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Abstract
In preference modelling, it is essential to determine the number of questions and their ar-
rangements to ask from the decision maker. We focus on incomplete pairwise comparison 
matrices, and provide the optimal filling in patterns, which result in the closest weight vec-
tors on average to the complete case for at most six alternatives and for all possible num-
ber of comparisons, when the underlying representing graph is connected. These results 
are obtained by extensive numerical simulations with large sample sizes. Many optimal 
filling structures resulted in optimal filling in sequences—one optimal case can be reached 
by adding a comparison to a previous one—which are presented on graph of graphs. The 
star graph is revealed to be optimal among spanning trees, while the optimal graphs are 
always close to bipartite ones. Regular graphs also correspond to optimal cases, further-
more regularity is important for all optimal graphs, as the degrees of different vertices are 
always as close to each other as possible. Besides applying optimal filling structures in 
given decision making problems, practitioners can utilize the optimal filling sequences in 
the cases, when the decision maker can abandon the problem at any period of the process 
(e.g., in online questionnaires).

Keywords  Pairwise comparison · Incomplete pairwise comparison matrix · Graph of 
comparisons · Filling in sequence · Graph of graphs
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1  Introduction

The concept of pairwise comparisons (Thurstone, 1927) is fundamental both in preference 
modelling and Multicriteria Decision Making (MCDM) (Triantaphyllou, 2000). These com-
parisons are frequently placed into so-called pairwise comparison matrices (PCMs), which 
are the basis of the Analytic Hierarchy Process (AHP) (Saaty, 1977, 1980). Incompleteness 
(the absence of some comparisons) occurs quite often in practical problems (Bozóki et al., 
2016; Temesi et al., 2024), as well as in theoretical questions (Fedrizzi & Giove, 2007; 
Bozóki et al., 2010; Csató & Rónyai, 2016; Kułakowski & Talaga, 2020). In connection 
with decision making problems, one major source of missing data is the lack of willingness 
or time of the decision maker, as completing all comparisons—especially in the case of 
many different levels, criteria, and alternatives—can be exhausting and lingering (Fedrizzi 
& Giove, 2013; Szádoczki et al., 2022).

We would like to underline that the aim of our research is not to encourage decision 
makers to make less comparisons or decision analysts to ask fewer questions, although it 
is one of the goals of several current studies (Rezaei, 2016; Abastante et al., 2019; Duleba, 
2022) to unburden the decision makers by reducing the number of comparisons in practi-
cal decision making. However, we would like to provide the sequence of questions for the 
analysts, which ensures that whenever the decision maker stops answering the questions, 
the calculated preferences are in some sense the closest to the decision makers’ real prefer-
ences. The arrangement of comparisons, which has a crucial effect on the results, is often 
represented by graphs (Gass, 1998). In this paper, we are the first to provide the optimal fill-
ing in patterns of incomplete pairwise comparison matrices, which on average produce the 
(both cardinally and ordinally) closest weight vectors to the complete case, for at most six 
alternatives (criteria) (n) for each possible number of comparisons (e), when the respective 
graph is connected. These optimal patterns for the examined (n, e) pairs are significant find-
ings of this paper themselves, however, they result in (partial) optimal filling in sequences, 
which can be instrumental in the case of such problems (e.g., online questionnaires), where 
the decision makers can abandon the problem at any period of the process to always be as 
close to the decision makers’ preferences as possible.

These kind of problems are often present in the case of large-scale group decision mak-
ing (Duleba et al., 2012; Tang & Liao, 2021; Li et al., 2022; Liang et al., 2023), or when 
several different experts’ comparisons should be evaluated from different fields as well 
(Francis-Oliviero et al., 2021), however, the results of this paper are not limited to group 
decision making problems.

In the analysis of filling in sequences, the focus of the paper, but also in structural analy-
sis of graphs and graph sequences in general, graph of graphs is a convenient and efficient 
tool for research and visualization, too. Nodes of a graph of graphs are graphs, and there 
is an edge between two nodes (=graphs) if the associated graphs are in a specified rela-
tion, e.g., they can be drawn from each other by adding or deleting an edge. Depending 
on the specification of the relation, several graphs of graphs have been investigated, see 
for instance Lovász (1977). Another remarkable graph of graphs is the Petersen family of 
seven graphs, including the Petersen graph itself (Hashimoto & Nikkuni, 2013). The graph 
of graphs by Mesbahi (2002) is motivated by the evolution of graphs in a dynamic system.

It is worth noting that the term ‘neighbouring graphs’ in Lovász (1977) is used syn-
onymously for ‘there is an edge between two graphs’. Analogously, ‘reachable’ in Mesbahi 
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(2002) means that there is a path between two graphs. We use the concept of graph of graphs 
to visualize our findings throughout the paper. To make it easier to follow, the graphs of 
graphs and their components, from now on, are referred to using capital letters in the study 
(e.g., GRAPH, EDGE, NODE, PATH, etc.) distinguishing them from the graphs (NODEs) 
themselves.

The rest of the paper is organized as follows. Section 2 presents the fundamental con-
cepts and definitions regarding PCMs and their graph representation. The methodology of 
the applied simulations and the related probability theoretical reasoning are detailed in Sect. 
3, while Sect. 4 contains the results, the optimal filling in sequences for the examined cases. 
Finally, Sect. 5 concludes and raises research questions for the future.

2  Basic concepts: PCMs and their graph representation

Pairwise comparisons are the core of ranking, sports competitions, as well as many statistics 
and decision making techniques (Davidson & Farquhar 1976, Csató 2021). We focus on 
pairwise comparison matrices (PCMs) which are used in the Analytic Hierarchy Process 
(AHP) MCDM methodology to evaluate alternatives according to a criterion, as well as to 
determine the importance of the different criteria. However, our results can be beneficial in 
a wider range.

Definition 1 (Pairwise comparison matrix (PCM))   Let us denote the number of criteria (alter-
natives) in a decision problem by n. The n × n matrix A = [aij ] is called a pairwise com-
parison matrix, if it is positive (aij > 0 for all i and j) and reciprocal (1/aij = aji for all 
i and j).

The element aij  of a PCM shows how many times item i is better/stronger/more important 
than item j. However, when a decision maker fills in all n(n − 1)/2 elements (the elements 
above the principal diagonal, because of the reciprocity) there can be some kind of contra-
diction, a certain inconsistency in the PCM.

Definition 2 (Consistent PCM)  A PCM is said to be consistent if aik = aijajk ∀i, j, k. If a 
PCM is not consistent, then it is called inconsistent.

Naturally, there are several degrees of inconsistency, which leads to the deeply analyzed 
problem of different inconsistency indices (Brunelli, 2018), their properties (Brunelli, 
2017), and the appropriate recommended thresholds (Amenta et al. 2020, Ágoston & Csató 
2022). Although, many measures have been proposed, the most widely used one is probably 
still Saaty’s Consistency Ratio (CR) (Saaty, 1977).

Definition 3 (Consistency Ratio (CR))  The CR of an n × n PCM A is defined as follows:

	
CR = CI

RI
,� (1)

where CI  stands for Consistency Index, that is:
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CI = λmax − n

n − 1
,� (2)

where λmax is the principal eigenvalue of the matrix A, and RI  is the Random Index, which 
is the average CI  obtained from a sufficiently large set of randomly generated PCMs of 
size n.
Probably the two most commonly used techniques to calculate a weight vector (prioritiza-
tion vector) from a PCM that shows the importance of compared items, are the logarithmic 
least squares (LLSM) (Crawford & Williams, 1985) and the eigenvector (EV) (Saaty, 1977) 
methods.

Definition 4 (Logarithmic Least Squares Method (LLSM))  Let A be an n × n PCM. The 
weight vector w of A determined by the LLSM is given as follows:

	
min

w

n∑
i=1

n∑
j=1

(
ln(aij) − ln

(
wi

wj

))2

,� (3)

where wi is the ith coordinate of w.

Definition 5 (Eigenvector (EV) Method)  Let A be an n × n PCM. The weight vector w of A
determined by the EV method is defined as follows:

	 A · w = λmax · w,� (4)

where the componentwise positive principal eigenvector w is unique up to a scalar 
multiplication.
These two methods are shown to be indeed similar in their results, however LLSM has sig-
nificantly lower computational time (Dong et al., 2008).

In several situations some comparisons are absent, which may happen because the deci-
sion makers do not have time, willingness or possibility to make all of them, data have 
been lost, the direct comparison is simply impossible (for instance in sports (Bozóki et al., 
2016)), etc. When a PCM has missing elements, it is said to be an incomplete PCM (IPCM).

The LLSM and EV weight calculation methods can be generalized to the incomplete case 
as well, when the LLSM’s optimization problem (Eq. 3) includes only the known elements 
of the matrix, while the EV method is based on the CR-minimal completion (CREV) of the 
PCM and its principal right eigenvector (Shiraishi et al., 1998; Shiraishi & Obata, 2002).

In this paper we analyze different kinds of filling in structures of IPCMs, thus we assume 
that the set of pairwise comparisons to be made can be chosen. We also heavily rely on the 
graph representation of IPCMs (Gass, 1998).

Definition 6 (Representing graph of an IPCM)  An IPCM A is represented by the undirected 
graph G = (V, E), where the V  vertex set of G corresponds to the alternatives (criteria) of 
A, and there is an edge in the edge set E of G if and only if the appropriate element of A 
is known.
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We assume that no prior information is available about the items to be compared, thus in 
the examined filling in patterns we do not distinguish between the isomorphic representing 
graphs. The optimal solutions of both above-mentioned weight calculation techniques for 
IPCMs (LLSM and CREV) are unique if and only if the representing graph is connected 
(Bozóki et al., 2010).

Definition 7 (Connected graph)  In an undirected graph, two vertices u and v are called con-
nected if the graph contains a path from u to v. A graph is said to be connected if every pair 
of vertices in the graph is connected.

The smallest connected systems are associated with spanning trees, which contain n − 1 
edges for n vertices.

Definition 8 (Spanning tree)  Let G = (V, E) be a connected graph. G′ = (V, E′) is a span-
ning tree of G if E′ ⊆ E is a minimal set of edges that connect all vertices of G.

An IPCM represented by a spanning tree can always be complemented to a consistent PCM, 
however, the results based on such an IPCM are usually extremely unreliable. The special 
importance of spanning trees is emphasized by the combinatorial weight calculation method 
(Tsyganok, 2010), which is built on the weight vectors obtained from all different spanning 
trees. This technique provides the same prioritization vector as the LLSM, if we use the geo-
metric mean, both for PCMs (Lundy et al., 2017) and IPCMs (Bozóki & Tsyganok, 2019).

The results obtained by any weight calculation methods for IPCMs is strongly dependent 
on the number of known comparisons, namely the number of edges of the representing 
graph (e), and the arrangements of these known elements. Several properties have been 
examined in connection with the positioning of the known items, among which (some sense 
of) regularity of comparisons seems to be an especially important one (Wang & Takahashi, 
1998; Kulakowski et al., 2019; Szádoczki et al., 2020), which can also be described by the 
representing graph.

Definition 9  (k-regularity)   A graph is called k-regular if every vertex has k  neighbours, 
which means that the degree of every vertex is k.

When both the number of vertices (n) and the level of regularity (k) are odd, k-regularity is 
not possible. However, the graphs that are the closest to k-regularity in this case are called 
k-quasi-regular graphs (Szádoczki et al., 2022).

Definition 10 (k-quasi-regularity)  A graph is called k-quasi-regular if exactly one vertex has 
degree k + 1, and all the other vertices have degree k.

In decision making the (quasi-)regularity of the representing graph ensures a certain level 
of symmetry, as every item is compared to the (approximately) same number of elements. 
This kind of property is also required in other fields, for instance, in the design of some sport 
tournaments (Csató 2017).

We have only focused on multiplicative PCMs in the above definitions in this section, 
however, one can make the appropriate transformations to get an additive or a reciprocal 
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(fuzzy) PCM from those (Brunelli, 2015). Thus, we would like to emphasize that all of our 
findings in the sections below are true for those types of matrices as well.

3  Methodology

Our aim is to find the filling structures that provide the closest results to the complete case 
for a given (n, e) pair, number of alternatives (criteria) and comparisons. As it is assumed 
that we do not have any prior information, and so, the different items are not distinguished, 
we used Wolfram Mathematica (Wolfram Research, 2021), nauty and Traces (McKay & 
Piperno, 2014), and IGraph/M (Horvát, 2020) to generate every non-isomorphic (represent-
ing) graph for the examined (n, e) pairs. Our extensive numerical simulations are based on 
the filling patterns related to these graphs.

The used methods are similar to Szádoczki et al. (2023), however their study only 
focuses on a few special cases of filling patterns, their results are based on significantly 
smaller samples, and they even compare representing graphs with different number of edges 
(comparisons), i.e., cases where it is difficult to distinguish between the effect of the filling 
structure and the effect of the number of comparisons. While the current paper compares all 
the possible filling structures for a given (n, e) pair (i.e., for the same number of compari-
sons) with a more general approach.

In order to measure the differences between the weight vectors, we apply commonly used 
cardinal and ordinal indicators, the Euclidean distance (deuc) and the Kendall rank correla-
tion coefficient (Kendall’s τ ), respectively, which are defined as follows.

	
deuc(u, v) =

√√√√
n∑

i=1

(ui − vi)2 � (5)

	
τ(u, v) = nc(u, v) − nd(u, v)

n(n − 1)/2 � (6)

where u denotes the weight vector obtained from a certain filling structure and v is the 
weight vector computed from the complete PCM. u and v are normalized by 

∑n
i=1 ui = 1, 

and 
∑n

i=1 vi = 1, respectively, and vi and ui denote the ith element of the appropriate vec-
tors. nc(u, v) and nd(u, v) are the number of concordant and discordant pairs of the exam-
ined vectors, respectively. The range of the Kendall’s τ  is [−1, 1], and considering the 
notation in Eq. 6, a higher value indicates a better performance of the given filling pattern. 
However, in this case (Eq. 5) the Euclidean distance can be interpreted as an error, thus its 
smaller level is preferred.

It is also worth mentioning that besides these, Szádoczki et al. (2023) used many dif-
ferent kinds of measures for the special cases examined by them, such as the Garuti index 
(Garuti, 2020), and all of those provided similar results, thus we chose to apply only the 
most well-known and basic metrics.

An instrumental part of our methodology is to determine the sample size needed in the 
simulations, which is based on a certain form of Chebyshev’s inequality (Steliga & Szynal, 
2010; Saw et al., 1984) that leads to the weak law of large numbers.
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Proposition 1 (Weak law of large numbers)  Let (ξk) be independent and identically distrib-
uted random variables with finite standard deviation (σ), and let E(.) denote the expected 
value operator. Then Eq. 7 follows for all ε > 0 :

	
P

(∣∣∣∣
∑n

k=1 ξk

n
− E (ξ1)

∣∣∣∣ > ε

)
≤ σ2

nε2 −−−−→
n→∞

0,� (7)

where the last part of the expression means that the limit of the probability is 0 as n goes 
to infinity.

The α = σ2 /nε2 notation defines the significance level of our results, while ε is themar-
gin of error. We estimated the standard deviations of the Euclidean distances and the Kend-
all’s τ   measures for the different filling structures in our simulation and used an upperbound 
on it. Based on this method we applied a sample size of one million elements forevery 
(representing) graph, which results in (as an upper bound as well)

	● α = 0.01 and ε = 0.0005 for the computed Euclidean distances,
	● and α = 0.05 and ε = 0.001 for the calculated Kendall’s τ  measures.

As we mentioned earlier, the result of the EV weight calculation technique is similar 
tothe LLSM, but its computational time is larger. This pattern is even stronger in the case 
ofincompleteness (for CREV and incomplete LLSM, see for instance Csató (2013)), thus 
dueto the large sample sizes, in our simulations we mainly focus on the LLSM weight 
calculationtechnique. The results of the CREV method were computed for smaller cases 
(n ≤ 5 )with a sample size of 500 000 as well, however, the ranking of filling patterns were 
alwaysthe same, and the indicators were almost always closer to the LLSM outcomes than 
themargin of error, thus we decided not to present them in much detail.The process of the 
simulation for a given (n, e) pair consisted of the following steps:

 
1.	 n random weights (in general they are denoted by wi) were generated, where 

wi ∈ [1, 9] is a uniformly distributed random real number for all i ∈ 1, 2, . . . , n. We 
calculated random n × n complete and consistent PCMs, where the elements of the 
matrices were given by Eq. 8. 

	 aij = wi/wj � (8)

2.	 Then three different perturbations of the items of consistent PCMs were used to get in-
consistent matrices with three well-distinguishable inconsistency levels. These levels 
are denoted by weak, modest and strong given by Eqs. 9, 10 and 11. 

	
âweak

ij =
{

aij + ∆ij : aij + ∆ij ≥ 1
1

1−∆ij−(aij−1) : aij + ∆ij < 1 ∆ij ∈ [−1, 1] � (9)

	
âmodest

ij =
{

aij + ∆ij : aij + ∆ij ≥ 1
1

1−∆ij−(aij−1) : aij + ∆ij < 1 ∆ij ∈
[
−3

2
,

3
2

]
� (10)
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âstrong

ij =
{

aij + ∆ij : aij + ∆ij ≥ 1
1

1−∆ij−(aij−1) : aij + ∆ij < 1 ∆ij ∈ [−2, 2] � (11)

where âweak
ij , âmodest

ij  and âstrong
ij  are the elements of the perturbed PCMs, aij  is the 

element of the consistent PCM, aij ≥ 1 (we only perturb the elements above one and 
keep the reciprocity of the matrices), and ∆ij  is uniformly distributed in the given 
ranges. This perturbation method is able to produce ordinal differences as well (when 
âij < 1). It is important to mention that we account for the contrast that can be exam-
ined above and below 1, thus our perturbed data is uniformly distributed around the 
original element on the scale presented by Fig. 1, which also contains two examples. 
Our perturbation method aims to provide three different and meaningful inconsistency 
levels and it is, indeed, correlated with the Consistency Ratio (CR), as it is shown in 
Fig. 2. We tested several combinations of parameters, and found that these resulted 
in the most relevant levels of CR, as the median CR value (based on a sample of 
1000 matrices) is approximately 0.03, 0.065 and 0.1 for the weak, modest, and strong 
perturbations, respectively. We also ran the simulations with a modified perturbation 
method using lognormal errors in a multiplicative manner, however, they provided the 
exact same results and conclusions. For further details see Appendix A.

3.	 We deleted the respective elements of the matrices in order to get the filling structure 
that we were examining, and applied the LLSM (and CREV in the case of n ≤ 5) 
technique(s) to obtain the weights. The certain models’ Euclidean distances and 
Kendall’s τ  measures were computed with respect to the weights that were calculated 
from the complete inconsistent matrices. The analyzed filling in patterns included all 
of those that can be represented by connected non-isomorphic graphs with parameters 

Fig. 2  The relation between CR and our element-wise perturbation via Box plots. Each Box plot is based 
on 1000 randomly generated perturbed PCMs, and shows the minimum, maximum, and the first, second 
(median), and third quartile of the gained CR values

 

Fig. 1  The ratio scale 1/9, . . . , 9 and the perturbation of elements according to (9)–(11)
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(n, e).
4.	 We repeated steps 1–3 for 1 000 000 times for every level of inconsistency (thus 

altogether we examined 3 000 000 PCMs for a given (n, e) pair). Finally, we saved 
the mean of Euclidean distances and Kendall’s τ  measures for the different filling in 
patterns.

Remark 1  The distribution of the elements of complete PCMs is independent of n. This 
property holds for both consistent and perturbed complete PCM cases.

The reason behind this is that, in the simulations at first the elements of a given matrix 
are generated independently from n, and then they are placed into the n × n PCM. The his-
tograms of the complete PCM elements above 1 in the different perturbation cases, based on 
samples containing 1 million elements each, are presented in Fig. 3 (with a 0.1 bin width).

According to the histograms, a higher level of perturbation (inconsistency) leads to a 
higher chance to have large (extreme) matrix elements.

4  Results

We would like to emphasize that all of the results (and graph recommendations) presented 
in this section are under the following crucial assumptions. 

1.	 We can choose the comparisons that should be made (they are not given a priori).

Fig. 3  The histograms of the ≥ 1 elements of PCMs in case of different perturbations based on a sample 
of 1 million elements (with a 0.1 bin width)
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2.	 An ‘optimal’ graph is the one that provides the closest LLSM weight vector on average 
to the one calculated from the complete matrix according to the measures presented in 
Sect. 3.

3.	 There is not any prior information about the items that should be compared, thus we can 
handle them in a symmetric way. This also means that the ‘reliability’ and the weight of 
every comparison is assumed to be the same.

Naturally, if one or more of the assumptions above do not hold—for instance comparing 
to another benchmark instead of the complete inconsistent PCM—that could lead to other 
outcomes. It is important to note that the interesting cases for our research start above three 
alternatives n, as in the case of n = 2 and n = 3 there is always one non-isomorphic (repre-
senting) graph for every relevant pair of (n, e) as it is shown in Fig. 4.

The n = 4 case also contains only a few possibilities, but it can be interesting in a deci-
sion problem, when there are several criteria and four alternatives, and it helps to understand 
the results for larger examples as well. Fig. 5 presents the connected representing graphs for 
n = 4 as a GRAPH of graphs.

The value of e is shown in every row of the GRAPH, in which an EDGE between two 
NODEs (=graphs) denotes that we can obtain one graph from the other one by adding (or 
deleting) exactly one edge. The GRAPH of graphs in Fig. 5 is a 4-partite GRAPH with a fur-
ther specific property, namely, that EDGEs go between levels k and k + 1 only (k = 1, 2, 3). 
Note that if all EDGEs would be oriented ‘downwards’ (i.e., the addition of an edge in 
the graph of comparisons), a partially ordered set of graphs (of comparisons) would be 
resulted in. We denote the graph that provided the weight vectors with the smallest average 
Euclidean distance and the largest average Kendall’s τ  respect to the vectors calculated 
from the complete case by green background color for every e. If two optimal graphs are 
connected with an EDGE, then it is a partial optimal sequence, and the respective EDGE is 
also highlighted by green. It is important to note that the relevant values for e (the number 
of comparisons) are between n − 1 (spanning trees) and n(n − 1)/2 (complete graphs rep-
resenting complete PCMs).

Among the spanning trees the star graph provided the smallest errors (Euclidean dis-
tances) and the largest Kendall’s τ  measures. This is not connected to the optimal graph with 
four edges, which is the 2-regular cycle. However, from this point on the optimal graphs 
result in an optimal filling sequence. This is not surprising, as for e = 5 and e = 6 there is 
only one possible non-isomorphic representing graph, but this example probably helps to 
understand the following cases. Tables 1 and 2 present the results provided by the graphs 
with (n = 4, e = 3) and (n = 4, e = 4) respectively, in the case of the different perturbation 
levels. The name of the optimal graph, and the best values in every column are highlighted 
by bold text.

Fig. 4  The connected non-isomorphic representing graphs for n ≤ 3
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Table 1  The average Euclidean distances and Kendall’s τ  measures for the graphs with (n = 4, e = 3) in the 
case of the different perturbation levels
Graph Weak Modest Strong

deuc Kendall’s τ deuc Kendall’s τ deuc Kendall’s τ
Star graph 0.0918 0.7306 0.1293 0.6639 0.1620 0.6164
Line graph 0.0967 0.7194 0.1361 0.6501 0.1701 0.6020

Table 2  The average Euclidean distances and Kendall’s τ  measures for the graphs with (n = 4, e = 4) in the 
case of the different perturbation levels
Graph Weak Modest Strong

deuc Kendall’s τ deuc Kendall’s τ deuc Kendall’s τ
Not regular graph 0.0650 0.8027 0.0920 0.7496 0.1156 0.7111
2-regular graph 0.0543 0.8216 0.0771 0.7705 0.0970 0.7328

Fig. 5  The GRAPH of graphs for n = 4, the optimal graph for a given e is highlighted by green, EDGEs 
between optimal graphs are colored green
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Based on Tables 1 and 2, one can observe that for a given (n, e) pair, the same graphs 
provided the best results on average for the examined measures for every perturbation level. 
There are indeed significant differences between the examined graphs (the margin of error 
is 0.0005 for the Euclidean distances and 0.001 for the Kendall’s τ  measures). It is also easy 
to see that a stronger perturbation results in higher errors, while an additional edge leads 
to smaller distances and higher ordinal correlations. Figure 6 presents the relation between 
the number of comparisons (e) and the analyzed cardinal (deuc) and ordinal (Kendall’s τ ) 
measures, which can help practitioners to determine the minimal sufficient number of com-
parisons in a given problem. Note that Fig. 6 shows the results for the optimal graphs for 
every e, thus one optimal value is not necessarily reachable from the previous one, only in 
the case of partial optimal sequences.

If we know in advance that the decision maker is willing to provide exactly e = n − 1 = 3 
comparisons, then, according to Fig. 5, we recommend the star graph, i.e., filling in one (e.g. 
the first) row/column of the pairwise comparison matrix, namely elements a12, a13 and 
a14 (in any order), also summarized in Table 3. It is worth noting that in this case Assump-
tion 3 has a special importance as all items are compared to one (pivotal) item.

If we assume that the decision maker is willing to provide more than three comparisons, 
the optimal filling in sequence is {a12, a23, a34, a14} (the first four comparisons can be 
made in any order), followed by a13 and finally a24, also summarized in Table 4.

Naturally, in a general practical application, we do not know how many comparisons will 
be provided by the decision maker. However, if the number of comparisons is lower than 
e = 3(= n − 1), then it is not possible to determine a unique weight vector, while if it is 
strictly larger than e = 3, then fortunately it happens that a partial optimal sequence leads 

1 2 3 4
1 #1’ #2’ #3’
2
3
4

Table 3  Filling in sequence for 
n = 4, e = 3

Orders with ’ are 
interchangeable.

 

Fig. 6  The relation between the number of comparisons (e), the errors (Euclidean distances) and Kend-
all’s τ  measures of optimal graphs for n = 4
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to the complete matrix. Based on that we would consider the instance with exactly e = 3 
comparisons a special case, and follow the partial optimal filling in sequence otherwise.

For larger number of alternatives (criteria, n), the possible number of connected graphs 
increases quickly, thus it is even more relevant to determine the optimal filling structure. 
In the case of n = 5, there are 21 connected graphs altogether. Their 7-partite GRAPH of 
graphs can be seen in Fig. 7, using the same notations as before.

One can see many similarities with the previous outcomes. The star graph resulted in the 
smallest Euclidean distance and the largest Kendall’s τ  measure among the spanning trees, 
once again. It is not connected to the optimal graph with e = 5, which is the 2-regular cycle, 
as before. The next optimal graph with e = 6 is not connected to the cycle, as well, however, 
from that point on there is a partial optimal sequence to the complete filling of the repre-
sented PCM. Somewhat surprisingly, the graphs providing the smallest Euclidean distances 
resulted in the largest Kendall’s τ  for every single case, except for e = 8. However, in that 
case the difference between the Kendall’s τ  measures for the two possible graphs is within 
the margin of error, thus we highlighted the graph that is better according to the Euclidean 
distance, and it is better in both indicators if we consider the CREV weight calculation tech-
nique or if we use lognormal perturbations (see Appendix A). It is worth mentioning that 
this graph is the 3-quasi-regular graph on n = 5.

Figure 8 shows the relation between the number of comparisons (e) and the analyzed 
measures for n = 5 in the case of optimal graphs. One optimal value is not necessarily 
reachable from the previous one, as before. Minimal thresholds could be determined for the 
number of comparisons based on this figure for certain decision problems.

If we know in advance that the decision maker is willing to provide exactly e = n − 1 = 4 
comparisons, then, according to Fig. 7, we recommend the star graph (with special attention 
to Assumption 3), i.e., filling in one (e.g. the first) row/column of the pairwise comparison 
matrix, namely elements a12, a13, a14 and a15, also summarized in Table 5.

In the case the decision maker is willing to provide exactly e = n = 5 comparisons, then 
we should make the comparisons along an n-cycle, e.g., {a12, a23, a34, a45 and a15} (the 
five comparisons can be made in any order), also summarized in Table 6.

When we can assume that the decision maker is willing to provide more than five 
comparisons, the optimal filling in sequence is {a14, a15, a24, a25, a34, a35} (the first six 
comparisons can be made in any order), followed by a12, a13, a45, and finally a23, also 
summarized in Table 7.

Again, in an application, it is difficult to know the number of provided comparisons in 
advance. Still, if the decision maker provides at least e = 6(= n + 1) comparisons, then 
there is a partial optimal filling in sequence to the complete PCM, while if the number of 
provided comparisons is at most e = 3(= n − 2), then it is not possible to determine a 
unique weight vector. Thus, the instances with exactly e = 4(= n − 1) and e = 5(= n) 
comparisons are considered to be special cases, and generally the partial optimal filling in 
sequence is recommended to be followed.

1 2 3 4
1 #1’ #5 #4’
2 #2’ #6
3 #3’
4

Table 4  Filling in sequence for 
n = 4, e > 3

Orders with ’ are 
interchangeable.
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Finally, for n = 6, there are 112 possible connected (representing) graphs. Figure 9 
shows the 11-partite GRAPH of graphs for this case, however, in order to keep it visible, we 
only denote each possible graph by a vertex, and present the optimal cases in detail in Fig. 
10. For e = 12 and e = 13 the results are close to each other, and some of the differences 
of the Kendall’s τ  measures are also smaller than the margin of error. Here the best graph 
according to the Euclidean distance and the Kendall’s τ  are different as well. However, we 
highlighted the graphs which were at least second according to at least one indicator by 
a lighter green color. These highlighted graphs for a given e practically provide the same 
results. As there is always a unique optimal graph according to the Euclidean distance, we 
denoted those with an E. We have not highlighted the EDGEs by green color on this part of 
the GRAPH of graphs, because of the similar results (ties), however, the EDGE connecting 
the graphs (NODEs) that provided the best results according to the Euclidean distance are 

Fig. 7  The GRAPH of graphs for n = 5, optimal graphs are highlighted by green
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highlighted by blue color. In Fig. 10 for e = 12 and 13 also the graphs, which are the best 
according to the Euclidean distance are presented.

If we know in advance that the decision maker is willing to provide exactly e = n − 1 = 5 
comparisons, then, according to Fig. 9, we recommend the star graph (with special attention 
to Assumption 3), i.e., filling in one (e.g. the first) row/column of the pairwise comparison 
matrix, namely elements a12, a13, a14, a15 and a16, also summarized in Table 8.

1 2 3 4 5
1 #7 #8 #1’ #2’
2 #10 #3’ #4’
3 #5’ #6’
4 #9
5

Table 7  Filling in sequence for 
n = 5, e > 5

Orders with ’ are 
interchangeable.

 

1 2 3 4 5
1 #1’ #5’
2 #2’
3 #3’
4 #4’
5

Table 6  Filling in sequence for 
n = 5, e = 5

Orders with ’ are 
interchangeable.

 

1 2 3 4 5
1 #1’ #2’ #3’ #4’
2
3
4
5

Table 5  Filling in sequence for 
n = 5, e = 4

Orders with ’ are 
interchangeable.

 

Fig. 8  The relation between the number of comparisons (e), the errors (Euclidean distances) and Kend-
all’s τ  measures of optimal graphs for n = 5
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If the decision maker is willing to provide more than five comparisons, the recommended 
filling in sequence is {a14, a15, a24, a26, a35, a36} (the first six comparisons can be made 
in any order), followed by a25, a34, a16, a12, a46, a23, a45, a56, and finally a13, also sum-
marized in Table 9.

Since there is no path along all the optimal graphs, the filling in sequence above includes 
as many as possible. The remaining EDGEs are colored with orange in Fig. 9, and it should 
be noted that the other included graphs are as close to optimal ones as possible. In gen-
eral it is difficult to predict the number of comparisons provided by the decision maker, 
thus we recommend to follow this sequence of comparisons, and treat the instance, when 
e = 5(= n − 1) as a special case.

One can observe many similarities with the earlier outcomes in connection with the con-
crete graphs, and the pattern of optimal graphs as well. Among the spanning trees, the star 
graph provided the best results according to both measures again. For e = 6 the 2-regular 
cycle turned out to be the optimal case, just as earlier. The optimal graphs with e = 5, 6 and 
7 are not connected, but from that point on we can determine an optimal filling in sequence 
to the complete graph (if we consider all the light green cases optimal).

Moreover, for e = 9 the optimal graph is the single bipartite 3-regular graph on six verti-
ces, while for e = 12 the highlighted graph, which provided the best results according to the 
Euclidean distance and the second best according to the Kendall’s τ , is the only 4-regular 

Fig. 9  The GRAPH of graphs for n = 6, 
optimal graphs (=NODEs) are colored 
green, EDGEs between optimal graphs 
are colored green, too. For e = 12 and 
e = 13 some of the Kendall’s τ  values 
are smaller than the margin of error, the 
graphs (=NODEs) that are at least second 
according to at least one indicator are 
denoted by lighter green color, while 
E denotes the unique optimal graphs 
(=NODEs) according to the Euclidean 
distance for a given e. These latter graphs 
(=NODEs) are connected by a blue 
EDGE, while the path including as many 
of the optimal graphs (=NODEs) as pos-
sible, is complemented by orange EDGEs 
besides the green ones
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Table 8  Filling in sequence for n = 6, e = 5
1 2 3 4 5 6

1 #1’ #2’ #3’ #4’ #5’
2
3
4
5
6
Orders with ’ are interchangeable.

Fig. 10  The optimal graphs related to the green NODEs in Fig. 9. The second row shows a partial optimal 
filling sequence corresponding to the one in Fig. 9, these graphs can be reached from each other. The 
additional comparisons are highlighted in every step according to the color of the corresponding EDGE 
in Fig. 9
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graph on six vertices. Based on the general conclusions of the simulations, we can make 
several important remarks.

Remark 2  The star graph provided the best results according to both measures for all exam-
ined (n, e = n − 1) cases. Thus we can say that it is an optimal structure, intuitively it keeps 
this property for larger cases (n), as well.

Remark 3  For the (n, e = k · n/2) examples, the optimal graph is always a k-regular graph. 
Furthermore, k-quasi-regular graphs are optimal as well. One can say that regularity is 
indeed important in a more general way, as in all of the examined instances, the degree of 
different vertices (the number of comparisons) are as close as possible.

Remark 4  The optimal graphs are always bipartite graphs, or the closest ones to that.

The analyzed indicators for optimal graphs in the case of different number of compari-
sons (e) can be seen in Fig. 11 for n = 6. Again, it can serve as a guide for practitioners. 
All of our simulation results provided optimal filling structures (representing graphs) for 
the examined (n, e) pairs, as well as (partial) optimal filling sequences. The outcomes show 
indeed similar patterns for different parameters, and can support both applications and theo-
retical studies.

Table 9  Filling in sequence for n = 6, e > 5
1 2 3 4 5 6

1 #10 #15 #1’ #2’ #9
2 #12 #3’ #7 #4’
3 #8 #5’ #6’
4 #13 #11
5 #14
6
Orders with ’ are interchangeable.

Fig. 11  The relation between the number of comparisons (e), the errors (Euclidean distances) and Kend-
all’s τ  measures of optimal graphs for n = 6
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Finally, it is worth mentioning that although a practical MCDM problem usually has 
several hierarchical levels,—thus many PCMs have to be filled in and the overall number of 
comparisons is high,—the size of the matrices usually do not exceed 6 × 6 (Ábele-Nagy et 
al., 2018), which makes the presented results even more relevant. As shown in Fig. 4, find-
ing the optimal sequence of comparisons is only interesting for at least 4 alternatives, while 
for 7 or more alternatives the problem becomes computationally too demanding to proceed. 
There are 112 possible connected (representing) graphs for n = 6 (112 NODEs in Fig. 9), 
while the same number for n = 7, 8, and 9 are 853,  11117,  and 261080, respectively. At 
the same time, the difference between the different filling patterns seems to be smaller as n 
increases. Thus, there is a good chance that there would be many cases, where the difference 
between the graphs would be smaller than the margin of error for larger n values. Further-
more, based on our research, Gyarmati et al. (2023) found that the exact same graphs are 
optimal in the case of fundamentally different models as well, which are based on paired 
comparisons, i.e., the Bradley–Terry and Thurstone models. These findings suggest that our 
results are rather general and not model-specific.

5  Conclusion and further research

In this paper we analyzed all possible filling structures of incomplete pairwise comparison 
matrices when there is no prior information available for the compared items, in the case 
of at most six alternatives (criteria). The study heavily relied on the representing graphs of 
pairwise comparisons as well as on extensive numerical simulations with large samples. We 
compared the weight vectors (calculated by the incomplete LLSM) related to the certain fill-
ing patterns and compared them based on their Euclidean distance and Kendall’s τ  measure 
with the weights obtained from the complete case.

We found that there is a strong connection between the examined cardinal and ordinal 
indicators, thus we could determine the best filling structure for a given number of alter-
natives and comparisons, which is a significant finding itself. However, one of the main 
contributions of the paper is that, many of these optimal graphs resulted in optimal filling 
in sequences as illustrated by different paths in the examined GRAPHs of graphs first in the 
literature.

The filling structure represented by a star graph turned out to be optimal among the 
graphs (filling patterns) with the same cardinality (spanning trees). Regular graphs also 
seem to provide optimal solutions, and regularity is a common property of the optimal cases 
in a more general sense.

Both theorists and practitioners can utilize our findings not just to apply the optimal 
filling structure in their problems, but also to use the optimal filling sequences in decision 
making problems where the decision maker can abandon the problem at any period of the 
process. Furthermore, our results on the difference between the optimal patterns and the 
complete case for different number of comparisons can serve as a guide to determine the 
minimal sufficient number of comparisons for a given problem.

The presented results seem to be robust regarding

	● the weight calculation technique (eigenvector or logarithmic least squares method);
	● the level of inconsistency (weak, modest and strong perturbation levels);
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	● the way of perturbation (multiplicative lognormal errors or uniformly distributed errors 
on a modified scale);

	● the used distance metrics (Euclidean distance and Kendall’s τ );
	● even the model using pairwise comparisons, considering the findigs of Gyarmati et al. 

(2023).

A future research can investigate the certain comparisons that decrease the errors the most 
during the filling in process. When should we stop to ask even more questions from the deci-
sion maker? Do the last few comparisons provide significant information? How does this 
problem relate to the representing graph?

Empirical PCMs may differ from simulated ones, and many collections of those matrices 
(even with the complete filling in order) are available (Bozóki et al., 2013), thus in a future 
research it is important to test our findings on empirical matrices as well.

Naturally larger cases, other weight calculation methods and different distance measures 
can be further investigated as well. Are the findings remain true for a large number of alter-
natives? How much are they dependent on the used techniques and measures? What can we 
say when some prior information, for instance, the best or the worst alternatives, perhaps 
both, are known (Rezaei, 2015; Mustajoki et al., 2005; Edwards & Barron, 1994; von Win-
terfeldt & Edwards, 1986)?

Our results can be useful in other areas as well, for instance, in designing sport tourna-
ments. If we would like to plan the different rounds, we should make a number of compari-
sons simultaneously. This leads to the general question: besides optimal direct sequences, 
how does the optimal graphs include each other (indirectly)?

Appendix A

A modified version of the perturbations—using lognormal errors in a multiplicative man-
ner—was also investigated, where the weak, modest and strong inconsistency levels were 
ensured by Eqs. (12), (13), and (14).

	 âweak
ij = aij · ∆ij ∆ij ∼ Lognorm(0, 0.35) � (12)

	 âmodest
ij = aij · ∆ij ∆ij ∼ Lognorm(0, 0.5) � (13)

	 âstrong
ij = aij · ∆ij ∆ij ∼ Lognorm(0, 0.625) � (14)

where the same notation is used as in the main text, âweak
ij , âmodest

ij  and âstrong
ij  are the 

elements of the perturbed PCMs, aij  is the element of the consistent PCM, aij ≥ 1 (we 
only perturb the elements above one and keep the reciprocity of the matrices), and ∆ij  is a 
lognormal error with given parameters (expected value and standard deviation of the under-
lying normal distribution). These perturbations result in the inconsistency levels presented 
by Fig. 12 via Box plots.

This version of the perturbations basically provide the same levels of inconsistency as 
the one presented in Fig. 2, except that the maximum values are tend to be more extreme in 
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this case. This is caused by the fact that there is no theoretical upper bound on the maximum 
of the CR in this case (no theoretical bounds on the perturbation) compared to the uniform 
case, however, the probability of these extreme cases are quite small.

We ran all of the simulations (using the LLSM weight calculation technique) with these 
perturbations as well, and they provided exactly the same results and conclusions as the 
ones presented in Sect. 4.

Acknowledgments  The authors thank the valuable comments and suggestions of the anonymous Reviewers. 
The authors are grateful for the comments of László Csató and Éva Orbán-Mihálykó. The project identified 
by EKOP-CORVINUS-24-4-080 was realized with the support of the National Research, Development, and 
Innovation Fund provided by the Ministry of Culture and Innovation, as part of the University Research 
Scholarship Program announced for the 2024/2025 academic year. The research was supported by the 
National Research, Development and Innovation Office under Grants FK 145838 and TKP2021-NKTA-01 
NRDIO.

Funding  Open access funding provided by HUN-REN Institute for Computer Science and Control.

Declarations

Conflict of interest  The authors have no relevant financial or non-financial interests to disclose.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons 
licence, and indicate if changes were made. The images or other third party material in this article are 
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. 
If material is not included in the article’s Creative Commons licence and your intended use is not permitted 
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Fig. 12  The relation between CR and the element-wise perturbation applying lognormal errors via Box 
plots. Each Box plot is based on 1000 randomly generated perturbed PCMs, and shows the minimum, 
maximum, and the first, second (median), and third quartile of the gained CR values

 

1 3

http://creativecommons.org/licenses/by/4.0/


Annals of Operations Research

References

Abastante, F., Corrente, S., Greco, S., Ishizaka, A., & Lami, I. M. (2019). A new parsimonious AHP meth-
odology: Assigning priorities to many objects by comparing pairwise few reference objects. Expert 
Systems with Applications, 127, 109–120. https://doi.org/10.1016/j.eswa.2019.02.036

Ábele-Nagy, K., Bozóki, S., & Rebák, Ö. (2018). Efficiency analysis of double perturbed pairwise compari-
son matrices. Journal of the Operational Research Society, 69(5), 707–713. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​1​​
6​0​5​6​8​​2​.​2​0​1​7​​.​1​4​0​​9​4​0​8

Ágoston, K. C., & Csató, L. (2022). Inconsistency thresholds for incomplete pairwise comparison matrices. 
Omega, 108, Article 102576. https://doi.org/10.1016/j.omega.2021.102576

Amenta, P., Lucadamo, A., & Marcarelli, G. (2020). On the transitivity and consistency approximated thresh-
olds of some consistency indices for pairwise comparison matrices. Information Sciences, 507, 274–
287. https://doi.org/10.1016/j.ins.2019.08.042

Bozóki, S., & Tsyganok, V. (2019). The (logarithmic) least squares optimality of the arithmetic (geometric) 
mean of weight vectors calculated from all spanning trees for incomplete additive (multiplicative) pair-
wise comparison matrices. International Journal of General Systems, 48(3–4), 362–381. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​
g​/​1​​0​.​1​0​​8​0​/​0​3​​0​8​1​0​7​​9​.​2​0​1​9​​.​1​5​8​​5​4​3​2

Bozóki, S., Fülöp, J., & Rónyai, L. (2010). On optimal completion of incomplete pairwise comparison matri-
ces. Mathematical and Computer Modelling, 52(1), 318–333. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​0​1​6​/​j​.​m​c​m​.​2​0​1​0​.​0​2​.​
0​4​7​​​​​​​

Bozóki, S., Dezső, L., Poesz, A., & Temesi, J. (2013). Analysis of pairwise comparison matrices: An empirical 
research. Annals of Operations Research, 211(1), 511–528. https://doi.org/10.1007/s10479-013-1328-1

Bozóki, S., Csató, L., & Temesi, J. (2016). An application of incomplete pairwise comparison matrices for 
ranking top tennis players. European Journal of Operational Research, 248(1), 211–218. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​
g​/​1​0​.​1​0​1​6​/​j​.​e​j​o​r​.​2​0​1​5​.​0​6​.​0​6​9​​​​​​​

Brunelli, M. (2015). Introduction to the Analytic Hierarchy Process. Cham: Springer.
Brunelli, M. (2017). Studying a set of properties of inconsistency indices for pairwise comparisons. Annals 

of Operations Research, 248, 143–161. https://doi.org/10.1007/s10479-016-2166-8
Brunelli, M. (2018). A survey of inconsistency indices for pairwise comparisons. International Journal of 

General Systems, 47(8), 751–771. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​3​​0​8​1​0​7​​9​.​2​0​1​8​​.​1​5​2​​3​1​5​6
Crawford, G., & Williams, C. (1985). A note on the analysis of subjective judgment matrices. Journal of 

Mathematical Psychology, 29(4), 387–405. https://doi.org/10.1016/0022-2496(85)90002-1
Csató, L. (2013). Ranking by pairwise comparisons for Swiss-system tournaments. Central European Jour-

nal of Operations Research, 21(4), 783–803. https://doi.org/10.1007/s10100-012-0261-8
Csató, L. (2017). On the ranking of a Swiss system chess team tournament. Annals of Operations Research, 

254(1–2), 17–36. https://doi.org/10.1007/s10479-017-2440-4
Csató, L. (2021). Tournament design: How operations research can improve sports rules. Palgrave Pivots in 

Sports Economics. https://doi.org/10.1007/978-3-030-59844-0
Csató, L., & Rónyai, L. (2016). Incomplete pairwise comparison matrices and weighting methods. Funda-

menta Informaticae, 144(3–4), 309–320. https://doi.org/10.3233/FI-2016-1337
Davidson, R., & Farquhar, P. (1976). A bibliography on the method of paired comparisons. Biometrics, 32(2), 

241–252.
Dong, Y., Xu, Y., Li, H., & Dai, M. (2008). A comparative study of the numerical scales and the prioritization 

methods in AHP. European Journal of Operational Research, 186(1), 229–242. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​0​1​
6​/​j​.​e​j​o​r​.​2​0​0​7​.​0​1​.​0​4​4​​​​​​​

Duleba, S. (2022). Introduction and comparative analysis of the multi-level parsimonious AHP methodol-
ogy in a public transport development decision problem. Journal of the Operational Research Society, 
73(2), 230–243. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​1​​6​0​5​6​8​​2​.​2​0​2​0​​.​1​8​2​​4​5​5​3

Duleba, S., Mishina, T., & Shimazaki, Y. (2012). A dynamic analysis on public bus transport’s supply quality 
by using AHP. Transport, 27, 268–275. https://doi.org/10.3846/16484142.2012.719838

Edwards, W., & Barron, F. (1994). SMARTS and SMARTER: Improved simple methods for multiattribute 
utility measurement. Organizational Behavior and Human Decision Processes, 60(3), 306–325. ​h​t​t​p​s​:​/​
/​d​o​i​.​o​r​g​/​1​0​.​1​0​0​6​/​o​b​h​d​.​1​9​9​4​.​1​0​8​7​​​​​​​

Fedrizzi, M., & Giove, S. (2007). Incomplete pairwise comparison and consistency optimization. European 
Journal of Operational Research, 183(1), 303–313. https://doi.org/10.1016/j.ejor.2006.09.065

Fedrizzi, M., & Giove, S. (2013). Optimal sequencing in incomplete pairwise comparisons for large dimen-
sional problems. International Journal of General Systems, 42(4), 366–375. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​0​8​0​/​0​
3​0​8​1​0​7​9​.​2​0​1​2​.​7​5​5​5​2​3​​​​​​​

1 3

https://doi.org/10.1016/j.eswa.2019.02.036
https://doi.org/10.1080/01605682.2017.1409408
https://doi.org/10.1080/01605682.2017.1409408
https://doi.org/10.1016/j.omega.2021.102576
https://doi.org/10.1016/j.ins.2019.08.042
https://doi.org/10.1080/03081079.2019.1585432
https://doi.org/10.1080/03081079.2019.1585432
https://doi.org/10.1016/j.mcm.2010.02.047
https://doi.org/10.1016/j.mcm.2010.02.047
https://doi.org/10.1007/s10479-013-1328-1
https://doi.org/10.1016/j.ejor.2015.06.069
https://doi.org/10.1016/j.ejor.2015.06.069
https://doi.org/10.1007/s10479-016-2166-8
https://doi.org/10.1080/03081079.2018.1523156
https://doi.org/10.1016/0022-2496(85)90002-1
https://doi.org/10.1007/s10100-012-0261-8
https://doi.org/10.1007/s10479-017-2440-4
https://doi.org/10.1007/978-3-030-59844-0
https://doi.org/10.3233/FI-2016-1337
https://doi.org/10.1016/j.ejor.2007.01.044
https://doi.org/10.1016/j.ejor.2007.01.044
https://doi.org/10.1080/01605682.2020.1824553
https://doi.org/10.3846/16484142.2012.719838
https://doi.org/10.1006/obhd.1994.1087
https://doi.org/10.1006/obhd.1994.1087
https://doi.org/10.1016/j.ejor.2006.09.065
https://doi.org/10.1080/03081079.2012.755523
https://doi.org/10.1080/03081079.2012.755523


Annals of Operations Research

Francis-Oliviero, F., Bozóki, S., Micsik, A., Kieny, M. P., & Lelièvre, J. D. (2021). Research priorities to 
increase vaccination coverage in Europe (EU joint action on vaccination). Vaccine, 39(44), 6539–6544. ​
h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​1​6​/​j​.​​v​a​c​c​i​​n​e​.​2​0​2​​1​.​0​9​​.​0​3​3

Garuti, C. E. (2020). A set theory justification of Garuti’s compatibility index. Journal of Multi-criteria Deci-
sion Analysis, 27(1–2), 50–60. https://doi.org/10.1002/mcda.1667

Gass, S. (1998). Tournaments, transitivity and pairwise comparison matrices. Journal of the Operational 
Research Society, 49(6), 616–624. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​5​7​/​p​a​​l​g​r​a​v​​e​.​j​o​r​s​​.​2​6​0​​0​5​7​2

Gyarmati, L., Orbán-Mihálykó, É., Mihálykó, Cs., Szádoczki, Zs., & Bozóki, S. (2023). The incomplete 
analytic hierarchy process and Bradley–Terry model: (In)consistency and information retrieval. Expert 
Systems with Applications, 229(B), 120522. https://doi.org/10.1016/j.eswa.2023.120522

Hashimoto, H., & Nikkuni, R. (2013). On Conway-Gordon type theorems for graphs in the Petersen family. 
Journal of Knot Theory and its Ramifications, 22(9), 1350048. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​1​4​2​/​S​0​2​1​8​2​1​6​5​1​3​5​
0​0​4​8​X​​​​​​​

Horvát, Sz. (2020). IGraph/M. package for Wolfram Mathematica, https://github.com/szhorvat/IGraphM, 
https://doi.org/10.5281/zenodo.3739056.

Kułakowski, K., & Talaga, D. (2020). Inconsistency indices for incomplete pairwise comparisons matrices. 
International Journal of General Systems, 49(2), 174–200. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​3​​0​8​1​0​7​​9​.​2​0​2​0​​.​1​7​
1​​3​1​1​6

Kulakowski, K., Szybowski, J., & Prusak, A. (2019). Towards quantification of incompleteness in the pair-
wise comparisons methods. International Journal of Approximate Reasoning, 115, 221–234. ​h​t​t​p​s​:​/​/​d​o​
i​.​o​r​g​/​1​0​.​1​0​1​6​/​j​.​i​j​a​r​.​2​0​1​9​.​1​0​.​0​0​2​​​​​​​

Li, Y., Kou, G., Li, G., & Peng, Y. (2022). Consensus reaching process in large-scale group decision making 
based on bounded confidence and social network. European Journal of Operational Research, 303(2), 
790–802. https://doi.org/10.1016/j.ejor.2022.03.040

Liang, Y., Ju, Y., Qin, J., Pedrycz, W., & Dong, P. (2023). Minimum cost consensus model with loss aver-
sion based large-scale group decision making. Journal of the Operational Research Society, 74(7), 
1712–1729. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​1​​6​0​5​6​8​​2​.​2​0​2​2​​.​2​1​1​​0​0​0​2

Lovász, L. (1977). A homology theory for spanning trees of a graph. Acta Mathematica Academiae Scien-
tiarum Hungaricae, 30(3–4), 241–251. https://doi.org/10.1007/bf01896190

Lundy, M., Siraj, S., & Greco, S. (2017). The mathematical equivalence of the “spanning tree’’ and row 
geometric mean preference vectors and its implications for preference analysis. European Journal of 
Operational Research, 257(1), 197–208. https://doi.org/10.1016/j.ejor.2016.07.042

McKay, B. D., & Piperno, A. (2014). Practical graph isomorphism, II. Journal of Symbolic Computation, 60, 
94–112. https://doi.org/10.1016/j.jsc.2013.09.003

Mesbahi, M. (2002). On a dynamic extension of the theory of graphs. Proceedings of the 2002 American Con-
trol Conference (IEEE Cat. No.CH37301),2, 1234–1239. https://doi.org/10.1109/ACC.2002.1023188

Mustajoki, J., Hämäläinen, R., & Salo, A. (2005). Decision support by interval SMART/SWING - incorporat-
ing imprecision in the SMART and SWING methods. Decision Sciences, 36, 317–339. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​
1​​0​.​1​1​​1​1​/​j​.​​1​5​4​0​-​​5​4​1​4​.​2​​0​0​5​.​​0​0​0​7​5​.​x

Rezaei, J. (2015). Best-worst multi-criteria decision-making method. Omega, 53, 49–57. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​
1​0​1​6​/​j​.​o​m​e​g​a​.​2​0​1​4​.​1​1​.​0​0​9​​​​​​​

Rezaei, J. (2016). Best-worst multi-criteria decision-making method: Some properties and a linear model. 
Omega, 64, 126–130. https://doi.org/10.1016/j.omega.2015.12.001

Saaty, T. L. (1977). A scaling method for priorities in hierarchical structures. Journal of Mathematical Psy-
chology, 15(3), 234–281. https://doi.org/10.1016/0022-2496(77)90033-5

Saaty, T. L. (1980). The Analytic Hierarchy Process. New York: McGraw-Hill.
Saw, J. G., Yang, M. C., & Mo, T. C. (1984). Chebyshev inequality with estimated mean and variance. The 

American Statistician, 38(2), 130–132. ​h​t​t​p​s​:​​/​/​d​o​i​​.​o​r​g​/​1​​0​.​1​0​​8​0​/​0​0​​0​3​1​3​0​​5​.​1​9​8​4​​.​1​0​4​​8​3​1​8​2
Shiraishi, S., & Obata, T. (2002). On a maximization problem arising from a positive reciprocal matrix in 

AHP. Bulletin of Informatics and Cybernetics, 34(2), 91–96. https://doi.org/10.5109/13511
Shiraishi, S., Obata, T., & Daigo, M. (1998). Properties of a positive reciprocal matrix and their application 

to AHP. Journal of the Operations Research Society of Japan, 41(3), 404–414. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​5​8​0​
7​/​j​o​r​s​j​.​4​1​.​4​0​4​​​​​​​

Steliga, K., & Szynal, D. (2010). On Markov-type inequalities. International Journal of Pure and Applied 
Mathematics, 58(2), 137–152.

Szádoczki, Zs., Bozóki, S., & Tekile, H. A. (2020). Proposals for the set of pairwise comparisons. Proceed-
ings of the International Symposium on the Analytic Hierarchy Process, ISAHP-2020. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​
1​0​.​1​3​0​3​3​/​i​s​a​h​p​.​y​2​0​2​0​.​0​5​4​​​​​.​​​

Szádoczki, Zs., Bozóki, S., & Tekile, H. A. (2022). Filling in pattern designs for incomplete pairwise com-
parison matrices: (Quasi-)regular graphs with minimal diameter. Omega, 107, Article 102557. ​h​t​t​p​s​:​/​/​d​
o​i​.​o​r​g​/​1​0​.​1​0​1​6​/​j​.​o​m​e​g​a​.​2​0​2​1​.​1​0​2​5​5​7​​​​​​​

1 3

https://doi.org/10.1016/j.vaccine.2021.09.033
https://doi.org/10.1016/j.vaccine.2021.09.033
https://doi.org/10.1002/mcda.1667
https://doi.org/10.1057/palgrave.jors.2600572
https://doi.org/10.1016/j.eswa.2023.120522
https://doi.org/10.1142/S021821651350048X
https://doi.org/10.1142/S021821651350048X
https://github.com/szhorvat/IGraphM
https://doi.org/10.5281/zenodo.3739056
https://doi.org/10.1080/03081079.2020.1713116
https://doi.org/10.1080/03081079.2020.1713116
https://doi.org/10.1016/j.ijar.2019.10.002
https://doi.org/10.1016/j.ijar.2019.10.002
https://doi.org/10.1016/j.ejor.2022.03.040
https://doi.org/10.1080/01605682.2022.2110002
https://doi.org/10.1007/bf01896190
https://doi.org/10.1016/j.ejor.2016.07.042
https://doi.org/10.1016/j.jsc.2013.09.003
https://doi.org/10.1109/ACC.2002.1023188
https://doi.org/10.1111/j.1540-5414.2005.00075.x
https://doi.org/10.1111/j.1540-5414.2005.00075.x
https://doi.org/10.1016/j.omega.2014.11.009
https://doi.org/10.1016/j.omega.2014.11.009
https://doi.org/10.1016/j.omega.2015.12.001
https://doi.org/10.1016/0022-2496(77)90033-5
https://doi.org/10.1080/00031305.1984.10483182
https://doi.org/10.5109/13511
https://doi.org/10.15807/jorsj.41.404
https://doi.org/10.15807/jorsj.41.404
https://doi.org/10.13033/isahp.y2020.054
https://doi.org/10.13033/isahp.y2020.054
https://doi.org/10.1016/j.omega.2021.102557
https://doi.org/10.1016/j.omega.2021.102557


Annals of Operations Research

Szádoczki, Zs., Bozóki, S., Juhász, P., Kadenko, S. V., & Tsyganok, V. (2023). Incomplete pairwise compari-
son matrices based on graphs with average degree approximately 3. Annals of Operations Research, 
326(2), 783–807. https://doi.org/10.1007/s10479-022-04819-9

Tang, M., & Liao, H. (2021). From conventional group decision making to large-scale group decision mak-
ing: What are the challenges and how to meet them in big data era? A state-of-the-art survey. Omega, 
100, Article 102141. https://doi.org/10.1016/j.omega.2019.102141

Temesi, J., Szádoczki, Zs., & Bozóki, S. (2024). Incomplete pairwise comparison matrices: Ranking top 
women tennis players. Journal of the Operational Research Society, 75(1), 145–157. ​h​t​t​p​s​:​​​/​​/​d​o​​i​.​o​r​​g​/​​1​0​
.​​1​0​​8​0​/​​0​1​6​0​5​​​6​8​2​.​2​​​0​2​3​.​​2​1​8​0​4​4​7

Thurstone, L. (1927). A law of comparative judgment. Psychological Review, 34(4), 273–286. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​
g​/​1​0​.​1​0​3​7​/​h​0​0​7​0​2​8​8​​​​​​​

Triantaphyllou, E. (2000). Multi-criteria decision making methods. In Multi-criteria Decision Making Meth-
ods: A Comparative Study. Applied Optimization, vol 44. Springer, Boston, MA. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​1​0​
0​7​/​9​7​8​-​1​-​4​7​5​7​-​3​1​5​7​-​6​_​2​​​​​.​​​

Tsyganok, V. (2010). Investigation of the aggregation effectiveness of expert estimates obtained by the pair-
wise comparison method. Mathematical and Computer Modelling, 52(3), 538–544. ​h​t​t​p​s​:​/​/​d​o​i​.​o​r​g​/​1​0​.​
1​0​1​6​/​j​.​m​c​m​.​2​0​1​0​.​0​3​.​0​5​2​​​​​​​

von Winterfeldt, D., & Edwards, W. (1986). Decision Analysis and Behavioral Research. Cambridge: Cam-
bridge University Press.

Wang, K., & Takahashi, I. (1998). How to select paired comparisons in AHP of incomplete information - 
strongly regular graph design. Journal of the Operations Research Society of Japan, 41(2), 311–328. 
https://doi.org/10.15807/jorsj.41.311

Wolfram Research, I. (2021). Mathematica, Version 12.3. Champaign, IL, 2021. ​h​t​t​p​s​:​/​/​w​w​w​.​w​o​l​f​r​a​m​.​c​o​m​
/​m​a​t​h​e​m​a​t​i​c​a​​​​​.​​​

Publisher's Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

1 3

https://doi.org/10.1007/s10479-022-04819-9
https://doi.org/10.1016/j.omega.2019.102141
https://doi.org/10.1080/01605682.2023.2180447
https://doi.org/10.1080/01605682.2023.2180447
https://doi.org/10.1037/h0070288
https://doi.org/10.1037/h0070288
https://doi.org/10.1007/978-1-4757-3157-6_2
https://doi.org/10.1007/978-1-4757-3157-6_2
https://doi.org/10.1016/j.mcm.2010.03.052
https://doi.org/10.1016/j.mcm.2010.03.052
https://doi.org/10.15807/jorsj.41.311
https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica

	﻿Optimal sequences for pairwise comparisons: the graph of graphs approach
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Basic concepts: PCMs and their graph representation
	﻿﻿3﻿ ﻿Methodology
	﻿﻿4﻿ ﻿Results
	﻿﻿5﻿ ﻿Conclusion and further research
	﻿Appendix A
	﻿References


