuses on well-defined and known
mathematical equations, our work adopts the perspective of
an observer of dynamic systems, aiming to reveal the causal
relationships between components. Thus, we now turn to the
definition and study of the degrees of freedom for different
subsystems.

We propose a unified causality analysis of stochastic and
deterministic systems named degrees of freedom causality
method (df causality or df method). We consider a set of
interacting, real-valued time-dependent variables and aim to
determine the interplay between them. The observations are
made in discrete time with uniform time steps. The method
will be presented on two series of observed variables, called x
and y, but it will be clear that it is applicable to more general
settings as well. Regardless of their stochastic or determin-
istic nature, we are able to determine the causal relationship
between the systems from which the series originate.1 In par-
ticular, we are able to detect whether they are independent,
whether one drives the other, or whether there is a third,
unobserved system that causes or drives both the observed
ones (this system is usually referred to as the hidden common
cause or common driver).

We remark that distinguishing different causal situations
is constrained by observational precision and the stochastic
nature of the systems. This includes the accuracy of the es-
timated distribution functions, which depends on the amount
of observed data, and the precision of the conditions, which

1We assume that none of them is simply a function of the other
(none of the subsystems are “slaves” of another). This can be
detected, although in some cases it can be a nontrivial task (cf.
Ref. [45]).

comes from either the bin size or the finite digit precision on
a computer.

To avoid certain subtleties, we assume that, in the case of
driving, the cause precedes the consequence by one-time unit
and there is no multilag between them. We also assume that
the system and its subsystems are irreducible (there are no
autonomous subsystems within them). Finally, we have two
assumptions on the information injection from one subsystem
to the other. First, the injected information is not a white
noise process (or an independent and identically distributed
sequence in the case of discrete time). Second, for continuous
state space, the transfer function is generic, has no special
symmetry (in Takens’s sense), and is invertible (this will be
specified precisely later).

The remainder of this paper is organized as follows. In
Sec. II, we introduce basic definitions, followed by the pre-
sentation of the supporting mathematical framework in Sec.
III. A comparison of various causality analysis methods is
provided in Sec. IV. The proposed method is outlined in Sec.
V, offering a practical approach for determining the degrees of
freedom and demonstrating its application through examples.
A real-world data example is presented and analyzed in Sec.
VI. Finally, conclusions are drawn in Sec. VII.

In Appendix A, we provide a short overview of the rela-
tion of the causality and time-reversal symmetry and give the
details of the calculations in the main text.

II. BASIC DEFINITIONS

In this paper, we focus on deterministic and stochastic
dynamical systems on finite or infinite discrete or continuous
spaces. The dynamic variable is denoted by x(t ) ∈ M, where
M = Rd or Zd . A deterministic dynamical system in contin-
uous time is defined by the differential equation:

fcont,i(x
(ox ), ξ ) = 0, (1)

where x(ox ) represents the tuple (xo1
1 , . . . , xod

d ), with

xoi
i =

(
xi,

d

dt
xi, . . . ,

doi

dtoi
xi

)
. (2)

The quantities oi � 1 are the highest derivatives appearing in
the differential equation for the ith component. The range of
the function fcont is M, and it describes the time evolution
of the ith component. The stochastic components, denoted
by ξ , represent white noise variables, and their actual values
are independent of the entire past of x. In the deterministic
case, the process ξ is constant. We introduce a convention to
facilitate the unified handling of deterministic and stochastic
cases. A system that produces an independent and identically
distributed sequence has an order of ox = 0, given that it has
no reference to earlier values.

We assume that all measurements are taken at discrete
times with uniform time steps τ . Thus, from a continuous
function x(t ), we observe the time series X = {xn}, where
xn = x(t0 + nτ ). We frequently use time-delay coordinates,
and for shorthand notation, we define X l

k for l > k as:

X l
k = (xl , . . . , xk ). (3)

The differential equation (1) can be integrated to determine
x(t ) from the previous ox values, considering the stochastic
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components as well. This leads to a recursion relation for the
corresponding time series X :

xn = f
(
X n−1

n−ox
, ξn

)
. (4)

This recursive form is general and applies to both continuous
and discrete time variables, with M = Zd or Rd .

The time embedding can be flattened by introducing x̄na =
xn−a for a ∈ {0, 1, . . . , ox − 1}. We can then rewrite the recur-
sion as:

x̄n0 = f
(
x̄(n−1)0, x̄(n−1)1, . . . , x̄(n−1)(ox−1), ξn

)
,

x̄n1 = x̄(n−1)0,

...

x̄n(ox−1) = x̄(n−1)(ox−2). (5)

This shows that there is a first-order rewriting of the recursion
as:

x̄n = F (x̄n−1, ξn) ≡ Fn(x̄n−1). (6)

This equation can be solved via a stochastic function compo-
sition:

x̄n = Fn ◦ Fn−1 ◦ · · · ◦ F1(x̄0) ≡ F ◦n(x̄0). (7)

A. Degrees of freedom

We are now in a position to define the number of degrees
of freedom:

Definition 1. The number of degrees of freedom for a given
component xi, denoted by dfi, is the number of initial condi-
tions that must be specified to determine the distribution of the
complete time evolution of that component. For deterministic
systems, the distribution at each time step is confined to a
single state.

As seen, df is defined for individual components. If all
components are interconnected, then, as shown in (6), the
number of values required to continue the recursion is equal
to the sum of the order number of the components, giving
df = ∑d

i=1 oi for all components. However, this is generally
only an upper bound, as there may be subsystems of the
original time series X that are self-contained and might work
as the driver (cause) for other components. In such cases, the
subsystem can evolve independently of the remaining coordi-
nates, requiring fewer initial conditions than the entire system.
Therefore, for each component, we have:

dfi �
d∑

i=1

oi. (8)

The causal relations between subsystems depend on this fac-
tor, as we will demonstrate.

The degrees of freedom correspond to the number of ef-
fective variables or initial conditions necessary to describe
the system’s evolution properly. For example, consider the
first-order partial differential equation:

ẋ = f (x),

which is a first-order system with dfx = ox = 1. Clearly, the
solution is well defined if one initial value x0 is provided. In
stochastic cases, the degrees of freedom are still linked to

the number of initial states that must be specified to define
the evolution of the distribution of the system correctly. For
instance, consider a kth-order discrete-time Markov chain,

xn = f (xn−1, xn−2, . . . , xn−k, ξn),

where {ξn} is an independent and identically distributed se-
quence and ξi is independent of the past of x, denoted by
{x j}i−1

j=0.

B. Assumptions

To avoid complications, we assume that in causal rela-
tionships, the cause precedes the effect by one unit of time.
Multilag cases can be treated using longer time-delay em-
beddings, but the technique remains the same. For a detailed
discussion of various lag scenarios, see Ref. [45]. For cases
involving separate external drives for X and Y , as well as
an independent and identically distributed common driver, we
refer to Ref. [46].

The information transfer in recursions can be represented
as a directed graph where vertices correspond to variables at
each time step, and edges are time invariant. This condition
implies that the subject of our investigation is the “summary
graph.” We assume that the directed graph is acyclic (cf. Ref.
[12]). Additionally, we assume that the dynamical systems are
irreducible (i.e., no autonomous subsystems) and converge to
a stationary state.

Furthermore, we assume that the support of the stationary
measure is a compact set A ⊂ Rox , which also serves as the
distribution for the initial values (x1, . . . , xox ) for the process
xt . With this randomized initialization of the system, we can
treat xt as random (vector-valued) variables, even though the
dynamics are deterministic.

For continuous state spaces, we assume that the transfer
and observation functions are continuous, generic, without
special symmetry (in Takens’s sense), and time independent.
These assumptions align with those in Stark [47], and without
further mention, we follow the same assumptions through-
out the paper. Specifically, we assume that the deterministic
systems are nondegenerate, meaning none of the variables col-
lapse into a smaller number during time evolution. Following
Stark [47], we also assume that the deterministic processes are
reversible. If X drives Y , as in

xn = f (xn−1), (9)

yn = g(xn−1, yn−1), (10)

then g is invertible, meaning there exists a function h such that

xn = h(yn−1, yn). (11)

Of course, for stochastic processes, such invertibility holds
only after fixing the noise instance.

Note that we assume the information transferred from X to
Y is not an independent and identically distributed process. In
our earlier paper, where we studied causal inference between
Markov chains [46], we discussed cases where independent
and identically distributed injection is permissible and also
considered the presence of hidden, noncommon drivers. How-
ever, such extensions are not covered in this work. Finally, we
assume that the driving function is not a simple mapping from
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x, meaning that g cannot be reduced to yn = g(xn−1) [or, in the
stochastic case, yn = g(xn−1, ηn)]. This assumption ensures
that the driving mechanism between the systems is nontrivial
and cannot be simplified to a direct mapping of one variable
onto the other.

III. CAUSAL RELATIONS

Here we present the mathematical framework that supports
the statements made in the previous section.

A. Definitions

Definition 2. We say that X drives Y if they satisfy the
following recursion relations:

xn = Fn
(
X n−1

n−ox

)
yn = Gn

(
X n−1

n−ox
,Y n−1

n−oy

)
. (12)

Using the solution of the recursion, we have:

Xn = F ◦n
(
X 0

−ox+1

)
,

Yn = G◦n
(
X 0

−ox+1,Y 0
−oy+1

)
,

where ◦n denotes n-fold composition, cf. (7) for the random
functions f (X, ξ ) and g(X,Y, η). The distribution of Xn is
well defined if ox initial values are given (X 0

−ox+1 ∈ Mox ), and
similarly for Yn, we need X 0

−ox+1 ∈ Mox and Y 0
−oy+1 ∈ Moy .

The same reasoning shows that the distribution of Yn and
the joint system (Xn,Yn) is well defined if (ox − k, oy + k)
initial conditions are provided, where 0 � k � ox. This im-
plies that Y can be determined entirely from ox + oy initial
conditions. Since an appropriate number of initial conditions
fully determines Y , we do not need to assume the existence
of X if it is not explicitly observed, except for mathematical
convenience.

It is clear that the processes can be started at any later time
(or stopped and restarted) by setting Xm = Am ∈ Mox−k and
Ym = Bm ∈ Moy+k . In that case:

(Xn,Yn) is independent of
(
X m−1

1 ,Y m−1
1

)
for all n > m. This means that the system has the Markov
property.

The number of degrees of freedom can thus be defined as
the number of conditions (at the present moment) necessary to
separate the future state from the past (i.e., the Markov prop-
erty). This observation leads to several useful consequences
for detecting causal relations between systems.

With this framework, we can now define the causal sce-
nario involving a common driver (or common cause).

Definition 3. The system Z is a common driver of X and
Y if it drives both, and there is no direct interaction between
X and Y .

Formally, this means:

xn = Fn
(
X n−1

n−ox
, Zn−1

n−oz

)
yn = Gn

(
Y n−1

n−oy
, Zn−1

n−oz

)
, (13)

again with stochastic functions Fn and Gn, where Z represents
the hidden process.

TABLE I. Rows represent different causal relations and the cor-
responding orders of the systems.

Processes x y (x, y)

1 X ⊥⊥ Y ⇒ (ox, 0) (0, oy ) (ox, oy )
2 X → Y only ⇒ (ox, 0) (ox, oy ) (ox, oy )
3 X ← Y only ⇒ (ox, oy ) (0, oy ) (ox, oy )
4 X ↔ Y ⇒ (ox, oy ) (ox, oy ) (ox, oy )
5 ∃Z , X /� Y , X /⊥⊥ Y ⇒ (ox, 0, o∗

z ) (0, oy, o∗
z ) (ox, oy, o∗

z )
6∗ ∃Z , X → Y ⇒ (ox+z, 0) (ox+z, oy+z ) (ox+z, oy+z )

It should be noted that if Z is an independent and identi-
cally distributed input, then X , Y , and the joint system (X,Y )
are Markov chains (cf. Ref. [46]). The process Z is a common
noise for both observed systems. We may exclude such patho-
logical situations from our discussion. Alternatively, one may
define the order of independent and identically distributed
processes to zero, in line with the Markov chain point of view.

Additionally, situations where unobserved processes drive
X or Y separately, are indistinguishable from the above sce-
nario. Therefore, the most general causal relations involve
the following possibilities: X and Y are independent (denoted
X ⊥⊥ Y ), X drives Y (denoted X → Y ), Y drives X (Y → X ),
both systems drive each other (X ↔ Y ), or there is a common
cause driving both X and Y .

As discussed above, these scenarios can be distinguished
by determining the necessary number of conditions required
to ensure the Markov property. This leads to Table I, where
the last three columns represent the required length of the
conditions.

In Table I, except for the last row, two orders are indicated
for systems X and Y , respectively. In the last row, we in-
cluded the order of Z (marked with ∗) to maintain consistency
with the previous rows, even though conditioning is impossi-
ble for the unobserved Z .

Remark. For the common driver case, let us note the
following. In the stochastic scenario, conditioning on one
variable (X or Y ) usually has very little effect on the other—
contrary to the deterministic case. This indicates that the
causal relation cannot be one of those covered by rows 2–4.
If we know that X and Y are not independent, then it follows
that there must be a hidden common driver.

A simple comparison of the values in the rows 1–5 shows
that all of these cases are mutually exclusive and cover all
possibilities. Consequently, the implications from left to right
can be reversed to obtain equivalences, enabling us to draw
conclusions from the observations. Rows 5 and 6 require
remarks again. In the stochastic case, strict inequality does
not necessarily hold between the orders due to a low signal-
to-noise ratio. In such a situation, the reverse implication
follows from the argument given in the Remark above. Row 6
has the star to warn the reader. In such particular situation,
when Z drives X and Y and at the same time X drives Y
the hidden driver cannot be revealed not only by our method
but any method for theoretical reason. Any investigation of
the observed pair X,Y which detects the information transfer
from X to Y cannot separate the “X” content from the “Z”
content. (For detailed discussion of further particular situation
including differently lagged systems see Ref. [45].)
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TABLE II. The valid or invalid detection of different models
presented by WGC, CCM, DC, and df methods.

WGC CCM DC df
st det det st, det

�z, x → y
√ √ √ √ √

�z, x ← y
√ √ √ √ √

�z, x ←→ y
√ √ √ √ √

∃z, X /� Y ←→ heuristic
√ √ √

Let us review some paradigmatic cases. Again, if X → Y
and there is a common driver Z , then (as seen for instance
in the DC method (cf. Refs. [8] or [45]), the driving from
X to Y can be detected, but the existence of the common
driver remains hidden. We believe that detecting such a hidden
common driver is impossible without additional knowledge
about the systems.

Now, consider a hidden, unobserved driver U of X ′: U →
X ′ and X → X ′, X → Y . If we observe X ′ and Y , then, in
general, our method (as well as the DC method) may suggest
the existence of a hidden common driver (i.e., X ), even though
X drives Y . However, if U is an independent and identically
distributed process, then ou = 0, and we correctly conclude
X ′ → Y , while the DC method may not without specific
detection or elimination of the noise influence.

IV. COMPARISON OF METHODS

Table II lists the possible causal relations between two sys-
tems and compares the application domains and conclusions
provided by Wiener-Granger causality (WGC), convergent
cross mapping (CCM), the DC method, and the method pro-
posed in this paper (df).

In Table II, the column headers represent the methods,
where “st” denotes stochastic systems and “det” deterministic
systems. The WGC indicates a bidirectional causal relation if
there is a common cause or confounder.

The CCM method, which belongs to the family of topo-
logical causality approaches, is based on Takens’s embedding
theory (cf. Sugihara [48] and Harnack [49]). When correlation
is observed without inferred direct causation, it suggests the
existence of a hidden common driver. However, it is essential
to recognize that a shared driver does not always lead to a
linear correlation between the two influenced systems. In Ref.
[48], no quantitative evaluation is provided. Suppose other
measures of commonality between systems, such as mutual
information, are applied. Challenges arise, for example, due
to the need for a significant amount of data with an unknown
sampling distribution. In contrast, Ref. [49] provides a quan-
titative measure of causal strength, but the detection of the
hidden common cause still relies on the correlation between
the observed time series, and the conclusions are not fully
quantified.

Hirata’s work [9] is based on recurrent maps and also
presents a technique for detecting hidden common drivers. In
this approach, a series of t-tests are used based on the overlap
of recurrences. However, the detection of the hidden common
driver remains on the “cannot be rejected” side of the series of
applied t-tests, making it statistically inconclusive.

Last, Krakovská’s work [50] intends to detect hidden com-
mon causes following the idea of Ref. [8] but highlights that
a proper statistical test to draw qualitative conclusions from
dimension estimates is still lacking, leading to a high rate
of false positives in detecting circular relationships instead
of unidirectional couplings. The paper [50] uses correlation
dimension, in contrast to the earlier unpublished work [8],
which employs an analogous, topology-invariant intrinsic di-
mension, offering quantitative conclusions.

V. METHOD: PRACTICAL APPROACH
TO THE df -CAUSALITY METHOD

In the previous sections, we defined the concept of the
number of df and demonstrated its utility as a powerful
method for uncovering causal relationships.

This section provides a practical approach for determining
df , followed by a demonstration of its application through a
semianalytic example and a simple real-life data case.

A. Determining the number of df

The determination of the number of degrees of freedom
requires fixing specific values in the past of a subsystem.
After setting the df values, the distribution of the subsystem’s
present values becomes independent of the number of applied
conditions.

In practice, it is impossible to apply a condition restricting
the system to an exact value, because the probability of finding
a data series with an exact value is zero. Therefore, conditions
must be applied over a range, or more generally, all configu-
rations are weighted by some distribution over past elements.
The conditions we use takes the following form:

C(n)
k = δ(xn−k − ξ )Pk (ξ ), (14)

where Pk represents the distribution. If Pk is sharp, then xn−k is
fixed to a specific value. If Pk is a window function with width
σW , then xn−k is conditioned to a certain range. In general,
Pk can represent any distribution with variance σW . We are
interested in the distribution of xn conditioned on the past after
imposing these conditions:

p
(
xn

∣∣C(n)
k1

, . . . ,C(n)
ka

) =
∫

p
(
xn|xn−k1 , . . . , xn−ka

)

×
[

a∏
i=1

δ
(
xn−ki − ξi

)
Pki (ξi )dξidxn−ki

]
.

(15)

Beyond a certain length of the conditioning past, the re-
sulting distribution stabilizes. Although in principle we could
apply all kinds of conditions, in practice, we typically use
general ones, such as a zero-mean uniform window function
with width σW or a Gaussian distribution.

While it is useful to study the entire distribution, for prac-
tical purposes, we often compute only the variance σ . Though
it is conceivable that the distribution might change without
affecting its variance, it is unlikely that it remains unchanged
under different numbers of conditions and varying window
widths. Therefore, variance can serve as a reliable proxy for
evaluating changes in the distribution.
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To understand how the p(xn) distribution behaves under
various conditions, we study the double-parameter-dependent
variance σ (σW , ncond ), where σW represents the variance of the
distribution of the conditions, and ncond denotes the number of
conditions. This function provides a straightforward method
for determining the number of degrees of freedom. If insuffi-
cient conditions are applied, then the limit σW → 0 depends
on the number of conditions. By observing the “saturation” of
σ as a function of σW → 0, the number of degrees of freedom
is revealed. The number of saturated lines corresponds to the
df of the component.

This method will be demonstrated in the following sec-
tions, using a semianalytic example and a simple real-life data
example.

B. An analytic example: Linear system with noise

Since only linear systems can be solved analytically, we
select a linear stochastic recursion for demonstration. Nev-
ertheless, the general principles remain valid, as the method
does not rely on the linearity of the equations.

We consider a stochastic recursion of the form

xn = Qxn−1 + Sξn, (16)

where xn ∈ RN and ξn are independent and identically dis-
tributed normal random variables in RN . The matrices Q and
S are of dimensions RN × RN . We begin the evolution from
an initial condition x0, and the distribution of xn follows a
Gaussian with mean x̄n and correlation matrix Cn.

For the expected value x̄n = E[xn], we have

x̄n = Qx̄n−1. (17)

We assume that x̄n = 0 after a sufficiently long time, as this is
not central to our analysis.

The evolution of the correlation matrix is given by

Cn = E[xn ⊗ xn] = QCn−1QT + SST . (18)

The stationary solution satisfies

C = QCQT + SST . (19)

Its solution is

C =
∞∑

n=0

QnSST QT n. (20)

This series converges for generic S only if |λi| < 1 for all
eigenvalues of Q. This condition also ensures that the process
becomes independent of the initial conditions, i.e., x̄n → 0 as
n → ∞.

C. Conditional probability distributions

In the proposed method, we compute empirical conditional
probability distribution functions.

For linear systems, the conditions do not alter the normal
distribution, and the conditional distribution remains Gaussian
with a modified covariance matrix and mean.

In stochastic systems, conditions typically involve both
dynamic variables and noise terms. Let the dynamics be de-
scribed by x ∈ RN and the noise by ξ ∈ RNnoise , with ξ being

independent and identically distributed normal random vari-
ables. A generic linear condition can be written as

Rx − z − Uξ = 0, (21)

where z ∈ RM specifies the condition’s fixed value, R is an
M × N matrix, and U is an M × Nnoise matrix.

In practice, we cannot impose sharp conditions because
real data cannot satisfy conditions with infinite precision.
Thus, the condition is modeled as a random variable:

Rx − z − Uξ = η, (22)

where η is a normal random variable with zero mean and some
correlation matrix CW (representing the window width).

To compute the resulting distribution after imposing these
conditions, we perform Gaussian integrals, yielding the fol-
lowing result (details are in B 1):

p(x) ∼ e− 1
2 (x−x̄)T C−1

x (x−x̄), (23)

where

C−1
x = C−1 + RT (Cξ + CW )−1R,

x̄ = CxRT (Cξ + CW )−1z, (24)

and Cξ = UU T .
When dealing with a stochastic process, where Cξ �= 0, it

is beneficial to select a window function whose width matches
the standard deviation of the stochastic noise. That is, CW and
Cξ should be of the same order of magnitude. If CW � Cξ ,
then the sum will be dominated by Cξ , and statistical power is
lost. On the other hand, if Cξ � CW , then accuracy decreases.

In real data analysis, a trade-off arises: imposing stricter
conditions reduces the available data, limiting the precision
of variance estimates. Therefore, it is generally unwise to use
a window function that is too narrow, as this may hinder the
reliable estimation of relevant variance parameters.

This analysis applies to the practically significant case
where we impose conditions on the past elements of the series
xn−k with some lag k. Although the formulas are complex,
they are straightforward to compute [refer to (24) for the co-
variance matrix and (B25) for the expected value]. For further
details, see Appendix B 2.

D. Example system

To demonstrate our method, we use a system with six
components, represented by the matrix Q:

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

cx −sx 0 0 g 0
sx cx 0 0 g 0
0 0 cy −sy g 0
0 0 sy cy g 0
0 0 0 0 cz −sz

0 0 0 0 sz cz

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (25)

where

ca = αa cos(ϕa), sa = αa sin(ϕa), a = x, y or z. (26)

The noise correlation matrix is chosen to be proportional to
the identity matrix, S = σ1.
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FIG. 1. Observation of the z subsystem: we apply different numbers of conditions using different bin widths (window widths). Top row:
“deterministic” case; bottom row: “stochastic” case (for parameter assignments, see text).

This system consists of three subsystems: the x, y, and z
subsystems, each having two internal degrees of freedom. The
z subsystem operates independently with a closed dynamic.
The dynamics of x and y are influenced by z, but they do not
interact directly with each other.

Using our earlier terminology, z is an independent subsys-
tem that drives both x and y, and x and y share a common
cause:

z → x, z → y, ∃z x /� y (27)

Regarding the number of degrees of freedom, to fully de-
termine the time evolution in z (given a stochastic history), it is
sufficient to fix the two internal components of zn−1, meaning
the df is 2 (one pair). For x, it is not enough to fix its internal
components alone, as it interacts with the z subsystem. To
determine the time evolution of x, we need to fix both its
internal components and the z initial conditions. Alternatively,
two pairs in the past of x can be fixed, which indirectly pro-
vides all the required information. The y subsystem behaves
analogously to x. In summary:

dfx = dfy = 4, dfz = 2. (28)

However, if we consider the (x, y) subsystem, then we
find that it has a total of 6 df (the entire system). Thus,
we conclude that dfx + dfy > dfxy > dfx, dfy, indicating the
presence of a common cause.

We will reveal the same information from a purely data-
based analysis.

1. Numerical setup

In the numerical examples, we used two parameter sets.
In the “deterministic” set, a small noise term was applied to
simulate a deterministic system with minimal observational
noise:

σ = 5 × 10−4, ϕx = 0.5, ϕy = 0.3,

ϕz = 0.4, αx = αy = αz = 1 − 10−6, g = 0.3. (29)

In the “stochastic” set, we used a moderate noise level:

σ = 0.01, ϕx = 0.5, ϕy = 0.3, ϕz = 0.4,

αx = αy = αz = 1 − 10−4, g = 0.1. (30)

These parameters were selected to produce meaningful
results.

In the numerical study, we varied two parameters: the
number of conditions and the observation window width σW .
The conditions involve fixing both internal components of a
subsystem to zero. The number of conditions refers to how
many internal component pairs from the n − 1, n − 2, . . .,
n − k time steps were fixed to zero.

2. Observing the z subsystem

After setting up the system, we can perform observations.
The simplest case is observing one of the x, y, or z subsystems.
If we observe only the z subsystem with varying numbers of
conditions and different observation window widths, then we
obtain the plots shown in Fig. 1.

In the top left panel, we observe how increasing the number
of conditions on past values of z narrows the distribution of the
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FIG. 2. Observation of the x subsystem: Different numbers of conditions are applied with varying window widths. The left panel shows
the “deterministic” case, and the right panel corresponds to the “stochastic” case (for parameter assignments, see text). The two stabilized lines
indicate that this subsystem has two degrees of freedom (counting in pairs).

observed zn in the “deterministic” case. The first condition has
the most significant effect, but additional conditions continue
to affect the zn distribution due to the finite width of the
condition window.

In the top right panel, the same relationship is shown,
but this time plotted against the window width. As we can
see, the variance of the observed distribution either remains
constant (if no conditions are applied, Ncond = 0) or scales
proportionally to σW in other cases.

This proportionality suggests that in the limit σW → 0,
the observed distribution approaches a Dirac delta function,
meaning the value is fully determined. Indeed, by fixing the
value of at least one pair in the past of z, the future values are
fully determined.

df is the number of saturated lines, as it was discussed in
Sec. V A. Here each line represents two conditions (a pair).
This numerical analysis confirms that the df of the z subsys-
tem is 2 (one pair): the minimal number of conditions needed
to completely determine zn.

The second row shows the same information in the pres-
ence of moderate stochastic noise. Here the main difference
is that below a certain window width (bin size), the observed
distribution stabilizes: Its width is determined by stochastic
effects rather than the conditions. In practical applications,
this is the optimal window width choice, as smaller widths
do not provide further insights but reduce the available data.

We also note that increasing the number of conditions
does not necessarily monotonically decrease the width of the
observed distribution. Oscillations in the observed width can
be seen in the plots, reflecting inherent characteristics of the
system rather than numerical artifacts.

3. Observing the x subsystem

We can perform the same observations with the x subsys-
tem. Below are the plots where the observed distribution width
is plotted against the condition window size (bin size)—see
Fig. 2.

The primary difference between the z and x subsystems
is that in the case of x, a single condition on a past pair is
insufficient to fully determine the observed value. Instead, at
least two pairs of initial conditions are needed. This is clearly
seen in the deterministic case (left panel of Fig. 2), where two

stabilized width lines do not converge to zero, indicating a df
of 4 (two pairs).

In the stochastic case (right panel), we can never observe a
fully deterministic system (i.e., a Dirac delta distribution) due
to the stochasticity. This is evident from the absence of lines
that go linearly to zero as σW → 0. Instead, all lines flatten
below a certain condition window width (bin size).

This plot highlights a phenomenon observed in all stochas-
tic (i.e., real-world) systems: The influence from the z
subsystem can only be observed if there are three distinct
flattened lines in the σ versus σW plot. Two of these lines
correspond to the df , while the third corresponds to the inher-
ent stochasticity in the system. However, if the system is too
noisy, then two or more lines may merge, with the stochastic
noise masking the external influence. In such a case, we may
numerically conclude that the system is compatible with a df
of 2 (one pair), even though we know that there is an external
influence.

This phenomenon is quite profound in real-world systems.
For example, while we know that the position of Mars affects
all systems on Earth due to its gravitational influence, the
effect is too small to observe directly. It is overshadowed by
numerous other effects of similar amplitude, which manifest
as stochastic components in physical equations. Thus, only
interactions significant enough to emerge from the stochastic
background are considered relevant degrees of freedom.

4. Observing the x-z subsystem

When we observe both the x and z components, we can
perform all the previous measurements, but we can also carry
out new ones.

The goal of these new measurements is to determine the
extent to which the x-z subsystem depends on external drivers.
To do this, we can attempt to fix past values for both the x and
z pairs. The corresponding figure can be seen in Fig. 3.

These seemingly simple plots convey an important mes-
sage: The x-z subsystem is closed. By fixing a single value in
the past, it is sufficient to fully determine the system (given
a stochastic history). This confirms that the x-z system is
closed, with dfx = 4 and dfz = 2, which uniquely leads to the
conclusion:

z → x. (31)
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FIG. 3. Observation of the x-z subsystem: Different numbers of conditions are applied with varying window widths, and we study the width
of the observed x distribution. The left panel shows the “deterministic” case, and the right panel shows the “stochastic” case (for parameter
assignments, see text).

5. Observing the x-y subsystem

The most intriguing case arises when we observe the x-y
subsystem. In this scenario, we can replicate the earlier ex-
periment, constraining the x subsystem and analyzing the
observed distribution width of the x subsystem. A similar pro-
cedure can be applied to the y subsystem, yielding analogous
results. As a result, we determine that dfx = dfy = 4.

The more interesting question concerns the df of the com-
bined x-y subsystem. To investigate this, we adopted a specific
condition scheme:

(i) For Ncond = 0, no conditions are applied.
(ii) For Ncond = 1, the penultimate value of the y subsys-

tem (i.e., the yn−1 pair) is conditioned.
(iii) For Ncond > 1, in addition to the above, Ncond −

1 values of the x subsystem (i.e., xn−1, . . . , xn−k for k =
0, 1, . . . , Ncond − 1) are conditioned.

In this scheme, we examine the variance of the y subsys-
tem (we could also examine the x subsystem with analogous
results). The results are presented in Fig. 4.

Both the deterministic and stochastic cases reveal that the
x-y system has a df of 6 (three pairs). Recall that dfx, dfy �
dfx,y � dfx + dfyW, where equality on the left-hand side holds
if at least one driving interaction occurs between the systems,
and equality on the right-hand side holds if the systems are

independent. If neither holds, then there is a common driver.
In this case, the latter is true: We have a common driver, a
common cause.

VI. REAL-WORLD EXAMPLE: CHICKENS AND EGGS

To demonstrate that our method works on fully experimen-
tal data, we analyzed the “chicken and egg” problem [51]. The
data describe egg production and the estimated chicken pop-
ulation in the U.S., based on U.S. Department of Agriculture
data, for the period 1930–1980.

To prepare the data for analysis, we differentiated both the
chicken and egg datasets and normalized them to have unit
variance.

Following the observation in Ref. [51], we used a lag of
two for our analysis, shifting the egg time series backward.

The resulting data are shown in Fig. 5.
Next, we conditioned either the chicken or the egg data

using a finite-width bin and analyzed the width of the distri-
bution of the same variables. The results of constraining the
chicken data are shown in Fig. 6.

The middle panel illustrates that constraining the chicken
data below a certain bin size affects its distribution, as ex-
pected. However, the right panel shows no observable change
in the standard deviation of the egg data.

FIG. 4. Observation of the x-y subsystem: Different numbers of conditions are applied using different bin widths (window widths), and we
study the width of the observed y distribution. The left panel corresponds to the “deterministic” case, and the right panel corresponds to the
“stochastic” case (for parameter assignments, see text).
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FIG. 5. Chicken and egg data, normalized.

It is important to note that stricter conditions significantly
reduce the amount of available data, as shown in the left panel
of Fig. 6. This reduction implies that the standard deviation
estimates become less reliable with decreasing bin size, which
is reflected in the increased variance of the standard deviation
estimates at small bin sizes (less than 1).

We can also analyze how the distribution changes after
constraining the egg data. The results are presented in Fig. 7.

The left and right panels reveal the expected results: The
data amount is reduced as conditions are applied, and the egg
distribution depends on the conditions imposed on the egg
data.

However, the middle panel demonstrates an interesting
result: The chicken data distribution also depends on the con-
ditions applied to the egg data. This finding suggests that eggs
drive the chicken population, at least based on these numerical
results:

egg → chicken, (32)

which aligns with the conclusions of the Granger causality
analysis on this data [51]. The analysis of the joint system
in this case is unnecessary, as common causality cannot be
detected when direct causation between the systems is already
present.

It is worth noting that a recent study [52] on chicken and
egg production data from Brazil concluded a bidirectional re-
lationship. A very recent paper [53] studies Philippine poultry
chicken and duck with 34 years of quarterly data. They found

significant indication that eggs precede chickens while they
did not find significant causal relation between duck eggs and
ducks.

VII. CONCLUSIONS

Several frameworks exist for time-series causality analysis,
including Granger causality, topological causality, and infor-
mation causality, as well as variations and extensions like
PCMCI and LPCMCI. These are among the most prominent
methods (see Refs. [48,54–56]). Most of these frameworks,
however, focus exclusively on either deterministic or stochas-
tic systems. Furthermore, only a few methods attempt to
reveal the presence of hidden confounders, such as common
drivers or common causes (see Refs. [7,9,22,50]). In this
work, we have introduced a unified theoretical framework
capable of addressing both challenges. At the core of this
framework is the concept that investigating the degrees of
freedom of a system, based on observed data, provides key
insights. The degrees of freedom represent the minimum num-
ber of intermediate states required to make the past and future
conditionally independent.

We also introduced an analytically tractable toy model.
This model allows us to calculate the theoretical predictions of
our method, simulating a scenario with an infinite time series,
which provides optimal inference. To validate our theoretical
framework and method, we simulated this toy model and
calculated the degrees of freedom while also performing ro-
bustness tests with simulated measurement errors. The results
aligned perfectly with our theoretical expectations.

Finally, we applied our method to the millennia-old ques-
tion: “Which came first, the chicken or the egg?” Our findings
confirm that the egg came first, as suggested by previous work
[51].

We believe that our method offers a valuable new tool for
research in various fields. However, we recommend that the
method be further tested on more synthetic and real-world
datasets. In addition, we suggest that the current visual in-
spection of results be complemented by rigorous statistical
analysis.
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APPENDIX A: CAUSALITY AND TIME-REVERSAL
SYMMETRY

The issue lies with time-reversal symmetry: In most micro-
scopic physical systems, the dynamics are invariant under the
reversal of the direction of time (time reflection symmetry).2

This implies that the concepts of “earlier” or “later” states
are meaningless and thus the notion of “causation” becomes
irrelevant. For example, if a change in variable A causes a sub-
sequent change in variable B, then by time-reversal symmetry,
a change in B would also cause a later change in A. As a result,
their respective causal relationships cannot be defined. This
sharply contrasts with causality in real life, where rain causes
wet soil, but wet soil does not cause rain.

This situation closely resembles the problem of the ar-
row of time, which is also meaningless in a time-reversal
invariant system. The resolution of the apparent contradiction
between the time-reversal symmetric microscopic world and
the macroscopic world, which exhibits a well-defined arrow
of time, lies in the fact that in the macroscopic world, only
collective phenomena are observed. These phenomena exhibit
large values only in specific configurations with particular cor-
relations between individual modes, and they dissipate as the
system approaches equilibrium. This implies that individual
collective coordinates decrease over time, even though the
complete system remains time-reversal invariant. Naturally,
by observing the entire system, it is possible to reverse this
dissipation by gathering tiny pieces of information distributed

2In a general local, causal, relativistic quantum field theory, the
CPT transformation is always a symmetry, where C represents
charge conjugation, P spatial reflection, and T time reflection.

across many variables. However, if measurements are made
with only finite precision, then information is lost, and the
original state cannot be restored.

Thus, the philosophical foundation of both the arrow of
time and causality lies in our restricted measuring ability,
which encompasses both the number of observed variables
and the accuracy of the measurements.

There are two ways to account for inaccuracy in our predic-
tions. The first approach is to acknowledge that the equations,
and therefore the solutions, are not entirely accurate. This
strategy is commonly used in various fields of physics, where
“exact” time evolution equations are discussed, yet they never
fully describe the system. In simpler systems, this results in
measurements fluctuating around the predicted value (noisy
measurements). However, in more complex, chaotic systems,
the real and predicted trajectories deviate significantly, and the
predictive power of these “exact” equations is lost, leading to
only statistical predictions being possible.

Another way to incorporate inaccuracy is to treat the
omitted variables statistically. Explicit “noise” terms can be
introduced to represent these modes as collective phenomena,
transforming the differential equations into stochastic differ-
ential equations.

At a given precision, a finite number of variables are
retained in a dynamic system. The “number of degrees of
freedom” (which will be precisely defined in the next sec-
tion) describes the amount of information required to predict
the system’s time evolution at a given precision. At infinite
precision, everything is interconnected, and the number of
degrees of freedom becomes infinite. However, at finite preci-
sion, the number of degrees of freedom remains finite. Thus,
this concept is intimately related to restricted accuracy and,
consequently, to causality itself.

Heuristically, a small number of degrees of freedom in a
quasiclosed subsystem implies that the subsystem is informed
about only a small part of the larger system. This has signifi-
cant implications. If subsystem x drives subsystem y, then all
the information required to understand x is also necessary to
understand y. Therefore, the number of degrees of freedom for
y must be larger. This also means that knowledge of x alone
cannot fully determine y, as more information is required.
Conversely, if y is completely known, then all the information
required for x is available, and x can be determined. If x and
y share a common cause, then knowledge of x provides only
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partial information about y and vice versa. In this case, the x-y
compound system has fewer degrees of freedom than the sum
of the individual degrees of freedom of x and y.

It should again be emphasized that this is true only up to
a given level of precision. In reality, at infinite precision, the
system is time-reversal invariant, and the number of degrees
of freedom becomes infinite. By decreasing the precision, a
finite number of degrees of freedom is obtained, and causal
relations emerge. Thus, the concept of causality is dependent
on the level of accuracy. It is conceivable, for example, that
at a given precision, x may appear to drive y, but at higher
precision, the reverse may be true. As an example, suppose x
is a signal preceded by a small-amplitude pretail. In specific
systems with nonlinear amplification mechanisms, even the
pretail may induce a signal in another system, y. At low
precision, where the pretail is unobservable, it may seem that
the bump in y always precedes the bump in x, leading to the
assumption that y drives x. However, at higher precision, it
turns out that x drives y. This type of behavior can manifest
in nonlinear optical systems, leading to phenomena such as
superluminal light propagation [57].

APPENDIX B: CALCULATIONS
IN THE LINEAR EXAMPLE

1. Calculation of the distribution of a constrained system

Here we compute the distribution function of a Gaussian-
distributed random variable with zero mean and a covariance
matrix C, under a linear constraint,

Rx − z − Uξ = η. (B1)

Here R is an M × N matrix, U is an M × Nnoise matrix, and
η is a normal random variable with zero mean and some
covariance matrix CW (referred to as “W” for window), which
simulates the role of finite bin size.

In the stationary case, the variables x have a covariance
matrix C, so the conditional distribution function is

p(x) ∼
∫

dξ dη e− 1
2 xT C−1x− 1

2 ξT ξ− 1
2 ηT C−1

W ηδ(Rx − z − Uξ − η).

(B2)
We can simplify this formula by introducing new variables.
For convenience, we use the following transformation:

ξ = U T (UU T )−1ζ + U T
⊥ ζ⊥. (B3)

Here ζ has M components, ζ⊥ has Nnoise − M components,
and we choose U⊥ such that UU T

⊥ = 0 (i.e., U⊥’s columns
are orthogonal to those of U ). If the rows of U are inde-
pendent, then UU T is invertible, and if the rows of U⊥ are
linearly independent, then the combined matrix (U T ,U T

⊥ ) is
also invertible. This transformation provides a bijection ξ →
(ζ , ζ⊥). With the new coordinates, the expression becomes

p(x) ∼
∫

dη dζ dζ⊥ e− 1
2 xT C−1x− 1

2 ζ T (UU T )−1ζ− 1
2 ζ T

⊥ S⊥ST
⊥ζ⊥− 1

2 ηT C−1
W η

× δ(Rx − z − ζ − η). (B4)

The integral over ζ⊥ can be performed without affecting the
result, and we are left with:

p(x) ∼
∫

dη dζ e− 1
2 xT C−1x− 1

2 ζ T (UU T )−1ζ− 1
2 ηT C−1

W η

δ(Rx − z − ζ − η). (B5)

This shows that the role of the window function and the
stochastic noise are exactly the same.

After performing the Gaussian integrals, we obtain:

p(x) ∼ e− 1
2 (x−x̄)T C−1

x (x−x̄), (B6)

where

C−1
x = C−1 + RT (Cξ + CW )−1R,

x̄ = CxRT (Cξ + CW )−1z, (B7)

and Cξ = UU T .
It is important to note that in the limit Cξ + CW → 0, the

values of Cx and x̄ remain finite if R is not invertible. To see
this, observe that the conditional distribution becomes

p(x) ∼ e− 1
2 xT C−1xδ(Rx − z). (B8)

Changing variables,

x = RT y + RT
⊥y⊥ = R̄ȳ, (B9)

where the constraint y = (RRT )−1z holds, leads to:

x̄ = R(RRT )−1z. (B10)

The correlation matrix can be expressed as:

Cx = E[(x − x̄) ⊗ (x − x̄)] = R̄�(M )E[ȳ ⊗ ȳ]�(M )R̄T ,

(B11)
where �

(M )
i j = δi j�i>M is a projector onto the nonfixed com-

ponents of y. This gives:

Cx = �R⊥C�R⊥, (B12)

where

�R⊥ = R̄�(M )R̄−1. (B13)

This is a projector, with �R⊥R = 0, meaning it projects onto
the linear subspace orthogonal to the vectors spanned by R.

This matrix Cx is not invertible. The eigenvectors corre-
sponding to the zero eigenvalue are in the subspace spanned
by the columns of R.

2. Fixing past elements

When the come from fixing the past elements of the xn

series, we can derive a specific formula. The condition is as
follows:

xn−k,a = zka + ηka, (B14)

where we express xn−k,a in terms of xn and the noise terms
using the equation of motion. This yields:

zka + ηka = (Hkxn − HkSξn − Hk−1Sξn−1 − · · ·
−HSξn−k+1)a, (B15)

which can be rewritten as:

zka + ηka =
N∑

i=1

(Hk )aixni − ζka. (B16)
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The matrix R is as follows:

Rka,i = (Hk )ai, (B17)

and the noise term is as follows:

ζka = (HkSξn + Hk−1Sξn−1 + · · · + HSξn−k+1)a, (B18)

with a correlation matrix:

Cζ ,ka,
b = E[ζkaζ
b] =
min(k,
)−1∑

m=0

(Hk−mSST HT,
−m)ab. (B19)

Assuming SST = σ 2, we obtain the following:

Cζ ,ka,
b = σ 2
min(k,
)−1∑

m=0

N∑
i=1

(Hk−m)ai(H

−m)bi. (B20)

According to (B7), the variance of the constrained system
is as follows:(

C−1
x

)
i j

= (C−1)i j +
∑
ka,
b

(Hk )ai
(
C−1

K

)
ka,
b

(H 
)b j, (B21)

where

CK,ka,
b = σ 2
W,kaδka,
b + σ 2

min(k,
)−1∑
m=0

N∑
i=1

(Hk−m)ai(H

−m)bi.

(B22)

We only need the specific elements of this matrix that cor-
respond to the past conditions we are fixing. So, we select the
pairs {k1a1, k2a2, . . . , kMaM} where conditions are applied.
Then, we define:

CK,αβ = σ 2
W αδαβ + Cζ ,kαaα,kβ aβ

, Rαi = Hkα

aα i. (B23)

Finally, we compute the Cx matrix by inverting the following
expression:

C−1
x = C−1 + RT C−1

K R, (B24)

and the expected value of x comes from the following:

x̄ = CxRT C−1
K z. (B25)
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