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ABSTRACT
This study proposes a Bayesian approach for finite-sample inference of the Gaussian copula endogeneity correction. Extant studies
use frequentist inference, build on a priori computed estimates of marginal distributions of explanatory variables, and use boot-
strapping to obtain standard errors. The proposed Bayesian approach facilitates precise statistical inference through Markov chain
Monte Carlo simulation techniques and requires neither asymptotics nor tuning. It is one-step, where regression coefficients, error
variance, copula correlations, and probability masses of marginals are treated as random and sampled jointly, rather than fixed or
pre-estimated. Simulation experiments illustrate finite-sample performance, complemented by an empirical application.
JEL Classification: C11, C14, C21, C51, C61, M31

1 | Introduction

The frequentist estimator proposed by Park and Gupta [1] is
widely used to handle regressor-endogeneity without external,
that is, instrumental information [2]. It is a two-stage approach
that relies on Sklar’s theorem [3] and copula functions to approx-
imate the joint distribution of endogenous regressors and the
structural error term. In the first step, data-driven cumulative dis-
tribution functions (cdfs) of endogenous regressors are obtained.
These, along with an assumed distribution for structural errors,
are used as plug-in estimates for the copula function in the second
step, where the joint distribution is estimated using maximum
likelihood (ML). Park and Gupta [1] showed that maximising
the likelihood based on the joint distribution is equivalent to
incorporating ‘copula correction terms’ as additional regres-
sors in a linear regression model, allowing estimation by least
squares (OLS) as well (see also [4]). Accordingly, pre-estimation
of the marginal distributions of endogenous regressors makes
it a two-step procedure. Hence, uncertainty is not completely
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characterised, as the uncertainties that arise within the first stage
are typically overlooked in the second stage estimation. With a
nonlinear regressor-error relation, model identification does not
require any instrumental variables [5]. This can be established
when (i) the endogenous regressors are non-normal and (ii)
structural errors are assumed to be normally distributed. Using
a Gaussian copula additionally requires assuming (iii) Gaussian
dependence structures.

Against this background, this study proposes a one-step Bayesian
approach for precise finite-sample inference in copula-based
identification of endogenous regressors. In contrast to frequentist
estimation (we refer to [1, 4, 5]), the proposed approach does not
rely on fixed estimates for cdfs or correlations among regressors.
Instead, marginal distributions are modelled as non-parametric
functions using Dirichlet priors, and the full copula correlation
matrix is treated as a random variable using an inverse Wishart
prior. We use an MCMC sampling algorithm that combines
Gibbs steps and adaptive Metropolis-Hastings to draw probability
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masses for regressor distributions and the correlation matrix of
the Gaussian copula jointly with regression coefficients and vari-
ance of structural errors. Weakly informative, but proper, priors
enhance stability of the posterior, especially in regions where
the likelihood is flat, without imposing dogmatic assumptions.
The approach provides valid, credible intervals without reliance
on asymptotic arguments. The intervals convey the uncertainty
associated with the parameter estimates and avoid the simplicity
of point null hypothesis tests, which marks a key strength of
the Bayesian approach. Finally, numerically stable and adaptive
proposal densities that do not require parameter tuning yield
computationally efficient MCMC simulation techniques.

Simulation experiments demonstrate that the proposed Bayesian
approach is a promising alternative to existing frequentist
estimation, especially in small samples, because uncertainties
associated with plug-in estimates can be avoided. We demon-
strate that bootstrap-based frequentist standard errors are not
valid when the model is not identified. Consequently, relying
on standard errors as an indicator of model non-identification,
as commonly done in the frequentist approach, is misleading.
To illustrate the Bayesian approach in practice, we apply it to
scanner data from Dominick’s Finer Foods, a former major super-
market chain in the Chicago area. The aggregated dataset records
weekly store-level information on sales, prices, and promotions
for multiple orange juice brands. This allows us to examine
brand-specific demand while accounting for cross-brand effects.

The paper begins with a brief review of recent developments in
copula-based identification for endogenous regressors. Subse-
quently, Bayesian model estimation is discussed in Section 3.
Monte Carlo studies are conducted in Section 4 to assess the
inferential performance of the Bayesian approach. An empir-
ical analysis is presented in Section 5 to address (cross-)price
endogeneity in demand estimation, and Section 6 concludes.
Full conditionals for Gibbs sampling, score vectors, and working
weights for proposal densities are derived in the Web Appendices
A–C. The MCMC sampling algorithm is described in detail in
Web Appendix D, and Web Appendix E describes the implemen-
tation of the Bayesian approach in the empirical application.

2 | Recent Developments in Copula-Based
Identification

In some fields, applied researchers increasingly rely on the
copula approach introduced by Park and Gupta [1]—hereafter
abbreviated as PG—to address endogenous regressors in empir-
ical analyses. The method has gained particular prominence in
marketing and management research (for a detailed overview
of applications, see [6, 7]). For clarification, consider a stylised
linear regression model:

𝑦𝑖 = 𝛼 + 𝛽𝑥𝑖 + 𝛿𝑧𝑖 + 𝑒𝑖, 𝑖 = 1, . . . , 𝑁 (1)

and the researcher is interested in estimating the marginal effects
𝛽 and 𝛿 on the outcome 𝑦𝑖. Correlation between the continuous
regressor 𝑧𝑖 and the unobserved error 𝑒𝑖 generates the endogene-
ity problem, and the regressor 𝑥𝑖 is assumed uncorrelated with
the error, that is, exogenous. Instead of deriving estimates from
a likelihood based on the marginal distribution of 𝑒 (assuming

normality, this yields the (biased) least squares estimates), Park
and Gupta [1] propose targeting the joint distribution of 𝑧 and 𝑒.
They assume normality for 𝑒 and, by means of Sklar’s theorem
[3], use a Gaussian copula to link the marginals with the ecdf of
𝑧 as plug-in estimates for the copula function. In addition, model
identification requires non-normality of 𝑧 because otherwise it is
difficult to distinguish the variations as results of the endogenous
regressor from the variation due to the error. Park and Gupta [1]
demonstrated that estimates derived from the likelihood of this
joint distribution are consistent.

A large volume of recent studies investigates the performance of
PG under different scenarios, particularly to assess the adverse
effects of model non-identification [8, 9] and to provide practical
guidelines for empirical applications, such as the sufficient devi-
ation from normality of endogenous regressors [6, 10]. Qian et al.
[11] use simulations to examine PG’s handling of higher-order
terms, finding that for main effects, accounting for higher-order
endogeneity is unnecessary. Monte Carlo studies [6, 9] show that
PG’s performance depends on sample size, the distribution of
endogenous regressors, and the presence of an intercept: Small
samples with an intercept require highly non-normal regressors,
whereas large samples yield reliable results.

Eckert and Hohberger [8] highlight biases when identifying
assumptions fail; skewed structural errors lead to bias, while sym-
metric errors are handled well (see also [1]). Despite potential
bias from non-parametric regressor-error dependence [8], other
studies demonstrate the Gaussian copula’s robustness to various
non-Gaussian dependencies [1, 5].

Recent studies propose generalisations of PG and often relax
model assumptions. Haschka [5] shows that PG assumes inde-
pendence between exogenous and endogenous regressors, which
causes bias when these covariates are correlated, and he models
their joint distribution with structural errors using ML estimation
and bootstrapped standard errors. Yang et al. [4] demonstrate
that Haschka’s model can also be estimated via two-stage least
squares (for a simpler setup that still uses bootstrap standard
errors, see [12]). While Yang et al. [4] provide a proof of consis-
tency, Breitung et al. [13] note that it assumes knowledge of the
endogenous regressor distribution, rarely available empirically.

Tran and Tsionas [14] generalise PG further by estimating
marginal distributions of endogenous regressors and structural
errors simultaneously via one-step sieve ML, relaxing the normal-
ity assumption to allow differing distributions. Although asymp-
totic properties hold, Qian and Xie [15] point out scalability
issues with multiple regressors and the need to preselect tun-
ing parameters. They propose a semiparametric odds ratio model
nesting PG via profile ML, retaining normal structural errors
but allowing regressor-error dependencies within the exponen-
tial family. However, modelling all pairwise dependencies among
many explanatory variables requires numerous candidate mod-
els. Recently, Haschka [16] extends PG to regression models with
nonlinear effects and varying coefficients via P-splines, using the
Bayesian framework introduced in this article.

Taken together, in reviewing the studies that have examined per-
formance of the copula approach and proposed generalisations in
different directions, as well as the extensive empirical literature
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review by Becker et al. [6], the following considerations are worth
remarking. Existing studies (both theoretical and methodolog-
ical) either use ML or OLS. Accordingly, the approach has so
far been carried out only from a frequentist perspective. Fur-
thermore, since a priori-calculated marginal distributions of the
model regressors are used as plug-in estimates for the copula
function, inferential results such as standard errors, confidence
intervals and test decisions require bootstrapping procedures
(with the procedures by Tran and Tsionas [14] and Qian and Xie
[15] as exceptions).

3 | Method

Consider the general linear regression model with multiple
endogenous and exogenous variables:

𝑦𝑖 = 𝛼 + 𝒙′
𝑖
𝜷 + 𝒛′

𝑖
𝜹 + 𝑒𝑖 (2)

where 𝑖 = 1, . . . , 𝑁 indexes either time or cross-sectional units, 𝑦𝑖
is the dependent variable, 𝛼 is an intercept, and coefficients 𝜷 and
𝜹 are corresponding linear effects of a (𝐿 × 1) vector of exogenous
regressors 𝒙𝑖 and a (𝐾 × 1) vector of endogenous regressors 𝒛𝑖.
Note that while endogenous regressors 𝒛𝑖 are at best continuous
or at least discrete with multiple outcomes, 𝒙𝑖 may also include
dummies or discrete variables with few outcomes. Furthermore,
if interactions or higher-order terms of the (endogenous) explana-
tory variables are considered, these are also collected in 𝒙𝑖 [11].

Regressors in 𝒛𝑖 and 𝒙𝑖 are allowed to be correlated. Finally, 𝑒𝑖
represents an unobserved normally distributed structural error
term, that is, 𝑒𝑖 ∼ N(0, 𝜎2). Correlation between 𝒛𝑖 and 𝑒𝑖 gen-
erates the endogeneity problem such that estimates derived for
both 𝜷 and 𝜹 will be inconsistent if the estimation procedure does
not involve an endogeneity correction. Note that if 𝒛𝑖 is uncorre-
lated with 𝒙𝑖, 𝜷 can be estimated consistently. While we restrict
the model outline to the standard linear regression model, the
proposed approach can be easily extended to random-coefficient
linear regression models to account for slope heterogeneity.

3.1 | Deriving the Likelihood

To tackle the endogeneity problem introduced by regressor-error
correlation, we follow Haschka [5] and determine the joint dis-
tribution of 𝒛𝑖, 𝒙𝑖, and 𝑒𝑖 by means of a copula function. The
approach is based on Park and Gupta [1], who target the joint
distribution of 𝒛𝑖 and 𝑒𝑖 and thus assume independence between
endogenous and exogenous regressors, but Haschka [5] high-
lights the risk of omitted-variable bias when this assumption is
violated.

Let 𝒖𝑧,𝑖 = (𝐹𝑧1(𝑧1,𝑖), . . . , 𝐹𝑧𝐾 (𝑧𝐾,𝑖))′, 𝒖𝑥,𝑖 = (𝐹𝑥1(𝑥1,𝑖), . . . , 𝐹𝑥𝐿
(𝑥𝐿,𝑖))′, and 𝑢𝑒,𝑖 = Φ(𝑒𝑖; 𝜎2) denote probability integral trans-
formed explanatory variables and error, respectively, such
that margins are (𝒖𝑧,𝑖, 𝒖𝑥,𝑖, 𝑢𝑒,𝑖)′ ∈ [0, 1]𝐾+𝐿+1. The 𝐹 ’s denote
respective marginal cdfs and Φ(𝑒𝑖; 𝜎2) is the cdf of normal
distribution with variance 𝜎2. Using a Gaussian copula, 𝝃𝑧,𝑖 =
(Φ−1(𝑢𝑧,1𝑖), . . . ,Φ−1(𝑢𝑧,𝐾𝑖))′, 𝝃𝑥,𝑖 = (Φ−1(𝑢𝑥,1𝑖), . . . ,Φ−1(𝑢𝑥,𝐿𝑖))′,
and 𝜉𝑒,𝑖 = Φ−1(𝑢𝑒,𝑖) = 𝑒𝑖∕𝜎 follow a standard multivariate normal
distribution of dimension (𝐾 + 𝐿 + 1) with correlation matrix Σ.

According to Papadopoulos [10], the Gaussian copula is most
flexible because it allows modelling multi-dimensional depen-
dence structures separately and has many desirable properties
(see also [17]). Specifically, it is able to model the full range of
Pearson correlation, and specific consistency (i.e., robustness)
theory for quasi-maximum likelihood estimation for Gaussian
copula-based models exists [18]. Furthermore, if the true depen-
dence is different from what the Gaussian copula assumes, the
literature has demonstrated its robustness in capturing various
non-Gaussian dependencies [1, 5, 6]; although the true depen-
dence should not be non-parametric [8] or asymmetric [10],
something we will elaborate on later.

By means of Sklar’s theorem [3], the joint distribution can then
be written as:

𝑓 (𝒛𝑖,𝒙𝑖, 𝑒𝑖)

= 1√
det(Σ)

exp
⎛⎜⎜⎜⎝
−1

2

⎛⎜⎜⎜⎝
𝝃𝑧,𝑖

𝝃𝑥,𝑖

𝜉𝑒,𝑖

⎞⎟⎟⎟⎠
′(
Σ−1 − 𝐼

)⎛⎜⎜⎜⎝
𝝃𝑧,𝑖

𝝃𝑥,𝑖

𝜉𝑒,𝑖

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

× 𝜙(𝑒𝑖; 𝜎2) ×
𝐾∏
𝑘=1
𝑓𝑧𝑘

(
𝑧𝑘𝑖

)
×

𝐿∏
𝑙=1
𝑓𝑥𝑙

(
𝑥𝑙𝑖

)
(3)

such that ∫ ∞
−∞ . . . ∫ ∞

−∞∫ ∞
−∞𝑓 (𝒛𝑖,𝒙𝑖, 𝑒𝑖) 𝑑𝑧1𝑖 . . . 𝑑𝑧𝐾𝑖𝑑𝑥1𝑖 . . . 𝑑𝑥𝐿𝑖

𝑑𝑒𝑖 = 1, that is, (3) is a probability density function. The copula
in the first line links the structural error and all explanatory vari-
ables to encode information about the entire dependence in the
model. More precisely, the correlation matrix Σ in Equation (3)
formalises the (linear) dependence among (𝝃𝑧,𝑖, 𝝃𝑥,𝑖, 𝜉𝑒,𝑖)′ by
means of pairwise Pearson correlations. Hence, the copula cap-
tures joint variation, whereas univariate densities 𝜙 and 𝑓 in the
second line describe marginal behaviour.

Before deriving the likelihood, we briefly recall model identi-
fication based on the joint distribution in Equation (3). First,
the Gaussian copula requires linear dependence structures and
continuous margins [17], although it has been shown that this
restriction can be relaxed by allowing for discrete endogenous
regressors with multiple outcomes [1]. Thus, the approach is
restricted to endogenous regressors with many outcomes and
linear forms of endogeneity under normal score transformation,
that is, correlation between 𝝃𝑧 and 𝜉𝑒 should be of Pearson-type
[19]. Second, model identification does not require any instru-
mental variables (IV) if the regressor-error relation is nonlinear,
which can be established if structural errors are normal but
endogenous regressors are not.1 Then, 𝔼[𝑒|𝒛] becomes a nonlin-
ear function and this nonlinearity identifies linear coefficients 𝜹
without IV information [5]. However, if endogenous regressors
are normal, identification breaks down because the copula fails
to distinguish the variations as a result of endogenous regressors
from the variation due to the structural error. The reason for that
is that 𝔼[𝑒|𝒛] then becomes a linear function, and this linearity
makes it impossible to separate linear coefficients 𝜹 [5].

Extant studies compute cdfs of regressors a priori, most fre-
quently by means of empirical cdfs, and then use these to
generate 𝝃𝑧,𝑖 and 𝝃𝑥,𝑖.2 Haschka [5] further computes empiri-
cal (Pearson) correlations between 𝝃̂𝑧 and 𝝃̂𝑥 as a preliminary
step. He subsequently inserts these correlation estimates into
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corresponding elements in matrix Σ (a similar approach is
adopted by Haschka [12] and Yang et al. [4], who employ
residuals from the first-stage regression of 𝝃̂𝑧 on 𝝃̂𝑥 as plug-in
estimates). Tran and Tsionas [14] report that when mean cor-
relations between endogenous and exogenous variables are
estimated empirically and used as plug-in values in the second
stage, this can lead to severe finite-sample problems.

By contrast, we neither use a priori computed CDFs nor
first-stage estimation, but rather extract all information (includ-
ing margins and correlations) in one single step within the
Bayesian approach. For a generic regressor 𝜛 ∈ (𝒛,𝒙)′, we treat
univariate densities 𝑓𝜛 in Equation (3) as non-parametric func-
tions that assign nonzero probability mass 𝝀𝜛 = (𝜆𝜛,1, . . . , 𝜆𝜛,𝑚)′
on uniquely observed data values of𝜛 (for a similar approach, see
[20]); and let 𝑣𝜛 = (1, . . . , 𝑚𝜛)′ collect counts of 𝑚𝜛 unique val-
ues. The corresponding margins in the copula function are then
obtained by taking cumulative sums of 𝝀𝜛 of ascendingly ordered
𝜛, that is, 𝑢𝜛,𝑗 =

∑𝑚𝜛
𝑗=1𝜆𝜛,𝑗 . Accordingly, elements in the copula

function are now specified as 𝜉𝜛,𝑖 = Φ−1(𝑢𝜛,𝑖(𝝀𝜛)) with 𝑢𝜛,𝑖(𝝀𝜛)
assigning cumulative probability masses similar to a cdf. Through
this perspective, note that we assume that 𝑣s exhibit categorical
distributions, that is, 𝑣𝜛 ∼ Cat(𝑚𝜛,𝝀𝜛).

Within the Bayesian approach, we treat these probability masses
as random rather than fixed (as would be the case, for instance,
when using an empirical cdf), and sample them simultaneously
along with the full covariance matrix of the Gaussian copula and
regression coefficients, which are also assumed random.3 This
allows for simultaneous inference, and our approach is not sub-
ject to uncertainties brought in by using plug-in estimates since
we do not estimate anything a priori. Through the assumption
that 𝒙 is exogenous, entries in Σ which capture correlations
between 𝝃𝑥,𝑖 and 𝜉𝑒,𝑖 are restricted to zero following Haschka [5].
Due to the zero restrictions, the number of unknown elements in
Σ reduces by 𝐿, and model identification due to endogeneity is
only subject to 𝑧1, . . . , 𝑧𝐾 but not to 𝑥1, . . . , 𝑥𝐿.

To derive the likelihood, note that in contrast to Haschka [5],
functions 𝑓 in Equation (3) cannot be dropped because, as pmfs
of categorical distributions, they contain probability masses of
unique values of explanatory variables that are also of interest:

𝐿(𝜽|𝑦, 𝒛,𝒙)
∝

𝑁∏
𝑖=1

1√
det(Σ)

exp
⎛⎜⎜⎜⎝
−1

2

⎛⎜⎜⎜⎝
𝝃𝑧,𝑖

𝝃𝑥,𝑖

𝑒𝑖∕𝜎

⎞⎟⎟⎟⎠
′(
Σ−1 − 𝐼

)⎛⎜⎜⎜⎝
𝝃𝑧,𝑖

𝝃𝑥,𝑖

𝑒𝑖∕𝜎

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

× 𝜙(𝑒𝑖; 𝜎2) ×
𝐾∏
𝑘=1

(
[𝑣𝑧𝑘 = 1]𝜆𝑧𝑘,1 + . . . + [𝑣𝑧𝑘 = 𝑚𝑧𝑘]𝜆𝑧𝑘,𝑚

)

×
𝐿∏
𝑙=1

(
[𝑣𝑥𝑙 = 1]𝜆𝑥𝑙,1 + . . . + [𝑣𝑥𝑙 = 𝑚𝑥𝑙]𝜆𝑥𝑙,𝑚

)
(4)

where [⋅ = 𝑗] is the Iverson bracket. In Equation (4), 𝜽 =
(𝛼, 𝜷, 𝜹, 𝜎2,Σ,𝝀𝑧1, . . . ,𝝀𝑧𝐾 ,𝝀𝑥1, . . . ,𝝀𝑥𝐿)′ collects all unknown
coefficients, which are treated as random variables, and 𝑒𝑖 =
𝑦𝑖 − 𝛼 − 𝒙′

𝑖
𝜷 − 𝒛′

𝑖
𝜹. Subvector (𝛼, 𝜷, 𝜹, 𝜎2,Σ)′ is of dimension

((𝐾 + 𝐿 + 1)2 − (𝐾 + 𝐿 + 1))∕2 +𝐾 + 2. Note that 𝝃𝑧 and 𝝃𝑥 can
only be obtained given the 𝝀’s.

3.2 | Prior Specification

The likelihood combines a Gaussian copula with normal density
for structural errors and categorical distributions for regressor
values, yielding an always unimodal but possibly flat function.
To ensure numerical stability of the posterior, we employ proper
priors for all unknown coefficients. This prevents the posterior
from becoming flat even if the likelihood is flat, as the combina-
tion with a non-flat prior ensures this. We choose independent
and weakly informative priors to avoid imposing strong beliefs,
prevent the prior from dominating and distorting the posterior,
and mitigate potential identification issues that may arise from
dependent priors.

3.2.1 | Linear Effects

Shrinkage priors are used for regression coefficients [21]. This
regularisation technique not only improves the numerical stabil-
ity of the posterior but also enhances the robustness of the esti-
mates, particularly in situations with limited sample sizes. Fol-
lowing Carvalho et al. [22], we define the following hierarchical
structure for every coefficient 𝛾 ∈ (𝛼, 𝜷, 𝜹)′ and adhere to a global
shrinkage (common to all 𝛾 ’s):

𝛾|𝜑 ∼ N(0, 𝜑2), 𝜑|𝜏 ∼ 𝐶+(0, 𝜏), 𝜏|𝜄 ∼ 𝐶+(0, 𝜄), 𝑝(𝜄) ∝ 1∕𝜄 (5)

where 𝐶+ is the half-Cauchy distribution. Treating variances 𝜄, 𝜏,
and 𝜑 as nuisance parameters, after marginalising them out, we
obtain a ‘horseshoe-type’ prior given by:

𝑝(𝛾) = ∫
∞

0 ∫
∞

0 ∫
∞

0
𝑝(𝛾|𝜑, 𝜏, 𝜄) 𝑑𝜄 𝑑𝜏 𝑑𝜑 ∝

√
1
𝛾2 (6)

3.2.2 | Variance of Structural Error

As is common [23], we assign an inverse Gamma prior to the error
variance, that is, 𝜎2 ∼ IG(𝑎, 𝑏), with corresponding density

𝑝(𝜎2|𝑎, 𝑏) = 𝑏𝑎

Γ(𝑎)
(1∕𝜎2)𝑎+1 exp{−𝑏∕𝜎2} (7)

with common hyperparameters 𝑎 = 𝑏 = 0.001 [24, 25].

3.2.3 | Correlation Matrix

Under the copula representation in Equation (3), it is 𝝃|Σ ∼
MN(𝟎,Σ), 𝝃 = (𝝃𝑧, 𝝃𝑥, 𝜉𝑒)′. Since a proper prior distribution for a
correlation matrix is hard to find, we follow Zhang et al. [26] and
do not assign a prior directly to Σ, but rather to the corresponding
covariance matrix 𝑊 (for an application in a similar context, see
[25]), which is particularly useful in Bayesian copula modelling
[27]. Due to its conjugacy in multivariate normal distributions,
a common choice of prior distribution for covariance matrices
is the inverse Wishart distribution, that is, 𝑊 ∼ −1(Ψ, 𝜈). The
density is given by

𝑝(𝑊 |Ψ, 𝜈) = |Ψ|𝜈|𝑊 |−(𝜈+𝐾+𝐿+1)∕2 exp{−tr(Ψ𝑊 −1)∕2}
2𝜈(𝐾+𝐿+1)∕2Γ(𝜈∕2)

(8)

with Ψ = 𝑰 and 𝜈 = 𝐾 + 𝐿 + 1.
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Although entries in Σ which capture correlations between 𝝃𝑥 and
𝜉𝑒 will be restricted to zero to ensure exogeneity of 𝒙, the prior is
assigned on the full matrix𝑊 ; and the full conditional of 𝑊 can
be derived and used for Gibbs sampling (see Web Appendix A).
We use Cholesky factorisation Σ = diag(𝑊 )−

1
2𝑊 diag(𝑊 )−

1
2 to

transform samples for 𝑊 into samples for Σ [26].

3.2.4 | Probability Masses formulating CDFs

Because of its conjugacy with the categorical distribution, we
assign a Dirichlet prior on 𝝀𝜛 = (𝜆𝜛,1, . . . , 𝜆𝜛,𝑚)′, that is, 𝝀𝜛 ∼
Dir(𝝎𝜛), with density

𝑝(𝜆𝜛,1, . . . , 𝜆𝜛,𝑚|𝜔𝜛,1, . . . , 𝜔𝜛,𝑚) = 1
B(𝝎𝜛)

𝑚𝜛∏
𝑗=1

(
𝜆𝜛,𝑗

)𝜔𝜛,𝑗−1 (9)

with B(𝝎) =
∏𝑚𝜛

𝑗=1Γ
(
𝜔𝜛,𝑗

)
∕Γ(

∑𝑚𝜛
𝑗=1𝜔𝜛,𝑗), and

∑𝑚𝜛
𝑗=1𝜆𝜛,𝑗 = 1 and

𝜆𝜛,𝑗 ∈ (0, 1) for all 𝑗 ∈ {1, . . . , 𝑚𝜛} unique values of 𝜛 for 𝑖 =
1, . . . , 𝑁 . In Equation (9), 𝝎𝜛 = (𝜔𝜛,1, . . . , 𝜔𝜛,𝑚)′ are hyper-
parameters also of dimension 𝑚𝜛 that can be interpreted as
weights of individual observation points. With 𝝎𝜛 = 𝟏, the prior
is assigned to each regressor 𝜛 ∈ (𝑧1, . . . , 𝑧𝐾 , 𝑥1, . . . , 𝑥𝐿)′, sub-
ject to the number of corresponding unique data values 𝑚𝜛 . The
full conditional of𝝀 = (𝝀𝑧1, . . . ,𝝀𝑧𝐾 ,𝝀𝑥1, . . . ,𝝀𝑥𝐿)′ can be derived
and used for Gibbs sampling (see Web Appendix B).4

3.3 | Bayesian Inference

Bayesian inference is based on the posterior of the model
given by:

𝑝(𝜽|𝑦, 𝒛,𝒙) ∝ 𝐿(𝜽|𝑦, 𝒛,𝒙) 𝑝(𝜽) (10)

where the likelihood is given in Equation (4) and 𝑝(𝜽) ∝
𝑝(𝛼)𝑝(𝜷)𝑝(𝜹)𝑝(𝜎2)𝑝(𝑊 )𝑝(𝝀). We use MCMC simulation tech-
niques due to the high dimensionality of 𝜽 and the fact that
analytical derivation of the joint posterior distribution is
intractable. Combining likelihood with priors, we have the
following four sets of conditionals:

(𝛼, 𝜷, 𝜹)|𝜎2,𝑊 ,𝝀 𝜎2|(𝛼, 𝜷, 𝜹),𝑊 ,𝝀

𝑊 |(𝛼, 𝜷, 𝜹), 𝜎2,𝝀 𝝀|(𝛼, 𝜷, 𝜹), 𝜎2,𝑊 (11)

While we can derive full conditional distributions for 𝑊 and
𝝀 as shown in Web Appendices A and B, respectively, full con-
ditionals of 𝛼, 𝜷, 𝜹, and 𝜎2 are also intractable. Consequently,
we use a sampling algorithm that is a combination of Gibbs
steps (updating 𝑊 and 𝝀 by drawing from corresponding full
conditional distributions) and a generalised Metropolis-Hastings
step, where proposal distributions are adaptive and based on
approximations to the full conditionals (which are derived in
Web Appendix C). A detailed description of the MCMC sampler
is given in Web Appendix D.

4 | Simulation Studies

In this section, we assess the performance of the proposed
Bayesian MCMC through simulation studies.5 We examine
scenarios of both model identification and non-identification to
evaluate the reliability and exactness of the MCMC sampling

procedure. The simulated model structure is similar to previous
studies [4–6, 8]. The goal is to assess the effect of the priors, the
accuracy of posterior means as point estimates, and the validity
of credible intervals.6

The simulations compare the proposed Bayesian approach with
frequentist copula estimation (2sCOPE) and stylised OLS estima-
tion to highlight the impact of neglected endogeneity. The sim-
ulations do not include an IV estimator, because this has been
frequently done in the literature (e.g., [1, 4, 5]). Nevertheless, we
will use an IV estimator in the empirical application later to assess
the validity of the new Bayesian approach.

4.1 | Inference Under Model Identification

The data generating processes (DGPs) condition on one endoge-
nous regressor (𝑧𝑖) and one exogenous variable (𝑥𝑖), being corre-
lated with each other, and an intercept:

𝑦𝑖 = 𝛼 + 𝑥𝑖𝛽 + 𝑧𝑖𝛿 + 𝑒𝑖; 𝑖 = 1, . . . , 𝑁 (12)

with 𝛼 = 2, 𝛽 = 6, 𝛿 = −4, and 𝑁 = {50, 100, 500}. To begin, we
draw underlying components as:

⎛⎜⎜⎜⎝
𝜁𝑒,𝑖

𝜁𝑧,𝑖

𝜁𝑥,𝑖

⎞⎟⎟⎟⎠
∼ N

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
0
0
0

⎤⎥⎥⎥⎦
,

⎡⎢⎢⎢⎣
1 0.7 0

0.7 1 0.3
0 0.3 1

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠

(13)

𝑥𝑖 = Φ−1(Φ(
𝜁𝑥,𝑖

))
(14)

𝑒𝑖 = Φ−1(Φ(
𝜁𝑒,𝑖; 𝜎2 = 5

))
(15)

𝑧𝑖 = 𝐹 −1
lognormal(0,1)

(
Φ
(
𝜁𝑧,𝑖

))
(16)

where 𝐹 −1
lognormal(0,1) is the inverse cumulative distribution func-

tion of the lognormal(0,1) distribution such that the endogenous
regressor is non-normal, that is, 𝑧𝑖 ∼ lognormal(0, 1). Struc-
tural errors and the exogenous regressor are normal, that is,
𝑒𝑖 ∼ N(0, 5) and 𝑥𝑖 ∼ N(0, 1). With two continuous explanatory
variables, both of which have only unique values in the observa-
tions, there are 6 + 2𝑁 unknown coefficients in the posterior.

We consider two specifications of the proposed Bayesian
approach, which differ only with regard to the priors assigned
on 𝛾 ∈ (𝛼, 𝜷, 𝜹)′. Specifically, we compare the horseshoe prior
outlined in Equation (5) to using flat priors, that is, 𝑝(𝛾) ∝ const.
The proposed horseshoe-type is known for its robustness- and
stability-enhancing effects, especially in situations where like-
lihood information is sparse [33], while the consideration of
flat priors enables the isolation of the combined impact arising
from the joint estimation of cdfs and the full copula correla-
tion matrix. This isolation facilitates the direct assessment of
the effects attributed to avoiding a priori calculated CDFs and
circumventing plug-in estimates.

Simulation results for the DGP in Equations (12–16) are given in
Table 1, and show average posterior means, standard deviations
of the means, and coverage frequencies based on 95% credible
intervals, along with their frequentist counterparts for OLS and

Oxford Bulletin of Economics and Statistics, 2025 5
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2sCOPE. Further, unreported acceptance rates are in the opti-
mal range, so we can assume that (iteratively updating) proposal
distributions for (𝛼, 𝛽, 𝛿) and 𝜎2 are adequate choices. Unsurpris-
ingly, OLS exhibits significant biases and incorrect confidence
intervals for slope coefficients and residual variance, even when
the sample size increases. The only exception is the intercept,
which shows no bias and valid confidence intervals. Both spec-
ifications of the proposed Bayesian approach and 2sCOPE are
largely unbiased.

In the smallest sample scenario examined (𝑁 = 50), the Bayesian
approach employing flat priors on regression coefficients exhibits
posterior means that are more tightly distributed around the true
values than estimates obtained by 2sCOPE. Consequently, avoid-
ing a priori calculated CDFs and circumventing plug-in estimates
significantly reduces uncertainty in small samples. Interestingly,
the Bayesian approach with the horseshoe prior produces slightly
biased estimates for the intercept and the variance of the struc-
tural errors but exhibits even smaller uncertainty compared to
the flat prior approach. As the sample size increases, the estima-
tors converge more closely to the true coefficients, and the differ-
ences among them diminish. For 𝑁 = 500, they perform nearly
identically.

Taken together, the proposed approach demonstrates superior-
ity over 2sCOPE in small samples and allows for exact finite
sample inference. Through simultaneous estimation of margins,
correlations, and regression coefficients, wherein priors enhance
the numerical stability of the posterior, the Bayesian approach
more effectively accounts for uncertainty and exhibits increased
robustness, particularly in scenarios with small sample sizes. Pos-
terior credible intervals cover all true coefficients with correct
probability, regardless of the sample size. Gelman-Rubin statis-
tics are calculated to evaluate the convergence of Markov chains,
with all statistics consistently below 1.1, indicating convergence.
Visual inspection of individual Markov chains (not shown) fur-
ther confirms their stationarity and minimal remaining autocor-
relation. Due to the superior performance in terms of estima-
tion accuracy, we proceed with the specification that employs the
horseshoe prior for the subsequent analysis.

4.2 | Inference When Identifying Assumptions
Are Not Met

The literature identifies three scenarios of model
non-identification: (i) normality of the endogenous regres-
sor, (ii) violation of the Gaussian regressor-error dependence
assumption, and (iii) misspecification of the structural error
distribution (for an overview, see [17]). While it is well known
that frequentist copula estimates are biased in these scenarios
[5, 8], the impact on the performance of the Bayesian approach
remains uncertain. Additionally, there is a lack of research
examining the validity of frequentist inference, such as bootstrap
standard errors, in these scenarios.

4.2.1 | Near Normality

It has been well documented in the literature that when the
endogenous regressor approaches normality, estimates obtained

from the frequentist copula approach drift towards OLS esti-
mates while standard errors increase sharply [1, 5, 6]. Against
this background, we reassess the simulations from above and
use the DGP given in Equations (12–15). To introduce model
non-identification, we follow Park and Gupta [1] and generate
the endogenous regressor from a Student 𝑡 distribution with var-
ious degrees of freedom, that is, we replace (16) by

𝑧𝑖 = 𝐹 −1
𝑡(𝑑𝑓 )

(
Φ
(
𝜁𝑧,𝑖

))
(17)

where 𝐹 −1
𝑡(𝑑𝑓 ) is the inverse cumulative distribution function of the

𝑡 distribution with degrees of freedom given by 𝑑𝑓 . Then, the
endogenous regressor exhibits a 𝑡(𝑑𝑓 ) distribution and we distin-
guish scenarios with 𝑑𝑓 = {5, 15, 30}. When degrees of freedom
are as small as 𝑑𝑓 = 5, the 𝑡 distribution has thicker tails in com-
parison with the normal distribution, which is expected to pro-
vide model identification. However, both distributions become
increasingly similar as 𝑑𝑓 increases, such that identification
breaks down if 𝑒𝑖 and 𝑧𝑖 are both normal.

The estimation results in Table 2 reveal the impact of endoge-
nous regressor normality on parameter estimates. While OLS
performance remains consistently bad regardless of the regressor
distribution, both 2sCOPE and Bayes suffer from breakdowns
in model identification. Slightly biased estimates arise when
the regressor follows a 𝑡(5) distribution. Confidence intervals
(2sCOPE) and posterior credible intervals (Bayes) fail to cover
the true values accurately. Hence, the non-normality of a 𝑡(5)
distribution is insufficient for model identification. Increasing
the degrees of freedom to 𝑑𝑓 = 15 and 𝑑𝑓 = 30 leads to similar
undesirable properties in Bayesian estimation and 2sCOPE. Both
coefficients 𝛿 and 𝛽 drift towards the OLS estimate, and the corre-
sponding correlation estimate approaches zero, even though no
identification problem is associated with 𝑥. This bias is likely due
to the identification problem with 𝛿 and adverse effects trans-
mitted through the correlation between 𝑥 and 𝑧, which has not
been documented in the previous literature. Furthermore, as the
difference between the distribution of the endogenous regressor
and the structural error diminishes, the coverage probabilities
of all parameters, except 𝛼 and 𝜌𝑥,𝑧, shrink towards zero. While
the mean performance of 2sCOPE and the proposed Bayesian
approach is generally similar, the empirical coverage frequencies
differ significantly, indicating incorrect inference in both cases.

4.2.2 | ‘Non-Parametric’ Dependence Structure

In empirical contexts, endogeneity arises from economic mech-
anisms that induce dependencies between regressors and ran-
dom shocks. Thus, the actual dependence may differ from the
assumed Gaussian copula. Previous research has demonstrated
the Gaussian copula’s ability to flexibly capture various para-
metric dependence structures [34, 35]. Nevertheless, Eckert and
Hohberger [8] find that the Gaussian copula fails to model depen-
dence structures that do not originate in parametric dependence
generators, leading to biased estimates.

The DGP is the same as in Equation (12), and coefficients and
distributions are kept as in the beginning of Section 4. How-
ever, we first draw model components independently from the

Oxford Bulletin of Economics and Statistics, 2025 7

 14680084, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/obes.70023 by C

orvinus U
niversity O

f B
udapest, W

iley O
nline L

ibrary on [30/01/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



TA
B

LE
2

|M
on

te
C

ar
lo

re
su

lts
fo

rs
im

ul
at

io
ns

us
in

g
D

G
P

in
Eq

ua
tio

ns
(1

2–
15

)a
nd

(1
7)

.

𝒅
𝒇
=

5
𝒅
𝒇
=

15
𝒅
𝒇
=

30

Pa
ra

m
et

er
𝜶

𝜷
𝜹

𝝈
2

𝝆
𝒙
,𝒛

𝝆
𝒛
,𝒆

𝜶
𝜷

𝜹
𝝈

2
𝝆
𝒙
,𝒛

𝝆
𝒛
,𝒆

𝜶
𝜷

𝜹
𝝈

2
𝝆
𝒙
,𝒛

𝝆
𝒛
,𝒆

Tr
ue

va
lu

e
2

6
−

4
5

0.
3

0.
7

2
6

−
4

5
0.

3
0.

7
2

6
−

4
5

0.
3

0.
7

O
LS

M
ea

n
2.

00
5.

50
−

1.
82

2.
39

2.
00

5.
48

−
2.

16
2.

31
2.

00
5.

49
−

2.
22

2.
31

Sd
0.

04
0

0.
07

5
0.

23
1

0.
30

1
0.

04
8

0.
05

1
0.

05
6

0.
10

4
0.

04
9

0.
05

2
0.

05
3

0.
10

6
lo

g(
M

A
E)

−
3.

60
−

0.
70

0
0.

77
9

0.
95

8
−

3.
73

−
0.

66
6

0.
61

2
0.

99
0

−
3.

68
−

0.
66

9
0.

57
6

0.
99

0
C

ov
er

ag
e

0.
94

5
0

0
0

0.
95

3
0

0
0

0.
94

5
0

0
0

2s
CO

PE
M

ea
n

2.
00

5.
96

−
3.

80
4.

56
0.

30
2

0.
69

9
2.

00
5.

75
−

3.
11

3.
61

0.
30

0
0.

39
6

2.
00

5.
62

−
2.

68
3.

36
0.

30
0

0.
19

4
Sd

0.
03

4
0.

06
7

0.
09

0
0.

26
8

0.
02

8
0.

02
2

0.
06

1
0.

25
1

0.
87

3
1.

64
0.

02
9

0.
31

0
0.

05
9

0.
30

6
1.

02
1.

62
0.

02
9

0.
40

9
lo

g(
M

A
E)

−
3.

99
−

3.
22

−
1.

74
−

1.
00

−
4.

17
−

3.
73

−
3.

54
−

1.
57

−
0.

31
1

0.
43

4
−

4.
16

−
1.

68
−

3.
50

−
1.

18
0.

04
1

0.
56

0
4.

19
−

1.
15

C
ov

er
ag

e
1

0.
94

9
0.

70
6

0.
84

4
0.

95
6

0.
85

6
0.

97
1

0.
72

4
0.

72
4

0.
83

9
0.

94
8

0.
72

9
0.

98
0

0.
73

1
0.

72
5

0.
94

0
0.

94
1

0.
72

5

Ba
ye

s
P.

M
ea

n
2.

00
5.

95
−

3.
77

4.
52

0.
30

2
0.

66
2

2.
00

5.
58

−
2.

52
2.

71
0.

30
0

0.
17

6
2.

00
5.

52
−

2.
34

2.
63

0.
30

0
0.

06
9

Sd
0.

03
3

0.
06

4
0.

09
3

0.
26

9
0.

02
7

0.
02

3
0.

05
0

0.
11

3
0.

37
0

0.
30

5
0.

02
9

0.
16

7
0.

05
0

0.
10

5
0.

30
6

0.
19

8
0.

02
9

0.
15

0
lo

g(
M

A
E)

−
2.

97
−

2.
56

−
1.

54
−

0.
73

2
−

3.
49

−
3.

27
−

2.
91

−
0.

91
3

0.
36

2
0.

82
9

−
3.

47
−

0.
70

1
−

2.
91

−
0.

76
5

0.
48

1
0.

86
6

−
3.

47
−

0.
49

0
P.

C
ov

er
ag

e
0.

94
4

0.
89

9
0.

35
2

0.
66

5
0.

97
0

0.
77

1
0.

96
1

0.
16

1
0.

12
5

0.
13

6
0.

95
4

0.
12

0
0.

95
7

0.
08

4
0.

04
9

0.
07

2
0.

94
2

0.
05

4
G

el
m

an
−

Ru
bi

n
1.

02
1.

22
5.

84
7.

72
1.

03
5.

98
1.

03
8.

67
11

.4
13

.2
1.

01
11

.9
1.

04
13

.7
18

.2
22

.5
1.

04
19

.0

N
ot

e:
En

do
ge

no
us

re
gr

es
so

ra
pp

ro
ac

he
sn

or
m

al
ity

in
a

‘st
ep

w
is

e’
m

an
ne

r;
𝑁

=
10

00
.F

or
fu

rt
he

rn
ot

es
,s

ee
Ta

bl
e

1.

8 Oxford Bulletin of Economics and Statistics, 2025

 14680084, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/obes.70023 by C

orvinus U
niversity O

f B
udapest, W

iley O
nline L

ibrary on [30/01/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



following distributions:

𝑒𝑖 ∼ N(0, 5) (18)

𝑥𝑖 ∼ N(0, 1) (19)

𝑧𝑖 ∼ lognormal(0, 1) (20)

Non-parametric dependence is then introduced using the
algorithm by Ruscio and Kaczetow [36], such that (empirical)
correlations are

Corr[𝑒, 𝑥] = 0, Corr[𝑒, 𝑧] = 0.3, Corr[𝑥, 𝑧] = −0.1 (21)

measured either by Pearson or Spearman coefficients. The
algorithm rotates the model component matrix (𝑒, 𝑥, 𝑧) until
empirical correlations in Equation (21) are reached while
keeping marginal distributions specified in Equations (18–20)
unchanged. Hence, data are simulated and correlations are intro-
duced without assuming parametric dependence (for similar
setup, see [8]).

Table 3 presents the simulation results. OLS is slightly biased for
𝛽, while parameters 𝛿 and 𝜎2 are more biased. Interestingly, the
confidence intervals never meet the coverage probability of 95%,
and this is also the case for 𝛼, although OLS is unbiased here. The
performance of both 2sCOPE and the Bayesian approach varies
depending on the scenario; both estimators consistently exhibit
bias and reveal incorrect coverage frequencies. The limitations
of 2sCOPE and the Bayesian approach can be attributed to the
use of a Gaussian copula, which fails to capture non-parametric
dependencies between the model regressors and structural error
term accurately. For Pearson correlations, posterior means of 𝛿
and 𝜎2 exhibit substantial overestimation (in absolute terms),
and their corresponding credible intervals fail to contain the true
values in any replication. In the case of Spearman correlations,
posterior means of 𝛿 and 𝜎2 display biased estimates in opposite

directions, and the credible intervals are also invalid. However,
both 𝛼 and 𝛽 remain unbiased, with small biases observed for 𝜌𝑥,𝑧.
It is worth noting that, unlike the simulations about non-normal
errors, where the credible intervals of 𝛼 and 𝜌𝑥,𝑧 were valid despite
the lack of model identification, none of these intervals now accu-
rately cover the true coefficients.

4.2.3 | Non-Normal Structural Errors

While the assumption of normally distributed structural errors is
crucial in copula-based identification and widely used, the true
error distribution is unobserved and may deviate from normality.
Recent frequentist studies have shown that the copula approach
is robust against error kurtosis but not against skewness [5, 8].
In light of this, we revisit the first set of simulations in Section 4,
where the DGP given in Equations (12–16) is used. However, we
now generate structural errors from the skew generalised 𝑡 distri-
bution, replacing (15) with the new specification:

𝑒𝑖 = 𝐹 −1
sgt(𝜇,𝜎,𝜆,𝑝,𝑞)

(
Φ
(
𝜁𝑒,𝑖

))
(22)

where 𝐹 −1
sgt(𝜇,𝜎,𝜆,𝑝,𝑞) is the inverse cumulative distribution function

of the skew generalised 𝑡 distribution with parameters 𝜇, 𝜎, 𝜆, 𝑝,
and 𝑞. As in Reference Eckert and Hohberger [8], we fix 𝜇 = 0,
𝜎 = 1, and 𝑝 = 2 and regard combinations of 𝜆 = {0, 0.8} and 𝑞 =
{2,∞} such that the error distribution exhibits either moderate
degrees of skewness (determined by 𝜆) or kurtosis (determined by
𝑞). With 𝜆 = 0 and 𝑞 = 2, the structural errors are symmetric but
exhibit leptokurtosis, while combinations of 𝜆 = 0.8 and 𝑞 = ∞
generate skewed errors with normal kurtosis. Finally, 𝜆 = 0.8 and
𝑞 = 2 induce both skewness and leptokurtosis. In all scenarios,
the structural errors are substantially different from normality.

Table 4 presents the estimation results. OLS shows severe biases
regardless of the error distribution, while the performance of
2sCOPE and the Bayesian approach depends on the structural

TABLE 3 | Monte Carlo results for simulations using DGP in Equations (18–21).

Pearson Spearman

Parameter 𝜶 𝜷 𝜹 𝝈2 𝝆𝒙,𝒛 𝝆𝒛,𝒆 𝜶 𝜷 𝜹 𝝈2 𝝆𝒙,𝒛 𝝆𝒛,𝒆

True value 2 6 −4 5 −0.1 0.3 2 6 −4 5 −0.1 0.3

OLS Mean 2.01 6.07 −3.29 4.54 2.00 6.05 −3.28 4.54
Sd 0.104 0.003 0.107 0.290 0.107 0.012 0.129 0.299

log(MAE) −2.92 −2.70 −0.352 −0.987 −2.89 −3.03 −0.344 −0.970
Coverage 0.792 1 0 0.451 0.799 1 0 0.448

2sCOPE Mean 2.00 5.90 −5.04 7.26 −0.082 0.781 2.00 6.00 −3.78 4.76 −0.131 0.279
Sd 0.110 0.018 0.287 0.699 0.009 0.025 0.102 0.006 0.039 0.313 2.6E−4 0.010

log(MAE) −2.81 −2.33 −0.003 0.756 −4.12 −0.734 −2.89 −5.62 −1.54 −1.49 −3.47 −3.96
Coverage 0.870 1 0 0.011 0.999 0 0.820 1 0.433 0.736 1 1

Bayes P. Mean 2.00 5.98 −5.01 7.21 −0.082 0.775 2.00 6.00 −3.77 4.78 −0.131 0.274
Sd 0.110 0.018 0.275 0.677 0.009 0.026 0.102 0.007 0.041 0.314 0.001 0.010

log(MAE) −2.39 −2.79 −0.033 0.737 −3.52 −0.746 −2.42 −2.89 −1.48 −1.10 −3.32 −3.16
P. Coverage 0.763 0.737 0 0.003 0.838 0 0.804 0.604 0.601 0.660 0.972 0.529

Gelman−Rubin 1.83 1.24 15.4 13.8 1.09 14.0 1.94 1.22 15.7 14.2 1.11 15.1

Note: Simulations with non-parametric dependence between endogenous regressor and structural error; 𝑁 = 1000 For further notes, see Table 1.
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error distribution. When the errors are symmetric with moderate
kurtosis, the posterior means and the mean estimates from
2sCOPE are unbiased. These findings confirm the robustness of
copula-based identification in the presence of symmetric errors
[5, 8]. However, when the errors are skewed, regardless of the
presence of kurtosis, model identification breaks down. In these
cases, the estimates of 𝛿, 𝜎2, and 𝜌𝑧,𝑒 are biased, while 𝛼, 𝛽,
and 𝜌𝑥,𝑧 remain unbiased. Nevertheless, the confidence intervals
(2sCOPE) and the posterior credible intervals (Bayes) do not pro-
vide correct coverage of the true coefficients, even though the
empirical coverage frequencies show less variation compared to
previous simulations. This observation is particularly interesting
in scenarios with symmetric errors, where the estimates are unbi-
ased, but the intervals are invalid.

5 | Application

We illustrate the applicability of the proposed Bayesian approach
to handle (cross-)price endogeneity in demand estimation using
store-level scanner data of orange juices from Dominick’s Finer
Foods. The data include unit sales, retail price, and a dummy
indicating the use of an in-store display for eight brands of
orange juice (64 oz). The sample covers individual brand sales
in 83 stores (𝑠 = 1, . . . , 83) over a time span of 121 weeks
(𝑡 = 1, . . . , 121). Dominick’s data are widely used in marketing
research [37–42]. According to these studies, brand-level data
and weekly observations offer advantages over aggregate data,
such as a more detailed understanding of consumer preferences
because of cross-brand effects, and capture short-term variations.

In sum, the (unbalanced) panel consists of 9649 observations.
Table 5 provides summary statistics pooled across stores of aver-
age weekly prices, market shares, and unit sales of the brands.
As Table 5 reveals, the brands can be classified into three
price-quality tiers: Premium brands, national brands, and the
store brand. Differences in quality across the tiers are well repre-
sented by higher (lower) average prices for higher (lower) quality
tier brands. Average weekly prices and market shares of all brands
vary considerably, reflecting frequent use of promotions.

Empirical challenges arise when considering the potential
endogeneity of (cross-)prices [43]. Firm decisions on prices and
marketing factors are often endogenous due to considerations of
product attributes [44]. Additionally, while datasets may include
information on sales promotions, there may be unmeasured
brand-specific characteristics like shelf location, shelf-space allo-
cation, or regional advertising [45]. These unmeasured variables
could introduce correlation with the prices of included brands,
leading to endogeneity problems [45, 46]. Research suggests
that both own and cross-prices should be treated as endogenous
within demand models [47, 48].

To handle endogeneity, commonly used methods involve IV
estimation, with wholesale prices frequently used as instru-
ments for retail prices [45, 49, 50]. If wholesalers consider mar-
ketplace heterogeneity, it leads to increased profitability from
category-level markups [51]. According to Song and Chintagunta
[45], wholesale prices are typically assumed to be uncorrelated
with store-specific factors influencing retail prices, thus serving
as valid instruments for controlling endogeneity) see also [49]).

We estimate demand models for the national brand with the
highest market share, Minute Maid, considering both own
and cross effects of price and in-store display. Unlike previous
Gaussian copula studies that focus on a single endogenous
regressor [1, 4, 5], our model incorporates multiple endogenous
regressors. The model follows Brezger and Steiner [37] and
reads as:

log(𝑠𝑎𝑙𝑒𝑠st)

= 𝛼 + 𝛿1 log(𝑝𝑟𝑖𝑐𝑒st) + 𝛿2 log(𝑝𝑟𝑖𝑐𝑒 𝑝𝑟𝑒𝑚𝑖𝑢𝑚st)

+ 𝛿3 log(𝑝𝑟𝑖𝑐𝑒 𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙st)

+ 𝛿4 log(𝑝𝑟𝑖𝑐𝑒 𝑑𝑜𝑚𝑖𝑛𝑖𝑐𝑘𝑠st)

+ 𝛽1𝑑𝑖𝑠𝑝𝑙𝑎𝑦st + 𝛽2𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑝𝑟𝑒𝑚𝑖𝑢𝑚st

+ 𝛽3𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙st + 𝛽4𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑑𝑜𝑚𝑖𝑛𝑖𝑐𝑘𝑠st

+
𝑇=120∑
𝑡=1

𝛽𝑡+4𝑤𝑒𝑒𝑘𝑡 + 𝑒st (23)

TABLE 5 | Descriptive statistics for brand prices, market shares, and unit sales averaged over stores and weeks.

Retail price Market share Unit sales

Brand Range ($) Mean ($) Std Dev Range (%) Mean (%) Std Dev (%) Min Max

Premium brands
Tropicana Pure [1.69, 3.55] 2.95 0.53 [3, 73] 15 15 6388 101,712
Florida Natural [1.57, 3.16] 2.86 0.33 [1, 53] 5 7 1138 56,037
National brands
Citrus Hill [1.09, 2.82] 2.31 0.31 [1, 78] 8 12 2006 151,570
Minute Maid [1.29, 2.92] 2.33 0.40 [3, 87] 21 22 4805 243,711
Tropicana [1.49, 2.75] 2.20 0.35 [2, 75] 21 23 3041 102,629
Florida Gold [0.990, 2.83] 2.17 0.39 [1, 63] 4 8 325 150,945
Tree Fresh [1.07, 2.48] 2.15 0.27 [1, 42] 4 6 916 39,401
Store brand
Dominick’s [0.990, 2.47] 1.75 0.40 [1, 83] 22 22 2170 189,462
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FIGURE 1 | Posterior diagnostics and marginal CDFs of endogenous regressors. (a) [𝛿1], (b) [𝛿2], (c) [𝛿3], (d) [𝛿4], (e) [𝝀̂Minute Maid], (f) [𝝀̂Premium], (g)
[𝝀̂National], and (h) [𝝀̂Dominicks]. Time series plot (first row), histograms (second row), and autocorrelation functions (third row) of coefficients attached to
endogenous regressors. The fourth row shows the estimated CDFs of the price variables, based on the posterior means of the sampled 𝜆 values, together
with 95% credible intervals. Each x-axis point corresponds to a unique value for which posterior draws of the corresponding 𝜆 were obtained. Directly
below, the difference between the posterior mean CDF and the ecdf is displayed. For further notes, see Table 6.

where 𝑠𝑎𝑙𝑒𝑠st denotes unit sales of the brand Minute Maid in
store 𝑠 and week 𝑡, 𝑝𝑟𝑖𝑐𝑒 is the brand’s price, and 𝑑𝑖𝑠𝑝𝑙𝑎𝑦 is a
dummy variable (= 1) if an in-store display for Minute Maid
is used. Following Blattberg and George [52] and Brezger and
Steiner [37], we capture cross-price effects in a parsimonious way
through the use of competitive variables at the tier level rather
than the individual brand level: 𝑝𝑟𝑖𝑐𝑒 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 and 𝑝𝑟𝑖𝑐𝑒 𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙
indicate the minimum price for competing brands within the
premium brand and the national brand tier, respectively, without
own-price; and 𝑝𝑟𝑖𝑐𝑒 𝑑𝑜𝑚𝑖𝑛𝑖𝑐𝑘𝑠 is the actual price of Dominick’s
private label brand. The dummy variables 𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 and
𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙 indicate the usage of in-store display for at least
one brand within the respective tier, and 𝑑𝑖𝑠𝑝𝑙𝑎𝑦 𝑑𝑜𝑚𝑖𝑛𝑖𝑐𝑘𝑠

is the display dummy for the private label. Weekly dummies
account for time variation, and structural errors are assumed
normally distributed, that is, 𝑒st ∼ N(0, 𝜎2), as the use of a log-
normal model is common when relating brand sales to (cross-)
prices and promotional instruments [4, 5, 53].

While price endogeneity is a concern, in-store display may also
be endogenous if managers adjust promotional activities based
on performance indicators such as sales and awareness [54, 55].
However, endogeneity is less likely with weekly data, as promo-
tional activities do not change rapidly in response to demand
shocks [56]. Furthermore, there is a large body of literature
that treats in-store display variables as exogenous (e.g., [57–59]).

Therefore, we allow for endogeneity of (cross-)price variables
while assuming exogeneity of display variables. We compare the
proposed Bayesian approach to the frequentist 2sCOPE estima-
tor (non-normality of the price variables is checked a priori),
and use IV estimation to assess the validity of the two IV-free
Gaussian copula models. Following Song and Chintagunta [45],
brand-specific wholesale prices of the eight brands are used as
instruments for endogenous price variables (see also [49]).

Details on the Bayesian implementation are provided in Web
Appendix E. Figure 1 shows posterior samples of the coeffi-
cients for the endogenous variables. The time series appears
stationary with negligible autocorrelation, and the histograms
are approximately normal, indicating no convergence issues.
Given that simultaneous estimation of the marginals is one of
the most attractive features of the approach, the figure also
reports posterior means with 95% credible intervals. Differ-
ences between the posterior mean cdfs and the ecdf are minor,
mostly due to the large sample and weak priors. Importantly,
the Bayesian approach provides simultaneous inference, with
marginals drawn conditional on all other coefficients, unlike the
independent treatment in frequentist ecdfs.

Estimation results for the empirical model are given in Table 6.
Cross-price effects exhibit variation across tiers, suggesting
asymmetric competitive price reactions (for similar findings,
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TABLE 6 | Estimation results for model (23).

OLS IV Proposed Bayes GR
Est. Est. P.mean

Endogenous regressors
𝛿1 (log price) −0.1240 −0.1773 −0.1780 1.09

(0.0025) (0.0031) (−0.1895 −0.1660)
𝛿2 (log price_premium) 0.0346 0.0138 0.0190 1.02

(0.0024) (0.0033) (0.0128 0.0254)
𝛿3 (log price_national) 0.0162 0.0597 0.0643 1.07

(0.0021) (0.0030) (0.0584 0.0701)
𝛿4 (log price_dominicks) 0.0270 0.0526 0.0514 1.07

(0.0019) (0.0027) (0.0489 0.0539)
Exogenous regressors
𝛼̂ (intercept) 0.6430 0.6607 0.4688 1.05

(0.0122) (0.0125) (0.4441 0.4958)
𝛽1 (display) 0.0457 0.0450 0.0486 1.09

(0.0011) (0.0012) (0.0462 0.0518)
𝛽2 (display_premium) −0.0092 −0.0113 −0.0096 1.05

(0.0009) (0.0010) (−0.0122 −0.0078)
𝛽3 (display_national) −0.0088 −0.0088 −0.0071 1.05

(0.0008) (0.0008) (−0.0111 −0.0009)
𝛽4 (display_dominicks) −0.0026 −0.0028 −0.0025 1.04

(0.0007) (0.0007) (−0.0044 −0.0007)
weekly dummies Yes Yes Yes
Correlations
𝜌̂(error, log price) 0.1917 1.15

(0.1840 0.1972)
𝜌̂(error, log price_premium) −0.2499 1.08

(−0.2561 −0.2387)
𝜌̂(error, log price_national) 0.2937 1.09

(0.2710 0.3125)
𝜌̂(error, log price_dominicks) 0.2082 1.01

(0.1997 0.2135)
Note: Estimates obtained by the proposed Bayesian approach (posterior means (P.mean) and 95% credible intervals in parentheses), and by the frequentist estimators
(estimated coefficients (Est.) and (bootstrap) standard errors in parentheses). Bayesian estimation is based on 1,002,000 full MCMC iterations. We discard the first 2000
iterations (burn-in) and keep each 10,000th iterate (thinning). Inference is thus based on 1000 draws from posteriors. The average acceptance rate is 0.671.

see [48, 60]). Own-price coefficients obtained through OLS are
significantly higher than those obtained from IV estimation,
indicating potential endogeneity issues. Neglecting endogeneity
leads to underestimation of effects from other national brands
and Dominick’s private label, while overestimating the effects
of premium brands. In terms of in-store display coefficients,
there are no systematic differences among the estimators. In line
with findings by Allenby and Rossi [61], promoting premium
brands has the strongest negative impact on demand, while the
effects diminish for lower quality tiers, indicating asymmetric
cross-promotional effects.

Assuming the IV estimator provides a valid benchmark, we can
use it to gauge the reliability of the proposed Bayesian approach

by comparing the estimates. For all coefficients, posterior means
are close to the IV estimates. However, IV estimation does not
deliver quantitative assessments of the amount or direction of
endogeneity, whereas copula approaches can. By estimating
correlations between endogenous regressors and structural
errors, valuable insights into the underlying economic mecha-
nisms can be gleaned. A positive correlation is found between
own-price and structural errors, indicating that unmeasured
product characteristics influence both demand and price [62].
This holds true for the price variables of other national brands
and Dominick’s private label in relation to demand for Minute
Maid. Interestingly, a negative correlation is observed between
prices of premium brands and structural errors, possibly due
to the strong distinction between premium brands and Minute

Oxford Bulletin of Economics and Statistics, 2025 13
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Maid [63]. The different signs may also imply that national
brands are perceived as more similar to Dominick’s private label
compared to premium brands, supporting the presence of neigh-
bourhood effects [64]. This observation gains additional support
through the demonstrated underestimation of effects from other
national brands and Dominick’s private label when endogeneity
is neglected, along with the concurrent overestimation of effects
attributed to premium brands. The endogeneity-robust neigh-
bourhood effects suggest a customer perception that aligns other
national brands and Dominick’s private label more closely with
Minute Maid, while relatively distancing premium brands from
Minute Maid, something which is relevant for store managers
and manufacturers.

6 | Conclusion

Empirical applications of the frequentist two-stage Gaussian cop-
ula method are increasingly common, making it the most popular
IV-free method in marketing and management research [6, 8].
Against this background, this study proposes a flexible one-step
Bayesian approach to copula-based identification for handling
endogenous regressors that enables precise finite-sample infer-
ence. In contrast to Haschka [5] and Yang et al. [4], we neither
estimate cdfs of explanatory variables a priori nor use empir-
ical correlation coefficients as plug-in estimates for the cor-
relation matrix in the Gaussian copula. Within the Bayesian
approach, we instead treat both the probability masses formal-
ising non-parametric marginal distributions of explanatory vari-
ables and the full correlation matrix as random variables. For
these, we derive the full conditional distributions by assigning
Dirichlet and inverse Wishart priors, respectively, for Gibbs sam-
pling. Sampling these jointly with the remaining unknown coef-
ficients (intercept, slopes, structural error variance) allows for
simultaneous inference. Regularisation priors on regression coef-
ficients enhance numerical stability, while the simultaneous esti-
mation of regressors’ marginal distributions enables a more effec-
tive consideration of uncertainties compared to using plug-in
estimates.

We conduct simulation experiments to assess the performance of
our proposed Bayesian approach and validate Bayesian inference,
with a particular focus on scenarios where crucial identifying
assumptions are violated. The results show that drawing mar-
gins of explanatory variables and correlations, rather than keep-
ing them fixed as in frequentist estimation, is more effective in
accounting for uncertainties. When the model is identified, pos-
terior means provide unbiased estimates of the true coefficients,
and the corresponding credible intervals correctly cover the true
values with the appropriate probability, even in small samples
(𝑁 = 50) and with an intercept. However, if the model lacks iden-
tification, Bayesian inference becomes invalid. In such cases, we
also find frequentist inference to be invalid due to incorrect boot-
strap standard errors—a problem that, to our knowledge, has not
yet been documented in the literature.
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Endnotes
1 For a proof which shows that meeting these assumptions leads to model

identification, see Web Appendix B in Reference Yang et al. [4]. Their
results also hold for our Bayesian model because we make the same
identifying assumptions.

2 When using ecdf (see footnote 3 in [1]) for a generic regressor
𝜛 ∈ (𝒛,𝒙)′, û𝜛 = (𝑢1∕𝑢𝑚𝜛 , . . . , 𝑢𝑚𝜛 ∕𝑢𝑚𝜛 )

′, where 𝑢𝑗 , 𝑗 = 1, . . . , 𝑚𝜛 are
unique values of 𝜛 for 𝑖 = 1, . . . , 𝑁 . Then, û𝜛 is usually rescaled by
𝑁∕(𝑁 + 1) to ensure that 𝜉𝜛 = Φ−1(û𝜛 ) is not undefined.

3 Note that although our approach is fully Bayesian, we stick to para-
metric modelling. While we acknowledge that the proposed approach
may introduce more uncertainty in the margin estimation compared to
a fully non-parametric Bayesian approach, we show by means of simu-
lations that uncertainty in the margin estimation is smaller compared
to the frequentist plug-in approach.

4 For applications of Dirichlet processes to flexibly modelling the joint dis-
tribution and permitting heterogeneity of various forms in the context
of instrumental-based identification, we refer the reader to Conley et al.
[28] and Hu et al. [29].

5 Codes for implementing the proposed approach are available on
GitHub: https://github.com/HashtagHaschka.

6 We conduct 1000 replications of each experiment, obtaining unique
samples from the posterior distributions of model parameters. Each
estimation run consists of 102,000 MCMC iterations, with a burn-in
of 2000 iterations and keeping every 100th iterate (thinning). The rea-
son for running such long chains is that we want to rule out conver-
gence problems caused by chains that are too short. This results in 1000
posterior draws for inference. Gelman-Rubin convergence checks are
performed using 100 parallel chains to check convergence. According
to Gelman et al. [30], convergence can be assumed when 𝐺𝑅 ≤ 1.1.
This threshold has been adopted widely by practitioners [31]. Never-
theless, the reliability of this criterion is a subject of debate, particu-
larly concerning its sensitivity to Type I and II errors [32]. Questions
arise regarding whether this criterion would exclusively identify severe
non-identification cases or also capture minor cases. There is a possibil-
ity that it might incorrectly flag models as non-identified, even when
they are, in fact, identified. As a precaution, we recommend supple-
menting convergence checks with additional visual inspection.
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