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Abstract
In nonperturbative formulation of Euclidean signature quantum field theories, the vacuum state is
characterized by the Wilsonian renormalization group (RG) flow of Feynman measures. Such an
RG flow is a family of Feynman measures on the space of ultraviolet (UV) regularized fields, linked
by the Wilsonian RG equation. In this paper we show that under mild conditions, a Wilsonian RG
flow of Feynman measures extending to arbitrary regularization strengths has a factorization prop-
erty: there exists an ultimate Feynman measure (UV limit) on the distribution sense fields, such
that the regularized instances in the flow are obtained from this UV limit via taking the marginal
measure against the regulator. Existence theorems on the flow and UV limit of the corresponding
action functional are also discussed.

1. Introduction

In the Feynman functional integral formulation of nonperturbative interacting Euclidean signature
quantum field theories (QFTs), the vacuum state of a model is described by a Feynman measure living
on the space of field configurations. More precisely, it is described by a Wilsonian renormalization group
(RG) flow of Feynman measures on the space of ultraviolet (UV) regularized fields. As is well known,
the need for the regularization and renormalization comes from the necessity of spacetime pointwise
multiplication of certain distribution sense fields, as spelled out in the following.

Classically, a Euclidean field theory is described by its action functional S on the space of smooth
and sufficiently rapidly decreasing field configurations. It is assumed that a splitting S= T+V is
given, with T being a quadratic positive definite kinetic term, such as a Klein–Gordon term T(φ) =
1
2

´
φ(−∆+m2)φ, and V being a higher than quadratic degree interaction term bounded from below,

such as V(φ) = g
´
φ4, the integrals performed over the spacetime5. The quantization is outlined below.

It is well known, that a Gaussian Feynman measure γ on the space of distribution sense fields can
be naturally associated to the kinetic term T, as follows [1–5]. Denoting by K the maximally symmet-
ric fundamental solution (Green’s distribution) to the partial differential operator (−∆+m2) subor-
dinate to T, the Gaussian function Zfree( j) := e−

1
2 ( j |K⋆j) is the Fourier transform of a probability meas-

ure γ on the space of distribution sense fields, as implied by the well known Bochner–Minlos theorem
(see e.g. [2] Corollary 1 for a concise review). This Gaussian measure γ is a genuine probability meas-
ure, devoid of any pathologies, and is the mathematically precise definition of the Feynman measure for

5 The integration domain for the interaction term may also be restricted to a compact region of the spacetime, referred to as an infrared
(IR) cutoff. In this paper, a fixed IR cutoff on the interaction term will be assumed, wherever relevant, as only the UV behavior will be
investigated.
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a non-interacting Euclidean signature QFT model. It is customary to write
´
(. . .)dγ(ϕ) informally as´

(. . .)e−T(ϕ) dϕ, the integrals performed on the distribution sense fields.
The tentative definition for the Feynman measure of the interacting QFT model is the product meas-

ure µ := e−V · γ, meaning that
´
(. . .)dµ(ϕ) :=

´
(. . .)e−V(ϕ) dγ(ϕ), where the right hand side of the

equation is the tentative rigorous definition for the informal expression
´
(. . .)e−(T+V)(ϕ) dϕ. This con-

struction is known to be rather obviously problematic: the measure γ naturally lives on the space of
distribution sense fields, whereas the Feynman exponent e−V of interaction term lives on the space of
function sense fields. Thus, the product measure e−V · γ cannot be naively defined.

A workaround to this problem, called Wilsonian regularization, was developed in the 1970s, which
can be rigorously formulated as follows [6–15]. Consider an Euclidean QFT model encoded by a probab-
ility measure µ on the distribution sense fields, and fix a semigroup of coarse-graining operators, imple-
mented as (in a suitable sense) µ-measurable linear operators from the space of distribution sense fields
to the space of function sense fields. The corresponding family of pushforward (marginal) measures C∗µ
(C ∈ {coarse-grainings}) constitutes the RG flow induced by µ. By construction, the pushforward meas-
ure instances C∗µ live on the space of function sense (i.e. regularized) fields. Conversely, one may con-
sider a family µC (C ∈ {coarse-grainings}) of probability measures on the space of function sense (i.e.
regularized) fields which are connected via pushforwards by intermediary coarse-grainings, and we shall
refer to an above kind of linked family of measures as a nonterminating Wilsonian RG flow. In this paper
we investigate when such a flow admits some kind of limit measure µ from which the flow originates6.

To see that the above concept indeed corresponds to the usual constructive implementation of the
Wilsonian RG, consider a free massive Klein–Gordon QFT encoded by its Gaussian measure γ on the
space of tempered distributions. For every Λ> 0, consider the linear operator CΛ which cuts off the
momentum modes p2 > Λ2 of a tempered distribution, whenever that operation is meaningful. (This
amounts to the multiplication of a tempered distribution with a non-smooth function which is not
everywhere defined.) One can show that CΛ is indeed a well defined γ-measurable mapping in a certain
sense, and that the pushforward measures (CΛ)∗ γ indeed correspond to the usual UV-cutoff versions of
γ. The next step is to include a family of Feynman exponents e−VΛ (0< Λ<∞) of interaction terms in
a way that implements Wilson’s idea: namely to integrate out high-momentum modes in every step. This
is precisely what the momentum cutoff operators do: the RG operation connecting e−VΛ ′ · (CΛ ′)∗ γ with
e−VΛ · (CΛ)∗ γ (0< Λ ′ < Λ<∞) corresponds to the pushforward by CΛ ′ , modulo an eventual field res-
caling by factors z(Λ ′) and z(Λ).

Because the measurability of the sharp UV cutoff operators is intimately tied to the free theory, we
will focus on the more generally applicable approach of using continuous coarse-graining operators
(practically corresponding to smooth momentum cutoffs). The benefit is that the corresponding push-
forward operations are well-defined irrespective of which Borel measure they act on such that the setup
generalizes to arbitrary scalar QFTs on either flat or curved spacetime, and without an a priori splitting
of the model to a free plus an interaction term. The precise form of the RG equation reads

∃ real valued functional z of coarse-grainings :

∀coarse-grainings C,C ′,C ′′ with C ′′ = C ′C :

z(C ′′)∗ µC′′ = C ′
∗ (z(C)∗ µC ) (1)

where C ′
∗ denotes the pushforward by C′, whereas z(C ′′)∗ and z(C)∗ denote pushforward by the field

rescaling operation by factors z(C ′′) and z(C), respectively. It is seen that the pertinent equation asserts
the following: proceeding in the flow from the UV toward IR means subsequent application of coarse-
graining operators to the fields, along with a subsequent field rescaling.

In this paper we prove structural theorems on the space of nonterminating Wilsonian RG flows. We
show that for scalar fields over a flat spacetime manifold, given a Wilsonian RG flow of measures µC for
C in a suitable class of coarse-grainings, there exists a unique measure µ from which the flow originates.
Moreover, we prove that if two Wilsonian RG flows µC and γC have an interaction potential VC relat-
ive to each-other such that µC = e−VC · γC holds for a suitably chosen coarse-gaining C, then a potential
VC will exist for all coarse-gainings C, and the flow of potentials will have a UV limit V on the distribu-
tional sense fields such that µ= e−V · γ holds between the UV limit measures. It will also be shown that

6 Of course, for this question to make sense, the semigroup of coarse-graining operators needs to approach arbitrarily close to the
identity operation, but on continuum spacetimes this is basically automatic.
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V has the same lower bound as VC if those potentials were bounded from below at a suitably chosen
coarse-graining C. We also point out possibilities for strengthening the mentioned results to manifold
spacetimes. The UV measure existence result can be seen as the analogy of the existence theorem for
the UV limit of Wilsonian RG flows of Feynman correlators in arbitrary signatures, proved in [16]. In
the present paper, however, due to the Euclidean signature setting, more constraining statements can be
proved.

The shown UV theorems on nonterminating Wilsonian RG flows are also discussed in the light of
certain concrete models, such as the φ4 model in various dimensions, and on models with bounded
potential density. With the help of the presented theorems one can demonstrate, for instance, that the
limiting procedure usually applied for constructing Feynman measures of high dimensional φ4 theories
[17–20] are themselves non-Wilsonian families. A renormalizability result on bounded potential density
is also presented.

There is a difference, when comparing the described Wilsonian RG prescription to other construct-
ive approaches in QFT, as considered e.g. in [21]. There, one consideres an already regularized instance
of the model in question, living on a lattice in a finite volume. Then, one uses sophisticated techniques
such as polymer expansions to obtain bounds on partition functions or Schwinger functions which
will inevitably depend on the volume as well as the lattice spacing. The next step is to show that these
bounds are sufficiently uniform to take the continuum limit. Often, this is established utilizing the
Wilsonian RG as a technique to split the integration over all fields into integration over fields with their
momenta in specific intervals (momentum slices, see e.g. [22]). The end result is then a family of meas-
ures (µΛ) indexed by UV-cutoffs Λ which converges to some UV limit µ. In other similar, but non-
lattice constructions [18, 19] one works on the genuine continuum Euclidean spacetime, but with UV
regularized fields to define a family (µΛ) convergent to some UV measure µ. It needs to be stressed that
in all these prescriptions, the family (µΛ) will in general not be Wilsonian itself, in the sense that it does
not fulfill Wilsonian RG equation (1), as will be shown by our results. What is true, on the other hand,
that in certain cases, they do converge to a UV measure µ in the so-called weak topology. Given this UV
limit µ, it is therefore a natural open question to ask, what the Wilsonian RG flow induced by the UV
limit µ looks like, even though µ itself may have been defined as the limit of a non-Wilsonian regular-
ized family. The non-Wilsonianity will be discussed in example 35 in the context of φ4 models.

For rigorous studies on RG flows of Euclidean signature theories we also refer to the construction
in [23], which formalizes the notion of Wetterich type RG flows. While the underlying idea, to suppress
high-momentum modes inside a functional integral, remains the same, it is not implemented via push-
forwards (neither sharp nor continuous). Instead, one modifies the interaction potential VΛ by adding
a bilinear term Bk that suppresses momenta below the auxiliary scale k⩾ 0. Furthermore, the resulting
flow deals with the effective average actions, which are Legendre transforms of cumulant-generating func-
tions, instead of the flow of the measures themselves.

The structure of the paper is as follows. In section 2 the mathematical framework for Wilsonian RG
flows of regularized Feynman measures is rigorously spelled out. In section 3 we prove the existence the-
orem for a UV limit Feynman measure. In section 4 we prove an existence theorem for the UV limit
of the flow of relative interaction potentials between two flows. Based on the presented theorems, in
section 5 case studies are presented on concrete QFT models applying the above results. In section 6 a
conclusion is presented. The paper is closed by appendix, a review on some known important properties
of Gaussian measures on the space of distribution sense fields.

The following normalization convention should be noted. The running field renormalization factor
appearing in (1) may be merged into the measures µC in the flow, by considering rather the flow of
measures z(C)∗µC on the space of rescaled fields (C ∈ {coarse-grainings}). That convention, in QFT
terms, corresponds to the book-keeping of the running field renormalization factor as the running coup-
ling of the kinetic term in the action functional. This convention sets z(C) = 1 in (1), which is used
from this point on, and therefore the running field renormalization factor will not appear in the nota-
tion explicitly in the sequel, although it is accounted for. In the pertinent convention, the factor re-
appears when comparing two flows.

2. Wilsonian RG flows

The mathematical results presented in this paper focus on Euclidean field theories formulated over flat
spacetimes, i.e. spacetimes isometric to RN. The sole reason for such restriction is that the proof of our
main theorem (theorem 14) relies on two factorization properties (remark 7 (i) and (iii)) of convolution
operators by Schwartz functions. If analogous factorization properties could be established for coarse-
graining operators on generic manifolds, the arguments of the presented theorems would carry over
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to the manifold spacetimes as well. (For a review on coarse-graining operators on manifolds, see e.g.
[16] remark 1.) In order to simplify the notations further, we focus on the case of scalar valued bosonic
fields: analogous theorems can be obtained for the case of vector valued bosonic fields, mutatis mutandis.
Fermionic fields are not considered in this paper, since they are not described by ordinary measure the-
ory, which is our present focus.

Throughout the paper, the standard distribution theory notations are used [24, 25]: E for RN → R
smooth functions, S for Schwartz functions, D for test functions, understood with their standard topo-
logies, and E ′, S ′, D ′ for their continuous duals, understood with their standard strong dual topolo-
gies. In particular, E ′ is the space of compactly supported distributions, S ′ is the space of tempered
distributions, and D ′ is the space of all distributions. Note that the spaces S and S ′ are only mean-
ingful on flat spacetimes, whereas the spaces E , D and E ′, D ′ are also meaningful on any orientable
and oriented manifold without further assumptions. The symbol F shall denote the usual F : SC →SC
Fourier transform, along with its extension F : S ′

C →S ′
C to the space of tempered distributions. Both of

these are known to be topological vector space automorphisms. The normalization convention of F is
such that for all φ,ψ ∈ SC the identity F(φ⋆ψ) = F(φ) · F(ψ) holds, where ⋆ denotes convolution and ·
denotes pointwise product. The above topological vector spaces E , S , D, and E ′, S ′, D ′ are understood
together with the Borel sets generated by their standard topology. For an η ∈ S we equip the subspace
η ⋆S ′ ⊂ S ′ with the subspace topology, and corresponding Borel sets. Often, we denote the convolu-
tion operator by an η ∈ S using the notation Cη : S → S and Cη : S ′ →S ′, furthermore we use the
notation Cη t= η ⋆ t given some t ∈ S ′ interchangeably, according to convenience. In particular, one

has Cη[S ′] = η ⋆S ′ by notation. The standard symbols R := R∪{±∞} and R+

0 := R+
0 ∪{+∞} are

used for the extended real numbers and extended non-negative real numbers, along with e−∞ := 0 and
e+∞ := +∞, furthermore we use the convention ±∞· 0 := 0 as customary in measure theory.

In order to motivate the mathematically precise definition of coarse-graining operators (regulators),
let us consider the setting of a bare orientable and oriented manifold as a base, and fields over it, which
are sections and distributional sections of some vector bundle. In such setting, coarse-graining operat-
ors are differential geometrically naturally defined as continuous linear maps from the distribution sense
fields to the smooth function sense fields, such that they are properly supported (i.e. they preserve com-
pact support), are injective on compactly supported distributions, and their transpose operators like-
wise have the above properties, see also [26] section 4 or [16] section 2 for a review. From Schwartz
kernel theorem it follows that these are smoothing operators by certain bivariate smooth kernel func-
tions. When the base manifold happens to be an affine space (∼= RN), i.e. flat spacetime models are con-
sidered, one may further require translational invariance of the coarse-grainings, in which case it follows
that the above operators are precisely the convolutions by some η ∈ D \ {0}. Furthermore, on RN space-
times the notions of Schwartz functions, Schwartz distributions, and Fourier transform (frequency space)
become meaningful. Requiring the analogy of the above definition, but with Schwartz distributions, it
follows that the translationally invariant coarse-graining operators are convolutions by some η ∈ S \ {0}.
Therefore, on flat spacetimes, the most general notion of coarse-graining operators are convolution oper-
ators Cη (η ∈ S). This definition of coarse-graining (regulator) on continuum spacetimes is widely used
implicitly in the literature, see [18, 19, 23, 27] among many others as example. In other pieces of QFT
literature on Wilsonian RG flows over flat spacetime, it is customary to require further properties on the
allowed set of coarse-graining operators: it is customary to require the frequency spectrum F(η) to have
in addition a particular damping profile shape, as formally defined in the sequel.

Definition 1. We introduce regulators with various frequency space asymptotics. As a subset of S , let us
introduce the set of regulators with Schwartz frequency tail

RS :=
{
η ∈ S

∣∣ 0⩽ F(η)⩽ 1 and ∃neighbh. U of 0 ∈ RN : F(η) |U = 1
}
.

(2)

A subset ofRS is the regulators with nonvanishing Schwartz frequency tail

RS+ :=
{
η ∈RS

∣∣ 0< F(η)
}
. (3)

A further subset ofRS is the regulators with strictly bandlimited frequency tail

RD :=
{
η ∈RS

∣∣ F(η) ∈ D
}
. (4)

Throughout the paper the symbol R will be generally a placeholder for either of S or RS or RS+

or RD of the considered regulators, and we prove various theorems when the allowed coarse-grainings
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are Cη (η ∈R) with R= S or RS or RS+ or RD, respectively. Note that all these sets of regulators
satisfy ∀η,η ′ ∈R : η ⋆ η ′ ∈R and admit approximate identities. The customary choice in the flat space-
time QFT literature for the allowed set of regulators is R=RS . We note, however, that our proofs go
through when the allowed set of regulators is R= S , i.e. without restrictions on the Fourier spectra of
the allowed regulators. The latter setting is useful for future generalization attempts of the presented the-
orems to manifolds, in which case no analogy to RS or RS+ or RD exists, due to lack of Fourier spec-
tra. In other words, restrictions on the Fourier spectra of the regulators are avoidable in the scheme of
the key proofs, and they would automatically generalize to manifolds if the suitable analogy of the fac-
torization lemmas referred in remark 7 (i) and (iii) could be proven for coarse-grainings on manifolds.
We also note in passing that important pieces of literature on the Wilsonian RG flows over continuum
flat spacetimes assume the regulators to be strictly bandlimited, i.e. R=RD only. This choice is not
only restrictive on manifolds, but also on flat spacetimes: in the discrete analogy of the coarse-graining
operation, fields are averaged in some compact vicinity of spacetime points on the spacetime mesh,
being the discrete analogy of convolution by some bump function η ∈ D. Due to the Paley–Wiener–
Schwartz theorem ([28] theorem 7.3.1), however, the Fourier spectrum of such bump function η can
never be strictly bandlimited. Nevertheless, we also study the R=RD case, i.e. when the allowed coarse-
grainings are only the strictly bandlimited smooth frequency cutoffs, to conform to the literature.

Definition 2. LetR= S orRS orRS+ orRD. A family (µη)η∈R of measures, such that for all η ∈R the
µη is a sigma-additive non-negative valued finite measure on the Borel sets of Cη[S ′], is called nonterminat-
ing Wilsonian RG flow whenever

∀η,η ′,η ′′ ∈R satisfying Cη ′′ = Cη ′ Cη : µη ′′ = (Cη ′)∗ µη (5)

holds. Here, ()∗ denotes the pushforward of a measure by a measurable map, i.e. by definition(
(Cη ′)∗µη

)
(B) := µη

( −1
Cη ′(B)

)
for all Borel sets B, where

−1
Cη ′(B) denotes the preimage of B by the mapping

Cη ′ .

The main aim of the paper is to show that for a Wilsonian RG flow as in definition 2, there exists
some sigma-additive non-negative valued finite measure µ on the Borel sets of S ′, such that for all η ∈
R the factorization identity µη = (Cη)∗µ holds. That would imply the family of Wilsonian regularized
probability measures (µη)η∈R having a regularization-independent UV limit.

Remark 3. In the above definition, each member of the family (µη)η∈R was defined on Borel sets of Cη[S ′].
However, as shown by lemma 5 stated in the sequel, when Cη[S ′] (η ∈ S) is considered as a subset of S ′,
it is itself seen to be a Borel measurable subset of S ′. For that reason, the Borel sigma-algebra of Cη[S ′] is
identical to the trace sigma-algebra of Borel sets of S ′, i.e.

Borel(Cη [S ′]) =
{
B∩Cη [S ′]

∣∣ B ∈ Borel(S ′)
}

(6)

holds. This, in turn, means that every Borel measurable subset of Cη[S ′] is also a Borel subset of S ′.
Consequently, any of the measures µη on Cη[S ′] can be naturally extended to a Borel measure νη on S ′ as
follows:

νη (B) := µη (B∩Cη [S ′]) B ∈ Borel(S ′) . (7)

The extended family of measures (νη)η∈R so obtained obviously fulfills the Wilsonian RG property (5).
Conversely, if (νη)η∈R satisfies (5), then the family consisting of the restrictions of the νη ’s to Borel subsets
of Cη[S ′], i.e. the measures µη := νη|Cη [S ′] , satisfy definition 2. Accordingly, for the purpose of definition 2,

it does not matter whether the members of the measure family (µη)η∈R are interpreted as measures on the
Borel sets of Cη[S ′] or as measures defined on the full Borel sigma-algebra of S ′. While the latter view is
mathematically more natural and easier to handle, the former view relates more closely to the original QFT
motivation of the concept of RG flow, and therefore is more appropriate for our applications carried out in
section 4. When not confusing we will not distinguish these explicitly in notation.

Lemma 4. Let X and Y be Hausdorff locally convex topological vector spaces, and suppose that X is a countable
union of weakly compact sets. Then for every continuous map u : X→ Y and weakly closed set A⊂ Y, the set
u[X] +A is a Borel set in Y with respect to the weak and the original topology.

Proof. Let (Kn)n∈N be a sequence of weakly compact sets in X such that X=
⋃

n∈NKn, then

u [X] +A=
⋃
n∈N

(u [Kn] +A) . (8)

5
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Note that every continuous linear map u : X→ Y is weakly continuous, hence u[Kn] is weakly compact in Y.
Furthermore, the sum between a compact and a closed set is closed, according to [29] theorem 1.1 (iv). Due
to (8) this implies that u[X] +A is the union of countably many weakly closed (and thus weakly Borel) sets,
and hence it is weakly Borel. Since the original topology contains more open sets in comparison to the weak
one, a weakly Borel set is also Borel with respect to the original topology.

Lemma 5. For all η ∈ S the subset Cη[S ′] of S ′ is Borel measurable, with respect to the weak and original
(strong) topology.

Proof. This is a direct consequence of lemma 4, as S ′ is the countable union of weakly compact
sets. Indeed, since the S is metrizable, there is a countable family (Un)n∈N which forms a base of 0-
neighborhoods in S . Then, according to the Alaoglu–Bourbaki theorem ([30] Chapter III theorem 6), the
polars Kn := U◦

n ⊂ S ′ are compact subsets of S ′ in the weak-∗ topology, such that

S ′ =
∞⋃
n=1

Kn.

Then the statement follows from lemma 4 by choosing X= Y= S ′, and u= Cη and A= {0}.

In probability and measure theory, the notion of Polish spaces are rather important. These are such
topological spaces, which are complete, separable, and metrizable. A generalization of such spaces are the
Souslin spaces, which are images of Polish spaces by continuous maps. The significance of Souslin spaces
in measure theory are given by the following collection of known theorems.

Remark 6. The notion of Borel sets over distribution theory function spaces is robust.

(i) [31] theorem A.3.15 (iii) shows the following. Let X and Y be Hausdorff Souslin topological spaces,
C : X→ Y be an injective Borel measurable map. Then, the image of Borel sets in X are Borel sets in Y.
In particular, C is a Borel isomorphism between X and C[X]⊂ Y.

(ii) It is well known, but [25] Proposition A.9 and after explicitly shows that the function spaces E , S ,D
and their strong duals E ′, S ′,D ′ are Souslin spaces.

(iii) By construction, the continuous image of a Souslin space is Souslin. In particular, any topology on a
Souslin space which is weaker than the original one is still Souslin.

(iv) A direct consequence of the above is that for any η ∈ S the subspace Cη[S ′]⊂ E ∩S ′ is Souslin with
either of the subspace topology against E or S ′.

(v) By taking the identity map as the Borel measurable injection in (i), and also applying (iii), it follows
that in a Hausdorff Souslin space any weaker Hausdorff topology will generate the same Borel sets as
the original topology. Consequently, on E , S ,D, E ′, S ′,D ′, the notion of Borel sets does not depend
on which topology we consider between the strong (original) and the weak-∗ topologies. Moreover, in
Cη[S ′]⊂ E ∩S ′ the notion of Borel sets does not depend on whether it is equipped with the subspace
topology against any topology on E or S ′ between their respective original or weak-∗ topologies. Using
these arguments, one can also prove lemma 5 without referring to the metrizability of S , which can
come useful in future efforts of extending the results of this paper to the case of manifold spacetimes.

3. Existence theorem of the UV limit measure

In the theory of Wilsonian regularization, the properties of the convolution operators Cη : S ′ →S ′

(with some η ∈ S) is central. Below some key results are recalled, on which our proofs will hinge.

Remark 7. Strong factorization properties of the convolution operator ⋆ : S ×S → S .

(i) In [32] theorem 3.2, or [33], or [34] lemma 1 it is shown that the convolution operator on S is
surjective, i.e. S ⋆S = S . That is, for any j ∈ S there exists some η,ℓ ∈ S such that j = η ⋆ ℓ holds.

(ii) In addition, [33] and the proof of [34] lemma 1 shows that in the above factorization, one of the
factors, say η, may be chosen to be F(η)> 0. Quite obviously, the normalization of such η may be
chosen ensuring that F(η) is unity at the origin. Due to the paracompactness of RN, for such η one
may construct a compactly supported smooth symmetric function α : RN → [0,1] which is unity over
a compact neighborhood of the origin containing the level set {F(η)⩾ 1

2}. Clearly, the function
Φ := (1−α) · 1+α · 1/F(η) is smooth, symmetric, everywhere positive, and is unity outside the
support of α, moreover F−1(Φ · F(η)) ∈RS+, see again definition 1. Furthermore, for any ℓ ∈ S one
has F−1(1/Φ · F(ℓ)) ∈ S . Therefore, without loss of generality, the η in (i) may be chosen to be
η ∈RS+.

6
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(iii) In [32] theorem 3.2 it is shown that in S the so-called compact factorization property holds. Namely,
for any compact set J ⊂ S there exists some η ∈ S and some compact set L ⊂ S , such that J = η ⋆L
holds.

(iv) The straightforward combination of (ii) and (iii) evidently yields that the compact factorization
property holds in a stronger form as well: one may choose η such that F(η)> 0, or one may even
choose η ∈RS+.

For our practical uses, we distill the following key lemmas as a consequence of the above known res-
ults recalled from the literature.

Lemma 8. (factorization) For every j ∈ S there exist η ∈ S and ℓ ∈ S , such that j = η ⋆ ℓ holds. (This η exists
also such that η ∈RS or even η ∈RS+.)

Proof. This is merely a summary restatement of remark 7 (ii).

Lemma 9. Let η ∈ SC with nowhere vanishing F(η). Then, the convolution operator Cη : S ′
C →S ′

C, t 7→ Cη

t := η ⋆ t is injective. In particular, then Cη : SC →SC is injective.

Proof. Take some η ∈ SC and t ∈ S ′
C. Then the Fourier transform of the convolution of η and t is F(η ⋆ t) =

F(t)F(η) as tempered distribution, meaning that for all φ ∈ SC one has (F(η ⋆ t) |φ) = (F(t) |F(η) ·φ). In
particular, for all φ ∈ DC ⊂ SC that identity holds. Consider now such an η which has nowhere vanish-
ing F(η). Then for any φ ∈ DC the function φ/F(η) is everywhere defined, smooth and compactly sup-
ported, i.e. φ/F(η) ∈ DC. Consequently, for all φ ∈ DC one has (F(η ⋆ t) |φ/F(η)) = (F(t) |φ). If t ∈ S ′

is such that η ⋆ t= 0 holds, then by means of our observation, for all φ ∈ DC the identity (F(t) |φ) =
(F(η ⋆ t) |φ/F(η)) = 0 needs to hold. That is, the tempered distribution F(t) ∈ S ′

C is zero on the dense sub-
spaceDC ⊂ SC, implying that F(t) = 0. By the injectivity of the Fourier transformation, t= 0 follows.

Lemma 10. (sequential factorization) Let ( jn)n∈N be a sequence in S that converges to some j ∈ S . Then there
exist a function η ∈ S and a sequence (ℓn)n∈N in S convergent to some ℓ ∈ S , such that jn = η ⋆ ℓn holds for
every n ∈ N. (This η exists also such that η ∈RS or even η ∈RS+.)

Proof. By assumption, J := {jn |n ∈ N}∪ {j} is a compact set in S . Applying remark 7 (iv) it follows that
there exits some η ∈RS+ and some compact set L ⊂ S , such that J = η ⋆L holds. By this observation,
for every n ∈ N there is some ℓn ∈ L such that jn = η ⋆ ℓn holds. Since the sequence (ℓn)n∈N runs in a com-
pact set, therefore it is bounded and has accumulation points. We will show that all its accumulation points
are the same, which implies that it is convergent. For let λ1,λ2 ∈ S be accumulation points. Then, there
exists some index subsequence (nk)k∈N such that (ℓnk)k∈N converges to λ1, and there exists some index
subsequence (ml)l∈N such that (ℓml)l∈N converges to λ2. For these, one has that for all k ∈ N : η ⋆ ℓnk = jnk ,
moreover for all l ∈ N : η ⋆ ℓml = jml . By the continuity of convolution it follows then that η ⋆ λ1 = j and
η ⋆ λ2 = j, i.e. one has η ⋆ λ1 = η ⋆ λ2. Since one had F(η)> 0, the convolution by η is injective by means
of lemma 9 and thus λ1 = λ2 follows. Therefore, (ℓn)n∈N converges to some ℓ := λ1 = λ2.

Remark 11. The following results on approximate identities are recalled from literature.

(i) The convergence of a sequence of test functions αn ∈ D (n ∈ N) to the Dirac delta distribution δ ∈ D ′

in theD ′ topology guarantees that for all test functions φ ∈ D one has αn ⋆φ→ φ pointwise as
n→∞. It is not guaranteed, however, that the convergence also holds in theD topology. On the other
hand, it is well known that one can construct special Dirac delta approximating sequences αn ∈ D
(n ∈ N) for which the pertinent convergence holds inD. These are called approximate identities, see
e.g. [35] theorem 6.32(a).

(ii) It is common knowledge that the space S also admits approximate identity in the following sense.
Sequences αn ∈RS ⊂ S (n ∈ N) exist such that for all φ ∈ S one has αn ⋆φ→ φ in the S topology as
n→∞. For let us take any α ∈RS and define its compressed version αΛ(x) := ΛNα(Λx) (x ∈ RN)
for all 1⩽ Λ<∞. One can verify that for all φ ∈ S one has αΛ ⋆φ→ φ in the S topology as Λ→∞.
To confirm this, one should note that F : SC →SC is topological automorphism, and therefore it is
enough to show that (1− F(αΛ)) · F(φ)→ 0 in the S topology as Λ→∞. The canonical topology of S
is characterized by the family of seminorms supx∈RN |Q(x)P(∂x)ψ(x)| on a ψ ∈ SC, with P,Q being any
polynomials. Clearly, the seminorms supx∈RN |P(∂x)Q(x)ψ(x)| (ψ ∈ SC) define the very same topology.
Due to Hölder’s inequality and the Sobolev inequality, this family of seminorms is equivalent to the
family of seminorms ‖P(∂)Qψ‖L2 (ψ ∈ SC), with P,Q being polynomials. Using F(αΛ)|ω = F(α)|ω/Λ

(ω ∈ RN), via Lebesgue’s theorem of dominated convergence it is not hard to see that for all
polynomials P,Q and all α ∈RS , φ ∈ S one has ‖P(∂)Q · (1− F(αΛ)) · F(φ)‖L2 → 0 as Λ→∞, which
completes the argument.
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Remark 12. Recall that given some sigma-additive non-negative valued finite measure µ on the Borel sets of
S ′ it has a corresponding Fourier transform function Z : S → C defined by the formula

Z( j) :=

ˆ

ϕ∈S ′

ei(ϕ|j) dµ(ϕ) for all j ∈ S. (9)

In the QFT context, this is sometimes called the partition function, or in probability theory the character-
istic function. It has some notable properties, namely that it uniquely characterizes the measure µ, it is con-
tinuous, and is a so-called positive definite function. The latter means that for allm ∈ N, for all finite sys-
tems j1, j2, . . . , jm ∈ S , them×mmatrix

(
Z( jk − jl)

)
1⩽k,l⩽m

is positive semidefinite. The Bochner–Minlos
theorem (see e.g. [2] Corollary 1, or [36] vol.2 theorem 7.13.9, or [37] Corollary 5.11.11) says that the con-
verse is also true. Namely, given a continuous positive definite function Z : S → C there is a unique sigma-
additive non-negative valued finite measure µ on the Borel sets of S ′, such that the Fourier transform of µ
equals to Z. Moreover, µ(S ′) = Z(0) holds.

Remark 13. Let (µη)η∈R be a Wilsonian RG flow as in definition 2. Then, their corresponding family of
Fourier transform functions (Zη)η∈R, with Zη : S ′ → C for each η ∈R being continuous and positive def-
inite, obey the relation

∀η,η ′,η ′′ ∈R satisfying Cη ′′ = Cη ′ Cη : Zη ′′ = Zη ◦Cη ′t . (10)

Here, η ′t stands for the reflected η ′, i.e. for all x ∈ RN one has η ′t(x) := η ′(−x). This equation is the simple
consequence of the Wilsonian RG equation (5), and the relation between measure pushforward and func-
tion composition, i.e. the fundamental formula for integration variable substitution, moreover the relation
(Cη ′ ϕ | j) = (ϕ |Cη ′t j) for all ϕ ∈ S ′, j ∈ S .

In the following, we prove that the family of Fourier transforms (Zη)η∈R of a Wilsonian RG flow
(µη)η∈R of sigma-additive non-negative valued finite measures has a corresponding continuous positive
definite function Z : S → C, such that Zη = Z ◦Cηt holds for η ∈R.

Theorem 14. LetR= S orRS orRS+, and (Zη)η∈R be a family of S → C continuous and positive definite
functions, which satisfies (10), i.e. has the property that

Zη⋆η ′ ( j) = Zη ′ (ηt ⋆ j) for all η,η ′ ∈R and j ∈ S. (11)

Then there exists a unique continuous positive definite function Z : S → C such that

Zη ( j) = Z(ηt ⋆ j) for all η ∈R and j ∈ S. (12)

Proof. We are going to construct the function Z : S → C in a pointwise manner. For let j ∈ S be arbitrary
but fixed, and choose η ∈R and ℓ ∈ S such that j = η ⋆ ℓ. Such factorization exists according to lemma 8.
Define Z(j) by letting

Z( j) := Zηt (ℓ) . (13)

First, we show below that the definition of Z(j) does not depend on the choice of the factorization j = η ⋆ ℓ.
Let us consider two factorizations j = η1 ⋆ ℓ1 = η2 ⋆ ℓ2, where η1,η2 ∈R and ℓ1, ℓ2 ∈ S . Choosing any

α ∈R, by (11) and by the commutativity of convolution

Zηt
1
(ℓ1 ⋆α) = Zαt⋆ηt

1
(ℓ1) = Zαt (η1 ⋆ ℓ1) = Zαt ( j)

= Zαt (η2 ⋆ ℓ2) = Zαt⋆ηt
2
(ℓ2) = Zηt

2
(ℓ2 ⋆α) (14)

follows. Moreover, for any approximate identity αn ∈R⊂ S (n ∈ N) in S , one has ℓ1 ⋆αn → ℓ1 and ℓ2 ⋆
αn → ℓ2 in the canonical S topology as n→∞. Therefore, by continuity of the functions Zηt

1
and Zηt

2
, one

has Zηt
1
(ℓ1) = Zηt

2
(ℓ2). This shows that Z is well defined.

It is straightforward that Z satisfies (12). For if η ∈R and ℓ ∈ S , then by (13) we have Z(ηt ⋆ ℓ) =
Z(ηt)t(ℓ) = Zη(ℓ).

Next we show the continuity of Z, which is equivalent to its sequentially continuity, since S is metriz-
able. Let ( jn)n∈N be a sequence in S such that jn → j for some j ∈ S . According to lemma 10, there exists a
function η ∈R and a sequence (ℓn)n∈N in S such that ℓn → ℓ for some ℓ ∈ S , alongside jn = η ⋆ ℓn for all

8
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n ∈ N. By the continuity of convolution, the identity j = η ⋆ ℓ holds between the limits j and ℓ. Then, by (13)
one has

Z( jn) = Z(η ⋆ ℓn) = Zηt (ℓn) → Zηt (ℓ) = Z(η ⋆ ℓ) = Z( j) (as n→∞) ,

(15)

where we used the continuity of Zηt .
As a next step, we show that Zηn

( j)→ Z( j) as n→∞, whenever ηn ∈R⊂ S (n ∈ N) is an approximate

identity in S , and j ∈ S . Indeed, for an approximate identity (ηn)n∈N one has ηtn ⋆ j
S→ j as n→∞, therefore

Zηn
( j) = Z(ηtn ⋆ j)→ Z( j) (as n→∞) (16)

because of the continuity of Z, just shown in the above paragraph.
To conclude the proof, we show that the function Z is positive definite. Consider a finite system

j1, j2, . . . , jm in S and fix an η ∈R. Let us introduce them×mmatrices

Zη := (Zη ( jk − jl))1⩽k,l⩽m and Z := (Z( jk − jl))1⩽k,l⩽m . (17)

By assumption, Zη is a positive definite function, meaning that the matrix Zη is positive semidefinite. Taking
now an approximate identity ηn ∈R⊂ S (n ∈ N), by letting n→∞ we have Zηn

→ Z according to the
observation in the previous paragraph. Since the set of positive semidefinite matrices is closed, the matrix
Z is positive semidefinite too, which means that the function Z itself is positive definite.

According to the Bochner–Minlos theorem mentioned in remark 12, and taking into account
remark 13 as well as the above theorem 14, the following corollary can be stated.

Corollary 15. LetR= S orRS orRS+, and (µη)η∈R be a family of sigma-additive non-negative valued
finite measures with the Wilsonian RG property as in definition 2. Then there exists a unique sigma-additive
non-negative valued finite measure µ on the Borel sets of S ′, such that the factorization property

µη = (Cη)∗ µ for all η ∈R (18)

holds. The pertinent µ will be called the UV limit of the RG flow of measures (µη)η∈R.

Remark 16. Assume that the conditions of Corollary 15 hold. Then, for any sequence hn : S ′ → R (n ∈
N) of uniformly bounded measurable functions, and any bounded continuous function g : S ′ → R, by
Lebesgue’s theorem of dominated convergence,

lim
n→∞

ˆ

S ′

|hn| · |g ◦Cηn − g|dµ = 0 (19)

holds for all approximate identities ηn ∈R⊂ S (n ∈ N). Consequently,

lim
n→∞

ˆ

S ′

hn · (g ◦Cηn − g) dµ = 0 (20)

follows. This, in particular, implies that for all approximate identities, the measure sequence µηn
(n ∈ N)

converges to µ weakly. That is seen by choosing hn = 1 for all n and by using the fundamental formula relat-
ing pushforward and integration variable substitution in (20).

Remark 17. The following can be stated on generalizations of the above results.

(i) On manifold spacetimes the following can be said. At the price of a more elaborate argument using
compact sets in S and their accumulation points, the proof of theorem 14 can also be carried out by
solely referring to remark 7 (i) and (iii), without referring to the commutativity of convolution
operators, and without referring to Fourier spectra of the regulators. That is, the key proof can be
carried out without using arguments very specific to a flat spacetime. If the analogy of the factorization
theorems in remark 7 (i) and (iii) could be proven on manifolds, meaning that if all test functions inD
were factorizable into a coarse-graining operator acting on some other test function fromD, the
analogy of theorem 14 and its consequences would automatically generalize to measures onD ′ over
manifolds. These are open questions worth to investigate.
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(ii) Staying on flat spacetime, but allowing strictly bandlimited regulatorsR=RD only, the following can
be said. Introduce the dense linear subspace SD of S consisting of such elements whose Fourier
transform reside inD. Assign a vector topology to SD which is just theD topology on the Fourier
transforms. Then, clearly SD ∼=D (the identification map being the Fourier transformation), and thus
SD is barreled nuclear and therefore Bochner–Minlos theorem applies. Its continuous dual space S ′

D
equipped with the strong dual topology will contain S ′ as a dense subspace, and S ′

D
∼=D ′. The

analogy of lemma 8 and lemma 10 holds: by the construction ofD, for all j ∈ SD there exists some
η ∈RD and ℓ ∈ SD such that j = η ⋆ ℓ, moreover, for all convergent sequences jn ∈ SD (n ∈ N) there
exists some η ∈RD and a convergent sequence ℓn ∈ SD (n ∈ N) such that jn = η ⋆ ℓn (∀n ∈ N).
Consequently, the scheme of the proof of theorem 14 can be copied when replacing S by SD andRS
byRD: it follows that there exists a corresponding positive definite sequentially SD-continuous
function Z : SD → C in the UV limit. If all the regularized measures µη (η ∈R) had second moments
(which is always the case in QFT applications), using the RG equation, the estimate [37] (5.5.3) and
the quadratic bound 1− cos t⩽ t2, by [16] lemma 21 it follows that Z is also topologically
SD-continuous, and thus Bochner–Minlos theorem can be invoked. In summary, withR=RD, the
UV limit measure µ of a Wilsonian RG flow still exists, but as a measure on S ′

D, having second
moment. If this second moment distribution is tempered (i.e. does not blow up in frequency space
faster than all polynomials), then Z is S-continuous, i.e. µ will be supported on S ′.

(iii) On flat spacetime, if the regularized measure instances in a Wilsonian RG flow is described by a free
Gaussian measure modified by an interaction potential, then also sharp bandlimited cutoffs can be
defined, the cutoff operator being a measurable map with respect to the free Gaussian measure. Once
well defined, the Wilsonian RG flows with sharp and smooth bandlimited cutoffs can be shown to be
in one-to-one correspondence. Details of the proof of (ii) as well as the sharp cutoff construction will
be spelled out in a different paper, focusing entirely on strictly bandlimited regulators, as their
treatment need rather different and involved techniques. Certain further support properties of the UV
limit measures with strictly bandlimited regulators will be still mentioned in section 4.

Since the paper deals with Euclidean QFT models, a note on reflection positivity property is in order.
Denote by Eε+ :=

{
x ∈ RN

∣∣x1 > ε
}
the open half-spacetime with margin ε⩾ 0. Reflection positivity of a

probability measure µ on S ′ would mean that for its Fourier transform Z the following property holds:
for all j1, . . . , jm ∈ D with their support in E0+, the matrix

(
Z( jk − θ jl)

)
1⩽k,l⩽m

is positive semidefinite,
where θ denotes the reflection of the x1 spacetime coordinate (see e.g. [1] section 6.1 (i)). The first ques-
tion is: assuming the reflection positivity of the UV limit µ of a Wilsonian RG flow as in Corollary 15,
what does it imply for the regularized measures (µη)η∈R in the flow. Let R= S and take an η ∈R
such that it is symmetric, non-negative valued, compactly supported, with its support contained in the
unit ball of RN, and having unit integral. Its compressed version (ηΛ)1⩽Λ<∞ in terms of remark 11 (i)
will define a D→D approximate identity, which will also be an S → S approximate identity (see e.g.
[38] p.326). It is easily read off that µηΛ

will be reflection positive with margin 1/Λ: for all j1, . . . , jm ∈ D
with their support in E1/Λ+, the matrix

(
ZηΛ

( jk − θ jl)
)
1⩽k,l⩽m

is positive semidefinite. This follows
simply from the identity

supp(ηtΛ ⋆ j)⊂ supp(ηtΛ)+ supp( j) ,

the symmetricity of ηΛ, and (12). Conversely, if there is an approximate identity of the above kind, such
that each µηΛ

is reflection positive with margin 1/Λ, then µ will be reflection positive, by the weak con-
vergence of µηΛ

to µ. Similarly, if in addition, the regulator η was chosen to be O(N) invariant, the
Euclidean invariance is inherited between the subflow (µηΛ

)1⩽Λ<∞ and the UV limit µ, by analogous
arguments.

4. Existence of UV limit of relative interaction potential

In QFT applications, one often needs to address the problematics of comparing Wilsonian RG flows
of two related models. For instance, the flow of an interacting model, with respect to a reference flow
corresponding to the Gaussian measure subordinate to the free Klein–Gordon operator (−∆+m2), as
outlined in section 1. In particular, let µη and γη be non-negative valued finite sigma-additive meas-
ures on Cη[S ′] (η ∈R), and assume that they form two Wilsonian RG flows in terms of definition 2.
Assume that the evolution of these two flows ‘cross’ each-other in the sense that for a certain η ∈R
there exists some relative field renormalization factor zη ∈ R+ between them, such that the measure µη

is absolutely continuous to the reference measure γ̃η at this particular η, where γ̃η := (zη)∗ γη denotes

10
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the reference measure γη re-expressed on the rescaled fields by the factor zη . The absolute continuity,

spelled out explicitly, means that there exists some Borel measurable function fη : Cη[S ′]→ R+

0 , such
that µη = fη · γ̃η holds. (In QFT, often this relative density function is expressed through its negative log-
arithm Vη , i.e. via fη = e−Vη , called relative interaction potential.) Spelling out the ansatz µη = fη · γ̃η
means that for each Borel set A of Cη[S ′] one has

µη (A) =

ˆ

φ∈A

fη (φ) dγ̃η (φ) =

ˆ

ϕ∈
−1

(zη Cη)(A)

fη (zηCηϕ) dγ (ϕ)

where at the last equality we used the fact that the family of reference measures (γη)η∈R form a
Wilsonian RG flow (with UV limit γ guaranteed by corollary 15). The typical task is to try to character-
ize the evolution and UV limit of the flow (µη)η∈R in terms of the reference flow (γη)η∈R

7. The answer
to this question on physics ground is not evident at all, since the whole concept of Wilsonian RG flow
was invented in order to overcome the difficulty of directly specifying a measure µ := f · γ in the UV
limit, where the density f would be defined by f := e−V, with V being some pointwise functional of dis-
tributional fields, such as V(ϕ) = g

´
ϕ4 according to the tentative definition. The development of the

concept of Wilsonian RG flows was motivated by the expectation that such UV limit interaction poten-
tial V may not exist in general, but only regularized interaction potentials Vη should exist on the space
of UV regularized fields Cη[S ′] (η ∈R). Our results will show that actually, the UV limit relative inter-
action potential V exists, in a generalized sense.

Lemma 18. LetR= S orRS orRS+, and let µη and γη be Wilsonian RG flows of non-negative valued finite
sigma-additive measures on Cη[S ′] (η ∈R), in terms of definition 2, with corresponding UV limit measures µ
and γ guaranteed by corollary 15. Assume that at some particular η ∈RS+, there exists a field rescaling factor

zη ∈ R+ and a measurable function fη : Cη[S ′]→ R+

0 such that µη = fη · γ̃η holds, with γ̃η := (zη)∗ γη . Then,
one has (

fη ◦Cη

)
·
(
(zη)∗ γ

)
= µ. (21)

That is, µ is absolutely continuous with respect to the measure (zη)∗γ with corresponding density function
fη ◦Cη .

Proof. Let η ∈RS+ as above. By assumption, one had

(Cη)∗ µ = µη = fη · γ̃η = fη ·
(
(zη)∗ γη

)
= fη ·

(
(zη)∗ (Cη)∗ γ

)
= fη ·

(
(zηCη)∗ γ

)
= fη ·

(
(Cη zη)∗ γ

)
= fη ·

(
(Cη)∗ (zη)∗ γ

)
(22)

where at the 4th equality Corollary 15 was used, and at the 6th equality the commutativity of zη and Cη

was taken into account. Since Cη : S ′ → Cη[S ′] is Borel measurable (as it is continuous), moreover S ′

and Cη[S ′] are Souslin spaces (remark 6 (ii) and (iv)), and since η was chosen such that Cη is injective
(lemma 9), by remark 6 (i) it follows that Cη is Borel isomorphism. That is, Cη

−1 is Borel measurable as

well. Taking now any Borel measurable function h : S ′ → R+

0 the composite function g := h ◦Cη
−1 will

be Cη[S ′]→ R+

0 Borel measurable. Evaluating the integral of this g against the leftmost and rightmost side
of (22), and using the fundamental formula relating the pushforward and the integration variable substitu-
tion, ˆ

ϕ∈S ′

h(ϕ) dµ(ϕ) =

ˆ

ϕ∈S ′

h(ϕ) fη (Cη ϕ) d
(
(zη)∗ γ

)
(ϕ) (23)

follows, which completes the proof.

Remark 19. Assuming the conditions of lemma 18, one may realize that given (µη)η∈R, the reference flow
(γη)η∈R, the field renormalization factor zη , and the density function f η may be transformed by some con-
stant field rescaling c ∈ R+ according to the rule γ ′

η := c∗ γη , z ′η := zη/c, and f ′η := fη , such that the con-
ditions of lemma 18 will still hold with (γ ′

η)η∈R, z ′η , f
′
η . Since the multiplication by c and the operator Cη

7 As outlined at the end of section 1, also formalized in definition 2, without loss of generality, the running field renormalization factor
can be merged into the flow of measures in a Wilsonian RG flow. That is, one can adapt a normalization convention in which it does
not appear explicitly in the notation, when considering only a single flow. In this convention, it re-appears as a running relative field
renormalization factor, when comparing two different flows against each-other.
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commutes (for any η ∈R), one has (z ′η)∗ γ
′
η = (zη)∗ γη , and γ ′ = c∗ γ. This simultaneous redefinition free-

dom of the field scale and the reference flow is often called dimensional transmutation in QFT. The rationale
behind this naming is that at any fixed particular η ∈RS+ where the assumption of lemma 18 holds, one
may set c := zη , and do the above transformation. When such transformation is done, after the omission of
() ′ in the notation, at that particular η the field renormalization factor zη is unity by convention. With that
normalization convention, by lemma 18 one has the relation ( fη ◦Cη) · γ = µ at that particular η, which
implies the absolute continuity of µ with respect to γ. In summary, whenever the conditions of lemma 18
are satisfied, µ is absolutely continuous to c∗ γ with some suitably chosen c ∈ R+, and the constant c may be
merged into γ by field normalization convention, without loss of generality.

Lemma 20. Assume that the conditions of lemma 18 hold at some particular η ∈RS+. Then, it holds for all
η ∈R, with zη = const. Furthermore, in the normalization convention zη = 1 by means of remark 19, it follows
that µ is absolutely continuous to γ. That is, it follows that for all η ∈R there exists a Borel measurable function

fη : Cη[S ′]→ R+

0 , and an f : S ′ → R+

0 , such that µη = fη · γη and µ= f · γ holds. (In QFT, often fη and f are
characterized by their negative logarithm Vη and V, respectively, i.e. fη = e−Vη and f = e−V, which are called
interaction potentials.)

Proof. By lemma 18, assuming the normalization convention of remark 19, it follows that the UV limit
measure µ is absolutely continuous with respect to γ. That, by Radon–Nikodym theorem ([39] the-

orem 6.10), is equivalent to the statement that for all Borel sets B of S ′ one has
(
γ(B) = 0 ⇒ µ(B) = 0

)
.

In order to prove the absolute continuity of µη with respect to γη at arbitrary η ∈R, we show that for all

Borel sets Bη of Cη[S ′] one has
(
γη(Bη) = 0 ⇒ µη(Bη) = 0

)
. For let Bη be a Borel set of Cη[S ′] such that

γη(Bη) = 0 holds. This, by means of corollary 15 is equivalent to γ(
−1
Cη(Bη)) = 0. Using the absolute con-

tinuity of µ with respect to γ, just derived above, by Radon–Nikodym theorem it follows that µ(
−1
Cη(Bη)) =

0. Applying Corollary 15, it follows then that µη(Bη) = 0 holds, which completes the proof.

Putting together lemma 18, lemma 20, and (21) the following can be concluded.

Corollary 21. LetR= S orRS orRS+, and let µη and γη be Wilsonian RG flows of non-negative valued
finite sigma-additive measures on Cη[S ′] (η ∈R), with corresponding UV limit measures µ and γ guaranteed

by corollary 15. If for some η ∈RS+ there exists zη ∈ R+ and a Borel measurable function fη : Cη[S ′]→ R+

0

such that µη := fη · γ̃η holds with γ̃η := (zη)∗ γη , then this holds for all η ∈R with a suitable zη and fη ,
moreover zη can be chosen to be constant as a function of η. In the normalization convention of remark 19,

i.e. when zη = 1 by choice, there exists a Borel measurable function f : S ′ → R+

0 such that µ= f · γ. (In the QFT
notation, fη = e−Vη and f = e−V is used, and the pertinent f and V are the UV limit density function and
interaction potential, respectively.) Furthermore, the following equivalent relations hold:

∀η ∈RS+ :
(
fη ◦Cη

)
· γ = f · γ,

∀η ∈RS+ : Vη ◦Cη = V (γ-almost everywhere) . (24)

Remark 22. Note that in the above corollary the choice zη = const is the only possible one, whenever γη are
defined by γη := (Cη)∗ γ with γ being a Gaussian measure on S ′ (η ∈R). That is implied by the rigidity
property of Gaussian measures, see remark 37 (vi) and (vii).

Remark 23. A reference Gaussian subordinate to a Wilsonian RG flow cannot run.

(i) LetR= S orRS orRS+ and assume that at each η ∈R for the studied Wilsonian RG flow the ansatz
µη = e−Vη · γη holds, where the reference measure γη is the pushforward by Cη of the canonical
Gaussian measure on S ′, associated to the Klein–Gordon operator (−d2∆+m2), as outlined in
section 1 (d,m ∈ R+). One may allow in addition the parameters d andm to be possibly η-dependent.
Then, due to remark 37 (vi) and (viii), dη = const andmη = constmust hold. That is, modulo the
smoothing by η ∈R, a reference Gaussian subordinate to a Wilsonian RG flow cannot run.

(ii) LetR=RD, i.e. assume that only strictly bandlimited regulators are allowed. As shown in
remark 17 (ii), if (µη)η∈R is a Wilsonian RG flow under this condition, its UV limit still exists, but as a
measure µ on the space S ′

D. Assume that such flow satisfies the above ansatz in (i). Then, from
remark 37 (vi) and (viii) it still follows that dη = const andmη = constmust hold. That is, the reference
Gaussian subordinate to a Wilsonian RG flow, modulo smoothing, cannot run even whenR=RD. It
is an open question whether without further assumptions µ has support on S ′ ⊂ S ′

D under the ansatz

12
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in (i), and if so, whether µ is absolutely continuous to the reference UV Gaussian γ. We intend to
investigate these questions in a paper in preparation, focusing entirely on the bandlimited regulator
case.

Remark 24. In the usual informal QFT RG theory approach, the differential form of (24) is used. First,
some regulator η ∈RS+ is chosen. Then, its compressed version is defined via ηΛ(x) := ΛN η(Λx)
(x ∈ RN) for all 1⩽ Λ<∞. Such family is approximate identity in S , see again remark 11 (ii). Then, the

informal ODE d
dΛ

(
exp(−VηΛ

◦CηΛ
) · γ

)
= 0 is attempted to be solved for the flow of potentials VηΛ

, given

some initial data VηΛ
at Λ = 1. This can be called the differential form of the Wilsonian RG equation for the

interaction potential, and can be justified knowing (24). In the usual informal QFT RG theory approach,
a global solution to this informal ODE is looked for, admitting a Λ→∞ limit. Note however, that it is
not evident from first principles when such a solution would exist. Moreover, the described informal pro-
cedure implicitly uses a number of tacit assumptions, the justification of which is not easy to establish.
Furthermore, even if such an ODE solution could be produced, it is merely a sufficient condition for a solu-
tion to (24).

Despite of the difficulty to extrapolate the regularized interaction potential toward the UV infinity,
certain properties of the UV limit can already be established from the regularized instances, as stated in
the following.

Theorem 25. LetR= S orRS orRS+, and let µη and γη be Wilsonian RG flows of non-negative valued
finite sigma-additive measures on Cη[S ′] (η ∈R), with corresponding UV limit measures µ and γ guaranteed
by Corollary 15. Assume that at some η ∈RS+ the conditions of Corollary 21 hold. Then, whenever the
potential Vη is bounded from below at that η, the UV limit potential V is γ-essentially bounded from below,
with the same bound. (Equivalently, if the density function fη is bounded from above at that η, then the UV limit
density function f is γ-essentially bounded from above, with the same bound.)

Proof. This can be directly read off from (24).

5. Case studies on example models

As shown in corollary 15, a Wilsonian RG flow not terminating at some finite UV regularization
strength always originates from a UV limit Feynman measure. That is, characterizing such flows is equi-
valent to characterizing their UV limit Feynman measures. The most common approach in the literat-
ure is to solve an informal ODE flow equation similar to remark 24, and try to obtain a global solu-
tion admitting a UV limit. Besides such informal approach, a rigorous alternative is to make an educated
guess directly on the UV limit Feynman measure. In the following we demonstrate this procedure on the
φ4 and similar models in spacetime dimensions 1 to 4, which need different techniques. Our guidelines
will be corollarys 15, 21 and theorem 25.

The most naive method is to construct the sought-after UV limit measure µ from a fixed reference
(Gaussian) measure γ on S ′ as described in section 1, and from an interaction potential V : S ′ → R,
according to µ := e−V · γ. Here V is some kind of Borel measurable function, associated to the naive
potential V : E ∩S ′ → R, usually defined by some local expression similar to that of V(φ) = g

´
Ω
φ4,

with Ω being some bounded open region of RN (IR cutoff). The most simple association procedure of
V to V is by smoothing (mollifying), i.e. taking the limit of V ◦Cηn

in a suitable sense as (ηn)n∈N is an
approximate identity in S . To that end, let us introduce the set of mollifier sequences

∆ :=
{
(ηn)n∈N in S

∣∣∣ (ηn)n∈N is approximate identity in S
}

(25)

often used in the following.

Example 26 (Extension by a single mollifier sequence). Let γ be a reference measure and V : E ∩S ′ → R a
Borel measurable functional that we wish to extend to S ′ and (ηn)n∈N ∈∆ a sequence. Define the extension

V : S ′ → R, ϕ 7→ liminf
n→∞

V (ηn ⋆ ϕ) . (26)

This is clearly measurable ([39] theorem 1.14) and if one can control the above limit for a given potential, it
is arguably one of the simplest extensions of V to S ′.

As a specific mollifier sequence is singled out in the above construction, it is not canonical. A more
canonical method is to simply use all of the mollifying sequences, and take the best of them.

13
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Example 27 (The greedy extension). Let γ be a reference measure and V : E ∩S ′ → R a Borel measurable
functional on the smooth fields. Then define the measurable function V via

V := (γ)inf
(ηn)n∈N∈∆

liminf
n→∞

V ◦Cηn (27)

which we call the greedy extension of V to S ′. Here (γ)inf is a shorthand for the infimum taken in the lat-
tice of all γ-measurable functions, i.e. it is the ‘functionwise’ infimum (see [40] lemma 2.6 and the preceding
paragraphs, as well as in [41] lemma 2.6.1 and surrounding paragraphs). It is necessary to take the lattice
(functionwise) infimum because the set∆ of mollifier sequences is uncountable, and therefore the point-
wise infimum might lead to measurability issues.

Note the identity e−V = (γ)sup
(ηn)∈∆

limsup
n→∞

e−V◦Cηn if V is the greedy extension of V . Therefore, the

above is the most economic measurable extension of potentials via smoothing, optimized such that e−V

has the largest possible overlap integral with γ on all Borel sets. The following theorem summarizes its
basic properties.

Theorem 28. Let γ be a reference measure, and let V : E ∩S ′ → R be a measurable function bounded from
below. Define V to be its greedy extension according to (27). Then V is also a measurable function γ-essentially
bounded from below, thus µ := e−V · γ defines a sigma-additive non-negative valued finite measure. The
measure µ is not the zero measure if and only if

ˆ

ϕ∈S ′

(γ)sup
(ηn)∈∆

limsup
n→∞

e−V(ηn⋆ϕ) dγ (ϕ) > 0. (28)

Moreover,

sup
(ηn)∈∆

limsup
n→∞

ˆ

ϕ∈S ′

e−V(ηn⋆ϕ) dγ (ϕ) > 0 (29)

is sufficient for µ being not the zero measure.

Proof. The first statement (28) is evident from the definition of the greedy extension. The second state-
ment (29) is seen as follows.

Using the knowledge that V is bounded from below, the family of functions e−V◦Cη (η ∈ S) are bounded
from above by some K⩾ 0. That is, they have a γ-integrable majorant K. Taking now an approximate iden-
tity (ηn) ∈∆, and applying the Fatou lemma ([39] theorem 1.28) to the sequence of non-negative val-
ued measurable functions K− e−V◦Cηn , then taking the negative of both sides of the Fatou inequality, and
adding

´
ϕ∈S ′ Kdγ(ϕ), one infers

limsup
n→∞

ˆ

ϕ∈S ′

e−V(Cηn ϕ) dγ (ϕ) ⩽
ˆ

ϕ∈S ′

limsup
n→∞

e−V(Cηn ϕ) dγ (ϕ) . (30)

Since limsup
n→∞

e−V◦Cηn ⩽ (γ)sup
(ηn)∈∆

limsup
n→∞

e−V◦Cηn holds γ-almost everywhere, by applying the monotonity of

integration to the right hand side of (30), one has

limsup
n→∞

ˆ

ϕ∈S ′

e−V(Cηn ϕ) dγ (ϕ) ⩽
ˆ

ϕ∈S ′

(γ)sup
(ηn)∈∆

limsup
n→∞

e−V(Cηn ϕ) dγ (ϕ) . (31)

Taking now the sup
(ηn)∈∆

of both sides of this inequality,

sup
(ηn)∈∆

limsup
n→∞

ˆ

ϕ∈S ′

e−V(Cηn ϕ) dγ (ϕ) ⩽
ˆ

ϕ∈S ′

(γ)sup
(ηn)∈∆

limsup
n→∞

e−V(Cηn ϕ) dγ (ϕ)

=

ˆ

ϕ∈S ′

e−V(ϕ) dγ (ϕ) (32)

is inferred. Thus, (29) is indeed a sufficient condition for the integral on the rightmost side of (32) to be
positive, which completes the proof.

14
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Considering the elementary properties of the supremum and limsup, (28) and (29) may be simplified
even further, as stated below.

Corollary 29. Let γ be a reference measure, and let V : E ∩S ′ → R be a measurable function bounded from
below. Let V be its greedy extension according to (27), and define the corresponding sigma-additive non-negative
valued finite measure µ := e−V · γ. Then, µ is not the zero measure if and only if there exists some approximate
identity (ηn)n∈N in S , such that

ˆ

ϕ∈S ′

limsup
n→∞

e−V(ηn⋆ϕ) dγ (ϕ) > 0 (33)

holds. Moreover,

lim
n→∞

ˆ

ϕ∈S ′

e−V(ηn⋆ϕ) dγ (ϕ) > 0 (34)

is sufficient for µ being not the zero measure.

The above necessary and sufficient condition (33) for the nonvanishing of e−V · γ is typically hard
to evaluate, given some V . The sufficient condition (34), however, is in principle evaluable for concrete
QFT models, by mapping S ′, γ and the operations defining V to sequence spaces. It is still an unre-
solved interesting question, that along which additional properties on V the condition (34) would be
also necessary. If such properties could be uncovered, it would provide a rather powerful tool for check-
ing the renormalizability of concrete QFT models. For potentials having finite UV limit of their expecta-
tion value, i.e. in case

lim
n→∞

ˆ

ϕ∈S ′

V (ηn ⋆ ϕ) dγ (ϕ) < ∞ (35)

holds for some approximate identity (ηn)n∈N in S , Jensen’s inequality ([39] theorem 3.3) implies that
the sufficient condition (34) is satisfied. Evaluating this, it follows that for the IR cutoff φ4 model
over a 0+1 dimensional spacetime, the greedy extension defines a valid interacting Feynman meas-
ure8. The condition (35) is also satisfied for IR cutoff potentials in arbitrary dimensional spacetimes
whenever the potential density is bounded both from below and above. Such an example is the potential
V(φ) = g

´
Ω

1
1+l4φ4 φ

4 (‘basin-shaped’ potential), or a sine–Gordon potential9. Therefore, with the greedy
extension, these define their Feynman measures in a relatively straightforward way. The greedy exten-
sion preserves lower bound, and therefore is particularly attractive for extension of regularized potentials
which are themselves bounded from below, as it respects the constraint by theorem 25.

Taking a step back, the use of mollifiers is actually just a way to approximate a given ϕ ∈ S ′ by a
sequence in E ∩S ′. If we simply consider every possible approximation at any point ϕ ∈ S ′, this is a
well-known method in convex analysis corresponding to taking the lower semicontinuous envelope (see
e.g. [42]).

Example 30 (The lower semicontinuous envelope). Let γ be a reference measure and V : E ∩S ′ → R Borel
measurable. SetW to be

W(ϕ) =

{
V (ϕ) if ϕ ∈ E ∩S ′

+∞ otherwise,
(36)

i.e. to be the extension of V by+∞ wherever it was not already defined in S ′, and take its lower semicon-
tinuous envelope

W(ϕ) := inf
ϕα→ϕ

liminf
α

W(ϕα) = inf
φα→ϕ

liminf
α

V (φα) , (37)

where (ϕα) and (φα) are any net in S ′ and E ∩S ′, respectively, converging weakly to ϕ ∈ S ′, and the liminf
is understood as the infimum of all subsequential limits of the corresponding net. The above construction

8 It is of course well known in the literature that this model has a Feynman measure over R1 spacetime. That is simply because a free
Klein–Gordon Gaussian measure on fields over R1 is supported on the continuous functions, see remark 37 (ii) in appendix.
9 A very recent result on the triviality of Feynman measures subordinate to certain bounded potentials is proved in [27].

15



J. Phys. A: Math. Theor. 59 (2026) 035401 A László et al

corresponds to definingW by setting its epigraph to be equal to the closure of the epigraph ofW, the closure
taken with respect to the weak topology of S ′.

A straightforward consequence is that all sublevel sets
−1
W([−∞, t]) for t ∈ R are weakly closed in S ′.

Hence,W is automatically Borel measurable.

A benefit of this construction is that it is always smaller than any (meaningful) limit of a sequence
V ◦Cηn (n ∈ N), in particular it is smaller than the greedy extension. Consequently, e−W has a greater
chance of not being zero γ-almost everywhere, in contrast to a corresponding limit of V ◦Cηn . If V was
bounded from below, then so is its lower semicontinuous envelope W, and thus e−W · γ defines a sigma-
additive non-negative valued finite measure. Similar to the greedy extension, this product is nonzero
whenever the overlap integral of e−W and γ is nonzero.

It is apparent that the construction of UV limit potentials in general is very difficult. In that spirit,
below we collect some frequent pathology properties of a potential V , such that even taking its lower
semicontinuous envelope W as above does not help to define a nonzero measure e−W · γ.

Lemma 31. Let Y be a reflexive locally convex topological vector space. Let Z⊂ Y be a linear subspace equipped
with a norm ‖ · ‖ such that the inclusion j : (Z,‖ · ‖)→ Y is continuous. Then, for any weakly closed subset
A⊂ Y, the subset A+ j∗∗[(Z,‖ · ‖) ′′] is (weakly) Borel measurable in Y.

Proof. The statement is straightforward from lemma 4.

In the following, we shall use the symbol A for the closure of a set A in the locally convex topolo-
gical vector space Y, with respect to the original topology. However, if A is a linear subspace (or merely
a convex set) of Y, then weak closure coincides with the closure in the original topology ([35] the-
orem 3.12). In such case, the symbol A refers to either kind of closures.

Theorem 32. Let X be a vector space and Y be a reflexive locally convex topological vector space. Let
ι,π : X→ Y be linear operators, with ι being injective, such that

(ι−π) [X] ⊂ J := ι [Kerπ] (38)

holds. Let ‖ · ‖ be a norm on π[X] such that the identity map j : (π[X],‖ · ‖)→ Y is continuous. Let V : X→ R
be some function, and define a corresponding set of values

L :=
{
liminf
n→∞

V (φn)
∣∣∣ (φn)n∈N in X with ‖πφn‖→+∞

}
⊂ R . (39)

Denote by

W : Y→ R, ϕ 7→

{
V
(
ι−1 (ϕ)

)
if ϕ ∈ ι [X]

+∞ otherwise
(40)

the extension of V ◦ ι−1 by+∞ from ι[X]⊂ Y to the full Y.
Then, J+ j∗∗[π[X] ′′] is a weak Borel set in Y, where π[X] ′′ := (π[X],‖ · ‖) ′′ is the norm-bidual of π[X].

Furthermore, given some Borel measure γ on the weak Borel sets of Y obeying γ(J+ j∗∗[π[X] ′′]) = 0, the lower
semicontinuous envelope W of W takes values in L∪{+∞}, γ-almost everywhere. If in addition
γ(Y \ ι[X]) = 0, e.g. if ι[X] is (weakly) dense in Y, then W takes values in L, γ-almost everywhere.

Proof. First of all, the set J+ j∗∗[π[X] ′′]⊂ Y is weakly Borel, according to lemma 31. Let now ϕ ∈ Y be any
vector. By definition we have

W(ϕ) = inf
{
liminf

α
W(ϕα)

∣∣∣ (ϕα)α∈I ⊂ Y,ϕα → ϕ weakly in Y
}
,

henceW(ϕ) = +∞ whenever ϕ /∈ ι[X]. On the other hand, when ϕ ∈ ι[X] we have

W(ϕ) = inf
{
liminf

α
V (φα)

∣∣∣ (φα)α∈I ⊂ X, ιφα → ϕ weakly in Y
}
.

Hence, fix a net (φα)α∈I in X such that ιφα → ϕ weakly in Y. Suppose first that there exists a subnet
(φ ′

β)β∈I ′ such that (πφ ′
β)β∈I ′ is norm bounded in (π[X],‖ · ‖). Then, by the Banach–Alaoglu theorem

([35] theorem 3.15) we may suppose that the net (π̂ φ ′
β)β∈I ′ has a weak-

∗ limit z ∈ π[X] ′′, that is,

∀p ∈ (π [X] ,‖ · ‖) ′ : π̂ φ ′
β (p) := p

(
πφ ′

β

)
→ z(p) .
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Here (̂·) denotes the canonical injection of a vector into the continuous bidual space. Note that j∗∗ is equal
to the weak-∗-to-weak continuous extension of j to the bidual space π[X] ′′, hence π(φ ′

β) = jπ(φ ′
β) =

j∗∗π̂(φ ′
β)→ j∗∗z weakly in Y. Since ιφ ′

β → ϕ weakly in Y, it follows that (ι−π)φ ′
β → ϕ− j∗∗z weakly in

Y, thus

ϕ− j∗∗z ∈ (ι−π) [X]⊂ J

according to (38). In other words, ϕ ∈ J+ j∗∗[π[X] ′′]. As a consequence we obtained that if (φα)α∈I is any
net in X such that ιφα → ϕ weakly in Y, where ϕ ∈ Y \ (J+ j∗∗[π[X] ′′]), then necessarily ‖πφα‖→+∞.

Let now ϕ ∈ Y \ (J+ j∗∗[π[X] ′′]) be any vector. It is then easy to see thatW(ϕ) = inf Aϕ where

Aϕ :=
{
lim
α

V (φα)
∣∣∣ ιφα → ϕ weakly in Y and (V (φα))α∈I converges in R

}
.

We show that Aϕ ⊂ L. For let a ∈ Aϕ be finite (the case when a=±∞ is proved in an analogous way) and
consider a net (φα)α∈I such that ιφα → ϕ weakly in Y and V(φα)→ a. By the first half of the proof, we
have ‖πφα‖→+∞. Consequently, for any fixed n the index set In := {α ∈ I |‖πφα‖> n} is co-final in I,
that is, (φα)α∈In is a subnet of (φα)α∈I. Therefore, for every n ∈ N there exists βn ∈ In such that a− 1

n <
V(φβn)< a+ 1

n . This means that ξn := φβn (n ∈ N) is a sequence such that ‖πξn‖→+∞ and V(ξn)→ a,
thus a ∈ L, as it is claimed. Finally, since L is obviously closed, it follows that

W(ϕ) = inf Aϕ ∈ Aϕ ⊂ L,

which concludes the proof.

As a corollary one can now see that the attempt to extend the φ4 potential to S ′ directly, is bound
to fail over RN spacetimes with N > 1.

Corollary 33. Let ι : S → S ′ denote the canonical embedding of Schwartz functions into the space of tempered
distributions. Let Ω⊂ RN be a bounded open set. Consider the function

V : S → R, φ 7→
ˆ

Ω

|φ|4. (41)

Denote by

W : S ′ → R, ϕ 7→

{
V (φ) when ϕ = ιφ for some φ ∈ S
+∞ otherwise

(42)

the extension of V ◦ ι−1 from ι[S] to S ′ by+∞. Let γ be the Gaussian measure on S ′ = S ′(RN,C)
subordinate to the free Klein–Gordon operator (−∆+m2) with m> 0.
Then, whenever N> 1, the lower semicontinuous envelope W of W in the weak topology is equal to+∞,
γ-almost everywhere. Consequently, any measurable function V : S ′ → R obeying V⩾W, in particular the
greedy extension of V , is equal to+∞, γ-almost everywhere.

Proof. Let π : S → S ′ the mapping defined by (π(φ) |ψ) :=
´
Ω
φ ·ψ for all φ,ψ ∈ S . That is, let π be the

IR cutoff version of ι. Then, for all φ ∈ S one has

(ιφ −πφ |ψ) =
ˆ

RN\Ω

φ ·ψ (∀ψ ∈ S) . (43)

Consequently, for our ι and π the condition (38) is satisfied, and the notation J := ι[Kerπ]may be intro-
duced. Choose the norm ‖ · ‖ on π[S] induced by the L4(RN,C) norm on S , and with a slight abuse
of notation denote by L4(Ω) the completion of π[S] in that norm. Because Jensen’s inequality, one has
L4(Ω)⊂ L1(Ω), moreover every distribution from J has support on RN \Ω. Therefore, every distribution
in J+ L4(Ω) is also in J+ L1(Ω), i.e. is equal to a locally integrable function on Ω. Consequently, by means
of remark 37 (iii), γ(J+ L4(Ω)) = 0 holds whenever N > 1. Applying now theorem 32, it follows thatW
takes its values in the set L defined according to (39), γ-almost everywhere. Finally, it is easy to check that
L= {+∞} with our potential V and norm ‖ · ‖, which completes the proof. This latter property is termed as
the coercivity of V with respect to the norm ‖ · ‖.
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Observe, that the above no-go theorem is avoided by the aforementioned basin-shaped potential, as
well as the competing Higgs potentials of the form V(φ,ψ) = g

´
Ω
(φ2 −ψ2)2, since their corresponding

characterizing sets L from (39) will contain finite values (in particular, the zero). That is, the pertinent
potentials are not coercive with respect to the L4 norm. The IR cutoff φ4 potential over 1 dimensional
spacetime is of course coercive with respect to L4, but the no-go theorem is avoided because L4(Ω)⊂ S ′

is not zero γ-measure subspace in that setting.

Example 34 (Extension by normal ordering). Let γ be a fixed reference measure on S ′. If n probability
variables (real valued Borel measurable functions) S ′ → R are given, then for each k= 0, . . . ,n their kth
degree normal ordered (also called Wick ordered) polynomials can be defined as certain linear combinations
of the 0, . . . ,kth degree ordinary polynomials (see also [17] appendix A.1). The normal ordered polynomials
are distinguished by the fact that their γ-expectation value is zero whenever k> 0. Starting out from the IR
cutoff φ4 potential V(φ) = g

´
Ω
|φ|4 (φ ∈ E ∩S ′), its normal (Wick) ordered version at regulator η ∈ S is

seen to be

Vn.o.,η (ϕ) = g

ˆ

Ω

(
|η ⋆ ϕ|4 − 6Eγ

[
|η ⋆ ϕ|2

]
|η ⋆ ϕ|2 + 3Eγ

[
|η ⋆ ϕ|2

]2)
(ϕ ∈ S ′) .

Eγ [·] denoting the γ-expectation value. Over R2 spacetimes, it is known that Vn.o.,η converges to some Vn.o.

in the L2γ norm as η→ δ (as approximate identity), and that the corresponding e−Vn.o. is γ-integrable (see
a review in [17]). Therefore, this e−Vn.o. · γ defines a Feynman measure for the IR cutoff φ4 model over 2
dimensional spacetime. One should note, however, that the family of regularized measures e−Vn.o.,η · γ, used
in the above constructive limiting procedure, itself is not a Wilsonian RG flow: they are not marginals to one
another with respect to some coarse-graining and field rescaling (as they violate theorem 25). Of course,
after the limiting measure e−Vn.o. · γ is constructed by any procedure, it then induces a Wilsonian RG flow,
and it is an interesting open question what relation it admits with respect to the family of measures e−Vn.o.,η ·
γ (η ∈ S) used in the constructive limiting procedure.

It is also an interesting question whether e.g. the above well-known UV limit potential Vn.o. of φ4

over R2 is γ-almost everywhere equal to the lower semicontinuous envelope of itself. It would be also of
great interest to deduce the marginal measures (Wilsonian RG flow) of the pertinent construction.

Example 35 (Extension by running counterterms). For φ4 models on R3, a slightly more general construc-
tion was demonstrated [18, 19]. Instead of the potential corrected with the normal ordering terms, general
regulator dependent compensating terms were considered. At given regularization η ∈ S the regularized
potential

Va(η),b(η),η (ϕ) =

ˆ

Ω

(
g |η ⋆ ϕ|4 − a(η) |η ⋆ ϕ|2 + b(η)

)
(ϕ ∈ S ′)

was taken, with the real valued continuous nonlinear functionals a,b : S → R of the regulators being not a
priori fixed. These are sometimes called running couplings and their corresponding terms as counterterms.
Clearly, normal ordering is a special case of this ansatz. The unknown functionals a,b are fixed by additional
conditions on certain observables, sometimes referred to as renormalization conditions. In [18, 19] it was
shown that the φ4 potential of the above kind over R3 spacetime admits a weak limit measure µ of the family
of regularized measures e−Va(η),b(η),η · γ as η→ δ (as approximate identity), whenever the functionals a,b are
suitably chosen. Although, the explicit form of the suitable functionals a,b for this model are not yet known,
it was shown that the limiting measure µ cannot be absolutely continuous with respect to the reference
measure γ one started from. Therefore, UV limit of the potential family Va(η),b(η),η (η ∈ S) does not exist.
Similarly to example 34, the pertinent family of measures used in the limiting procedure is not a Wilsonian
RG flow itself (as they violate corollary 15), but given the limiting measure µ it induces a Wilsonian RG flow.

We note in passing that a very famous recent construction similar to the above was worked out in
[20] for φ4 potential over R4, but with a lattice spacetime regularization. This case is not discussed in
the present paper, as we concentrate on continuum spacetimes.

Example 36 (Extension by running counterterms and reference measure). One could also consider an
even more general limiting procedure such that both the regularized potential as well as the reference meas-
ure depends on the regularization η ∈ S . This scenario can happen, for instance, if the reference meas-
ure γd(η),m(η) is a Gaussian measure subordinate to the Klein–Gordon operator (−d2(η)∆+m2(η)), and
where the d parameter as well as the mass parameterm is taken to be a not yet specified η-dependent coef-
ficient, similar to that of the running couplings in the potential of example 35. The regularized measure
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e−Vη · γd(η),m(η) then may have some weak limit measure µ as η→ δ (as approximate identity), whenever
the running couplings in Vη , d(η) and the running massm(η) are suitably chosen. For this case, we are not
aware of a mathematically worked out example in the literature. Again, such limiting procedure itself is non-
Wilsonian, but the limit induces a Wilsonian RG flow.

In conclusion, based on corollary 15, corollary 21 and theorem 25, one can state that if particularly
the Wilsonian RG prescription is important for the constructive description of interactions appearing
in Nature, and the interacting measure is to be described by a potential with respect to a Gaussian ref-
erence flow induced by a Klein–Gordon operator, then in 4 dimensional spacetimes certain interac-
tions, such as the φ4 are disfavored, whereas other interactions such as the basin-shaped potential, or
the (φ2 −ψ2)2 type competing Higgs model are favored.

6. Concluding remarks

In a Euclidean signature interacting QFT model, the vacuum state is described by the Wilsonian RG flow
of regularized Feynman measures. These are Feynman measures on the spaces of UV regularized fields,
linked by a consistency condition called the Wilsonian RG equation. The pertinent equation asserts that
proceeding in the flow from the UV toward IR means subsequent application of coarse-graining operat-
ors to fields, and that the corresponding regularized Feynman measure instances in the flow are margin-
als of each-other with respect to the intermediary coarse-graining (definition 2). Important QFT models
are those which admit Wilsonian RG flows meaningful at any UV regularization strengths.

In this paper it was shown that the Wilsonian RG flow of Feynman measures extending to any UV
regularization strengths admit a factorization property. Namely, there exists an ultimate (UV limit)
Feynman measure on the unregularized distributional fields, such that the regularized Feynman meas-
ure instances in the flow are obtained from that ultimate measure, via marginals by coarse-graining
(Corollary 15).

In addition to proving the existence of the UV limit Feynman measure, it was shown that if two
Wilsonian RG flows of Feynman measures admit a relative interaction potential with respect to one-
another at a suitable coarse-graining, then the entirety of the two flows admit a flow of relative inter-
action potentials, moreover, there exists a UV limit relative interaction potential between the UV limit
Feynman measures as well (corollary 21). Whenever the regularized relative interaction potential between
two Wilsonian RG flows is bounded from below at a suitable coarse-graining, then the UV limit relative
interaction potential is also bounded from below, with the same bound (theorem 25).

It was also shown that whenever a Wilsonian RG flow is described by a kinetic Gaussian measure
(with possibly running parameters as a function of coarse-grainings) modified by a running interaction
potential, then the parameters of this reference kinetic Gaussian measure cannot run. This behavior per-
sists regardless of the allowed frequency cutoff tail shape of the coarse-graining operators (remark 23). In
particular, for a Wilsonian RG flow, the field renormalization factor cannot run if the flow was defined
by a kinetic Gaussian measure modified by some running potential.

Applications of the above theorems to concrete interacting QFT models were provided, over con-
tinuum flat Euclidean signature spacetimes, in dimensions 1 to 4 (section 5). In particular, we prove
that in arbitrary dimensional spacetimes, an interacting QFT model defined by a free Klein–Gordon
kinetic term + an interaction potential which is bounded both from below and above, is nonperturb-
atively renormalizable (theorem 28, corollary 29). Such models are defined e.g. by the ‘basin-shaped’
potential V(φ) = g

´
1

1+l4φ4 φ
4, or by a sine–Gordon model. (On the triviality question of some of these

models, see the very recent results of [27].) The nonperturbative renormalizability of further relevant
models, such as the competing Higgs model defined by the potential V(φ,ψ) = g

´
(φ2 −ψ2)2 also could

not be decided, but there are indications for its renormalizability (it avoids the no-go theorem 32, which
obstructs high dimensional φ4 models). The results proved in the paper were also discussed in the light
of known examples, in particular the φ4 models over 1 to 4 dimensional spacetimes [17–20].
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Appendix. On the supports of Gaussian measures

For a sigma-additive non-negative valued measure γ on the Borel sets of some topological space there is
the well known notion of topological support, denoted by supp(γ), see e.g. [31] definition A.3.14. It is
defined as the intersection of those closed sets whose complements are γ-measure zero. By construction,
the topological support of a measure is a closed set, and is a generalization of the support notion of the
continuous functions on topological spaces. Not surprisingly, typical Gaussian measures turning up in
QFT are so-called non-degenerate, meaning that their topological support is the full space S ′. Since,
however, in QFT the considered density functions e−V to be integrated against the reference Gaussian
measure γ are not continuous, only measurable, the topological support of the reference measure γ is
not very informative on the non-vanishing of the overlap integral of e−V and γ.

Due to the above complication, another notion of support is also used in the literature. A Borel set
B is said to support γ if its complement has zero γ-measure. Clearly, if one can find some Borel set
B such that its γ-measure is nonzero, and the density function e−V is nowhere zero on B, then their
product e−V · γ is not the zero measure, i.e. it defines a proper probability measure modulo normaliz-
ation, meaning that V describes a renormalizable QFT model.

Remark 37. In the following we recall some theorems on Borel sets from S ′(RN) which are known to sup-
port a Gaussian measure γ with Fourier transform j 7→ e−

1
2 ( j |K⋆j) here K denoting the maximally symmetric

fundamental solution of a Euclidean Klein–Gordon operator (−∆+m2) on RN. Also, theorems are recalled
on those Borel sets which are known to have zero γ-measure against such Gaussian. See an excellent review
in [2, 31, 43].

(i) The space of Schwartz distributions S ′ is known to be a countable union of nested Hilbert spaces
defined by the completion of S with respect to the scalar product

〈
·,(I+N )k·

〉
L2
(k ∈ Z), withN

being the so-called harmonic oscillator number operator. For far enough indices, the canonical
inclusion maps for far enough Hilbert spaces in this inclusion chain is Hilbert–Schmidt. As a
consequence of this, the pertinent Gaussian measure γ is supported within such Hilbert subspace
within S ′, for low enough index k< 0, see a review in [44] section II.1, or [45] and there the Minlos
theorem. This means that γ is supported on such tempered distributions which are not more
irregular than the elements of such Hilbert subspace within S ′.

(ii) For N = 1 the subspace of continuous functions within S ′ supports γ, see [1] theorem A.4.4, or
[2] section 9 example 2. That is, for N = 1 the measure γ is supported on fairly regular distributions,
which are actually functions, and this explains why, in quantum mechanics renormalization is not
needed.

(iii) For N > 1 the subspace of those distributions in S ′ which on some open subset of RN coincide with
some signed measure has γ-measure zero, see [46] proposition 3.1, or [2] proposition 5. In particular,
this applies to distributions in S ′ which coincide with some locally integrable function on some open
subset of RN, even more specially to those which vanish on such patch. That is, γ is supported on a
subspace of fairly irregular tempered distributions.
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(iv) For N > 1, in [2, 43–45] further details on the supporting subspaces and zero measure subspaces of γ
in S ′ are given. In particular, in [45] it is shown that a supporting subspace of γ can be found whose
elements happen to be locally square integrable functions in a preferred direction, and are only
genuine distributions of a certain kind in the remaining directions. That is, they retain some kind of
regularity along a preferred direction.

(v) Let γ and γ ′ be centered Gaussian measures on S ′ such that the covariance of γ majorates the
covariance of γ ′ by some Lipschitz constant. Then, every measurable linear subspace of full γ
measure is also of full γ ′ measure ([31] theorem 3.3.4).

(vi) Any two Gaussian measures γ and γ ′ on the same locally convex topological vector space X are either
mutually singular or mutually absolutely continuous to each-other ([31] theorem 2.7.2).

Consequently, if there exist measurable functions f, f ′ : X→ R+

0 such that f · γ = f ′ · γ ′, and this
product is not the zero measure, then γ and γ ′ are mutually absolutely continuous.

(vii) Two Gaussian measures on a locally convex topological vector space which are obtained from the
same Gaussian measure (having non-finite dimensional support) via pushforward by field rescaling
factors z,z ′ ∈ R+, are not mutually singular precisely when z ′ = z (see e.g. [31] example 2.7.4).

(viii) Two Gaussian measures on S ′ associated to the partial differential operators (−d2∆+m2) and
(−d ′2∆+m ′2) (d,d ′ > 0 andm,m ′ > 0) are not mutually singular, precisely when d ′ = d and
m ′ =m (consequence of [31] Corollary 6.4.8). The same is true for their pushforwards by Cη

(η ∈ S \ {0}).
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