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Abstract
In this paper, we attempt to compare two distinct branches of research on second-order
optimization methods. The first one studies self-concordant functions and barriers,
the main assumption being that the third derivative of the objective is bounded by
the second derivative. The second branch studies cubic regularized Newton methods
(CRNMs) with the main assumption that the second derivative is Lipschitz contin-
uous. We develop a new theoretical analysis for a path-following scheme (PFS) for
general self-concordant functions, as opposed to the classical path-following scheme
developed for self-concordant barriers. We show that the complexity bound for this
scheme is better than that of the Damped Newton Method (DNM) and show that our
method has global superlinear convergence.We propose also a new predictor-corrector
path-following scheme (PCPFS) that leads to further improvement of constant factors
in the complexity guarantees for minimizing general self-concordant functions. We
also apply path-following schemes to different classes of constrained optimization
problems and obtain the resulting complexity bounds. Finally, we analyze an impor-
tant subclass of general self-concordant functions, namely a class of strongly convex
functions with Lipschitz continuous second derivative, and show that for this subclass
CRNMs give even better complexity bounds.
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1 Introduction

Motivation. Local performance guarantees for the second-order methods are known
since 1948 [21]. In that paper, the author proved a local quadratic convergence of the
Newton method under some natural assumptions (non-degeneracy of the Hessian at
solution and local Lipschitz continuity of the Hessian). However, in some sense, the
quadratic convergence is too fast: each step of such methods doubles the number of
right digits in the approximate solution. Therefore, questions on the acceleration of
these schemeswere never raised in the literature [7].Moreover, formany years the only
global complexity results for second-order methods were obtained in the framework
of the theory of self-concordant functions and barriers [34, 35].

The situation was changed after the paper [36], where the first global complexity
bounds were obtained for the cubic regularized Newton method (CRNM). Namely, it
was shown that for convex functions with globally Lipschitz continuous Hessian the
CRNM converges in terms of the function value as O( 1

k2
), where k is the iteration

counter. Very soon it was shown that this method can be accelerated up to the rate
O( 1

k3
) using the technique of estimating sequences [31]. Under the same assumptions,

based on a special line-search procedure, the authors of [30] proposed a second-order

method with convergence rate O
(

1
k7/2

)
.

Thus, at this moment there exist two main, nearly independent, frameworks for
global complexity analysis of the second-order methods. One is based on the affine-
invariant theory of self-concordant functions. And the second one assumes bounded
third derivatives of the objective in a fixed Euclidean norm. In the recent years, many
new results were obtained within the second framework, including development of
accelerated schemes. The main goal of this paper is to revisit the first framework and
try to improve existing complexity bounds. The secondary goal of this paper is to show
that these two classes of problems do intersect and we can compare the efficiency of
the corresponding methods. Towards the first goal, we derive new complexity bounds
for a path-following scheme (PFS) as applied to the unconstrained minimization of
a self-concordant function. This result is new since the known complexity bounds
for path-following methods are related to self-concordant barriers (see, for exam-
ple, Section 4.2 in [34]). Moreover, this result shows that our PFS exhibits global
superlinear convergence, and the resulting complexity bound is better than that of
the classical Damped Newton Method (DNM). We next propose a predictor-corrector
path-following scheme (PCPFS) that leads to further improvement of constant factors
in the complexity guarantees for minimizing self-concordant functions. Additionally,
we show that our results lead to improved complexity for constrained problems where
one can additionally use the self-concordant barrier property. We further compare our
bounds with the complexity results for different versions of the CRNM on the class

123



Foundations of Computational Mathematics

of strongly convex functions with Lipschitz continuous Hessian. It appears that such
functions are self-concordant. We conclude that the latter methods are much more
efficient when applied to this subclass of self-concordant functions.
Related work. Local convergence rate analysis of Newton method was extended in
[24] to the case of composite optimization with the objective given as a sum of a
twice-differentiable function and a simple convex function. Inexact proximal Newton
methods for self-concordant functionswith composite termwere studied in [25],where
global and local convergence were studied. For the Machine Learning applications,
the authors of [39] propose an incremental Newton method with local superlinear
convergence and global linear convergence. The authors of [44] study distributed
minimization of self-concordant empirical losses via DNM combined with distributed
preconditioned conjugate gradient method. A new version of Newton method with
adaptive stepsizes was proposed in [38] for non-linear systems of equations. Gen-
eralization of DNM for generalized self-concordant functions is developed together
with local convergence analysis in [41]. The authors of [20] analyze global and local
convergence of a DNM for minimizing a subclass of self-concordant functions called
semi-strongly self-concordant functions. Beyond classical second-order Newton-type
methods, local superlinear convergence was obtained for path-following interior-point
methods [32]. The papers [8, 27] study inexact path-following method for optimiza-
tion with special separable structure. In [42], the authors propose a new homotopy
proximal variable-metric framework for composite convex minimization and show
that under appropriate assumptions such as strong convexity-type and smoothness,
or self-concordance, their schemes can achieve global linear convergence. A general
Adaptive Regularization algorithm using Cubics was proposed in [5], where global
and local convergence were proved under relaxed assumptions. Global complexity
analysis was extended for the case of Hölder-continuous Hessians in [19] and even
higher order derivatives in [6, 18, 40]. Linear convergence of the CRNM under Hölder
continuity of the Hessians and uniform convexity was proved in [11]. The author of
[9] obtains global complexity bounds for minimizing quasi-self-concordant functions
by gradient regularization of Newton method. Frank-Wolfe method for minimization
of self-concordant functions was recently proposed in [15] and a refined analysis for
minimizing self-concordant barriers was made in [45]. The latter allowed also to con-
struct a path-following Frank-Wolfe method in [13]. A combination of Frank-Wolfe
and Newton method for minimization of self-concordant functions was proposed in
[26], and close approach, but for functions with Lipschitz-continuous Hessian, was
studied in [2]. In [16, 17] the authors combine the ideas of cubic regularization and
self-concordant barriers to propose algorithms for constrained non-convex optimiza-
tion with global complexity guarantees.

Previous works mainly analyze either the class of self-concordant functions or the
class of functionswithLipschitz-continuousHessians. In thiswork,we attempt to com-
pare these two classes in terms of the global complexity of solving the corresponding
minimization problem. At the same time, previous works analyzed the path-following
methods for self-concordant barriers rather than for self-concordant functions. Here
we do not assume the barrier property and analyze path-following schemes for general
self-concordant functions. In particular, to the best of our knowledge, this is the first
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time when global superlinear convergence is obtained for this class of methods and
problems.

Contributions. Our contributions can be summarized as follows.

1. We give a new theoretical analysis of a path-following scheme (PFS) for general
self-concordant functions. This is in contrast to [34], where the classical analysis
is made under additional assumption that the objective is self-concordant barrier.
Moreover, the obtained global complexity bound of the PFS is better than that of the
DampedNewtonMethod (DNM). In particular, we demonstrate global superlinear
convergence of the PFS.

2. We consider a feasibility problemand compare complexity bounds for this problem
by the DNM, PFS and dual PFS. Importantly, the proposed PFS gives the best
complexity, improving upon known complexities.

3. We propose a predictor-corrector path-following scheme (PCPFS) for general self-
concordant functions. This scheme has even better global complexity bound in
terms of the constant factors than the PFS for minimizing general self-concordant
functions and also possesses superlinear convergence.

4. We apply the PCPFS to two types of constrained optimization problems and under
additional self-concordant barrier property show that the resulting primal and dual
PCPFS have better constant factors in the complexity compared to the existing
bounds in [34].

5. We propose variants of our path-following schemes with adaptive stepsizes that
may take longer steps adapting to local behavior of the central path.

6. We make an observation that the above two classes of functions intersect. Namely,
strongly convex functions with Lipschitz continuous Hessian belong to both
classes. Thus, all the discussed methods can be applied to this class. Our con-
clusion is that on this class CRNMs possess better complexity that the DNM and
the PFS.

We would also like to mention that besides the two classes of functions considered
in this paper, important results on global performance of second-order methods are
obtained for minimization of quasi-self-concordant functions [1], generalized self-
concordant functions [41], functions with stable Hessians [4, 22]. An interesting open
question for future research is to extend our comparison between two classes to include
also these classes.
Contents. In Section 2 we recall the properties of self-concordant functions extending
them to the case of non-standard self-concordant functions and give the complexity of
the DNM. In Section 3, we provide description and new analysis of the PFS for general
self-concordant functions. In Section 4 we discuss implications of our analysis and
algorithms when applied to a feasibility problem. Section 5 is devoted to the construc-
tion and analysis of our PCPFS for minimizing general self-concordant functions. In
Section 6, we apply the PCPFS to two types of constrained optimization problems
that involve self-concordant barriers and obtain the resulting complexity. Section 7
contains complexity analysis of strongly convex functions with Lipschitz-continuous
Hessians by CRNMs and their comparison to the complexity by the DNM and PFS.
Notation. Let E be a finite-dimensional real vector space and E

∗ be its dual. For a
function f , we denote its domain as dom f = {x ∈ E : f (x) < +∞}, and the
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closure of the domain as Dom f . Given a function f with Hessian ∇2 f (x) that is
non-degenerate at any x ∈ E, we denote

‖h‖x = 〈∇2 f (x)h, h〉1/2, h ∈ E, ‖g‖∗
x = 〈g, [∇2 f (x)]−1g〉1/2, g ∈ E

∗

and λ f (x) = ‖∇ f (x)‖∗
x , x ∈ E. (1)

We use D3 f (x)[h] = limα→0
1
α
(∇2 f (x + αh) − ∇2 f (x)) to denote the third-order

derivative at a point x ∈ E in a direction h ∈ E. For h, h1, h2, h3 ∈ E we use a
shortcut notation

D3 f (x)[h]3 = 〈D3 f (x)[h]h, h〉, D3 f (x)[h1, h2, h3] = 〈D3 f (x)[h1]h2, h3〉.

We define also, for τ ≥ 0, ω(τ) = τ − ln(1 + τ), ω∗(τ ) = −τ − ln(1 − τ).

2 Minimizing self-concordant functions: Damped NewtonMethod

We consider the following minimization problem:

f ∗ = min
x∈E f (x), (2)

where f is a general self-concordant function whose definition is given below. We
assume that the Hessian of this function at any point is positive definite and that the
solution x∗ of problem (2) exists.

2.1 Preliminaries on general self-concordant functions

In this technical subsection we give the definition and properties of general self-
concordant functions which we use throughout the paper. Let us start from a variant
of the definition of self-concordant functions.

Definition 1 Let function f from C
3, i.e., three times continuously differentiable, be

convex on E. It is called a general self-concordant function if there exists a constant
M f ≥ 0 such that for any point x ∈ E and direction h ∈ E:

|D3 f (x)[h]3| ≤ 2M f 〈∇2 f (x)h, h〉3/2. (3)

If M f = 1, then the function is called standard self-concordant. �

An equivalent characterization of general self-concordant functions is given by the
following result [34, Lemma 4.1.2].

Lemma 1 A function f fromC
3 is general self-concordant iff for any point x ∈ E and

any h1, h2, h3 ∈ E we have

|D3 f (x)[h1, h2, h3]| ≤ 2M f ‖h1‖x‖h2‖x‖h3‖x . (4)
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It is clear that for any self-concordant function f , function

f̃ (x) = M2
f f (x), x ∈ E, (5)

is standard self-concordant. Standard self-concordant functions are more convenient
for defining self-concordant barriers (see [35]). However, for the main algorithms
in this paper we work directly with definition (3) and do not impose an additional
assumption that f is a self-concordant barrier.

Taking into account normalization (5), we can rewrite all known properties of stan-
dard self-concordant functions for the general ones. Let us present the most important
of them (see Section 4.1 in [34]). For all y ∈ E with ‖y − x‖x < 1

M f
we have

(1 − M f ‖y − x‖x )2∇2 f (x) � ∇2 f (y) � 1
(1−M f ‖y−x‖x )2 ∇2 f (x), (6)

‖y − x‖y ≤ ‖y−x‖x
1−M f ‖y−x‖x , (7)

f (y) ≤ f (x) + 〈∇ f (x), y − x〉 + 1
M2

f
ω∗(M f ‖y − x‖x ), (8)

and for all y ∈ E we have

f (y) ≥ f (x) + 〈∇ f (x), y − x〉 + 1
M2

f
ω(M f ‖y − x‖x ). (9)

Inequality (9) leads to the following bound for λ f (x) < 1
M f

f (x) − min
y∈E f (y) ≤ 1

M2
f
ω∗(M f λ f (x)). (10)

Moreover, for λ f (x) < 1
M f

and x∗ = argmin
y∈E f (y),

‖x − x∗‖x ≤ 1
M f

ω′∗(M f λ f (x)) = M f λ f (x)
1−M f λ f (x)

. (11)

Similarly to (6), if δ ≡ ‖∇ f (x) − ∇ f (y)‖∗
x < 1

M f
, then

(1 − M f δ)
2∇2 f (x) � ∇2 f (y) � 1

(1−M f δ)
2 ∇2 f (x). (12)

This relation follows from the observation [35] that the Fenchel conjugate f∗ for f
defined as

f∗(s) = sup
x∈E

[〈s, x〉 − f (x)]

is also self-concordant on its domain with the same constant M f . Note also that, for
x(s) = arg max

x∈dom f
[〈s, x〉 − f (x)],

∇ f∗(s) = x(s), (13)
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∇2 f∗(s) = [∇2 f (x(s))]−1. (14)

The following result was not proved in [34] even for the case of M f = 1.

Lemma 2 Let x, y ∈ dom f be such that ‖y − x‖x < 1
M f

. Then

‖∇ f (y) − ∇ f (x)‖∗
x ≤ ‖y − x‖x

1 − M f ‖y − x‖x .

Proof The proof follows from inequality (4.1.7) in [34], Cauchy-Schwarz and the
duality relation (13). �


We finish this subsection with several examples of functions that are self-
concordant, but not self-concordant barriers. For shortness, we denote this class of
functions as SCF\B. The simplest examples of such functions are linear and convex
quadratic functions, see, e.g., [34, Example 4.2.1]. Further examples can be obtained
as a sumof a self-concordant barrier and a self-concordant function. Here the examples
are 〈c, x〉 + F(x), where F(x) is a self-concordant barrier, and augmented self-
concordant barriers [33] which have the form 1

2 〈Qx, x〉 + F(x), where F(x) is a
self-concordant barrier for a cone K , and Q is a positive-semidefinite matrix. The
entropy-barrier function which for x ∈ R s.t. x > 0 is defined as x ln x − ln x is
another example of a function from SCF\B. Clearly, one can obtain a multivariate
version of this function. As we will see in detail below in Section 7, another promi-
nent example of functions in SCF\B is the class of strongly convex functions with
Lipschitz Hessian. A particular example is the regularized logistic regression problem
[41] which is one of the cornerstone optimization problems in machine learning.

Another example of functions from SCF\B may be constructed using Fenchel’s
duality. Consider a feasibility problem

Find x s.t. x ∈ Q and Ax = b, (15)

where x ∈ R
n , b ∈ R

m , A ∈ R
m×n . To solve this problem, we can introduce a

self-concordant barrier F(x) for the set Q and minimize it over the affine manifold:

min
x

F(x) s.t. Ax = b. (16)

Introducing a Lagrange multiplier y for the constraints Ax = b, we obtain

minx {F(x) : Ax = b} = maxy{〈b, y〉 − F∗(AT y)}

and the dual problem for (16) is

min
y

{Φ(y) − 〈b, y〉} , (17)

whereΦ(y)
def= F∗(AT y), F∗ being the Fenchel conjugate for F . In this case the dual is

an unconstrained problem of minimization of Φ(y) that is a standard self-concordant
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function, but not a self-concordant barrier. We consider the above primal-dual pair of
problems in more detail in Section 4.

2.2 Newtonmethods for general self-concordant functions.

We now move to standard algorithms used for minimizing general self-concordant
functions. When applied to this class of functions, Standard Newton Method has local
quadratic convergence.

Theorem 1 [Theorem 4.1.14 in [34]] Define the Standard Newton Step

x+ = x − [∇2 f (x)]−1∇ f (x). (18)

Then,

λ f (x+) ≤ 1
M f

(
M f λ f (x)

1−M f λ f (x)

)2
. (19)

Minimizing the right-hand side of inequality (8) in y, we come to the following
result.

Theorem 2 Define the Damped Newton Step

x+ = x − [∇2 f (x)]−1∇ f (x)
1+M f λ f (x)

. (20)

Then,
f (x+) ≤ f (x) − 1

M2
f
ω(M f λ f (x)). (21)

Moreover,
λ f (x+) ≤ 2M f λ

2
f (x). (22)

Proof Inequality (21) follows from Theorem 4.1.2 in [34].
We now prove inequality (22), which was not proved in [34] even for M f = 1.

Denote λ = λ f (x), h = x+ − x , r = ‖h‖x = λ
1+M f λ

. Hence, λ = r
1−M f r

. Note that,

since r < 1
M f

,

λ2+ ≡ 〈∇ f (x+), [∇2 f (x+)]−1∇ f (x+)〉 (6)≤ 1
(1−M f r)2

〈∇ f (x+), [∇2 f (x)]−1∇ f (x+)〉.

Without changing the notation, we can associatewith theHessians symmetric positive-
definite matrices. Then, denoting G = [∇2 f (x)]1/2 � 0, we have

∇ f (x+) = ∇ f (x) +
1∫
0

∇2 f (x + τh)hdτ

(20)= −(1 + M f λ)∇2 f (x)h +
1∫
0

∇2 f (x + τh)hdτ

= G

[
−(1 + M f λ)I + G−1

(
1∫
0

∇2 f (x + τh)dτ

)
G−1

]
Gh.

(23)
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By Corollary 4.1.4 in [34], we have that

(1 − M f r + 1

3
M2

f r
2)∇2 f (x) �

1∫

0

∇2 f (x + τh)dτ � 1

1 − M f r
∇2 f (x).

Thus, denoting H = [·] in (23), we can see that H � 0 and H � [−(1 + M f λ) +
(1 − M f r)]I = [−(1 + M f λ) + 1

1+M f λ
]I � −2λM f I . So, we conclude that

λ2+ ≤ 1
(1−M f r)2

(‖GHGh‖∗
x )

2 = 1
(1−M f r)2

〈GH2Gh, h〉 ≤ (2M f λ)2

(1−M f r)2
〈G2h, h〉

= (2M f λ)2

(1−M f r)2
〈∇2 f (x)h, h〉 = (2M f λ)2r2

(1−M f r)2
= 4M2

f λ
4.

�

We can now analyze the efficiency of the Damped Newton Method (DNM)

xk+1 = xk − [∇2 f (xk)]−1∇ f (xk )
1+M f λ f (xk)

, k ≥ 0 (24)

in terms of iteration complexity as applied to the minimization problem (2). In view of
inequality (22), method (24) starts converging quadratically when it enters the region

Q =
{
x ∈ E : λ f (x) ≤ 1

2M f

}
. (25)

This convergence is very fast and, in view of inequality (10), any reasonable accuracy
in function value can be reached in a small number of iterations. Therefore, the main
computational time is spent when λ f (xk) ≥ 1

2M f
. Denote by N the last iteration such

that λ f (xk) ≥ 1
2M f

, k = 0, . . . , N . Then, in view of inequality (21), we have

N ≤ Δ(x0)

ω
( 1
2

) , Δ(x0)
def= M2

f ( f (x0) − f ∗). (26)

This is the main result of this section. Namely, when applied to the class of general
self-concordant functions, DNM has complexity O(Δ(x0)). In the following sections,
wewill show that this complexitymay be improved by proposing a different algorithm.

Let us show that Δ(x0) is a natural complexity measure of our problem class. In
order to see this, let us attribute to our objects some physical units. Denote the units for
measuring the function value by μ f , and the units for measuring the argument by μx .
Then, the units for measuring the gradient are μg = μ f /μx . The Hessian is measured
inμh = μ f /μ

2
x , and the third derivative is measured inμt = μ f /μ

3
x . Thus, in view of

definition (3), the units for measuring the constant M f are μs = μtμ
3
x/(μhμ

2
x )

3/2 =
μ

−1/2
f . Note that the number of iterations is an integer number with no physical

dimension (scalar). Therefore, for using the constant M f in the bounds for the number
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of iterations, it must be multiplied by something having physical dimension μ
1/2
f .

The simplest way to do this is to define the characteristic Δ(x0) as in (26). In the
sequel, we will use Δ(x0) as the main characteristic of complexity of problem (2).
Importantly, we can use the characteristics of our problem as arguments of nonlinear
univariate functions only by transforming them to a scalar form. For example, the
values M f λ f (x) and M f ‖h‖x have no physical dimension and can be substituted to
the functions ω, ω∗.

In addition to the global iteration complexity (26), we can show that the DNM
accelerates to superlinear convergence when λ f (xk) ≤ 1

M f
.

Theorem 3 For the DNM (24) when λ f (xk) ≤ 1
M f

it holds that

M2
f ( f (xk+1) − f ∗) ≤ M2

f ( f (xk) − f ∗)
(
1 − ω(ω−1∗ (M2

f ( f (xk) − f ∗)))
M2

f ( f (xk) − f ∗)

)
. (27)

In other words, the method has superlinear convergence.

Proof Denote for k ≥ 0 Δk = f (xk) − f ∗ and λk = λ f (xk). Then, by (10), we have
that ω−1∗ (M2

f Δk) ≤ M f λk . Combining this with (21), we obtain

M2
f Δk+1 ≤ M2

f Δk − ω(ω−1∗ (M2
f Δk)),

which is (27). Denoting ω−1∗ (M2
f Δk) = ξ , we see that

ω(ω−1∗ (M2
f Δk ))

M2
f Δk

= ω(ξ)
ω∗(ξ)

. Recall-

ing the definition of ω(ξ), ω∗(ξ) and using their Taylor expansion, we readily see that
ω(ξ)
ω∗(ξ)

< 1 and, hence, (27) leads to convergence. Further, since ω−1∗ monotonically
increases, we have that ξ decreases as Δk decreases to 0. Considering the function
ω(ξ)
ω∗(ξ)

, its derivative, and Taylor expansions for ω(ξ), ω∗(ξ), it is easy to show that this
function increaseswhen ξ decreases and its limit when ξ → 0 is equal to 1. Combining
all the observations, we see that indeed the DNM has superlinear convergence when
λ f (xk) ≤ 1

M f
, i.e., local superlinear convergence. In the next section we propose a

path-following scheme that has global superlinear convergence. �


3 Minimizing self-concordant functions: path-following scheme

In this section, we estimate the complexity of solving problem (2) by a path-following
scheme (PFS). Note that the full justification of path-following methods is done so
far in [34] only for self-concordant barriers. On the contrary, our analysis relies only
on the less restrictive assumption that f is a self-concordant function. Moreover, we
make the analysis for general self-concordant functions with M f > 0 rather than
M f = 1. As for the DNM above, our main goal is to estimate the complexity to enter
the region of quadratic convergenceQ defined in (25). Let us start from some x0 ∈ E.
Define the central path x(t), 0 ≤ t ≤ 1, by the following equation:

∇ f (x(t)) = t∇ f (x0). (28)
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Clearly, x(1) = x0 and x(0) = x∗. Note that this is a trajectory of minimizers of the
following parametric family of general self-concordant functions:

x(t) = argmin
x∈E

{
ft (x)

def= f (x) − t〈∇ f (x0), x〉
}

, 0 ≤ t ≤ 1. (29)

Let us introduce two constants

β = 0.026, γ = 0.1125 <
√

β

1+√
β

− β. (30)

We say that a point x satisfies an approximate centering condition if

λ ft (x) ≡ ‖∇ f (x) − t∇ f (x0)‖∗
x ≤ β

M f
. (31)

Consider the path-following iterate:

(t+, x+) = P(t, x)
def=

⎧⎪⎨
⎪⎩

t+ = max
{
t − γ

M f ‖∇ f (x0)‖∗
x
, 0

}
,

x+ = x − [∇2 f (x)]−1(∇ f (x) − t+∇ f (x0)).

(32)

The following statement is a counterpart of Theorem 4.2.8 in [34].

Theorem 4 If the pair (x, t) satisfies (31), and β, γ are chosen such that

|γ | ≤
√

β

1 + √
β

− β, (33)

then the pair (x+, t+) satisfies (31) too.

Proof Let us denote λ0 = ‖∇ f (x) − t∇ f (x0)‖∗
x , λ1 = ‖∇ f (x) − t+∇ f (x0)‖∗

x and
λ+ = ‖∇ f (x+) − t+∇ f (x0)‖∗

x+ . Clearly, λ0 ≤ β
M f

. If t+ > 0, we have

λ1 =
∥∥∥∥∇ f (x) − t∇ f (x0) + γ

M f ‖∇ f (x0)‖∗
x
∇ f (x0)

∥∥∥∥
∗

x

≤ β + |γ |
M f

.

If t+ = 0, we have that t ≤ γ
M f ‖∇ f (x0)‖∗

x
. Hence,

λ1 = ‖∇ f (x)‖∗
x = ‖∇ f (x) − t∇ f (x0) + t∇ f (x0)‖∗

x ≤ β + |γ |
M f

.

Since x+ is obtained from x as the Standard Newton Step for the function ft+(x), by

(19), λ+ ≤ M f

(
λ1

1−M f λ1

)2
. The statement of the theorem follows from the fact that

inequality M f

(
λ1

1−M f λ1

)2 ≤ β
M f

is equivalent to inequality λ1 ≤ 1
M f

√
β

1+√
β
. �
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Remark 1 If at some iterate we obtain that t+ = 0, then t is not updated in the later
iterates and the algorithm automatically switches to the standard full-step Newton
method: x+ = x − [∇2 f (x)]−1∇ f (x). According to (19), for this method it holds
that

λ f (x+) ≤ M f λ
2
f (x)

(1 − M f λ f (x))2
. (34)

From Theorem 4, we know that, if t+ = 0, then the approximate centering condition
(31) holds at (x+, t+), which means that, since t+ = 0,

λ f (x+) = ‖∇ f (x+)‖∗
x+ ≤ β

M f
. (35)

Combining (34), (35), and our choice of the value β in (30), we see that the point x+
belongs to the region of quadratic convergence of the standard Newton method. Thus,
when t+ = 0, the PFS automatically switches to the quadratically-convergent Newton
method.

Let us prove the first main result of this section that gives convergence rate for the
penalty parameter tk in the PFS as applied to problem (2) when the region of quadratic
convergence Q defined in (25) is not yet reached. The main novelty of this result is
that we rely only on the assumption that f is a self-concordant function rather than a
self-concordant barrier as in [34].

Theorem 5 Consider the path-following scheme (PFS):

t0 = 1, x0 ∈ E, (tk+1, xk+1) = P(tk, xk), k ≥ 0, (36)

where P is defined in (32). Assume that λ f (xk) ≥ 1
2M f

for all k = 0, . . . , N. Then,

tN ≤ exp

{
− γ (γ−2β)N2

2M2
f ( f (x0)− f ∗)

}
. (37)

Proof Denote c = −∇ f (x0). Then,

tk+1
(32)= tk − γ

M f ‖c‖∗
xk

= tk

(
1 − γ

M f tk‖c‖∗
xk

)
≤ tk exp

{
− γ

M f tk‖c‖∗
xk

}
.

Thus, tN ≤ exp
{
− γ

M f
SN

}
, where SN =

N∑
k=0

1
tk‖c‖∗

xk
.

Let us estimate the value SN from below. Note that

xk − xk+1
(32)= [∇2 f (xk)]−1

(
tkc + ∇ f (xk) − γ c

M f ‖c‖∗
xk

)
. (38)

Therefore,

rk
def= ‖xk − xk+1‖xk

(31)≤ β+γ
M f

. (39)
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On the other hand, β2

M2
f

(31)≥ λ2f (xk) + 2tk〈∇ f (xk), [∇2 f (xk)]−1c〉 + t2k (‖c‖∗
xk )

2.

Hence,

−〈∇ f (xk), [∇2 f (xk)]−1c〉 ≥ 1
2tk

[
λ2f (xk) + t2k (‖c‖∗

xk )
2 − β2

M2
f

]
. (40)

Therefore, denoting λk = ‖∇ f (xk) − tk∇ f (x0)‖∗
xk ,

f (xk) − f (xk+1)
(8)≥ 〈∇ f (xk), xk − xk+1〉 − 1

M2
f
ω∗(M f rk)

(38)= 〈∇ f (xk), [∇2 f (xk)]−1
(
tkc + ∇ f (xk) − γ c

M f ‖c‖∗
xk

)
〉 − 1

M2
f
ω∗(M f rk)

= λ2k − tk〈c, [∇2 f (xk)]−1(tkc + ∇ f (xk))〉 + 〈∇ f (xk), [∇2 f (xk)]−1
(

−γ c
M f ‖c‖∗

xk

)
〉

− 1
M2

f
ω∗(M f rk)

≥ λ2k − tk‖c‖∗
xkλk − γ

M f ‖c‖∗
xk

〈∇ f (xk), [∇2 f (xk)]−1c〉 − 1
M2

f
ω∗(M f rk)

(40)≥ λ2k − tk‖c‖∗
xkλk + γ

2M f tk‖c‖∗
xk

[
λ2f (xk) + t2k (‖c‖∗

xk )
2 − β2

M2
f

]
− 1

M2
f
ω∗(M f rk)

(39)≥ γ−2M f λk
2M f

tk‖c‖∗
xk + ρk

(31)≥ γ−2β
2M f

tk‖c‖∗
xk + ρk,

(41)

where ρk = γ
2M f tk‖c‖∗

xk

[
λ2f (xk) − β2

M2
f

]
− 1

M2
f
ω∗(β + γ ).

Our next goal is to show that ρk ≥ 0. Note that tk‖c‖∗
xk

(31)≤ λ f (xk) + β
M f

. Since

λ f (xk) ≥ 1
2M f

, we have

ρk ≥ γ
2M f

[
λ f (xk) − β

M f

]
− 1

M2
f
ω∗(β + γ ) ≥ γ (1−2β)

4M2
f

− 1
M2

f
ω∗(β + γ ).

Using the values (30), by direct computation we can see that the right-hand side of
this inequality is positive.

Thus, we have proved that f (xk) − f (xk+1) ≥ γ−2β
2M f

tk‖c‖∗
xk . Therefore,

SN ≥
N∑

k=0

γ−2β
2M f ( f (xk)− f (xk+1))

≥ γ−2β
2M f

min
τ∈RN+1+

{
N+1∑
i=1

1
τ (i) :

N+1∑
i=1

τ (i) = f (x0) − f (xN+1)

}

= (γ−2β)(N+1)2

2M f ( f (x0)− f (xN+1))
≥ (γ−2β)(N+1)2

2M f ( f (x0)− f ∗) .

(42)

�
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Remark 2 The bound (37) can be slightly improved to give a superlinear convergence.
Indeed, on the one hand, we have

tk+1
(32)= tk − γ

M f ‖c‖∗
xk

= tk

(
1 − γ

M f tk‖c‖∗
xk

)
.

On the other hand, as we showed in the proof of Theorem 5, f (xk) − f (xk+1) ≥
γ−2β
2M f

tk‖c‖∗
xk . Whence, if f (xk) − f (xk+1) ≤ γ (γ−2β)

2M2
f

, we have γ (γ−2β)

2M2
f

≥
γ−2β
2M f

tk‖c‖∗
xk , and tk ≤ γ

M f ‖c‖∗
xk
. Thus, recalling that c = −∇ f (x0), from (32), we

have that tk+1 = 0, and, according to Remark 1, the PFS automatically switches to
the quadratically-convergent full-step Newton method. Thus, since we are interested
in the complexity of reaching the region of quadratic convergence, we assume that for
k = 0, ..., N , f (xk) − f (xk+1) >

γ (γ−2β)

2M2
f

. Then, for k = 0, ..., N we have

tk+1 = tk

(
1 − γ

M f tk‖c‖∗
xk

)
≤ tk

(
1 − γ (γ − 2β)

2M2
f ( f (xk) − f (xk+1))

)
.

Thus, denoting τ = γ (γ−2β)

2M2
f

, Δk = f (xk) − f (xk+1), we obtain

ln tN ≤
N∑

k=0

ln

(
1 − τ

Δk

)
≤ max

Δk≥0:∑N
k=0 Δk= f (x0)− f (xN+1)

N∑
k=0

ln

(
1 − τ

Δk

)
.

The latter is a concavemaximization problem. By symmetry, the minimum is achieved
when Δk = f (x0)− f (xN+1)

N+1 ≤ f (x0)− f (x∗)
N+1 . So, we obtain

tN ≤
(
1 − γ (γ − 2β)(N + 1)

2M2
f ( f (x0) − f (x∗))

)N+1

, (43)

which holds while N + 1 <
f (x0)− f (x∗)

τ
. Thus, we obtain that the PFS has global

superlinear convergence. We note also that the closer f (x0) to f (x∗), the faster the
algorithm converges. This is reasonable since if f (x0) is close to f (x∗), the point x0
is close to the region of local quadratic convergence.

Let us now estimate the number of iterations, which is sufficient for method (36) to
enter the region of quadratic convergence Q defined in (25). This is the second main
result of this section. Denote

D = max
x,y∈dom f

{‖x − y‖x0 : f (x) ≤ f (x0), f (y) ≤ f (x0)}.
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Theorem 6 Let sequence {xk}k≥0 be generated by the method (36). Then, if

N ≥
[

2Δ(x0)
γ (γ−2β)

ln
M f Dω−1(Δ(x0))

ω
(

(1−β)(1−2β)
2

)
]1/2

(44)

we have xN ∈ Q.

Proof Indeed,

f (x(tk))− f ∗ ≤ 〈∇ f (x(tk)), x(tk)− x∗〉 (28)= tk〈∇ f (x0), x(tk)− x∗〉 ≤ tkλ f (x0)D,

where we used that f (xk+1) ≤ f (xk), k ≥ 0, see (41). Since ω(M f λ f (x0))
(21)≤

M2
f ( f (x0) − f ∗), we have

1
M2

f
ω(M f λ f (x(tk)))

(21)≤ f (x(tk)) − f ∗ ≤ tk
M f

ω−1(Δ(x0))D.

Note that ‖∇ f (xk) − ∇ f (x(tk))‖∗
xk

(28)= ‖∇ f (xk) − tk∇ f (x0)‖∗
xk

(31)≤ β
M f

< 1
M f

.
Therefore,

λ f (xk)
(31)≤ tk‖∇ f (x0)‖∗

xk + β
M f

(28)= 〈∇ f (x(tk)), [∇2 f (xk)]−1∇ f (x(tk))〉 1
2 + β

M f

(12)≤ 1
1−β

λ f (x(tk)) + β
M f

.

Thus, inclusion xk ∈ Q, is ensured by inequality λ f (x(tk)) ≤ (1−β)(1−2β)
2M f

. Conse-
quently, we need

tk
M f

ω−1(Δ(x0))D ≤ 1
M2

f
ω

(
(1−β)(1−2β)

2

)
(45)

It remains to use inequality (37). �

As we can see from the estimate (44) for the global complexity, up to a logarithmic

factor, the number of iterations of the PFS is proportional to Δ1/2(x0), where Δ(x0)
is defined in (26). This is much better than the guarantee (26) for the DNM (24).
However, as we will see in Section 7, for some special subclasses of self-concordant
functions the performance estimate (44) can be significantly improved.

Remark 3 Note that, in the complexity bound (44), the constant
[

2
γ (γ−2β)

]1/2 ≤ 17.1.

The choice of the parameters β and γ is governed by the following aspects. First,
from Theorem 4, these parameters should satisfy (33). Second, ρk in the proof of
Theorem 5 should be non-negative. Third, the complexity in (44) is proportional to
(γ (γ − 2β))−1/2, which is desired to be as small as it is possible. This motivates the
following maximization problem for optimal choice of β, γ .

max γ (γ − 2β) s.t. (46)
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Fig. 1 Optimal choice of β and
γ . The feasible set given by (47)
and (48) is filled with red color

√
β

1 + √
β

− β − γ ≥ 0 (47)

γ (1 − 2β)

4
− ω∗(β + γ ) ≥ 0. (48)

Figure 1 illustrates this optimization problem and the optimal objective value.

The above results prescribe specific values for the accuracy of following the central
path β and the stepsize γ . Nevertheless, if we use a larger stepsize γ and after the
Newton step the approximate centering condition holds, we can continue to follow the
path. This leads to a PFS with adaptive choice of the stepsize γ outlined below.

Adaptive Path-Following Scheme

– Set an initial point x0, initial value of the penalty
parameter t0 = 1, initial stepsize value γ−1 ≥ 0.1125.

– k-th iteration. Find the minimum value ik ≥ 0 s.t. the path-following step
(32) with the stepsize γ = 21−ikγk−1 outputs a point satisfying approximate
centering condition (31).

– Set γk = 21−ikγk−1, xk+1 = x+, tk+1 = t+.

By Theorem 4, there exists γ̂ s.t. the Newton step after the update of the parameter
t with the stepsize γ̂ outputs a point satisfying the approximate centering condition.
Hence, the search for ik is finite and γk = 21−ikγk−1 ≥ γ̂

2 . Hence, the total number of
Newton steps can be estimated as follows

k∑
j=0

ik =
k∑
j=0

(
1 + log2

γ j−1

γ j

)
= k + 1 + log2

γ−1

γk
≤ k + log2

4γ−1

γ̂
.
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As we see, the price for the adaptivity is reasonable, taking into account that the
practical performance of the adaptive algorithm is expected to be better since the
penalty parameter t potentially decreases faster.

Interestingly, increasing the stepsize γ looks equivalent to decreasing the constant
M f . We underline that we assume the constant M f to be fixed and known. If the
method would be adaptive also to the constant M f , then the local estimate M f should
be increased also in the inequality of the approximate centering condition. Also, note
that for a fixed and known constant M f the stepsize for the DNM is optimal since it
is obtained by the minimization of the upper bound for the self-concordant function.
Thus, adaptive stepsize for this method does not make much sense for a fixed and
known constant M f .

Remark 4 After the first version of this paper appeared as the preprint [14], we were
made aware of a concurrent work [42]. In particular, the latter paper considers path-
following methods for functions involving general self-concordant functions that are
not barriers. At the same time there are several important differences between our
work and theirs. They consider a different to our problem (2) composite optimization
problem of the form

min
x∈E f (x) + g(x),

where f is a self-concordant function and g is a simple closed convex function. Their
algorithms and results are very specific to that problem and do not allow to obtain
our algorithms and results as a particular case with g = 0. First, their central path is
defined by the inclusion

0 ∈ t∇ f (x(t)) − (1 − t)g′(x0) + ∂g(x(t)),

where t ∈ [0, 1], ∂g(x)denotes the subdifferential of g, g′(x0) ∈ ∂g(x0). If g = 0, then
g′(x0) = 0 and the above equation, for any t ∈ [0, 1], is equivalent to the optimality
condition for the problem (2) and thus, following the path approximately does not
make sense since for each t ∈ [0, 1] approximating x(t) is equivalent to solving the
original problem. In the same way, their algorithm is different to ours and when g = 0,
their main algorithmic step (12) is just the Standard Newton Step (18) that may diverge
and has only local convergence. Thus, for their results it is essential that g �= 0 and
our results do not follow from theirs as a particular case. Finally, they prove a linear
convergence for their scheme, whereas we prove global superlinear convergence with
explicit rate. We can say that their results and ours are complementary to each other.
Finally, in the next sections we propose also a new predictor-corrector scheme, which
they do not consider.

z

4 Path-following scheme: implications for a feasibility problem

In this section, we first recall some properties of an important subclass of self-
concordant functions, ν-self-concordant barriers. These properties are then used to
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compare complexity of different methods applied to a feasibility problem which is
solved by the minimization of a barrier on an affine subspace. Importantly, the pro-
posed above PFS gives the best complexity, improving upon known complexities.
Moreover, the obtained complexity corresponds to the global superlinear convergence
of the proposed scheme.

4.1 Preliminaries on self-concordant barriers

In this subsection, we recall the definition of self-concordant barriers and state their
properties necessary to obtain the results of this section.

Definition 2 Let F be a standard self-concordant function. We call it a ν-self-
concordant barrier for the set DomF iff

sup
y∈E

[2〈∇F(x), y〉 − 〈∇2F(x)y, y〉] ≤ ν, (49)

for all x ∈ dom F . The value ν is called the parameter of the barrier.

Note that, if ∇2F(x) is non-degenerate, inequality (49) is equivalent to

〈[∇2F(x)]−1∇F(x),∇F(x)〉 ≤ ν. (50)

The above inequality together with the duality relations (13) and (14) imply

〈u,∇2F∗(u)u〉 ≤ ν, u ∈ dom F∗. (51)

Theorem 7 [Theorem 4.2.4 in [34]] 1. Let F(x) be a ν-self-concordant barrier. Then,
for any x ∈ dom F and y ∈ DomF, we have

〈∇F(x), y − x〉 ≤ ν. (52)

2. A standard self-concordant function F is a ν-self-concordant barrier iff

F(y) ≥ F(x) − ν ln

(
1 − 1

ν
〈∇F(x), y − x〉

)
. (53)

4.2 Feasibility problem

Let us consider the following feasibility problem

Find x s.t. x ∈ Q and Ax = b, (54)

where x ∈ R
n , b ∈ R

m , A ∈ R
m×n . We assume that Q ⊂ R

n is a closed and convex
set and 0 ∈ int Q. To solve this problem, we introduce a ν-self-concordant barrier
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F(x) for the set Q and minimize it over the affine manifold:

min
x

F(x) s.t. Ax = b. (55)

Without loss of generality, we assume that 0 is the analytic center, i.e.∇F(0) = 0, and
that F(0) = 0. Denote by x∗ a solution of (55). Then, clearly, x∗ solves the feasibility
problem. We also assume that the feasibility depth ε satisfies

ε
def= max{δ ≥ 0 : (1 − δ)Q ∩ {x : Ax = b} �= ∅} > 0. (56)

Lemma 3 Under the above assumptions, we have that

1

ε
≥ 1 + 1

ν
〈∇F(x∗), x∗〉, (57)

F(x∗) − F(0) ≤ ν ln
1

ε
. (58)

Proof By the definition of the feasibility depth ε, there exists x̂ ∈ (1− ε)Q such that
Ax̂ = b. Since x∗ is a solution to (55), there exists a Lagrange multiplier y∗ such that
∇F(x∗) = AT y∗. Thus, for any x satisfying Ax = b, we have

〈∇F(x∗), x〉 = 〈AT y∗, x〉 = 〈y∗, Ax〉 = 〈y∗, b〉. (59)

Whence, 〈∇F(x∗), x̂〉 = 〈∇F(x∗), x∗〉. Thus, since x̂ ∈ (1 − ε)Q, we have

〈∇F(x∗), x∗〉 = 〈∇F(x∗), x̂〉 ≤ max
u∈(1−ε)Q

〈∇F(x∗), u〉
= (1 − ε)max

u∈Q {〈∇F(x∗), u − x∗〉 + 〈∇F(x∗), x∗〉}
(52)≤ (1 − ε)(ν + 〈∇F(x∗), x∗〉).

Thus, we have

ε〈∇F(x∗), x∗〉 ≤ (1 − ε)ν ⇒ 1

ν
〈∇F(x∗), x∗〉 ≤ 1

ε
− 1,

which is (57). Applying (53) with y = 0 and x = x∗, we obtain, by (57),

F(0) ≥ F(x∗) − ν ln

(
1 + 1

ν
〈∇F(x∗), x∗〉

)
≥ F(x∗) − ν ln

1

ε
,

which is (58). �
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Let us now consider the dual problem to (55). Introducing a Lagrange multiplier y for
the constraints Ax = b, we obtain

minx {F(x) : Ax = b} = minx maxy{F(x) + 〈y, b − Ax〉}

= maxy〈b, y〉 + minx {F(x) − 〈AT y, x〉}} = maxy{〈b, y〉 − F∗(AT y)}

and the dual problem for (55) is

min
y

{Φ(y) − 〈b, y〉} , (60)

whereΦ(y)
def= F∗(AT y), F∗ being the Fenchel conjugate for F .We also haveΦ(y∗)−

〈b, y∗〉 = −F(x∗), where y∗ is the solution of the dual problem (60). Note that Φ(y)
is a standard self-concordant function and is not a self-concordant barrier. Yet, it has
a useful property (51) which allows to minimize it with the complexity standard for
self-concordant barriers.

Assume now that we solve the dual problem (60) starting from y = 0. Denote also
Φ̃(y) = Φ(y) − 〈b, y〉. Then, since Φ̃(0) = minx F(x) = F(0) = 0,

Φ̃(0) − Φ̃∗ = −Φ̃∗ = F(x∗) = F(x∗) − F(0)
(58)≤ ν ln

1

ε
. (61)

We can apply the DNM (24) and the PFS (36) to solve the dual problem (60).
Let us also consider dual path-following scheme [35]. To do so, consider the central

path of a parametric family of problems

yσ = argmin
y

{Φ(y) : σ = 〈b, y〉}, σ ≥ 0. (62)

Since ∇Φ(0) = A(argminx F(x)) = 0, we start with y0 = 0 and σ0 = 0, and the
goal is to follow the path by increasing σ until σ = σ ∗ = 〈b, y∗〉. Using (59) and
(57), we obtain

σ ∗ = 〈b, y∗〉 = 〈∇F(x∗), x∗〉 ≤ ν

(
1

ε
− 1

)
≤ ν

ε
. (63)

The Hessian of Φ induces at y local norm ‖ · ‖y and its conjugate ‖ · ‖∗
y . For the sake

of simplicity, let us assume that we can follow the path (62) exactly. Namely, we use
the following procedure

(σ+, y+) = DP(σ, y)
def=

⎧⎨
⎩

σ+ = σ + γ ‖b‖∗
y,

y+ = argminz{Φ(z) : σ+ = 〈b, z〉}.
(64)
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and iterate until σ ≥ σ ∗. We have

〈b, y+〉 = σ+ = σ + γ ‖b‖∗
y = 〈b, y〉 + γ ‖b‖∗

y = 〈b, y〉
(
1 + γ ‖b‖∗

y
〈b,y〉

)

≥ 〈b, y〉
(
1 + γ

‖y‖y
)

≥ 〈b, y〉
(
1 + γ√

ν

)
= σ

(
1 + γ√

ν

)
,

where we used that Φ is Fenchel conjugate for ν-self-concordant barrier F and, by
(51), ‖y‖y = 〈∇2Φ(y)y, y〉1/2 ≤ √

ν for all y. Hence, for the iterates (σk+1, yk+1) =
DP(σk, yk) it holds that σk ≥ σ1

(
1 + γ√

ν

)k = γ ‖b‖∗
y0

(
1 + γ√

ν

)k
and, by (63), the

complexity to get σk ≥ σ ∗ is bounded as O
(√

ν

γ
ln ν

γ ε‖b‖∗
y0

)
.

To sum up, we can apply three different strategies to solve problem (55) by solving
its dual (60).

1. Damped Newton Method (24). In this case, we have that the complexity is given
by (26), i.e. is O

(
Φ̃(0) − Φ̃∗) = O

(
ν ln 1

ε

)
.

2. Path-following scheme (36). In this case, we have that the complexity is given by

(44), i.e. is O
(√

Φ̃(0) − Φ̃∗
)

= O

(√
ν ln 1

ε

)
.

3. Dual path-following scheme (64) has the complexity O
(√

ν ln ν
ε

)
.

Interestingly, the complexity
√

ν ln 1
ε
corresponds to the superlinear convergence of

the order exp

(
−

(
k√
ν

)2
)
, which is faster than the linear convergence exp

(
− k√

ν

)

corresponding to the complexity
√

ν ln 1
ε
that is typical for path-following methods.

What is even more surprising is that we use the short-step PFS which was for a long
timebelieved to be inferior to long-stepmethods having complexity

√
ν ln 1

ε
.Moreover

to get the complexity
√

ν ln 1
ε
we use the barrier property only to estimate the initial

objective residual. We do not use the barrier property in the analysis of the method,
only the self-concordance property is used.

Let us show that, actually, the feasibility problem (54) is very general. In particular,
one can reduce a linear program in standard form to this feasibility problem. The
primal-dual pair of linear programs corresponding to a linear program in standard
form is

min
x

{〈c, x〉 : Ax = b, x ≥ 0} = max
s,y

{〈b, y〉 : s + AT y = c, s ≥ 0}, (65)

where x, s, c ∈ R
n , y, b ∈ R

m , A ∈ R
m×n . If the matrix A has full row rank m,

without loss of generality, we can assume that the matrix A has the form (Im, B),
where Im is the identity matrix in R

m×m . Then, the vector c can be divided in two
blocks (c1, c2) s.t. c1 ∈ R

m , and, similarly, for the vector s = (s1, s2). Moreover,
from the equation s + AT y = c, we have s1 + y = c1, s2 + BT y = c2. Hence,
we have that the problem maxs,y{〈b, y〉 : s + AT y = c, s ≥ 0} is equivalent to
maxs{〈b, c1 − s1〉 : s2 − BT s1 = c2 − BT c1, s ≥ 0}. By the strong duality, we have
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that solving this primal-dual pair of problems is equivalent to solving the system of
equations and inequalities

〈c, x〉 − 〈b, c1 − s1〉 = 0, Ax = b, s2 − BT s1 = c2 − BT c1, x ≥ 0, s ≥ 0.

Introducing a new variable τ ≥ 0, we have that the above system is equivalent to the
following homogenous system of linear inequalities and equations

〈c, x〉 + 〈b, s1〉 − τ 〈b, c1〉 = 0, Ax = τb, s2 − BT s1 = τ(c2 − BT c1), x, s, τ ≥ 0.

Thus, we obtain that solving the primal-dual pair of linear programs is equivalent
to solving the system z ∈ R

q , Qz = 0, z ≥ 0, where z = (x, s, τ ) and the
matrix Q is composed of all the data in the previous system of equations (sometimes
this representation is called homogeneous self-dual embedding, see [29, 37, 43] and
references therein). This system has a trivial solution z = 0. To find a non-trivial
solution, we add a constraint that z belongs to the standard simplex Sq(1) = {z ∈
R
q : z ≥ 0, 〈eq , z〉 = 1}, where eq is the vector of all ones. This gives us a feasibility

problem of finding z s.t. z ∈ Sq(1) and Qz = 0. The only issue of this reformulation is
that the standard simplex has empty interior. This can be easily resolved by transition to
a (q−1)-dimensional problem. Indeed, by the simplex constraint, zq = 1−∑q−1

i=1 zi ≥
0. Thus, if we introduce the variable z̄ which consists of the first q − 1 components
of z, matrix Q̄ which consists of the first q − 1 columns of Q, vector q̄ which is the
last column of Q, we have that the considered feasibility problem is equivalent to
z̄ ≥ 0, 〈eq−1, z̄〉 ≤ 1, (Q̄ − q̄eTq−1)z̄ = −q̄.

As we see, linear programming problem in the standard form (65) can be reformu-
lated as the feasibility problem (54). Thus, the obtained above complexity bounds for
the feasibility problem apply also to linear programming problems.

5 Minimizing self-concordant functions: predictor-corrector
path-following scheme

In this section, we return back to problem (2) and propose an alternative algorithm,
which we call predictor-corrector path-following scheme (PCPFS). First, we prove
an important technical lemma that the central path is sufficiently smooth. This allows
us to use longer predictor steps in approximate tangent direction to the path, which
is then followed by a corrector step to guarantee approximate centering condition.
Notably, due to longer predictor step, we obtain better constant in the complexity
bounds compared to the constant for the PFS (36).
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5.1 Main lemma

Given a fixed vector c, we consider the trajectory of minimizers of the following
parametric family of general self-concordant functions:

x(t) = argmin
x∈E

{
ft (x)

def= f (x) + t〈c, x〉
}

, t ∈ R. (66)

Recall that λ ft (x) ≡ ‖∇ f (x) + tc‖∗
x , t ∈ R.

The following lemma is the main result of this subsection and it will be used to
justify our predictor-corrector path-following scheme (PCPFS).

Lemma 4 Let f be an M f -self-concordant function. Define h = [∇2 f (x)]−1c and
r = ‖h‖x = ‖c‖∗

x . Then, for all τ such that |τ |M f ‖h‖x < 1,

λ ft−τ (x + τh) ≤ λ ft (x)

(
1 + τM f r

1 − τM f r

)
+ 1

M f

(
τM f r

1 − τM f r

)2

. (67)

Proof Define gτ = ∇ f (x + τh) + (t − τ)c and Hτ = ∇2 f (x + τh). Then, for

ξ(τ )
def= (λ ft−τ (x + τh))2 = 〈gτ , H−1

τ gτ 〉
= 〈∇ f (x + τh) + (t − τ)c, [∇2 f (x + τh)]−1(∇ f (x + τh) + (t − τ)c)

〉
,

we have

ξ ′(τ ) = − 〈
gτ , H−1

τ D3 f (x + τh)[h]H−1
τ gτ

〉 + 2
〈
H−1

τ (Hτh − c), gτ

〉
(4)≤ 2M f ‖h‖x+τh‖H−1

τ gτ‖2x+τh + 2
〈
(H−1

0 − H−1
τ )c, gτ

〉

= 2M f ‖h‖x+τhξ(τ ) + 2

〈
(H

1
2
τ H−1

0 H
1
2
τ − I )H

− 1
2

τ c, H
− 1

2
τ gτ

〉
.

(68)

Let us estimate ‖h‖x+τh and the second term in the r.h.s. Since |τ |M f ‖h‖x < 1,

‖h‖x+τh = 1

τ
‖(x + τh) − x‖x+τh

(7)≤ 1

τ

‖(x + τh) − x‖x
1 − M f ‖(x + τh) − x‖x = r

1 − τM f r
.

(69)
Further, since |τ |M f ‖h‖x < 1, from (6), we have

(1 − τM f r)2H
−1
0 � H−1

τ � 1
(1−τM f r)2

H−1
0

(1 − τM f r)2H
1
2
τ H−1

0 H
1
2
τ � I � 1

(1−τM f r)2
H

1
2
τ H−1

0 H
1
2
τ

(1 − τM f r)2 I � H
1
2
τ H−1

0 H
1
2
τ � 1

(1−τM f r)2
I

(
(1 − τM f r)2 − 1

)
I � H

1
2
τ H−1

0 H
1
2
τ − I �

(
1

(1−τM f r)2
− 1

)
I .
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Hence,

〈
(H

1
2
τ H−1

0 H
1
2
τ − I )H

− 1
2

τ c, H
− 1

2
τ gτ

〉
≤ ‖(H

1
2
τ H−1

0 H
1
2
τ − I )H

− 1
2

τ c‖‖H− 1
2

τ gτ‖

≤
(

1
(1−τM f r)2

− 1
)

‖H− 1
2

τ c‖√ξ(τ ) ≤
(

1
(1−τM f r)2

− 1
)

r
1−τM f r

√
ξ(τ ),

(70)

where we used that

‖H− 1
2

τ c‖2 =
〈
H

− 1
2

τ c, H
− 1

2
τ c

〉
(6)≤ 1

(1−τM f r)2

〈
c, H−1

0 c
〉
= r2

(1−τM f r)2
.

Combininig (68), (69) and (70), we obtain

ξ ′(τ ) ≤ 2M f r

1 − τM f r
ξ(τ ) +

(
1

(1 − τM f r)2
− 1

)
2r

1 − τM f r

√
ξ(τ ).

Using this inequality and denoting φ(τ) = (1 − τM f r)2ξ(τ ), we obtain

φ′(τ ) = −2M f r(1 − τM f r)ξ(τ ) + (1 − τM f r)2ξ ′(τ )

= (1 − τM f r)2
(
ξ ′(τ ) − 2M f r

1−τM f r
ξ(τ )

)

≤ (1 − τM f r)2
(

1
(1−τM f r)2

− 1
)

2r
1−τM f r

√
ξ(τ )

= 2r
(

1
(1−τM f r)2

− 1
) √

φ(τ).

Hence,
d
√

φ(τ) ≤ 1
M f

(
1

(1−τM f r)2
− 1

)
d(τM f r).

Integrating both sides from 0 to τ , we obtain

√
φ(τ) − √

φ(0) ≤ 1
M f

(
1

1−τM f r
− τM f r − 1

)
= τ 2M f r2

1−τM f r

and (1 − τM f r)
√

ξ(τ ) − √
ξ(0) ≤ τ 2M f r2

1−τM f r
,

which finishes the proof since
√

ξ(τ ) = λ ft−τ (x + τh). �

Let usmake a remarkon themeaningof the aboveLemma.AsweknowfromSection

3, the quantity λ ft (x) shows how good we follow the central path and this quantity
should be kept sufficiently small during the iterations. The above lemma shows how
this quantity evolves when we update the penalty parameter t . Unlike the PFS (36), we
will make simultaneously the update t+ = t−τ and y+ = x+τh as the predictor step.
The above lemma allows us to estimate the value λ ft−τ (x + τh) and choose τ such
that the corrector Newton step for ft−τ again guarantees the approximate centering
condition, but for the updated function ft−τ . This construction allows us to decrease
t faster leading to faster convergence.
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5.2 Predictor-corrector path-following scheme

In this subsection,wedescribe our predictor-corrector path-following scheme (PCPFS)
for solving problem (2). We again underline that we focus on the case when f is a
general self-concordant function without the barrier property. In the next section we
will also show that the PCPFS has implications for problems with the barrier property
of f . As for the DNM and PFS above, our main goal in this section is to estimate the
complexity to enter the region of quadratic convergence Q defined in (25).

For convenience, we recall from Section 3 the main objects important for our
derivations. Namely, we start from some x0 ∈ E and define the central path x(t),
0 ≤ t ≤ 1, by the following equation:

∇ f (x(t)) = t∇ f (x0), (71)

or, equivalently,

x(t) = argmin
x∈E

{
ft (x)

def= f (x) − t〈∇ f (x0), x〉
}

, 0 ≤ t ≤ 1. (72)

In this section, we change the definition of the main parameters for following the
central path (cf. (30) where the stepsize γ is smaller)

β = 0.0015, γ = 0.158. (73)

As before, we say that point x satisfies an approximate centering condition if

λ ft (x)
def= ‖∇ f (x) − t∇ f (x0)‖∗

x ≤ β
M f

. (74)

Instead of the PFS (36) we propose the predictor-corrector path-following iterate:

(t+, x+) = PC(t, x)
def=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

t+ = max
{
t − γ

M f ‖∇ f (x0)‖∗
x
, 0

}
,

y = x − γ
M f ‖∇ f (x0)‖∗

x
[∇2 f (x)]−1∇ f (x0),

x+ = y − [∇2 f (y)]−1(∇ f (y) − t+∇ f (x0)).

(75)

We refer to the y-step as the predictor and x+-step as the corrector.

Theorem 8 If the pair (x, t) satisfies (74), then the pair (x+, t+) satisfies (74) too.

Proof Applying Lemma 4 with c = −∇ f (x0), since, in this case, r = ‖h‖x =
‖∇ f (x0)‖∗

x , we obtain

λ ft+ (y) ≤ λ ft (x)

(
1 + γ

1 − γ

)
+ 1

M f

(
γ

1 − γ

)2

≤ β

M f
· 1

1 − γ
+ 1

M f

(
γ

1 − γ

)2

.

(76)
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As x+ is defined as the Standard Newton Step for ft+ from y, by (19), we have

λ ft+ (x+) ≤ 1

M f

(
M f λ ft+ (y)

1 − M f λ ft+ (y)

)2

= 1

M f

(
ω′∗(M f λ ft+ (y))

)2
.

By the choice of β and γ , we have ω′∗(M f λ ft+ (y)) ≤ ω′∗
(

β
1−γ

+
(

γ
1−γ

)2
)

≤ √
β,

which finishes the proof. �

Let us prove the first main result of this subsection that gives convergence rate for

the penalty parameter tk in the PCPFS as applied to problem (2) when the region of
quadratic convergence Q defined in (25) is not yet reached.

Theorem 9 Consider the predictor-corrector path-following scheme (PCPFS):

t0 = 1, x0 ∈ E, (tk+1, xk+1) = PC(tk, xk), k ≥ 0, (77)

where PC is defined in (75). Assume that λ f (xk) ≥ 1
2M f

for all k = 0, . . . , N. Then

tN ≤ exp

{
− κγ N2

M2
f ( f (x0)− f ∗)

}
, κ = γ

2 − β

(1−γ )2
− γ 2

(1−γ )3
. (78)

Proof Denote c = −∇ f (x0). In the same way as in the proof of Theorem 5, we obtain

that tN ≤ exp
{
− γ

M f
SN

}
, where SN =

N∑
k=0

1
tk‖c‖∗

xk
.

Let us estimate the value SN from below. Note that

β2

M2
f

(74)≥ λ2f (xk) + 2tk〈∇ f (xk), [∇2 f (xk)]−1c〉 + t2k (‖c‖∗
xk )

2.

Hence,

−〈∇ f (xk), [∇2 f (xk)]−1c〉 ≥ 1
2tk

[
λ2f (xk) + t2k (‖c‖∗

xk )
2 − β2

M2
f

]
. (79)

Thus, we obtain

f (xk) − f (yk)
(8)≥ 〈∇ f (xk), xk − yk〉 − 1

M2
f
ω∗(M f ‖xk − yk‖xk )

(75)= − γ
M f ‖c‖∗

xk
〈∇ f (xk), [∇2 f (xk)]−1c〉 − 1

M2
f
ω∗(γ )

(79)≥ γ
2M f tk‖c‖∗

xk

[
λ2f (xk) + t2k (‖c‖∗

xk )
2 − β2

M2
f

]
− 1

M2
f
ω∗(γ )

= γ
2M f

tk‖c‖∗
xk + γ

2M f tk‖c‖∗
xk

[
λ2f (xk) − β2

M2
f

]
− 1

M2
f
ω∗(γ ).

(80)
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Note that

yk − xk+1
(75)= [∇2 f (yk)]−1 (∇ f (yk) + tk+1c) . (81)

Hence,

rk
def= ‖yk − xk+1‖yk = λ ftk+1

(yk)
(76)≤ 1

M f

(
β

1−γ
+

(
γ

1−γ

)2
)

. (82)

Therefore,

f (yk) − f (xk+1)
(8)≥ 〈∇ f (yk), yk − xk+1〉 − 1

M2
f
ω∗(M f rk)

(81)= 〈∇ f (yk), [∇2 f (yk)]−1 (∇ f (yk) + tk+1c)〉 − 1
M2

f
ω∗(M f rk)

= λ2ftk+1
(yk) −

(
tk − γ

M f ‖c‖∗
xk

)
〈c, [∇2 f (yk)]−1 (∇ f (yk) + tk+1c)〉 − ω∗(M f rk )

M2
f

≥
(
λ ftk+1

(yk)
)2 −

(
tk − γ

M f ‖c‖∗
xk

)
‖c‖∗

ykλ ftk+1
(yk) − 1

M2
f
ω∗(M f rk)

≥ −tk‖c‖∗
xk

λ ftk+1
(yk )

1−γ
− 1

M2
f
ω∗(M f rk),

(83)

where we used that ‖yk − xk‖xk ≤ γ and, hence, ‖c‖∗
yk ≤ ‖c‖∗

xk
1−γ

by (6). Combining
(80) and (83), we obtain

f (xk) − f (xk+1) ≥ tk‖c‖∗
xk

(
γ

2M f
− λ ftk+1

(yk )

1−γ

)
+ γ

2M f tk‖c‖∗
xk

[
λ2f (xk) − β2

M2
f

]

− 1
M2

f
ω∗(γ ) − 1

M2
f
ω∗(M f rk)

(82)≥ κ
M f

tk‖c‖∗
xk + ρk,

where κ = γ
2 − β

(1−γ )2
− γ 2

(1−γ )3
,

ρk = γ

2M f tk‖c‖∗
xk

[
λ2f (xk) − β2

M2
f

]
− 1

M2
f

ω∗(γ ) − 1

M2
f

ω∗
(

β

1 − γ
− γ 2

(1 − γ )2

)
.

Our next goal is to show that ρk ≥ 0. Note that tk‖c‖∗
xk

(74)≤ λ f (xk) + β
M f

. Since

λ f (xk) ≥ 1
2M f

, we have

ρk ≥ γ
2M f

[
λ f (xk) − β

M f

]
− 1

M2
f
ω∗(γ ) − 1

M2
f
ω∗

(
β

1−γ
− γ 2

(1−γ )2

)

≥ γ (1−2β)

4M2
f

− 1
M2

f
ω∗(γ ) − 1

M2
f
ω∗

(
β

1−γ
− γ 2

(1−γ )2

)
.

Using the values (73), by direct computation we can see that the right-hand side of
this inequality is positive.
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Thus, we have proved that f (xk) − f (xk+1) ≥ κ
M f

tk‖c‖∗
xk . Using the values (73),

we can see that κ > 0. Using the same steps as in the derivation of (42), we obtain

SN ≥ κ(N+1)2

M f ( f (x0)− f (xN+1))
≥ κ(N+1)2

M f ( f (x0)− f ∗) . �


Note that applying the same arguments as in Remark 2, we see that the sequence tk
for the PCPFS also has superlinear convergence. Let us estimate now the number of
iterations, which is sufficient for PCPFS (77) to enter the region of quadratic conver-
gence Q defined in (25). Recall that we denote D = max

x,y∈dom f
{‖x − y‖x0 : f (x) ≤

f (x0), f (y) ≤ f (x0)}.
Theorem 10 Let sequence {xk}k≥0 be generated by the method (77). Then,

N ≥
[

Δ(x0)
γ κ

ln

(
M f Dω−1(Δ(x0))

ω
(

(1−β)(1−2β)
2

)
)]1/2

(84)

guarantees that xN ∈ Q.

Proof The result follows from (78) and (45) that ensures that xk ∈ Q. �

As we can see from the estimate (84), up to a logarithmic factor, the number of

iterations of the PCPFS is proportional to Δ1/2(x0). This is much better than the guar-

antee (26) for the DNM (24). Second, the constant
(

1
γ κ

)1/2 ≤ 13.5 in the complexity

of the PCPFS is better than that of the standard PFS (36), where it is about 17.
The above results prescribe specific values for the accuracy of following the central

path β and stepsize γ . Similarly to adaptive PFS in Section 3, we can propose also an
adaptive PCPFS.

6 Predictor-corrector path-following scheme: implications for
minimization problems

In this section, we apply the predictor-corrector path-following scheme (PCPFS) for
minimization problems using an important subclass of self-concordant functions, ν-
self-concordant barriers. The existing theory [34] shows that path-following schemes
have faster convergence when applied to self-concordant barriers. We show that our
PCPFS as well possesses improved convergence properties if we use an additional
barrier property. We first apply this approach to the classical minimization of a linear
function over a set. Then, we consider applications to linearly constrained problems.

6.1 Minimization problem: primal approach

In this subsection, we consider the following minimization problem

min 〈c, x〉 s.t. x ∈ Q, (85)
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where Q = Dom F is a bounded closed convex set with non-empty interior and
F is a ν-self-concordant barrier meaning also that MF = 1. Similar problem was
considered in [34], but we propose a different algorithm and obtain a better constant
in the complexity bound. The reason is that we canmake longer steps using the PCPFS.

To solve problem (85), we start from x0 = x∗
F , the analytic center of Q. For the

purposes of this sectionwe slightly redefine themain objects used in the path-following
constructions. We define the central path x(t), t ≥ 0, as

∇F(x(t)) = −tc. (86)

Clearly, x(0) = x0. Note that

x(t) = argmin
x∈E

{
ft (x)

def= F(x) + t〈c, x〉
}

, t ≥ 0. (87)

We again redefine the main parameters for following the central path (cf. (30) and (73)
where the stepsize γ is smaller)

β = 0.06, γ = 0.254. (88)

We say that point x satisfies an approximate centering condition if

λ ft (x)
def= ‖∇F(x) + tc‖∗

x ≤ β. (89)

Consider the following iterate which is a counterpart of (75):

(t+, x+) = PC(t, x)
def=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t+ = t + γ
‖c‖∗

x
,

y = x − γ
‖c‖∗

x
[∇2F(x)]−1c,

x+ = y − [∇2F(y)]−1(∇F(y) + t+c).

(90)

Similarly to Theorem 8, we can prove that if the pair (x, t) satisfies (89), then the
pair (x+, t+) satisfies (89) too. Note that the chosen value γ is nearly 2 times larger
than the classical choice γ = 5

36 in [34]. This allows to make larger steps and the
scheme converges faster.

Lemma 5 Let x, t be generated by the iterates (90). Then t+ ≥ t
(
1 + γ

β+√
ν

)
.

Proof From (89) and (50), we obtain

t‖c‖∗
x = ‖∇ ft (x) − ∇F(x)‖∗

x ≤ ‖∇ ft (x)‖∗
x + ‖∇F(x)‖∗

x ≤ β + √
ν

Further, t+ = t
(
1 + γ

t‖c‖∗
x

)
≥ t

(
1 + γ

β+√
ν

)
. �
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Lemma 6 Let x∗ be an optimal solution in (85). Then, for all t > 0,

0 ≤ 〈c, x(t)〉 − 〈c, x∗〉 ≤ ν

t
. (91)

If x satisfies approximate centering condition (89), then

|〈c, x〉 − 〈c, x∗〉| ≤ 1

t

(
ν + (β + √

ν)β

1 − β

)
. (92)

Proof Since x∗ is an optimal solution in (85), by (86) and (52)

0 ≤ 〈c, x(t) − x∗〉 = 1

t
〈∇F(x(t)), x∗ − x(t)〉 ≤ ν

t
.

Further, let x satisfy (89). Denote λ = λ ft (x). Then

t |〈c, x − x(t)〉| = |〈∇ ft (x) − ∇F(x), x − x(t)〉|
≤ (λ + √

ν)‖x − x(t)‖x ≤ (λ + √
ν) λ

1−λ
≤ (β+√

ν)β

1−β
,

where we used (50), (11), and (89). �

Note that inequality (92) gives us a reliable accuracy certificate based on the value

of t .
The following is the main result of this subsection and gives complexity of the

scheme (90) for solving problem (85).

Theorem 11 Consider the predictor-corrector path-following scheme (PCPFS):

t0 = 0, x0 ∈ domF s.t. ‖∇F(x0)‖∗
x0 ≤ β, (tk+1, xk+1) = PC(tk, xk), k ≥ 0,

(93)
where β is defined in (88), PC is defined in (90). Then, for any ε > 0 and

N ≥ Nε = O

(√
ν

γ
ln

(
ν‖c‖∗

x∗
F

ε

))
,

we have xN ∈ Q and |〈c, xN 〉 − 〈c, x∗〉| ≤ ε.

Proof By construction we have that xk ∈ Q for k ≥ 0. Note that, by (11), r0
def=

‖x0 − x∗
F‖x0 ≤ β

1−β
. Hence, by (6),

γ

t1
= ‖c‖∗

x0 ≤ 1

1 − r0
‖c‖∗

x∗
F

≤ 1 − β

1 − 2β
‖c‖∗

x∗
F
.

Hence, for all k ≥ 0, from Lemma 5, tk ≥ γ (1−2β)

(1−β)‖c‖∗
x∗F

(
1 + γ

β+√
ν

)k−1
. As noted

above, we have that (89) holds during the iterations. The result follows by the combi-
nation of (92) and the above lover bound for tk . �
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As we can see, the main part of the obtained complexity bound is

3.94
√

ν ln
ν‖c‖∗

x∗
F

ε
,

which has a better constant 3.94 than the constant 7.2 for the one-step classical scheme
[34]. Similarly to the previous sections, the stepsize γ may be chosen adaptively for
better practical performance.

6.2 Minimization problem: dual approach

In this subsection, we consider the following maximization problem

max−〈c, x〉 s.t. Bx = 0, x ∈ Q, (94)

where B ∈ R
m×n and 0 ∈ int Q. The main difference with the previous subsection is

that we now have linear constraints. Let us introduce

A =
(

−cT

B

)
, b =

(
1

0m

)
.

Then, problem (94) is equivalent to

max
x,α

α s.t. Ax = αb, x ∈ Q. (95)

Introducing penalty parameter σ and a self-concordant barrier F for the set Q s.t.
∇F(0) = 0, we consider the following parametric family of problems

max
x,α

{ασ − F(x) : Ax = αb} , σ ≥ 0. (96)

Introducing a Lagrange multiplier u for constraints Ax = αb, we obtain

maxx,α {ασ − F(x) : Ax = αb} = maxx,α minu{ασ − F(x) + 〈u, Ax − αb〉}
= minu{maxα{α(σ − 〈u, b〉) + maxx {−F(x) + 〈AT u, x〉}}
= minu{F∗(AT u) : σ = 〈b, u〉}

and the dual problem for (96) is

min
u

{Φ(u) : σ = 〈b, u〉} , σ ≥ 0, (97)

where Φ(u)
def= F∗(AT u), F∗ being the Fenchel conjugate for F . Note that Φ(u) is

a standard self-concordant function with MΦ = 1, but not a self-concordant barrier.
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Our goal is to follow the central path

uσ
def= argmin

u
{Φ(u) : σ = 〈b, u〉}

of the dual problem (97) for σ from 0 to +∞. Optimality conditions in (97) give the
following characterization of the dual central path

∇Φ(uσ ) = A∇F∗(AT uσ ) = ασb,
〈b, uσ 〉 = σ,

(98)

where uσ is an optimal solution for (97) and ασ is an optimal Lagrange multiplier.

Let us define xσ
def= ∇F∗(AT uσ ). Since F∗ is the Fenchel conjugate for a barrier F

for Q, xσ ∈ Q and (ασ , xσ ) is a feasible point for (95), see (13).
We use the same β, γ as in the previous subsection (cf. (88)):

β = 0.06, γ = 0.254. (99)

For the dual problem (97), we define Φt (u)
def= Φ(u) − tb and say that a point u

satisfies an approximate centering condition if, for some t ∈ R,

λΦt (u)
def= ‖∇Φ(u) − tb‖∗

u ≤ β, (100)

where the local norm ‖ · ‖u is induced by the Hessian of Φ(u). We also define t(u)
def=

argmint λΦt (u) and λ(u)
def= λΦt(u)

(u). Note that, for any v

t(v) = argmint λΦt (v) = argmint (‖∇Φ(v) − tb‖∗
v)

2

= argmint {λΦ(v)2 − 2t〈b, [∇2Φ(v)]−1∇Φ(v)〉 + t2(‖b‖∗
v)

2}
= 〈b,[∇2Φ(v)]−1∇Φ(v)〉

(‖b‖∗
v)

2 .

(101)

We consider the dual PCPFS that approximately follows the central path of the dual
problem (97) in order to solve the primal problem (94)

(σ+, u+) = PC(σ, u)
def=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

v = u + γ

‖b‖∗
u
[∇2Φ(u)]−1b,

σ+ = 〈b, v〉,

u+ = v + argminh:〈b,h〉=0

{
〈∇Φ(v), h〉 + 1

2 〈∇2Φ(v)h, h〉
}

.

(102)

Note that by the optimality condition for the minimization problem defining u+, there
exist a Lagrange multiplier κ s.t.

∇Φ(v) + ∇2Φ(v)h − κb = 0 ⇔ h = −[∇2Φ(v)]−1(∇Φ(v) − κb).
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Substituting this into the equality constraint 〈b, h〉 = 0, we obtain

κ = 〈b, [∇2Φ(v)]−1∇Φ(v)〉
(‖b‖∗

v)
2

(101)= t(v). (103)

Moreover,
u+ = v − [∇2Φ(v)]−1(∇Φ(v) − t(v)b). (104)

Lemma 7 If λ(u) ≤ β, then λ(u+) ≤ β too.

Proof Note that Lemma 4 holds for all t . Thus, applying Lemma 4 for t = t(u) with
c = b, h = [∇2Φ(u)]−1b, τ = γ

‖b‖∗
u
, and Φ with MΦ = 1 instead of f , since, in this

case, r = ‖h‖u = ‖b‖∗
u , we obtain, by (102) that v = u + τh and

λ(v) = λΦt(v)
(v) = min

t
λΦt (v) ≤ λΦt(u)−τ

(v) ≤ λ(u)

1 − γ
+

(
γ

1 − γ

)2
≤ β

1 − γ
+

(
γ

1 − γ

)2
.

Since, by (104), u+ is obtained by the Standard Newton Step forΦt(v) from v, by (19),
we have

λ(u+) ≤ λΦt(v)
(u+) ≤

(
λΦt(v)

(v)

1 − λΦt(v)
(v)

)2

= (
ω′∗(λΦt(v)

(v))
)2

.

By the choice of β and γ in (99) and the estimate for λΦt(v)
(v) above, we have

ω′∗(λΦt(v)
(v)) ≤ ω′∗

(
β

1−γ
+

(
γ

1−γ

)2
)

≤ √
β, which finishes the proof. �


Lemma 8 Let u, σ be generated by the iterates (102). Then σ+ ≥ σ
(
1 + γ√

ν

)
.

Proof We have

σ+ = 〈b, u+〉 = 〈b, v〉 = 〈b, u〉 + γ ‖b‖∗
u = 〈b, u〉

(
1 + γ ‖b‖∗

u〈b,u〉
)

≥ 〈b, u〉
(
1 + γ

‖u‖u
)

≥ 〈b, u〉
(
1 + γ√

ν

)
= σ

(
1 + γ√

ν

)
,

where we used that Φ is Fenchel conjugate for ν-self-concordant barrier F and, by
(51), ‖u‖u = 〈∇2Φ(u)u, u〉1/2 ≤ √

ν for all u. �

Lemma 9 Let α∗ be an optimal function value in (95). Then, for all σ ≥ 0,

0 ≤ α∗ − ασ ≤ ν

σ
. (105)

If u satisfies λ(u) ≤ β and 〈b, u〉 = σ , then

|α∗ − t(u)| ≤ 1

σ

(
ν + 2β(1 − β)

1 − 2β

√
ν

)
. (106)
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Proof Since (α∗, x∗) is an optimal solution for (95), A(x∗ − xσ ) = (α∗ − ασ )b and

0 ≤ α∗ − ασ = 〈A(x∗ − xσ ), uσ 〉
〈b, uσ 〉 = 〈x∗ − xσ , AT uσ 〉

〈b, uσ 〉 = 〈x∗ − xσ ,∇F(xσ )〉
〈b, uσ 〉

(52)≤ ν

〈b, uσ 〉 = ν

σ
,

where we used that xσ = ∇F∗(AT uσ ) and, hence, AT uσ = ∇F(xσ ).
Since uσ is a minimizer of self-concordant functionΦ(v)− t(u)〈b, v〉 on the affine

set 〈b, v〉 = σ , by (11), we have

‖uσ − u‖u ≤ ω′∗
(
λΦ(·)−t(u)〈b,·〉(u)

) = ω′∗ (λ(u)) ≤ β

1 − β
.

Then, using Lemma 2, we obtain

|ασ − t(u)|σ = |ασ − t(u)|〈b, u〉 = |〈∇Φ(uσ ) − ∇Φ(u) + ∇Φ(u) − t(u)b, u〉|
≤ |〈∇Φ(uσ ) − ∇Φ(u), u〉| + |〈∇Φ(u) − t(u)b, u〉|
≤ ‖∇Φ(uσ ) − ∇Φ(u)‖∗

u‖u‖u + ‖∇Φ(u) − t(u)b‖∗
u‖u‖u

≤ ‖uσ −u‖u
1−‖uσ −u‖u ‖u‖u + ‖∇Φ(u) − t(u)b‖∗

u‖u‖u ≤
(

β
1−2β + β

) √
ν = 2β(1−β)

1−2β

√
ν,

where we used that Φ is Fenchel conjugate for ν-self-concordant barrier F and, by
(51), ‖u‖u = 〈∇2Φ(u)u, u〉1/2 ≤ √

ν for all u. �

Note that inequality (106) gives us a reliable accuracy certificate based on the value
of σ .

The following is the main result of this subsection and gives complexity of the
scheme (102) for solving problem (94) in its equivalent form (95).

Theorem 12 Consider the dual predictor-corrector path-following scheme:

σ0 = 0, u0 = 0, (σk+1, uk+1) = PC(σk, uk), k ≥ 0, (107)

where PC is defined in (102). Let also, for k ≥ 0, xk = ∇F∗(AT uk) and x̂k be the
solution to the following problem

min

{
1

2
‖x − xk‖2xk s.t. Ax = t(uk)b

}
.

Then, x̂k ∈ Q, Ax̂k = t(uk)b for k ≥ 0. Moreover, for any ε > 0 and

N ≥ Nε = O

(√
ν

γ
ln

(
ν

εγ ‖b‖∗
0

(
1 + 2β(1 − β)

(1 − 2β)
√

ν

)))
, (108)

we have |α∗ − t(uN )| ≤ ε.
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Proof By construction, we have Ax̂k = t(uk)b and our next step is to show that
x̂k ∈ Q. We do that by showing that ‖x̂k − xk‖xk ≤ β < 1, which since xk ∈ Q
implies that x̂k is in the Dikin ellipsoid around xk and belongs to Q.

By the optimality conditions for the problem defining x̂k , we have that there exist
a dual variable y such that

∇2F(xk)(x̂k − xk) + AT y = 0,
Ax̂k = t(uk)b.

From the first equality, we obtain x̂k − xk = −[∇2F(xk)]−1AT y. Then, from the

second equality, we obtain y = (
A[∇2F(xk)]−1AT

)−1
(Axk − t(uk)b), which finally

gives

x̂k − xk = −[∇2F(xk)]−1AT
(
A[∇2F(xk)]−1AT

)−1
(Axk − t(uk)b). (109)

Recall that Axk = A∇F∗(AT uk) = ∇Φ(uk). Further, since Φ(u) = F∗(AT u), by
(14), we have that ∇2Φ(uk) = A[∇2F(xk)]−1AT . Thus, from (109), we have that
x̂k − xk = −[∇2F(xk)]−1AT [∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b). Hence,

‖x̂k − xk‖2xk = 〈[∇2F(xk)][∇2F(xk)]−1AT [∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b),
[∇2F(xk)]−1AT [∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b)〉

= 〈A[∇2F(xk)]−1AT [∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b),
[∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b)〉

= 〈∇Φ(uk) − t(uk)b, [∇2Φ(uk)]−1(∇Φ(uk) − t(uk)b)〉
= (‖∇Φ(uk) − t(uk)b‖∗

uk )
2 ≤ β2,

where in the last inequality we used the approximate centering condition λ(uk) ≤ β.
Thus, we have that x̂k belongs to the Dikin ellipsoid around xk and, hence, belongs to
Q.

Finally, we show the complexity result. Since∇F(0) = 0, we have that∇Φ(0) = 0
and λ(u0) = λ(0) = 0 ≤ β. Hence, by Lemma 7, we have that λ(uk) ≤ β for all
k ≥ 0. By (102) we have that σk = 〈b, uk〉. Thus, by Lemma 9, we have that (106)
holds with σ = σk , u = uk for all k ≥ 0. Further, σ1 = γ ‖b‖∗

0 and, by Lemma 8,

σk ≥ γ ‖b‖∗
0

(
1 + γ√

ν

)k−1
. Combining these observations with (108), we obtain that

|α∗ − t(uN )| ≤ ε. �

As we can see, the main part of the obtained complexity bound is

3.94
√

ν ln
ν

ε‖b‖∗
0
,

which has a better constant 3.94 than the constant 7.2 for the one-step classical scheme
[34]. Similarly to the previous sections, the stepsize γ may be chosen adaptively for
better practical performance. Note also that it is not necessary to calculate the point
x̂k in each iteration.
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7 Minimizing strongly convex functions with Lipschitz Hessian

Let B = B∗ � 0mapE toE∗. Define the Euclideanmetric ‖x‖2 = 〈Bx, x〉1/2, x ∈ E.
In this section, we return back to the unconstrained problem (2), where f is a strongly
convex function with parameter σ f > 0:

f (y) ≥ f (x) + 〈∇ f (x), y − x〉 + 1
2σ f ‖y − x‖2, x, y ∈ E. (110)

We also assume that f ∈ C
3(E) and its Hessian is Lipschitz continuous:

‖∇2 f (x) − ∇2 f (y)‖ ≤ H f ‖x − y‖, x, y ∈ E. (111)

Lemma 10 Under assumptions above, function f is self-concordant with

M f = H f

2σ 3/2
f

. (112)

Proof Indeed, for any point x ∈ E and direction h ∈ E we have

D3 f (x)[h]3 (111)≤ H f
[‖h‖2]3/2 (110)≤ H f

[
1
σ f

〈∇2 f (x)h, h〉
]3/2

.

It remains to use definition (3). �

Thus, problem (2) can be solved by methods (24) and (36). The correspond-

ing complexity bounds can be given in terms of the complexity measure Δ(x0) =
H2

f

σ 3
f
( f (x0) − f ∗). As we saw, the first and the second methods need O(Δ(x0)) and

Õ(Δ1/2(x0)) iterations respectively. Let us show that for our particular subclass of
self-concordant functions these bounds can be significantly improved.

We consider methods based on the cubic regularization of the Newton method
(CRNM). Let us define quadratic approximation of f at point x ∈ E:

Q(x, y) = f (x) + 〈∇ f (x), y − x〉 + 1
2 〈∇2 f (x)(y − x), y − x〉.

Then, from (111), | f (y)−Q(x, y)| ≤ H f
6 ‖y−x‖3, y ∈ E, which justifies the cubic

regularized Newton step given a parameter M > 0:

x+ = TM (x)
def= argmin

y∈E{Q(x, y) + 1
6M‖y − x‖3}. (113)

The cubic regularized Newton method (CRNM) iterating these steps converges [36]
for functions satisfying (111) as O( 1

k2
), where k is the iteration counter.
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Define the region of quadratic convergence of the CRNM in terms of the function
value (see (6.4) in [31]):

Q f =
{
x ∈ E : f (x) − f ∗ ≤ σ 3

f

2H2
f

(112)= 1
8M2

f

}
.

Let us check howmany iterations we need for enteringQ f by different schemes based
on the step (113). Let our method have the following convergence rate

f (xk) − f ∗ ≤ cH f ‖x0−x∗‖3
k p

(110)≤ cH f
k p

(
2
σ f

( f (x0) − f ∗)
)3/2

(112)= 25/2cM f
k p ( f (x0) − f ∗)3/2,

(114)

where c is an absolute constant and p > 0. Thus, we need

O

([
M3

f ( f (x0) − f ∗)3/2
]1/p)

= O
(
Δ

3
2p (x0)

)

iterations for entering the region of superlinear convergence Q f . For the CRNM we
have p = 2 (see [36]). Thus, it ensures complexity O(Δ3/4(x0)). For the accelerated
CRNM [31] we have p = 3. Thus, it needs O(Δ1/2(x0)) iterations (which is slightly
better than (44) by PFS). For the optimal up lo logarithmic factors [30] and optimal
up to constant factors second-order methods [3, 23] we have p = 3.5 and these
methods need O(Δ3/7(x0)) iterations. However, note that there exists a powerful tool
for accelerating these schemes, the restarting strategy.

Let us define kp as the first integer, for which the right-hand side of inequality (114)
is smaller than 1

2 ( f (x0) − f ∗):

25/2cM f

k pp
( f (x0) − f ∗)3/2 ≤ 1

2 ( f (x0) − f ∗).

Clearly, kp = O
([

M f ( f (x0) − f ∗)1/2
]1/p)

= O
(
Δ

1
2p (x0)

)
. This value can be

used in the following multi-stage scheme.

Multi-stage Acceleration Scheme

At the first stage, we perform t1 = �kp� iterations of our method
starting from the point y0 = x0 and get the point y1, which is the
starting point for the next stage. In general, kth stage starts from the

point yk−1 and its length is tk =
⌈

kp
2(k−1)/(2p)

⌉
. Method stops when

yk ∈ Q f .

(115)
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Theorem 13 The total number of stages T in the optimizations strategy (115) satisfies
inequality T ≤ 4 + log2 Δ(x0). The total number N of the lower-level iterations in

this scheme does not exceed 4 + log2 Δ(x0) + 21/(2p)

21/(2p)−1
kp.

Proof Let us prove by induction that f (yk) − f ∗ ≤ ( 12 )
k( f (y0) − f ∗). For k = 0

this is true. Assume that this is also true for some k ≥ 0. Note that t pk+1 ≥ ( 12 )
k/2k pp .

Therefore,

f (yk+1)− f ∗
f (yk )− f ∗ ≤ 25/2cM f

t pk+1
( f (yk) − f ∗)1/2 ≤ k pp ( f (yk )− f ∗)1/2

2t pk+1( f (x0)− f ∗)1/2

≤ 1
2

[
2k ( f (yk )− f ∗)

f (x0)− f ∗
]1/2 ≤ 1

2 .

Hence, T satisfies inequality
( 1
2

)T−1
( f (x0) − f ∗) ≥ 1

8M2
f
. Finally,

N =
T∑

k=1
tk ≤ T + kp

T−1∑
k=0

( 1
2

) k
2p ≤ T + kp

∞∑
k=0

( 1
2

) k
2p = T + kp

1−
(
1
2

)1/(2p) .

�

Applying Theorem 13 to different CRNMs, we get the following complexity

bounds.

– Cubic Regularized Newton Method [36]. For this method p = 2. Therefore,
the complexity bound of this scheme, as applied in the framework of multi-stage
method (115) is of the order O(Δ1/4(x0)). In fact, this method does not need a
restarting strategy. Thus, Theorem 13 provides the CRNM with a better way of
estimating its rate of convergence.

– Accelerated Cubic Regularized Newton Method [31]. For this method p =
3. Hence, the complexity bound of the corresponding multi-stage scheme (115)
becomes O(Δ1/6(x0)).

– Optimal second-order method [3, 23, 30]. For this method p = 3.5. Therefore,
the corresponding complexity bound is O(Δ1/7(x0)).

Remark 5 Note that the knowledge of f ∗ is not required for the restarting proce-
dure. Indeed, if we know a lower bound f̃ such that f ∗ ≥ f̃ , we obtain that after

k̃ p = O

([
M f ( f (x0) − f̃ )1/2

]1/p)
steps of the inner method the right-hand side

of inequality (114) is smaller than 1
2 ( f (x0) − f ∗) since k̃ p ≥ kp. Then, the over-

all number of lower-level iterations is of the order of k̃ p = O
(
Δ̃(x0)

) 1
2p
, where

Δ̃(x0) = M2
f ( f (x0) − f̃ ).

Remark 6 To simplify this section we focused on CRNMs trying to compare com-
plexities for two standard classes of functions for second-order methods. Similar
complexities on the class of functions satisfying inequalities (110) and (111) can
be achieved by using quadratic regularization instead of cubic [3, 10, 12, 28].
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As we can see, the methods considered in this section have much better complexity
bounds for problem (2) than the methods based on the framework of self-concordant
functions. A possible explanation of this phenomena is that these methods use a more
precise model of the objective function, which is based on two independent inequal-
ities (110) and (111) instead of single inequality (3). Nevertheless, the methods in
this section rely on Lipschitz property of the Hessian and, thus, are not applicable for
a wide class of self-concordant functions, namely, self-concordant barriers, a typical
example being log-barrier − ln x . On the contrary, the DNM and the PFS can be still
applied for the minimization of self-concordant barriers.
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