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Abstract

We study maximal representations of nonnegative sesquilinear forms in real or com-
plex Hilbert spaces, that are not necessarily closed or even closable. We associate
positive self-adjoint operators with such forms, in a sense similar to Kato’s represen-
tation theorems. In particular, we give a brief proof of the Friedrichs extension of a
densely defined positive operator.
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1 Introduction

One of the most fundamental results in the theory of unbounded positive operators
is the Kato representation theorem for nonnegative closed sesquilinear forms. This
theorem establishes a deep connection between such forms and positive self-adjoint
operators on a Hilbert space: every densely defined nonnegative closed form t can be
represented by a positive self-adjoint operator 7', in the sense that

(Tg,h) =t(g, h),
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see [4]. The operator T is typically defined only on a proper subdomain of the form
t, meaning that the above representation does not hold for all vectors g, 7 € dom t. A
more complete result (which supplements the first representation theorem) is given by
Kato’s second representation theorem, which provides a sharper relationship between
the form t and the operator 7" that represents it. According to this theorem, the domains
of t and T''/? coincide, and on this domain, the following identity holds:

(T'%g, T'?h) = t(g, h).

Here, T''/? denotes the positive self-adjoint square root of the operator 7', which is
typically defined using the spectral theorem. Throughout this paper, we allow the
Hilbert space H to be either complex or real. In the case of a real Hilbert space, the
spectral theorem is not available; however, the existence of the square root of a positive
self-adjoint operator can still be established in the real setting as well (see e.g. [14]).

In his 1930 paper [5], J. von Neumann proved that any densely defined, lower semi-
bounded symmetric operator admits a lower semi-bounded self-adjoint extension.
Neumann conjectured that such an extension could also preserve the lower bound of
the original operator; however, he was only able to prove the existence of extensions
with a slightly smaller lower bound, i.e., with a lower bound reduced by an arbitrary
€ > 0. Neumann’s conjecture was later proved independently by Stone [18] and
Friedrichs [3]. The construction in the latter paper essentially uses the closure of the
form associated with the operator in question, and the operator defined through this
closed form is what we now call the Friedrichs extension (cf. [2, 11, 16, 17]). So,
by means of Kato’s representation theorem, the Friedrichs extension of the positive
operator T is, in fact, the positive self-adjoint operator that represents the closure of
the form associated with 7.

In this paper, we study possible representations of nonnegative sesquilinear forms
that are not necessarily closed or even closable. Our aim is to describe how positive
self-adjoint operators can still be meaningfully associated with forms beyond the scope
of Kato’s original theorem. As a further contribution, we derive the first and second
representation theorems of Kato, and we also provide a short and natural proof of
the existence and properties of the Friedrichs extension of a densely defined positive
operator. It is also worth emphasizing that all results and proofs presented here are
valid over both real and complex Hilbert spaces.

2 Representation of Positive Symmetric Forms

In what follows, H = (H, (-, -)) denotes a real or complex Hilbert space and t is a
non-negative symmetric form on H, defined on a dense linear subspace D of H. In
other words, t is a semi-inner product. (We emphasize that we do not assume t to be
closed or closable.)

At this point, we note that it is customary to associate a new Hilbert space to the form
t, namely by completing the pre-Hilbert space (D, (-, -);), where the inner product is
defined by

G =t )+ 6.
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(Here, and everywhere in the paper, (-, -) stands for the inner product of the original
Hilbert space H.) It is easy to see that the closedness of the form t is equivalent to the
completeness of the pre-Hilbert space (D, (-, -)1) (see [4]). However, instead of this
construction, we will use the following more natural approach, which is better suited
to our purposes. Let

kert:={x € D : t(x,x) =0},

called the kernel of t, which is a linear subspace of D, due to the Cauchy-Schwarz
inequality. Then the factor space D/ ker t becomes a pre-Hilbert space with the inner
product

(h +kert, g +kert), :==t(h, g), h,g €D. 2.1)

The completion of D/ ker t with the inner product above will be denoted by H,. The
canonical map Q of D C 'H to H, is given by

Qg := g+ kert, geD. 2.2)

Hence, the range ran Q = D/ ker t of Q forms a dense linear subspace in H, by the
very definition of completion.

Of course, at this point we cannot say anything about regularity properties of Q, such

as closedness or continuity. However, an elementary representation theorem already
holds for t as follows:

Lemma 2.1 Let t be any nonnegative symmetric form on the dense subspace D of the
Hilbert space 'H. Then

t(g.h) = (0"0g.h), geDi heD, 2.3)
where
D, := dom 0*Q = {g €D : suplltg, ) : heD, (hh) <1} < +oo}. 2.4)
Proof 1t is clear from (2.1) and (2.2) that
t(g. h) = (g +kert. h + kert), = (Qg. Qh), = (Q*Qg. h),
for g € dom Q*Q and h € D. Furthermore, we also have

D, =dom Q*Q ={g € D : Qg € dom Q*}
={geD: supli(Qg. QM) > - he D, (h 1) = 1) < +oc]

- {g €D : supllt(e, ) : heD, (hh) <1} < +oo},

which proves (2.4). O

Remark It is clear by the very definition of D, that the following two statements are
equivalent to each other:
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(i) g € Dy,
(ii) g € D and there exists a constant C; > 0 such that

(g, h)|* < Cg-(h,h) forallh € D. (2.5)

In what follows, we focus on the representability of the form t by positive self-adjoint
operators. By a representation we mean a positive and self-adjoint operator S on H
which satisfies

(Sg.h)=1t(g,h) (geDnNdomS,heD). (2.6)

Of course, the set D N dom S can be rather "thin" (even the trivial subspace {0}). The
interesting case is when it is “large enough” to provide nontrivial information about
the form t.

By the following simple observation, this intersection is always a subset of D,. In
other words, D; is the largest possible set on which the form t can be represented by
an operator.

Proposition 2.2 Let t be a positive symmetric form in the Hilbert space H. If S is a
positive self-adjoint operator representation of t in the sense of (2.6), then

domSNDCD,.
Proof If g € dom S N D is any vector, then
lt(g, MI> = 1(Sg, B> < |ISg >R

for every h € D, hence g € D,. 0

In the following theorem, we show that any densely defined non-negative form (without
any additional regularity assumptions) admits a representation in a maximal sense; that
is, there exists a representing operator 7" such that dom 7N D = D,. This theorem is
the main result of the section.

Theorem 2.3 Under the assumptions of Lemma 2.1, there exists a positive self-adjoint
operator T in 'H with the following properties:

(i) Dy =domT ND,
(ii) T is a representing operator of T in the sense that

tg,h) =(Tg, h) (g €Dy, h D), 2.7
(iii) D < dom T'/2 and
t(g.h) = (T'?g. T'?h), (g € Dy h € D), (2.8)
where

Dix={g €D :3(g) CDyst. gy — ginHand (g, — g, gn — & — 0}
(2.9)
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Proof Consider the vector space
O*(Dy +kert) :={0%(g +kert) : g € D,}
equipped with the following inner product
(Q"(g +kert) | Q" (h +kert)), :=t(g, h), g, f €D

Note that (- | -), isindeed a well defined inner product on Q* (D, +ker t) since t(g, g) =
0 implies Q*(g + ker t) = 0. Let us denote by H, the Hilbert completion of that pre-
Hilbert space so obtained, so that Q* (D, +ker t) C H, forms a dense linear subspace
in with respect to the norm induced by (- | -),.

Consider now the canonical embedding operator J of H, 2 Q*(D, + ker t) into
'H, defined by the identification J& = & € H for &€ € Q*(D, + kert) C H,, that is,
we let

J(Q*(g +kert)) ;= Q"(g +kert) (g € Dy). (2.10)

We are going to show first that J : H, — H is closable, namely, the domain of its
adjoint J* contains the dense subspace D C H:

D C dom J*. (2.11)
Indeed, consider a vector & € D, then for every g € D, we have

I(J O*(g +ker t), h)[* = |(Q* Qg, W)|* = [(Qg, Oh)|?
= |t(g, W)|* < t(h, h) t(g, )
= t(h, h) - (Q*(g + ker t) | Q*(g + ker t)),,

according to the Cauchy-Schwarz inequality. Hence & € dom J*, as stated.
Next we claim that

J'g=0%g+kert), (geDy). (2.12)
To this aim, consider a vector g € D,, then

(J*g| Q*(h + kert)), = (g, JQ*(h +kert)) = (g, Q*(h +ker t))
=(0g,h+kert), = (g +kert, h +Kkert),
=1t(g, h) = (Q"(g +kert) | Q" (h +ker 1)),

for every h € D,. Thus J*g — O*(g + ker t) is orthogonal to the dense set Q* (D, +
ker t) in H, which in turn implies (2.12).

Finally, we show that the positive self-adjoint operator 7' := J**J* has the prop-
erties listed in the theorem. On the first hand, by (2.12), for every g € D, we have

J*g = 0"(g + kert) € dom J C dom J**,
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hence g € dom J**J*. On the other hand,
JH* T g =T 0%(g +kert) = Q% (g +kert),
thus
(J*J*g,h) = (Q*(g +kert), h) = (g +kert, h + ker t), = t(g, h),
for every ¢ € D, and h € D, that proves (2.7). In particular, we also have

dom(J**J*) ND < D, by Proposition 2.2.
Finally, to prove (iii) observe first that

D C dom J* = dom(J** J*)!/?
according to (2.11). Let now g € D,, and choose a sequence (g,) in D, such that

gn — ginH and that t(g, — g, g» — &) — 0. Then clearly t(g, — gm, &n — &m) — 0
as n, m — 00, hence also

IT'2(gn — gm) 1> = (T (8n — gm)+ gn — &m) = t(gn — &m- &n — gm) — O,
which yields T1/?g, — T'/?g by closedness. Consequently,
1(gns 1) = (Tgu, h) = (T2, T'?h) — (T2, T'?h)
and

|t(gn. h) — t(g. W)* = [t(gn — 8. WI* < t(gn — 8. gn — &) t(h. h) = 0
on the other hand, which together yield (2.8). O

The operator T = J**J* constructed in the above theorem is extremal in the sense
that it represents the form t on the largest possible set. In what follows, we also show
that it is extremal with respect to the natural ordering among all representations of t.
To this end, we provide an explicit formula for the quadratic form associated with T,
as follows:

Lemma 2.4 Let t be a non-negative symmetric form on D as in the preceding theorem
and let T denote the representing operator of t constructed in the proof of Theorem
2.3. Then

dom T2 = {h e H : sup{l(h, 0*0g)* : g € Dy, t(g, 8) < 1} < +oo}, (2.13)
and

I72R)2 = sup(|(h, Q* Q) : g € Dy t(g, ) <1} (h edomT'/?). (2.14)
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Proof Recall from the proof of Theorem 2.3 that we have T = J**J*, whence
dom T'/% = dom J*
= {n e suplin 70" (g +ker ) 1 g € D1, (0708, 9) < 1) < +o0)

= {n e supllth, 0*09)P : g € Pit(g.9) = 1} < +oc].
Using the density of Q* (D, + ker t) in H,., we obtain that for every 4 € dom T''/2

ITY2h|* = [|7*h|12 = sup{|(J*h | Q*(g +kert)),|* : g € Dy, (0*Qg, g) < 1}
= sup{|(h, 0*0g)|* : g € Dy, t(g, g) < 1},
which proves the statements of the lemma. O

Before stating our next theorem, let us recall the form order ‘<’ on the set of positive
self-adjoint operators: we write 7 < S if dom § 172 < dom T1/? and

IT'Y2h)% < |ISY?h)>  forall h € dom S'/2.

For properties of the order <, see e.g. [8].

Theorem 2.5 Let t be a densely defined nonnegative symmetric form in 'H. Let S be
any representing operator of t in the sense of (2.6) such that

D, CdomSND. (2.15)
Then dom S'/2 € dom (J**J*)!/? and
ISY20) = 1T 20> (h € dom S'/3).

In other words, J**J* < S holds for every positive self-adjoint representation S of
the form t.

Proof Let S be a positive self-adjoint operator satisfying (2.6) and (2.15). First observe
that

which implies Sg = Q* Qg for every g € D,.
Let now & € dom S!/2, then one has

[(h, Q*08)> = |(h, Sg)|* = |(S'/?h, §/%¢)|?
< IS 18211 = 1S 2h)1* - tg, o)

for every g € Ds. Hence h € dom T''/? according to Lemma 2.4. Note on the other
hand, that dom S is a core for S'/2, hence for every & € dom S'/2 one obtains that
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ISY2h)? = sup{|(S'/h, SY2 f)> : f edom S, (Sf, f) <1}
sup{|(h, Sg)I* : g € Dy, (Sg, ) < 1}

sup{|(h, Q*Qg)I* : g € Dy, t(g, 8) < 1}
=(T'h|?,

IV

which proves the statement of the theorem. O

Corollary 2.6 Let t be a positive symmetric form in the Hilbert space H with dense
domain D. Assume that for every h € D there exists a sequence (gn)neN in Dy such
that g, — h and t(h — g,, h — g,) — O, that is,

D,y = D. (2.16)

Then there exists a positive self-adjoint operator T in 'H that fulfills the following
properties:

(a) Dy, CdomT and t(g,h) = (Tg,h) forg e DNdom T and h € D,
(b) D Cdom T2 and t(g, h) = (T'%g, T'?h) for g, h € D.

Proof Let T denote the positive self-adjoint operator satisfying properties (i)-(iii)
of Theorem 2.3. We show that 7" possesses the desired properties. Indeed, we have
D =D, C dom T2 by (2.16) and thus

Wg. ) = ("¢, T?h)  (h,g € D)
according to (2.8). This in particular yields
g h) = (T'2g,T'?h) = (Tg. h)

forg edomT NDandh € D. O

Before stating Kato’s representation theorems, we recall the definition of a closed
form. A positive symmetric form t (with domain D) is said to be closed if and only if
for every sequence (g,),en in D, the conditions g, — g and t(g, — gm, & —8&m) — 0
asn,m — +oo imply that g € Dand (g, — g, gn — &) — 0.

As an immediate consequence of Theorem 2.3, we recover Kato’s first and second
representation theorems for densely defined, closed, positive symmetric forms:

Corollary 2.7 Let t be a densely defined closed form in the Hilbert space H. Then
there exists a unique positive self-adjoint operator T in 'H satisfying the following
properties

(a) domT CDandt(g,h) = (Tg, h) forg € domT and h € D,
(b) D=domT"? and t(g, h) = (T'/%g, TV?h) for g, h € D.
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Proof Note that the closedness of the form t implies that the canonical operator Q :
‘H — H, is closed. Consequently, the positive operator 7 = Q™ Q is self-adjoint with
domain dom 7 = D, C D. Hence property (a) is immediate from (2.3). Furthermore
we have that dom(Q*Q)'/? = dom Q = D, hence

(T'2g, T'?n) = (Qg, Qh) = t(g, h), g heD,

which proves statement (b). O

Recall that a positive symmetric form t is said to be closable if, for every sequence
(gn)nen in D, conditions g, — 0 and (g, — gm, & — &m) — Oasn,m — +o0
imply that t(g,, g,) — 0.

For closable forms, the following representation theorem holds:

Corollary 2.8 Let t be a nonnegative symmetric closable form in the dense subspace
D C H. Then the canonical embedding Q : H O D — H, is closable and Q* Q** is
a representation of t:

(a) t(g,h) = (Q*Q**g, h) forg € Dyand h € D,

(b) t(g, h) = ((Q*Q™)'?¢,(Q*Q*)'/?h) for g. h € D.

Proof Clearly, t is closable if and only if the canonical embedding Q in (2.2) is a
closable operator, with closure Q**. Then Q*Q** is a positive self-adjoint operator
in ‘H such that

D C dom Q** — dom(Q**Q*)l/Z

It is then clear that Q* Q** satisfies (a) and (b). O

Note that if t is closable, then the form
th, k) == ((Q* Q™)' %g, (0*0*)'?h)  (h, k € dom Q**)

is equal to the closure of t.

Theorem 2.9 Let t be a densely defined non-negative form in the Hilbert space H, with
a dense domain D. Let T be a positive self-adjoint representation of t with domain
dom T = D,, such that

t(g.h) = (Tg,h), (gedomT,h e D).

Then the following statements are equivalent:

(i) dom TY? = D and t(g, h) = (TY*g, T'/?h) for g, h € D,
(ii) the following two conditions are fulfilled:

(a) for each g € D there exists a sequence (gn)neN C Dx, such that g, — g and
t(gn — 8 8n—8 — 0,

(b) foreachsequence (g,)neN C Dy, suchthat g, — gand (g, —8m, 8n—8&m) —
0, it follows that g € D.
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Proof First, we prove that (i) implies (ii). To this end, consider a vector g € D =
dom T''/2. Since dom T is core for T1/2, there exists (gn)neny C dom T = D, such
that g, — g and T'/?g, — T'/2g. Therefore,

t(gn — 8. 8n — &) = IIT* (g, — 9II> — 0,

which proves (a). Consider now a sequence (g,)nen Of Dy such that g, — g and
t(gn — g, 8n — &) — 0 for some g € H. Then

ITY2(gn — gm)|I* = t(gn — gm» gn — gm) — 0,

hence g € dom T2 = D, thanks to the closedness of T'1/2.
We now prove that (ii) implies (i). Consider first g € D and choose (g,)nen C
D, =domT asin (a). Then

ITY% (g0 — gm)II> = (T (gn — &m)» &n — &m) = (&n — &m> &1 — &m) — O,

which in turn implies g € dom 7'/2 and T'/%g, — T'/%g. In particular, we obtain
that D C dom 7''/2 and that

(T, T'?h) = t(g,h), g, heD.

To prove the inclusion in the other direction, let g € dom T'/2, and let (gn)neN be a
sequence in dom 7' = D such that g, — g and T'/?g, — T'/2g. Then, using the
fact that

t(gn — Gm» &n — &m) = (T(gn — &m)> &n — &m) = IT*(gn — gm)|I> = 0,

and taking into account point (b), we obtain g € D. Consequently, the inclusion
dom T2 C D also holds. |

Corollary 2.10 Let T be a densely defined (not necessarily closed) operator in the
Hilbert space 'H such that T*T is a self-adjoint operator. Then the following two
Statements are equivalent:

(i) domT = dom(T*T)/? and (Tg, Th) = (T*T)'/*h,(T*T)'/?g) for every
g, hedomT,
(ii) the following two conditions are fulfilled:

(a) for every g € dom T there is a sequence (g,)nen C dom(T*T), such that
gn —>gandTg, — Tg,

(b) for each sequence (gn)neny C dom(T*T), such that g, — g and T(g, —
gm) — 0, it follows that g € dom T'.

Proof Consider the form t by

(g, h):=(Tg, Th), g, hedomT.
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Then, clearly, dom T*T = D, and
t(g,h) = (T*Tg,h), gedomT*T,hedomT.

Hence the statement follows from Theorem 2.9. O

Remark It is well known that if T is a densely defined closed operator, then both T*T
and TT* are self-adjoint, see [5, 8, 18]. However, it is not difficult to construct an
example where T*T (or TT*) is self-adjoint even though 7 itself is not closed. (For
example, let S be a closed operator and let 7' be its restriction to dom 7*T'; then T*T
is self-adjoint, but 7 is typically not closed.)

However, if both T*T and T T* are self-adjoint, then 7 must necessarily be closed,;
see [13, 15].

3 The Friedrichs Extension of Positive Operators

Using the construction provided in the previous section, we now present the so-called
Friedrichs extension of a densely defined positive operator 7'. This distinguished exten-
sion is the maximal element with respect to the form order ‘<’ among all positive
self-adjoint extensions of T'; cf. [1-3]; see also [6, 7, 16, 17]. Although the result itself
is classical, the construction we provide here is as natural and perhaps as simple as
possible.

Theorem 3.1 Let T be a positive symmetric operator in the Hilbert space H, with a
dense domain D := dom T. Then there exists a positive self-adjoint operator Tp of T
such that

(a) T C Tr, that is, Tr is a positive self-adjoint extension of T,
(b) S < TF for every positive self-adjoint extension S of T

Proof Let us introduce the nonnegative form
t(g. h) :=(Tg,h), g heD,

and consider the corresponding Hilbert space ‘H and embedding operator Q : H 2
D — H, of (2.2). We claim that
D =D,.

For let g € D, then
t(h, 9)1* =I(Th, &)1> = |(h, Tg)* < |hI*ITg?,

whence g € D, according to (2.4). As a direct consequence, we obtain that the
adjoint operator Q* is densely defined, since it contains the dense subspace ran Q =
Dy/kert € H,. Consequently, Q is closable. On the other hand, for all vectors
h, g € D, we have

(Tg.h) = t(g, h) = (Q"Qg. h),
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therefore T = Q* Q. Thisimplies that 77 := Q* Q** is a positive self-adjoint operator
extending 7.

Finally, we show that T is maximal among the positive self-adjoint extensions of
T.Let T C S be an arbitrary positive self-adjoint extension of 7. Consider the form
associated with S, given by

s(g, h) .= (Sg, h) (g, h € dom ),

and let H g be the corresponding auxiliary Hilbert space, with embedding operator Q.
Then, taking into account that 7 C S, we have O C Qs, and therefore Q** C QF*.
Moreover, according to the first part of the proof, S = Q} QF*, since S does not admit
any proper self-adjoint extension. As a consequence,

dom T,}-/Z = dom Q™ C dom Q7" = dom §1/2,

and o
TR = QK| = | QR )% = ||1S/2h)1?

for every h € dom TFI/ 2. Hence S < TF, as stated. |

Theorem 3.2 Let t be of nonnegative symmetric form such that
D, =D.

Then t is closable and the Friedrichs extension of the positive operator T := Q*Q is
equal to Q* Q™*, that is, Tp = Q*Q™*.

Proof First, we observe that t is closable. Indeed, since D = dom Q and D, =
dom Q*Q, the assumption D = D, implies that dom Q* contains the dense subspace
ran Q = D/ ker t. Consequently, the operator Q is closable, which in turn implies that
the form t is also closable.

It remains to show that Q* Q** coincides with the Friedrichs extension of the
positive operator T := Q*(Q, i.e.,

Q*Q* =Tp. (3.1

To this end, it clearly suffices to show that for any positive self-adjoint extension S of
T, the relation § < Q* Q™ holds.

Let g € dom Q**. Then there exists a sequence (g,),en C D such that g, — g
and Qg, — Q™ g. In this case, we have

152 (gn — gm)II* = (S(gn — gm)» &n — &m)
= (T(gn — 8&n)> & — &n)
=10(gn — gn)lI* = 0,  (n,m — 00),
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hence g € dom S'/? due to closedness. Also

1(Q*0™) g | = |0**gl* = lim || Qgnl?
n—oo

lim (Tgy, gu) = lim [|S2g, |1 = |S'/2g|.
n— 00 n— 00

Putting all of the above together, we conclude that § < Q0*Q**, and hence Q* Q**
indeed coincides with the Friedrichs extension of 7. O

According to the above theorem, the equality D = D, implies that the form t is
closable. However, the following statement shows that the closedness of t under the
same assumption holds only under a very specific condition — namely, when t is a
bounded form.

Proposition 3.3 Let t be a closed form in the Hilbert space H with dense domain D.
Then the following assertions are equivalent:

(i) D =D,
(ii) tis bounded.

Proof Clearly, if the form t is closed and continuous, then D = D, = H. Conversely,
assume that condition (i) holds for a closed form t. In this case, Q is a closed operator
for which

dom Q = dom Q*Q.

Consider the “flip” operator V : H; x H — H x H, defined by V{h, g} := {—g, h}.
Then the following well-known relation holds between the graphs of the operators Q
and Q*:

Hy x H=G(Q") & VIG(Q)].

In particular, any vector z € H can be written in the form z = u — Qg for suitable
g € dom Q and u € dom Q*. By assumption (i), we have Qg € dom Q*, hence
z € dom QF, which implies that dom Q* = 7H,. By the Closed Graph Theorem, it
follows that Q* is a bounded operator, and therefore the form t is also bounded. 0O

Author Contributions Zsigmond Tarcsay and Zoltan Sebestyén wrote the main manuscript text. All authors
reviewed the manuscript. Corresponding author: Zsigmond Tarcsay.

Funding Open access funding provided by Corvinus University of Budapest. This work was supported in
part by the Hungarian Scientific Research fund NKFI ADVANCED-150059. Project no. TKP 2021-NVA-09
has been implemented with the support provided by the Ministry of Innovation and Technology of Hungary
from the National Research, Development and Innovation Fund, financed under the TKP2021-NVA funding

scheme.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Competing interests The authors declare no competing interests.



178 Page 140f 14 Z.Tarcsay, Z. Sebestyén

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ando, T., Nishio, K.: Positive selfadjoint extensions of positive symmetric operators. Tohoku Math.
Journal 22, 65-75 (1970)
2. Freudenthal, H.: Uber die Friedrichssche Fortsetzung halbbeschriankter Operatoren, Akademie van
Wetenschappen te Amsterdam, Proceedings, ser. A., 39 832-833 (1936)
3. Friedrichs, K.: Spektraltheorie halbbeschrinkter Operatoren und Anwendung auf die Spektralzerlegung
von Differentialoperatoren. Math. Ann. 109, 465-487 (1934)
4. Kato,T.:Perturbation theory for linear operators, Vol. 132, Springer Science & Business Media, (2013)
5. von Neumann, J.: Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren. Math. Ann. 102,
49-131 (1930)
6. Prokaj, V., Sebestyén, Z.: On Friedrichs extensions of operators. Acta Sci. Math. (Szeged) 62, 243-246
(1996)
7. Prokaj, V., Sebestyén, Z.: On extremal positive operator extensions. Acta Sci. Math. (Szeged) 62,
485-492 (1996)
8. Schmiidgen, K.:Unbounded self-adjoint operators on Hilbert space, Vol. 265. Springer Science &
Business Media, (2012)
9. Sebestyén, Z.: On ranges of adjoint operators in Hilbert space. Acta Sci. Math. (Szeged) 46, 295-298
(1983)
10. Sebestyén, Z., Stochel, J.: Restrictions of positive self-adjoint operators. Acta Sci. Math. (Szeged) 55,
149-154 (1991)
11. Sebestyén, Z., Stochel, J.: Characterizations of positive selfadjoint extensions. Proc. of the Amer. Math.
Soc. 135, 1389-1397 (2007)
12. Sebestyén, Z., Tarcsay, Z.: T*T always has a positive selfadjoint extension. Acta Math. Hungar.
135(1-2), 116-129 (2012)
13. Sebestyén, Z., Tarcsay, Zs.:A reversed von Neumann theorem, Acta Sci. Math. (Szeged), 80 , 659-664
(2014)
14. Sebestyén, Z., Tarcsay, Z.: On square root of positive selfadjoint operators. Period. Math. Hungar.
75(2), 268-272 (2017)
15. Sebestyén Z., Tarcsay, Zs.:On the adjoint of Hilbert space operators,Linear and Multilinear Algebra
67 (3), 625-645
16. Sebestyén, Z., Tarcsay, Zs.: On the Krein-von Neumann and Friedrichs extension of positive operators,
Acta Wasaensia 462 , 165-178 (2021)
17. Sebestyén, Z., Tarcsay, Zs.: Reduction of positive self-adjoint extensionsOpuscula Mathematica, 44
(3), 425-438
18. Stone, M. H.:Linear transformations in Hilbert space, American Mathematical Society Colloquium
Publications, 15 (1932)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/

	Basic Representation Theorems of Forms
	Abstract
	1 Introduction
	2 Representation of Positive Symmetric Forms
	3 The Friedrichs Extension of Positive Operators
	References


