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of product Cantor sets, Fuglede’s spectral set conjecture, and
the Coven-Meyerowitz conjecture on integer tilings.
© 2026 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
1.1. Overview
Let A be a nonempty set in Ny := N U{0}. We define the mask polynomial of A to be

AX) =) X"

Recall that the s-th cyclotomic polynomial ®4(X) is the unique monic irreducible
polynomial in Q[z] whose roots are the primitive s-th roots of unity. Equivalently, ®
can be computed from the identity X™ — 1 =]
number, then

&, (X). In particular, if p is a prime

s|n

XP—1
<I>p(X)=X71 =14+ X+ X4 XL (1.1)

We are interested in lower bounds on the size of sets whose mask polynomials have
prescribed cyclotomic divisors. A classic result of Lam and Leung [14] implies that if
®,(X) | A(X) for some s > 1, we must have

|A] > min{p: p|s, pis prime}. (1.2)

We consider the following more general question. Let S C N\ {1} be nonempty, and let
A C Ny be a nonempty set such that &, | A(X) for all s € S. What is the minimal size
of A7 In other words, what can we say about the quantity

MIN(S) := min{|A| : A+ 0 and ,(X) | A(X) for all s € S}? (1.3)

A natural question is whether the minimum in (1.3) is attained by sets A that have a
particularly simple “fibered” structure on each scale s € S. (We provide the definitions
in Section 1.2 below.) This turns out to be false in general, with one counterexample
already given in [13, Section 6.3]. In this article, we construct such counterexamples with
the additional assumption that the least common multiple of the elements of S, which
we denote by lem(S), has only two distinct prime factors. The latter assumption imposes
strong structural constraints on any set A contributing to (1.3) (see Lemma 2.3), so that
examples with two prime factors are more unexpected and significantly more difficult to
construct. On the other hand, we are able to identify a number of special cases where
the “fibered lower bound” does hold.
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Our interest in lower bounds on MIN(.S) is motivated by several potential applications.
One concerns the Coven-Meyerowitz conjecture on characterizing finite integer tiles; we
discuss the conjecture and its relation to lower bounds on (1.3) in Section 1.3. Similar
issues have also arisen in the study of Fuglede’s spectral set conjecture. In its original for-
mulation [6], the conjecture states that a set  C R™ of positive n-dimensional Lebesgue
measure tiles R™ by translations if and only if the space L?(2) admits an orthogonal
basis of exponential functions (we refer to such sets as spectral). While the original con-
jecture is now known to be false in its full generality, there remain important special
cases where its status is unknown. In dimension 1, the Coven-Meyerowitz conjecture is
known to imply that tiles are spectral sets (see [5] for a summary of the argument).
Conversely, to prove that spectral sets in a given group are tiles, one has to show that
sets A with small cardinality and many cyclotomic divisors of A(X) must have very rigid
structure. See e.g., [7,8] for examples and further references.

In a different direction, the question of bounding (1.3) from below has also come up
in the study of the Favard length of product Cantor sets in the plane, an important
question in geometric measure theory; see [1,13] for more details.

1.2. The fibered lower bound

Let N € N, and let p be a prime such that p | N. We define

FN(X) = @,(XN/P)y =14 XN/P .o 4 x (0= UN/p, (1.4)
This is a special case of a p-fiber on scale N (see Section 2.2 for the definition). We note
that

XN 1
F;fv (X) = XN/p 1’
so that ®, | F¥ if and only if s | N but s { % In other words, if « is the exponent
such that p® || N, then ®, | FY if and only if p* | s | N. (Here and below, we use
the notation p® || N to indicate that p® | N but p®™! t N.) In particular, the set
FIfV = {0,N/p,...,(p — 1)N/p} with the mask polynomial FIfV(X) has cardinality p,
but FpN (X) may have as many cyclotomic factors as we like, depending on N. Thus a
large number of cyclotomic divisors of A(X) does not, by itself, guarantee that A has
large cardinality. To force an increase in size, we need additional assumptions on A, S,
or both. (This was already noted in [13].)

More generally, we will say that a set A C Ny is fibered on scale N if there exists a
prime p | N such that

EN(X) | A(X). (1.5)

Of course, if ®, | F¥ and (1.5) holds, then ®; also divides A(X).
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For a finite and nonempty set S C (N \ {1}), we define FIB(S) to be the smallest size
of a nonempty set A C Ny such that A is fibered on each scale s € S. For any such A, we
clearly have @, | A for each s € S (although A may also have other cyclotomic divisors).
Hence

MIN(S) < FIB(S). (1.6)

An easy case when the equality holds in (1.6) is as follows.

Lemma 1.1. Let p be a prime number. Assume that S = {p*',...,p*"}, where
at,...,0, € N are all distinct. Then
MIN(S) = FIB(S) = p™. (1.7)

Proof. Suppose that ®pe; (X)... Ppom (X) divides A(X). Then
pm = @ptq (].) ...(bpam (1) A(].) = ‘A|

In particular, |A| > p™. Furthermore, let

Ag = Zajp“f_l a; €{0,1,...,p—1}, j=1,...,m
j=1
Then |Ag| = p™ (it is easy to see that the elements of Ay listed above are all distinct),
and by (1.1), A has the mask polynomial Ay(X) := @pes (X) ... Ppam (X). Since
Bpo (X) =14 X7 o X000 (),
Ay is fibered on each of the scales p“*,...,p%. This proves the lemma. O

The question is significantly more difficult when lem(S) has two or more distinct prime
factors. In Section 7, we investigate several special cases when (1.6) holds with equality.
In particular, we prove the following.

Theorem 1.2. Let S C (N\{1}) satisfy 1 < |S| < 3, and assume that lem(S) has at most
two distinct prime factors. Then MIN(S) = FIB(S).

However, it is also possible for the inequality to be strict, and this can happen even
if lem(.S) has only two prime factors.

Theorem 1.3. There exist finite and nonempty sets S C (N \ {1}) such that
MIN(S) < FIB(S)

and lem(S) has two distinct prime factors.
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1.8. Integer tilings and the Coven-Meyerowitz conjecture

Let A C Z be finite and nonempty. We say that A tiles the integers by translations
if there exists a translation set 7' C Z such that every integer n € Z can be written
uniquely asn =a -+t witha € Aandt € T.

It is well known [17] that any tiling of Z by a finite set A must be periodic, so that
there exists an M € N and a finite set B C Z such that T'= B @& MZ. In other words,
A ® B mod M is a factorization of the cyclic group Z ;. We write this as

Ae&B=17,. (1.8)

By translational invariance, we may assume that A, B C Ny. Then (1.8) can be rewritten
in terms of the mask polynomials of A and B:

AX)BX)=1+ X+ + XMt mod (XM -1). (1.9)
Since 1+ X + -+ + XM~1 = L5 0r,521 5(X), (1.8) is further equivalent to
|A||B] = M and ®4(X) | A(X)B(X) for all s | M, s # 1. (1.10)

Since @, are irreducible in Q[z], each ®4(X) with s | M must divide at least one of
A(X) and B(X).

Let S% be the set of all prime powers p* such that ®,.(X) divides A(X). Consider
the following conditions:

(T1) |A] = A(1) = [Liesy, ©s(1),
(T2) if s1,...,sK € S% are powers of distinct primes, then ®,, 5, (X) divides A(X).
Coven and Meyerowitz [3] proved the following theorem.

Theorem 1.4. [3] Let A C N U {0} be a finite set. Then:

o if A satisfies (T1), (T2), then A tiles Z;
o if A tiles Z then (T1) holds;
o if A tiles Z and |A| has at most two distinct prime factors, then (T2) holds.

Any A C Ny, regardless of tiling properties, satisfies Hsesg ®,(1) | |A]. The property
(T1) follows then from an easy counting argument; the same argument also implies that
if A® B = Z, then any prime power cyclotomic polynomial ®,. with p® | M must
divide exactly one of A(X) and B(X). See Lemma 9.1 in Section 9.1.

The second condition (T2) is much deeper and more difficult to prove. The statement
that (T2) must hold for all finite sets A that tile the integers has become known in the
literature as the Coven-Meyerowitz conjecture. Beyond Theorem 1.4, the methods of [3]
allow further mild extensions under additional assumptions on the tiling period M, see
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[9, Corollary 6.2], [15, Theorem 1.5], [23, Proposition 4.1], and the comments on [26].
More recently, further progress was made by Laba and Londner [9-12]. The most general
case where (T2) is currently known is given in [12, Corollary 1.4].

One possible avenue of approach is to consider (T1) as an upper bound on the size
of A, and ask whether a set obeying this bound may have additional cyclotomic divisors
that would allow a failure of (T2) for its tiling complement. The details are as follows.

Definition 1.5. Let A C Ny, and let ®,(X) | A(X) for some s € N\ {1}. We say that @,
is an unsupported divisor of A if:

(i) for every prime p such that p | s, we have p | | 4|,
(ii) for every prime power p® such that p® || s, we have ®pa { A.

Let M € N, and consider the following questions.
Question 1.6. If A C Z, satisfies (T1), may it have unsupported divisors?
Question 1.7. If A C Zj; satisfies (T1) and (T2), may it have unsupported divisors?
Question 1.8. Assume that A® B = Z;. If (T2) holds for A, must B also satisfy (T2)?

Trivially, the assumptions of Question 1.7 are stronger than those of Question 1.6,
hence a positive answer to the latter for some M implies a positive answer to the former
for the same M. Further, if the Coven-Meyerowitz conjecture is known to be true for
some M (in other words, both sets A and B in any tiling A ® B = Zj; must satisfy
(T2)), this implies a positive answer to Question 1.8 for the same M.

The next lemma states two less obvious relationships between the questions above
and the Coven-Meyerowitz conjecture. To set the stage for it, we first note the following
reduction from [3, Lemma 2.5] (see also [12, Lemma 6.2]). Suppose that the Coven-
Meyerowitz conjecture fails for some tiling A & B = Zy, so that one of the sets A and
B does not satisfy (T2). Then there exists a tiling A’ ® B’ = Zy for some M’ | M
(obtained from the original tiling A® B = Z ) via an explicit reduction procedure) such
that (T2) also fails for one of the sets A’ and B’, and, additionally, each prime factor
of M’ divides both |A’| and |B’|. We may therefore focus on tilings with this additional
condition.

Lemma 1.9. Assume that A® B = Z; for some M € N, and that each prime factor of
M divides both |A| and |B|.

(i) Suppose that the answer to Question 1.6 is negative for this value of M. Then both
sets A and B satisfy (T2).

(ii) Suppose that the answer to Question 1.7 is negative for this value of M. Then, if
(T2) holds for A, it also must hold for B.
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Proof. Since A® B = Zjy, it follows from Theorem 1.4 that both A and B satisfy (T1).
Suppose that one of the sets, say B, does not satisfy (T2). Then there exists s > 2 such
that s | M and @, 1 B, but ®,. | B for every prime power p® || s. By (1.10), we must
have ®, | A. Since (as pointed out above) no ®,. may divide both A and B, &, must be
an unsupported divisor of A. This answers Question 1.6 in the negative for that value
of M, and it further answers Question 1.7 in the negative for the same value of M if we
assume that A satisfies (T2). O

It turns out that the answers to Questions 1.6 and 1.7, without further constraints on
M, are positive. Our examples are as follows.

Theorem 1.10. There exist M € N and a nonempty set A C Zpr such that A satis-
fies (T1), M has two distinct prime divisors, and A(X) has at least one unsupported
cyclotomic divisor.

Theorem 1.11. There exist M € N and a nonempty set A C Zjp; such that A satisfies
both (T1) and (T2), M has four distinct prime divisors, and A(X) has at least one
unsupported cyclotomic divisor.

However, the answers may be negative under additional assumptions on the tiling
period or the number of scales. Our next theorem is an example of this.

Theorem 1.12. Assume that a nonempty set A C Zyy satisfies (T1) and (T2), and that M
has at most two distinct prime divisors. Then A(X) cannot have unsupported cyclotomic
divisors.

At this time, our constructions do not provide directly any new information on the
Coven-Meyerowitz conjecture. Theorem 1.4 is already known when |A| has at most two
prime factors, and the set constructed in Theorem 1.11 does not appear to have tiling
complements that do not obey (T2). Nonetheless, Lemma 1.9 implies that any counterex-
ample to the Coven-Meyerowitz conjecture would have to involve a set that satisfies (T'1)
but has at least one unsupported divisor. Our examples may be viewed as a partial step
in that direction. We discuss this in more detail in Section 10.2.

We end this section with a comment on Definition 1.5. If the condition (i) is dropped
from that definition, then examples providing a positive answer to Questions 1.6 and
1.7 are much easier to construct. For instance, the set A in Example 8.1 satisfies (T1);
it also satisfies (T2) trivially, since |A| is a prime number. However, the additional
cyclotomic divisor ®,,,, in that example satisfies (p1p2, |A|) = 1, and it is well known
(see the paragraph before Lemma 1.9) that such divisors have no relevance to the Coven-
Meyerowitz conjecture.
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1.4. Organization of the paper

In Section 2, we transfer the problem to the setting of multisets in cyclic groups. We
also review the basic cyclotomic divisibility tools available in the literature, such as array
coordinates, grids, fibers, and cuboids. The fibered lower bound is discussed in detail in
Section 3, where we also provide a way to evaluate it using the assignment functions
defined there.

The next few sections are devoted to new methods developed for the purpose of this
paper. We start with a truncation procedure (Section 4) that will allow us, in some cases,
to simplify the question by removing “unnecessary” scales. This is also where we define
the exponent sets EXP;(S) used throughout the rest of the article. In Section 5, we set
up multiscale cuboid arguments, similar to those in [9] and [13] (and based on them, to
some extent) but adapted to our needs here. Finally, in Section 6 we prove a multiscale
generalization of the de Bruijn-Rédei-Schoenberg structure theorem (Proposition 2.2) in
terms of the long fibers defined there.

In Section 7, we identify several special cases when the equality MIN(S) = FIB(S)
holds. This includes the case when |S| < 3 and lem(S) has two distinct prime divisors
(Theorem 7.6, proving Theorem 1.2 stated above), as well as certain cases when lem(.5)
has more than two distinct prime factors but S has a particularly simple structure.

Examples with MIN(S) < FIB(S) are presented in Section 8. After presenting a simple
example with 3 prime factors (Example 8.1), in Section 8.2 we move on to the more
difficult examples where |A| has only 2 distinct prime factors. These examples prove
Theorem 1.3, and, since they all satisfy (T1), they also prove Theorem 1.10.

Next, we address the more difficult Question 1.7 from Section 1.3. In Section 9.1,
we prove a structure result under the (T2) assumption. In Section 9.2, we identify an
easy case when the answer to Question 1.7 is negative. We then prove Theorem 1.12 in
Section 9.3.

Finally, the example in Theorem 10.1 proves Theorem 1.11, with follow-up discussion
in Section 10.2.

2. Cyclotomic divisibility tools
2.1. Multisets

It will be easier to work in a cyclic group setting. Suppose that we want to prove lower
bounds on the size of sets A C Ny such that ®4(X) | A(X) for all s in a fixed, finite set
S C (N\{1}). Let M = lem(S), and consider A mod M as a multiset in Zp; with the
mask polynomial A(X) mod (X —1). For any s | M, we have ®, | (X™ — 1), so that
@, | Aif and only if @ | (A mod M). However, A mod M need not be a set (since two
or more elements of A may be congruent mod M), hence we need to introduce notation
for multisets in Z ;.
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We use M(Z ) to denote the set of all multisets in Z s with weights in Z (so that
both positive and negative weights are allowed). For a € Zjs, we write w4 (a) to denote
the weight of a in A. We also define the mask polynomial of the multiset A by

AX)= > wala)X*. (2.1)

a€Zm

In particular, A € M(Zyy) is a set if and only if wa(z) € {0,1} for all x € Zj;. In that
case, the above notation is consistent with the notation used in the introduction.

We use A + B to denote the “weighted union” of multisets, so that (4 + B)(X) =
A(X)+B(X) and wayp(x) = wa(z) +wp(z). We use convolution notation for sumsets,
with (AxB)(X) = A(X)B(X). If B = {b} is a singleton, we will write bx A = Bx A. The
support of a multiset A € M(Zyy) is the set {& € Zpr : wa(x) £ 0} If A € M(Zy)
(not necessarily with positive weights), and if Y C Z, is a set, we will use ANY to
denote the restriction of A to Y. Thus ANY € M(Zy;), with weights

wany (z) = wa(z)wy ().

For A € M(Zy), we use |A] to denote the “total mass” of A, defined by

A=) wala).

a€Zy

We use M™(Zyy) to denote the set of those multisets A € M(Zy) whose weights are
all nonnegative and whose total mass |A| is positive. (The latter requirement guarantees
that A is not the empty set.) Abusing the notation slightly, we will write that two
multisets A, B € MT(Z ) satisfy A C B if wa(z) < wp(z) for all z € Zy,.

Our main results will be proved for multisets in cyclic groups, but it is easy to translate
them back to the integer setting. In particular, with the above notation, we have

MIN(S) = min{|A| : A€ M*(Zyr), @5 | A for all s € S}, (2.2)

for any M such that lem(S) | M. Indeed, if A C Ny is a set such that &, | Aforalls € S,
then the multiset A’ := (A mod M) in M™(Z ) satisfies |A'| = |A| and @5 | A'(X) for
all s € S. Conversely, let A" € M*(Zyr) be a multiset such that &5 | A’ for all s € S.
We represent supp(A’) C Z s as a subset of {0,1,..., M — 1}, and let

A= |J faa+M.. . a+waa)-1)M}.
a€supp(A4’)

Then A C Ny is a set with |4’| = |A|, and since A(X) = A’(X) modulo XM — 1,
divisibility by all 4 with s € S is preserved.
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2.2. Coordinates, grids, fibers

Let M = Hfilp:“ be the prime number factorization of M, where pq,...,px are
distinct primes and ni,...,ng € N. By the Chinese Remainder Theorem, we may

represent Zjys as

K
Ly = @Zp?"’ ’
i=1

which may be viewed geometrically as a K-dimensional lattice. We define an explicit
coordinate system on Zs as follows. Let M; = M/p;" =[], p;”. Each x € Zy may
then be written uniquely as

K
T = inMi7 x; € Zp’_ti. (23)
=1

We will often need to work on many scales N | M, each scale corresponding to a
different cyclotomic divisor of A(X). Given N | M, any multiset A € M(Z ) induces a
multiset (A mod N) € M(Zy), with weights

w (z) = > wa(y)-

yE€Zp ,y=z mod N

To simplify the notation, we will continue to denote this multiset by A (instead of A
mod N) whenever this does not cause confusion. The mask polynomial of A mod N is
(Amod N)(X) = A(X) mod (XY —1). For any s | N we have ®,(X) | X" — 1, so that
D,(X) | A(X) if and only if ®4(X) | (A mod N)(X).

For p; | N | M, a p;-fiber on scale N is a translate of any set FJN such that

FjNE{O,N/pj,QN/pj,...,(pj—l)N/pj} mod N (2.4)
with p; indicating the direction of the fiber. Equivalently, (2.4) may be written as

FjN(X) =14 XNPi ... 4 x@;i=UN/D; o XN 1.
Note that our terminology is slightly different from the convention in [9,10]. We also
note a slight inconsistency with the notation in (1.4); however, this should not cause
problems, since it will always be clear from the context whether the subscript refers to
the actual prime or to its index in the list {pi,...,px }.

We will say that a multiset A € M(Zyy) is fibered in the p; direction on scale N, or
pj-fibered on scale N for short, if there is a polynomial @Q(X) with nonnegative integer
coefficients such that
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AX)=QX)FN(X) mod XN —1. (2.5)
For D | N | M, a D-grid in Zy is a set of the form
AN(z,D):=x+DZy ={2' €Zx: D|(z—2")}
for some x € Z . In other words, a D-grid is a coset of DZy ~ Z/p in Zy-.
When N = M, we will omit the superscript M to simplify the notation, so that
F; = FjM and A(z, D) = AM(z, D).

2.8. Cuboids

We will use the following notation from [9]. For multisets A € M(Z ), where N | M,
we define the A-evaluations of A € M(Zy) in Zy:

AVAl = Y wd (@)wd (). (2.6)

r€ZN

The following special case is of particular interest.

Definition 2.1. Let M and N be as above, and let J = {j € {1,...,K}: p; | N}. An
N-cuboid is a multiset A € M(Z ) associated with a mask polynomial of the form

AX) = X[ - x%N/es) (2.7)
JEJ

with (d;,p;) =1forall j € J.

The geometric interpretation of N-cuboids, where N = Hfil p?j, is as follows. Let

P(N):={p: p|N, pis prime}, (2.8)
N K
D(N)i==———= Hp;”, where v; = max(0,¢; — 1) for j=1,..., K. (2.9)
HPGP(N)p j=1

(The denominator J[,cp P is also known as the radical of N.) Then the “vertices” of
a cuboid A,

N
Tzi=c+ Zejdj— e {0,130
J€I J

form a full-dimensional rectangular box in the grid AN (¢, D(N)), with one vertex at c
and alternating +1 weights
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The following cyclotomic divisibility test has been known and used previously in
the literature. The equivalence between (i) and (iii) is the de Bruijn-Rédei-Schoenberg
theorem on the structure of vanishing sums of roots of unity (see [4,14,16,19,20,22]). For
the equivalence (i) < (ii), see e.g. [24, Section 3], [7, Section 3].

Proposition 2.2. Let A € M(Zys). Then the following are equivalent:

(i) o (X) [ A(X),
(ii) For all N-cuboids A, we have AN[A] =0,
(iii) A mod N is a linear combination of N-fibers, so that

AX)= > P(X)FN(X) mod XV -1,
i:p; [N

where P;(X) have integer (but not necessarily nonnegative) coefficients.

Proposition 2.2 can be strengthened if N has only two distinct prime factors. This
goes back to the work of de Bruijn [4]; a self-contained proof is provided in [14, Theorem
3.3].

Lemma 2.3. Let A € M™T(Zyy). Assume that @ | A, where N has two distinct prime fac-
tors p1,pa. Then A mod N is a linear combination of N -fibers with nonnegative weights.
In other words,

A(X) = PI(X)FN(X) + P(X)FN (X) mod XV —1,
where Py, Py are polynomials with nonnegative coefficients.

It is well known that the positivity in Lemma 2.3 does not hold when N has 3 or more
distinct prime factors. There are many examples of this in the literature, see e.g., the
“minimal relations” listed by Poonen and Rubinstein [18, Table 1] (see also [2]), or the
unfibered structures in [10, Sections 5 and 6] in the case when N has 3 prime factors.

The following consequence of Proposition 2.2 will be used often.

Lemma 2.4. Assume that N | M and A € M(Zy;). Then ®n | A if and only if O |
(ANA) for every D(N)-grid A in Zyy.

Proof. This follows by replacing A € M(Zys) by (Amod N) € M(Zy) as described
above, then applying the equivalence (i) < (ii) in Proposition 2.2. O
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3. Lower bound for fibered sets

Let M = Hle p*, where py,...,pk are distinct primes and ni,...,ng € N. For
s € N, we will use the notation

D(s):={deN: d|s, d#1}.

Let S C D(M) be non-empty, and let MIN(S) be given by (2.2). Recall also that in
Section 1.2 we defined FIB(S) to be the minimal size of a nonempty set A C Ny such
that A is fibered in some direction on each scale s € S. By the same argument as in the
proof of (2.2), we may consider multisets A € M™*(Z,,) instead of sets A C Ny. We now
indicate how to evaluate FIB(S).

Definition 3.1. Let S C D(M). An assignment function is any function o : § —
{1,..., K} such that

o(s) € {i:pi|s}

Given A € M1 (Zys) and an assignment function o, we say that A is (S, 0)-fibered if,
for every s € S, the associated multiset A mod s is fibered in the p,(,) direction on the
scale s.

Proposition 3.2. Let S C D(M), and let o : S — {1,..., K} be an assignment function.
For each i, let

EXP;(S,0) :=={a e N:3se S with (s,p;") = p

3

and o(s) = i}.

(We emphasize that the exponent 0 is not included above.) Let E;(S,0) := #EXP;(S, o),
and

FIB(S, o) := pr1(59) .. pli(5:),

In the special case when o(s) =i for all s € S, we will write FIB(S, o) = FIB(S,1).
Then

FIB(S) = min FIB(S, o), (3.1)

with the minimum taken over all assignment functions o. In particular, we have
MIN(S) < min, FIB(S, o).

Proof. We first prove that FIB(S) > min, FIB(S, ). Indeed, suppose that A € M™(Z )
is fibered on each scale s € S. Then for each s € S there exists a prime p;(,) | s such
that A is fibered in the p;(, direction on scale s. This defines an assignment function
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via o(s) = i(s) such that A is (S, 0)-fibered. We fix this o, and write E; := E;(S,0) for
short.
Next, we claim that

if Ais (5, 0)-fibered, then FIB(S, o) | |A|. (3.2)

In particular, |A| > FIB(S, ) as required. To prove (3.2), it suffices to prove that p’”
for each ¢ € {1,..., K}. Fix such 4, assume that

EXPZ'(S,O') = {041,.. .,OéEi}

(if this is an empty set, then E; = 0 and there is nothing to prove), and let s1,...,sg,
be elements of S such that o(s;) =i and p;” || s;. Since A is p;-fibered on each scale s;,
we have

FY(X) | AX) mod (X% — 1),

where F;7(X) = (X% —1)/(X®/Pi —1). Since p;’ divides s; but not s;/p;, it follows
that D o i | A. Therefore

Pt =0, (1). 2@ en (1) [ A1) = |4,

proving (3.2).

For the converse inequality, given an assignment function o, we give an explicit “stan-
dard” (8, o)-fibered set A° = Ag’g such that |A°| = FIB(S,0) and ®, | A for all s € S.
The construction follows [3] and was also used in [9,10] in the context of integer tilings.
Let M; := M/p;*, and define

A(X) =

—

[1 o ()

i=1 | BEEXP;(S,0)

(3.3)

K
= H H (1 +ox M L x (e )Ml 1)
i=1 | BEEXP;(S,0)

Since ®,(1) = p for prime p, we have
K
A=A 1) =] II | =FIB(S,0).

i=1 | BEEXP;(S,0)

Next, let s € S, and let i = o(s) so that p? || s for some 3 € EXP;(S, ). Observe that
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B 1-— XM”’?
@y, (XMPT) = X II @, (X), (3-4)
B ' u|M;pf utM,pf
o 1-X°

uls,ut (s/p:)

Hence, we have the chain of divisibility

@.(X) | F(X) | @, (XM#7) | 4(x),
proving both @, | A’ and the fibering claim. 0
4. A truncation procedure

We introduce a truncation procedure that will allow us to reduce proving upper or
lower bounds on MIN(S) to proving similar bounds with S replaced by a simpler set. Let
M = HkK:1 pp*, where p1,...,pk are distinct primes and nq,...,ng € N. We continue
to use the coordinate representation

Zysx=x1My+ -+ xxkMg mod M,
where M; = M/p}* and z; € Z i . We will also need the p;-adic expansion of z;:
T = X0+ Tiapi+ o+ Tig,apl Tt mod pM, x5 €{0,1,...,p; — 1} (4.1)

For S Cc D(M) and 1 <i < K, we define

EXP;(S) :={a>1: Is e S with p{ || s}, E; :=#EXP;(9). (4.2)
It will be useful to arrange the sets EXP;(.S) in increasing order:
EXPz(S) = {Ozi71, s 7041‘,E1}7 1< o <o < QG R (43)
Let us use the convention a; o = 0. We then have the following proposition.

Proposition 4.1. (Truncations) Let S C D(M), and let A € M(Z ) satisfy @ | A for all
s € 8. Define M := pi™ ~«~pf(". Then, there exists a multiset A’ € M(Zyy) satisfying

(i) A'(1) = A1),
(i) For every N = pi* - pRl* % with ®n(x) | A(z), we have ®n:(X) | A'(X), where
N’ ::p{1 ---pi? | M’

Furthermore, if A€ M™(Zyy), then A” € M (Zyy).
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EXP) . EXP(S)
@ @
6 2@ o
4 ( ]
1@
2 ] 2 ® 4 6 % 12 -1 ] ? ? 3
EXPy(S) EXPy(S)

Fig. 1. The cyclotomic divisors of A and the cyclotomic divisors of A’.

Proposition 4.1 allows us to assume that EXP;(S) = {1,2,...,F;} for every i €
{1,..., K}, so that there are no gaps in our set of exponents. We refer to the multiset
A" € M(Zps) in Proposition 4.1 as the truncation of A relative to S.

Example 4.2. Suppose that &, | A for all s € S, where

2.3 .4 3.4 10 10 10,10
S = {p27P17p27p1P27P1 yP2 5y P1 P2 }

Then, EXP;(S) = {3,10} and EXPy(S) = {2,4,10} so that M’ := ppl? = pip3.
Proposition 4.1 then furnishes a multiset A’ € M(Zyz2,3) such that A’(1) = A(1) and
o, | A for all s € S := {p1, p2, p3,p3, P1D3, D3, PIp5}. The exponent sets associated to
A" are {1,2} and {1, 2,3}, with no gaps (Fig. 1).

We now begin the proof of Proposition 4.1. We first define a family of mappings on Z
which preserve cyclotomic divisibility on the scales we need, but remove “unnecessary”
pi-adic digits.

Definition 4.3. Let ¢ € {1,...,K} and 1 < o < n; be given. Recalling the p;-adic
expansion of x; € Z,»: given in (4.1), we define a mapping T} : Z,»i — Z,n: by writing
Tia(l'i) = X; — l‘i’aflplqil, Vx; € Zp;li,

so that T/ sends the a-scale coordinate of x; to zero. We further define a mapping
TS : Zy — Zyy by writing in array coordinates,

T (z1,...,2K) = (ml,...,ﬂa(zi),...,x;(), Y(x1,. .., TK) € Ly X+ X Zp?(x.
We note that T$ has the following property:

VY, 2 € Ly, yip =25 = (Ti(y)je = (T7(2))5 (4.4)
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forall j € {1,...,K}and § € {0,1,...,n; —1}. In other words, if some of the multiscale
digits of y,z are equal, then the corresponding digits of their images under T are
also equal. The converse implication fails when j = ¢ and § = a — 1, since then the
corresponding (possibly non-equal) coordinates of y and z are both sent to 0.

Lemma 4.4. Let N | M with pf} | N for some 0 < 8 <n; and let 1 < a < n; be given.
Let F € MT(Zyy) satisfy F = xx F}Y mod N for some p; | N and x € Zn. Assume that
at least one of the following holds:

(i) B+ o

Then T¢(F) = T (z) * FN mod N.

Proof. Let N and F be as in the statement of the lemma. This means that F' is a set
of p; elements such that if y, z € F' are distinct, then (y — 2z, N) = N/p,. It suffices to
prove that for any such y, z we also have

(T3 (y) — T3 (2), N) = N/pj.

Let y,z € F be distinct, and let N = []p)* be the prime factorization of N, so that
B; = B. We need to prove that

(4.5)

Be il 3
(o) — T2 )0 {p‘* L

prh it e=4
We have

T (y) — T (2) = (y — 2) = (Yi,a—1 — Zi,afl)pfﬁer
We consider three cases.

o If £ # i, then pf‘z | M;, so that (T¢(y) — Tg‘(z),pf‘z) =(y— z,pf‘z) and (4.5) follows.
e Suppose £ =i but i # j. Then pf | y — 2, so that y; , = z; , for vy < g — 1. By (4.4),
the same holds for the corresponding digits of T¢(y) and T¢(z), implying (4.5).

« Finally, assume that £ = ¢ = j. Then p/ ' || (y — 2), so that y; 351 # z,5_1 and
Yiy = Zin for v < f—1. By (4.4), we have (T¢(y))iy = (T$(2))iy for v < g —1.

Furthermore, since 8 # « in this case, we have

(T3 (Y))ip—1 = Yip—1 # zip—1 = (T{(2))ip-1-

Hence p/ =" || (T¢(y) — T(2)), and (4.5) holds again. O

K3
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Corollary 4.5. Let S C D(M), and let A € M(Z ) satisfy s | A for all s € S. Assume
that o & EXP;(S). Then @, | T¢(A) for all s € S.

Proof. Let S and A satisfy the assumptions of the corollary. Fix N € S. By the de
Bruijn-Rédei-Schoenberg theorem (the equivalence of (i) and (iii) in Proposition 2.2), we
may write

AX)= ) QiX)FN(X) mod (XN —1),
Jipi|N

where Q; are polynomials with integer coefficients. Since a ¢ EXP;(.S), the assumptions
of Lemma 4.4 are satisfied, hence T maps each fiber x*FJN mod N to a fiber T¢ () *FjN
mod N. It follows that T$(A) can also be written as a linear combination of fibers on
scale N, and another application of the equivalence (i)<(iii) in Proposition 2.2 proves
that @y | T$#(A). O

Corollary 4.6. For S C D(M), we define a mapping Ts : Zys — Z s via

Ts(x1,...,0x5) := ( Z x1,a1—1p?1717'-- , Z mK,aK_1p}"(K_1). (4.6)

a1€EXP1(S) QKGEXPK(S)

Assume that A € M(Zyy) satisfies ®5 | A for all s € S. Then the multiset Tg(A) €
M(Z ), with weight function

wroay(r) = Y waly) Vo€ Zu, (4.7)
{y: Ts(y)==}

satisfies @5 | Ts(A) for all s € S. Furthermore, if A € MY (Zyr), then Ts(A4) €
M (Zwr).

Proof. This follows by observing that Tg is the composition of the mappings T, where
(i, ) runs over all pairs such that ¢ € {1,..., K} and a € {1,...,n;} \ EXP;(S), and
applying Corollary 4.5 iteratively to each such mapping. The last statement is a conse-
quence of (4.7). O

Proof of Proposition 4.1. Let S, A, and M’ be as in the statement of the proposition.
We enumerate the elements of each set EXP;(.S) in increasing order as in (4.3). We also
equip Zj; with a standard coordinate system similar to that in Z ;.

We first let A := Tg(A) € M(Zy), then |A| = |A| and @, | A for all s € S by

Corollary 4.6. We further have supp(A) C Y, where
Y :=Ts(Zn) ={y € Zpn : yio =0 for all (,a) such that a ¢ EXP;(S)}.

We define a bijection U : Y — Zp; by
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Ei—1 Er—1 Ei—1 Er—1
[e% j*l % ’]'*1 ; .
(X oY ™) = (X e X ok ).
3=0 3=0 §=0 =0
Let A’ € M(Z ) be the multiset defined via the weight equality
wil (z) = w;z (U (z), Va € Zy. (4.8)
We clearly have |A’| = |A| = |A|. It remains to prove that
if N=pi" - p% €8, then Oy (X) | A'(X), where N’ := pit - phis.

Let N € S, then ® | A as noted above. By the equivalence (i)« (iii) in Proposition 2.2,
A may be written as a linear combination of fibers on scale N. However, U maps fibers
on scale N in Z ) to fibers on scale N’ in Z s, so that A’ is a linear combination of such
fibers. By another application of Proposition 2.2, we have &y | A" as claimed. Finally,
if Ae M (Zyy), then A’ € M (Zyy+) by (4.8) and the last part of Corollary 4.6. O

5. A multiscale cuboid argument

Let N | M. Recall that we defined D(N) and P(N) in (2.8) and (2.9). For y € Zy,

we continue to write
Ay, DIN)):={x € Zn : D(N) | (z —y)}. (5.1)
Let p € P(N) with p* || N. For each v € {0,1,...,p — 1}, let v, = y + ¥ N/p. Then
p—1
Ay, D(N)) = | A(yw, pD(N)),
v=0

which corresponds to a decomposition of the original grid A(y, D(NN)) into those parts
which are contained in the planes I(y,,p*) :={x € Zn : p* | (x — )}

Proposition 5.1. Let A € M1 (Zy). Suppose that ®n | A and that p € P(N) with
p® || N. Then at least one of the following holds.

(1) DBy /p- - Dnjpe | A.
(2) Forve{0,1,...,p—1} and a € A, define the multisets A, , C A by

Ay =ANA(y,,pD(N)) (5.2)

where y, = a + vN/p. Then there exists some a € A such that A, , are nonempty
forallv e {0,1,...,p—1}.
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The proof of Proposition 5.1 is based on multiscale cuboid argument similar to that
in [9, Section 5]. To simplify notation, we fix N | M, let J = {j : p; | N}, and fix some
specific prime p = p;, | N. We also let J' := J \ {jo}. A flat cuboid is then a multiset
AP € M(Zy) of the form

AP(X)=X° ] (1= X%N/P5) mod XV -1,
Jjey

where ¢,d; € Zn and (d;,p;) = 1 for every j € J'. If N-cuboids correspond to |J|-
dimensional rectangular boxes, then flat cuboids correspond to rectangular boxes of
dimension |J| - 1 contained in planes perpendicular to the p direction.

Flat cuboids are useful in so far as the associated AP-evaluations of A in Z  indicate
simultaneous divisibility by multiple cyclotomic polynomials. Lemma 5.2 is taken from
[9], but a similar result (in a somewhat different language) also appears in [8, Lemma
2.13).

Lemma 5.2. [9, Ezample 5.9(2)] Let A € M™T(Zy). Let p™ || N, and assume that
AN[AP] = 0 for every flat cuboid AP as defined above. Then

ONPr/p - Pype | A
Observe that any N-cuboid A as in (2.7) can be written as A(X) = A? — AF where

AP (X)=X° ] (1= X%N/P5) mod XV —1,

jEY

AR (X) = XtV TT (1 - X%N/P) mod XN — 1.

JjEY
Together with Proposition 2.2(ii), this gives the following result for flat cuboids.

Lemma 5.3. Let y € Zn. Forv=0,...,p—1, let y, :=y+vN/p and

AD(X) =X ] (1= X%N/P5) mod XV — 1.
jey’

If &N | A, then
AN[AD] = ANAD) (5:3)
for every 0 < v,/ <p—1.

Proof. For each v = 0,...,p — 2, the multiset A € M(Zy) with the mask polynomial
A(X) = AP(X) — AV, (X) is an N-cuboid. By Proposition 2.2(ii), we have



G. Kiss et al. / Advances in Mathematics 494 (2026) 110952 21

AN[AD] - AN[AD ] = AN[A] =0,
for all v =0,...,p — 2. This proves the lemma. O
Proof of Proposition 5.1. Let p € P(N) with p® || N. Assume that ®y | A, but
On - Prype T A (5.4)
By the contrapositive of Lemma 5.2, there is a flat cuboid

ABX)=XY [ (1 = X%N/P) mod XV -1,
JEY

where J := {j : p; | N} and (d;,p;) = 1, such that AN[AF] # 0. In particular, this
implies that supp A N supp A} # 0, so that without loss of generality we may assume
that y = a € A.

Let y, := a+ vN/p and

AD(X) =X ] (1= X%N/P5) mod XV —1.
JEY

By Lemma 5.3, we have AN [AZ] = ¢ for each v and some constant ¢ # 0. In particular,
supp APNsupp A # @ for each v. Since supp A2 C A(y,,pD(N)) for each v =0,...,p—1,
this completes the proof. O

Corollary 5.4. Assume that ®n | A. Then there exist a prime p | N and elements
ap, a1, ...,0p—1 € A such that

ay € Ayy,pD(N)) forv=0,1,...,p—1, (5.5)
where y,, := ag + VN /p.

Proof. We induct on K. For K =1 and p; = p, if @, | A for some 1 < a < nq, then A
is p-fibered on that scale, which clearly implies the conclusion.
Assume now that K > 2 and that the corollary is true with K replaced by K — 1. Let
N and A be as in the statement of Corollary 5.4. For a € A, consider the flat cuboids
Avdy,. (X):==x* [ @-X%"") mod XV -1,
1<G<K-1

~)dK71

with (dj,p;) =1 and y, := a + vN/p. We consider two cases.

o Suppose first that AN[Ag.a,.  ax_,] # 0 for some a € A and dy,...,dx_1 as
above. Let y, := a + vN/p for v € {0,...,px — 1}. By Lemma 5.3, we have
AN[Ay, dy .. dge_,] # 0 for all v, and the conclusion holds with ag = a and p = pg.



22 G. Kiss et al. / Advances in Mathematics 494 (2026) 110952

o Assume now that AN[Au.4,  ax_,] = 0 for all @ € A and for all dy,...,dx_1 as
above. Recall that My = M/pp, so that N’ := (N, M) is relatively prime to pg.
Let A’ := AN A(a, D(N')) for some a € A. By Lemma 5.2, we have ®x/ | A". Since
N’ has only K — 1 distinct prime divisors, we may apply the inductive assumption
to A" and conclude that (5.5) holds with p = p; for some j € {1,..., K —1}. O

6. Long fibers

In this section, we prove a multiscale generalization of the de Bruijn-Rédei-Schoenberg
structure theorem for vanishing sums of roots of unity (Proposition 2.2). Instead of
assuming that A has just one cyclotomic divisor, we will assume that @, | A for all L
such that N | L | M for some fixed N | M. Under that assumption, we prove that we
can express A as a linear combination of “long fibers”, which we now define.

Definition 6.1. (Long fibers) Let M = Hfil pit, and let 1 < a < n;. We say that a set

K3

F C Zyy is a pf-fiber on scale M if F' = x * F; , mod M for some x € Z;, where

- M/p¥ XM_I
Fi’a(X) = H (I)pi (X pi’) W.

v=1

We will often refer to p* fibers with a > 1 as long fibers in the p; direction.

Explicitly, we have
Fioa(X)=1+ xXM/pe 4 x2M/et L x e -1DM/p (6.1)

In particular, when v = 1, the sets x * F; ; are the usual fibers in the p; direction on scale
M. The following simple result concerning the cyclotomic divisors of long fibers follows
immediately from the definition.

Lemma 6.2. Let M and o be as in Definition 6.1. Then ®1(X) | F; o(X) if and only if
n; —o+1
o | L| M.

Proposition 6.3. (Long fiber decomposition) Let M = Hfilpm, and let N | M satisfy

?

N = Hfil Pl with 1 < a; < ny. Let A € M(Zyy), and assume that ®1,(X) | A(X)

7

for each N | L | M. Then, there exist polynomials P;(X) € Z[X] such that
AX)=Pi(X)F1,0,(X)+ -+ Px(X)Fg ox (X) mod XM _1. (6.2)

Moreover, if A € MY (Zy) and K = 2, then we may assume that the polynomials P (X)
and Py(X) each have non-negative coefficients.
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Proof. Let G(X) = [[;.n s ®2(X). Because each of the polynomials 1 (X) is irre-
ducible in Q[X], we know that G(X) | A(X). Hence, it suffices to show that G satisfies
(6.2) for some polynomials P, ..., Px with integer coefficients.

We first use Lemma 6.2 to observe that G(X) = gcd(F1,a,, - - -, FK o)) in the polynomial
ring Q[X]. This follows since

3.(X)|GX)e N|L|M

(2
i

M
< L | M while Lt —- foralli=1,... K.
p

So, there necessarily exist polynomials Py, ..., Px € Q[X] such that
G(X) =Py (X)Fy 0, (X) 4+ Pr(X)Fr o (X) mod XM — 1. (6.3)

Moreover, the polynomials Fi q,, - . -, FKk,qa all have integer coefficients and are primitive
(since they are the product of cyclotomic polynomials, which are monic polynomials).
Hence, an application of Gauss’s Lemma (see [27, Chapter 3]) implies that each of the
polynomials Py, ..., Pk in (6.3) can be taken to have integer coefficients. Again, using
that G(X) is a divisor of A(X), we obtain that A is, itself, expressible as a linear
combination of long fibers with integer coefficients.

It remains to show when K = 2 (so that M = p'p}2 and N = pjr— 1 Hipne—aztly
that we can take P; and P, in (6.2) to have non-negative integer coefficients. For this,
we adapt the proof of Proposition 3.8(b) of [7] to the setting of long fibers.

We can assume that A = ANA where A = A(z, D(N)) for some z € Z ;. This follows
because, for each N | L | M, Lemma 2.4 guarantees that ®1(X) | (ANA)(X). To further
simplify, let us assume that © = 0. We now make the observation that (as multisets)
A = F1 o, * F5 4,. This follows because

(Fra P (00) = Fi ()P (6) = ( T 0 (0) ) ( T] (%))

v=1 v=1

so that ged(M/pT*, M/p5?) | y for every y € Fy o, * Fb o,. But

M M N
ged < ) —ppTepnaTe = — D(N),

1) Q2
1 D2 p1D2

and so Fi o, * F5 o, C A. The reverse containment follows similar reasoning, and is a
consequence of the Chinese Remainder Theorem. We leave the details to the reader.

Having now shown that A(0, D(N)) = F} o, * F» ,, while also showing that we can
assume that AN A(0, D(N)) = A. Together, this implies that there exist integers ws, vy
such that

AX)= > wX*Fio,(X)+ Y vX'Fpa,(X) mod XM -1, (6.4)

SEF2 oy tEF1 0
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and that ws + v; > 0 whenever

({s} * Fra) N ({t} * Faa,) # 0. (6.5)

We claim that there exists a modification w’, v; of each of these coefficients ws, v; such
that w, +v; = ws + v, for all pairs of s,t as in (6.5) and so that also w), v; > 0 for every
s, t.

To this end, let e := mingep wil () be the minimal weight of the multiset A in
Zyr and choose sg € Fy o, and ty € F1 4, so as to satisfy e = ws, + vy,. We then let
wh = ws + vy, and v; = (ws, + v¢) — e for each s € Fp,, and t € F 4,. Clearly, then,
vy > 0 for every t € F ,,, since e was chosen to be the minimal value of the weights of
A. Moreover, w’, > 0, since

!/
Wy = Ws + Vg = Wey + Vgy = €

and e > 0, since we are assuming that A is a non-negative multiset. Finally, we notice
that

w4+ v = ((wey +v¢) — €) + ws + vy = Wy + V.

Hence, letting

PiX):= > wlX®, P(X):= Y X',
SEFs a, t€F oy

we see from (6.4) that
A(X) = Pi(X)F10,(X) + P2(X) Fy0,(X) mod XM —1,
and that Py, P, € Z[X] both have non-negative coefficients. O
7. Fibered lower bound: positive results
7.1. Two prime divisors

In this section we work in Z s, where M = p7'p5? has two distinct prime divisors. To
simplify the notation, we will abbreviate p := p; and ¢ := p2. We will continue to use the
numerical indices where appropriate, so that for example F}¥ will still denote a fiber in
the p direction on scale N, F{¥ will denote a fiber in the ¢ direction, and EXP1(S) will
continue to denote the set of exponents of p = p; in S. We recall here that the exponent
sets EXP;(S) were defined in (4.2).

We first mention a special case resolved in [13].
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Theorem 7.1. [13, Theorem 1] Let M = p™1q™? and A € M¥(Zys). Let S C D(M) be
nonempty, and assume that @5 | A for all s € S. Assume further that g1 |A|. Then

|A| > p¥' = FIB(S,1) > FIB(S).

In general, the assumption that ¢ t |A| cannot be dropped. However, we are able to
do that in the following special case.

Proposition 7.2. Let M = p™q™ and A € M (Zy). Let S C D(M) be nonempty,
and assume that ®5 | A for all s € S. Assume further that the following holds for all
a,a’ € EXP1(S) and B, 5" € EXPy(S) with o/ < a and 8’ < f:

if p*q” € S and po‘lq ' € S, then {pa,qﬁ,paq /} NS #£0Q. (7.1)
Then |A| > FIB(S).

Proof. We proceed by induction on |S|. The case |S| = 1 follows from Lemma 2.3.
Assume now that |S| > 2, and that the lemma is true with S replaced by any S’ such
that |S’| < |S|. Let oy = min(EXP1(S)) and By = min(EXPy(S)). Let A € M1 (Z )
satisfy @5 | A for all s € S.

Case 1. Assume first that there exists some s € S such that p*° || s and A mod s contains
a fiber a « F. For each v € {0,1,...,p — 1}, let a, € A satisfy a, = a + vs/p mod s,
and let

A, = AN Aa,,p™).

Let 7y denote the natural projection from Zps to Zs . Then each A, (X) is divisible by
O, for all s € §':={s’ € S: p*+l| s} since 7y (A,(X)) is the union of D(s)-grids
for s’ € S’ so the claim follows from Lemma 2.4. By the inductive assumption, there are
assignment functions o, : S’ — {1,2} such that |4,| > FIB(S’,0,). We now define ¢
as follows: choose p € {1,...,p;} such that FIB(S’,0,) is smallest. For s’ € S’, we let
o(s") = 0,(s") with that p. We complete the choice of o by letting o(s’) := 1 for all ¢’
with p®© || s’. Then

Al > > A, > p-FIB(S,0,,) = FIB(S, 0).

Clearly, the same argument works if the assumptions of Case 1 are satisfied with p
and ¢ interchanged (so that for some s € S we have ¢% | s and A mod s contains a
fiber a * F3). Furthermore, if sy := p*°¢® € S, then the assumptions of Case 1 hold
with s = s for some permutation of p and ¢, since A mod sy has to contain a fiber in
at least one direction.

Case 2. We now consider the complementary case when sy € S and:
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(i) if s € S and p®° || s, then A mod s is fibered in the ¢ direction,
(ii) if s € S and ¢ || s, then A mod s is fibered in the p direction,

It follows from (i) and (ii) that |A| is divisible by p™¢", where m = #{s € S : ¢’ | s}
and n=#{se€ S: p* | s}.

We define an assignment function as follows. Let s = p®¢® € S. By (7.1) with o/ = g
and 3/ = fy, at least one of p*°¢® p*¢® is in S. We let o(s) = 1 if p*¢g® € S, and
o(s) = 2if pg* ¢ S but p*0¢f € S. Then

FIB(S;0) =p™q" | |Al,
and the proposition is proved. 0O

Corollary 7.3. Let M = p™tq™ and A € M (Zy). Let S C D(M) be nonempty, and
assume that ® | A for all s € S. Assume further that |[EXP;(S)| < 2 for some i € {1,2}.
Then |A| > FIB(S).

Proof. Without loss of generality, we may assume that ¢ = 2. If |EXP2(S)| = 1, then
(7.1) holds vacuously. (In the language of the proof of Proposition 7.2, we are in Case 1
throughout the inductive argument.)

Assume now that |EXP2(S)| = 2. We need to prove that (7.1) holds in this case. Let
a,a’ € EXP{(S) and 3, 8" € EXP2(S) with o/ < o and 8’ < . Note that we must have
EXP5(S) = {8, 8}. Therefore, if p¥'¢? ¢ S, we must have p® ¢? € S, and (7.1) holds
again. 0O

Proposition 7.4. Let A € MT(Z ) with M = p™ q™>. Assume that ®pmi - - - Ppmy Ppa s Py |
A forsomel <a<my<---<m, <niandl < B,y < ng. Assume further that g # ~.
Then |A| > p"qmin(p, q). In particular, |A| > FIB(S).

We clearly have |A| > p"q based on ®pmy - - @pm.Pgv|A, and independently, |A| >
min(p, q) based on ®,,s|A by either (1.2) or Lemma 2.3. The point of the lemma is
that these bounds boost each other.

Proof of Proposition 7.4. By Proposition 4.1, there exists a multiset A € M (Zpyr41p2)
such that |A| = |A| and

Dy Dpria® 0 @ | A

for some 3,7 such that {8’,+'} = {1,2}. It suffices to prove that |A| > p"gmin(p,q).
To simplify the notation, we may assume in the rest of the proof that A = A, a = 1,
mj=j+1forj=1,...,r,and {5,7v} = {1,2}.

We first note that

Pa = Dye(1) - By ()P, (1) | AL = |A] (7.2)
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Let s = pg®. Since ®, | A, by Lemma 2.3 A mod s is a linear combination, with
nonnegative coeflicients, of p-fibers and g¢-fibers on scale s. If A is g-fibered on scale s,
then we actually have ®,®,2 | A and ¢* | |A|, so that we are done in this case.

It remains to consider the case when A mod s has at least one p-fiber on that scale.
Thus A(X) = A/(X)+ A"(X), where A’, A” € M*(Z ) are multisets such that A’ mod
s is fibered in the p direction, A” mod s is fibered in the ¢ direction, and A’ # (0.

By definition, we have p | |[A’| and ¢ | |A”|. Tt follows from (7.2) that

q||A| and p | |A"], (7.3)

so that A’ mod s is a union of k¢ many fibers in the p direction for some k # 0.
For j=0,1,...,p—1, let

Rj:={x €Zy:xz=jmodp}, A;:=ANR;.
Then
Aj = (A/ n Rj) U (AH N RJ)

and A” N R; is g-fibered on scale s. Hence |A;| = kq + ¢;q, where ¢; is the number of
g-fibers in A; that are also ¢-fibers of A” on scale s.

Since @2 ... Ppr1 | A, by Lemma 2.4 we must have ®,2... @1 | A; for each j.
In particular, p” | |A;|. Together with the above, this yields p"q | |A;| for each j. Since
k > 0, we also have |A;| > 0 for each j. Therefore

p—1

A=) 141 =0

=0

as claimed.

To complete the proof of the proposition, we need to prove that p"q min(p, ¢) > FIB(S).
Indeed, let an assignment function o satisfy o(p™) =1 for j =1,...,r and o(¢”) = 2,
and define o(p®¢?) so that p,(s;) = min(p, q). Then p"gmin(p, q) = FIB(S,0). O

An analogous result can be proved if the exponents of the p-power cyclotomic divisors
are smaller than «.

Proposition 7.5. Let A € MT(Zy) with M = p"q"2. Assume that ®pm, ---
Dy oy Py | A for some 1 < myp < - <myp <a<nygandl <y <P < ny.
Then |A| > p"qmin(p, q). In particular, |A] > FIB(S).

Proof. By Proposition 4.1, there exists a multiset A € M*(Zr+1,2) such that |A| = |A|
and
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By Dy 2@y | A

It suffices to prove that |A| > p"gmin(p, q). To simplify the notation, we may assume in
the rest of the proof that A=A, a =r+1,8=2,v=1, m; =jforj=1,...,r, and
ny=r+1,ny,=2.

Let A, = A(v,p") for v =0,1,...,p" — 1. Since ®,,--- @)~ | A, we have

|[ANA,| = @ for all v.
p

Since ®, | A, we have ¢ | |A] and so ¢ | ‘;%‘ = |ANA,|. Finally, we have ®,r+142 | A.
By Lemma 2.3, this implies that A (hence also AN A, for each v) is the sum of p-fibers
and g¢-fibers on that scale. Hence for each v we have |[ANA,| = kp + lg for some k,1 >0
(possibly depending on v).

If k = 0 for all v, then A is the union of g-fibers only, meaning that ®,2 | A and hence
P, D, P, D2 | A. This implies that p"¢? | |A], and we are done.

Suppose now that k& > 1 for some v. Then q | k, since ¢ | |[ANA,| = kp + lq. Hence
|[ANAL| > pg, and thus

Al =p" - |[ANA| > p" g,

and we are done again.
The last statement in the proposition follows as in the proof of Proposition 7.4. O

Theorem 7.6. Let M = p™q"2, and let S € D(M) satisfy |S| = 3. Then MIN(S) =
FIB(S).

Proof. If |EXP;(S)| < 2 for some i € {1,2}, then the result follows from Corollary 7.3.
We may therefore assume for the rest of the proof that

S = {s1, 82,83}, where s; =p~ig¥, i=1,2,3,

where 0 < a1 < as < ag < nj, and where the exponents (1, 82,083 € {0,1,...,n2} are
all distinct.

Let A € M (Zyy) satisfy @, | A for all s € S. Suppose that a; > 1, and that A
mod s; contains a fiber in the p direction. By the same argument as in the proof of
Proposition 7.2, Case 1, we reduce the proof of the theorem in this case to proving that
MIN({s2, s3}) = FIB({s2, s3}); however, for a 2-element set {s2, s3}, this equality again
follows from Corollary 7.3.

If on the other hand oy > 1 and A mod s; is fibered in the ¢ direction, then A(X)
is also divisible by ®,s,. We replace the set S with the set S’ := {s7,s2,53}, where
sh = ¢, note that ®, | A for all s € §’, and continue with the rest of the proof.
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Similarly, let @ € {1,2,3} be the index such that 5, = min(f1, B2, 3). If A mod s,
contains a fiber in the ¢ direction, we proceed as in the proof of Proposition 7.2, Case
1, to reduce S to a 2-element set covered in Corollary 7.3. If on the other hand A mod
s, is fibered in the p direction, then A(X) is also divisible by ®peu, so that we may also
replace s,, by p®~.

By the above reductions, we may assume for the rest of the proof that

0= ayp < ag < ag S ni, min(ﬂl?ﬂQﬂ/Bf)’) = /B,u =0.

Since 1 ¢ S, we have u € {2,3}.
Assume first that g3 = 0. Then

D51 s g2 Ppas | A,
with 0 < as < ag3. This places us in the situation described in Proposition 7.4 with r = 1.
Let o(s1) = 2, 0(s3) = 1, and define o(s2) so that p,(s,) = min(p, ¢). By Proposition 7.4,
we have

|A| > pgmin(p,q) = FIB(S,0) > FIB(S),

and we are done in this case.
It remains to consider the case when s = 0. Thus

D51 Ppaz Pposgss | A
If 0 < B3 < (1, we are again in the situation described in Proposition 7.4, but with p
and ¢ interchanged. The theorem follows as above.
We are left with the case when
O=a; <az<az, 0=[F<p1<ps.
This is a special case of Proposition 7.5 with r = 1, and we are done again. 0O

7.2. The diagonal case

We return to the setting where M has arbitrarily many prime divisors, and consider
the following simple case.

Lemma 7.7. Let M = HLPZ’“- Assume that S = {s1,...,8m} C D(M) satisfies
sj | D(sj41) forj=1,...,m—1. (7.4)

Then MIN(S) > H;n:1 ming.,. s, pi = FIB(S).
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Proof. We proceed by induction in m. If m = 1 and S = {s}, then the conclusion follows
from (1.2). Assume now that m > 1, and that the conclusion is true when |S| = m — 1.
Let A € M™*(Zyy) satisfy @, | A for j =1,...,m. Since ®,, | A, we have that A mod
s1 satisfies the conclusion (5.5) of Corollary 5.4 for some a € A and p | s;1. Fix that p.
For v=0,1,...,p—1,let y, := a+vs1/p and

A, = AN Ay, pD(s1)).

Then the sets A, are nonempty and pairwise disjoint. By (7.4), we have pD(s1) | D(s;)
for j = 2,...,m. It follows from Lemma 2.4 that ®,, | A, for all j = 2,...,m and
v =1,...,p. Applying the inductive assumption to A,, we get

|A|>Z|A |>pH mme min p.

ipils
By Proposition 3.2 we have that
FIB(S) = min FIB(S, o), (7.5)

with the minimum taken over all assignment functions ¢. This minimum is clearly taken
for the assignment function o defined via o(s) = p, for every s € S, where p; is the
smallest prime divisor of s. This implies that

H min p; = FIB(S). O

i:pi|s;
7.83. Many primes with a growth condition
Theorem 7.8. Let A € MT(Z ) with M = HkK:1 pp* satisfying

pi > > py > it (7.6)

Let S € D(M) be nonempty, and assume that ®, | A for all s € S. Then |A] > pt
where

Ey := #EXP1(S) :=#{a>1:3s € S with p{ || s}

In particular, we have |A| > FIB(S) under the assumptions of the theorem, so that
MIN(S) > FIB(S) if (7.6) holds. Indeed, let o : S — {1,...,K} be an assignment
function. If o(s) > 2 for any s € S, we have FIB(S o) >py > pl1 > p¥. If on the other
hand o(s) =1 for all s € S (note that this can only happen when p; | s for all s € S),
then FIB(S,0) = p¥'. The claim follows in both cases.
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Proof of Theorem 7.8. We induct on K. When K = 1, we have S = {pS*,...,py "'} for
some 1 < <...,<ag <ni,so that

Byer - @ oe, (X) | ACX) = pi | 4],

and so we clearly have |A| > pfl. Assume now that K > 2 and that the result holds for
any 1 < Ko < K — 1. Let
C:={se€Sa:px|s}, M :=M/pps =p - pp,

Ey

and note that the size assumption pg_1 > -+ > py"* is still satisfied for M’ (vacuously

if K = 2). There are two cases to consider, corresponding to the conclusions (1) and (2)
of Proposition 5.1.

Case 1: We first assume that the conclusion of Proposition 5.1 (1) fails for some s € C.
Assume that p% || s. Then the failure of (1) means that there exists 1 < 8 < a such that
(Ds/p[i 1 A. Applying Proposition 5.1 (2) with N = s and p = pk, we find a € A such

K

that

pr—1

Al = A1) > > Al(1) > px

where each A, , € M(Zy) is as in (5.2). Since we assume that px > pJ'* > p*| this
establishes Theorem 7.8 in this case.

Case 2: We now suppose that for all s € C, we necessarily have that
By By | A (7.7)
where @ = a(s) > 1 is the unique exponent such that p% || s. Let
S i={(s,M"): s€ 8}, A :=(Amod M) e M (Zy).

By (7.7), we have @4 | A for all s € ', Since S’ C D(M’), this also implies that @4 | A
for all s € S’. The key observation is that

#la>1:3s€ 8 with pf || s} = #{a>1:3s€ S with p} || s} = F1.

Indeed, if s € S\ C, then s € §', and if s € C, then (s, M’) € S" and EXPy(s) =
EXP1((s, M")). Applying the inductive hypothesis to A" and M’, we see that

E/
Al =|A'| > p)* =pf*. O
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8. Examples where the fibered lower bound fails
8.1. Recombination effects for 3 or more prime factors

In general, if we increase the complexity of S, we may have MIN(S) < FIB(S). It is
easiest to give examples of this when M := lem(.S) has 3 or more prime factors. The idea
is to use a certain recombination effect, as follows. Write M = PQ, where (P,Q) = 1,
so that Zy = Zp @ Zg. Let A” € M (Zp) and A” € M*(Zg) be two multisets
with [A’| = |A”|. Then we may construct a multiset A € M™*(Zys) so that its Chinese
Remainder Theorem projections onto Zp and Zg are, respectively, A" and A”. While
each of A’ and A”, independently, must have large enough cardinality to accommodate
its own cyclotomic divisors, there need not be any additional increases in the size of A
due to sharing the cyclotomic divisors of both A’ and A”.

One example of this, with M equal to a product of 4 primes, is given in [13, Section
6.3]. An additional constraint imposed in [13] (coming from the intended application to
the Favard length problem) was that |A| should be relatively prime to M. If we drop
that constraint, then a simpler example is as follows.

Example 8.1. Let 2 = p; < py < p3 be distinct primes such that p; + ps = ps. Let M =
p1p2ps and S = {p1p2, ps}. Consider any set A € M™(Z)s) simultaneously satisfying
the equations

A(X) = XUFPP2(X) + X2 FPP2(X) mod XPP2 — 1,

(8.1)
A(X) = X“FP*(X) mod XP° —1

for some a1, a2, a3 € Zps. Such a set can be easily constructed via the Chinese Remainder
Theorem. Since the same idea is also used in the more difficult example in Proposition 8.2,
we provide the details as a warm-up. We recall the array coordinate expansion of elements
T € Ly

x = x1 My + x9Mo + 13M3,

where z; € {0,1,...,p; — 1} and (in this case) M; = M/p;. Then (8.1) is equivalent to
saying that |A| = p3 and

{(a1,a2) : a € A} ={(0,0),(1,0)} U {(0,0),(0,1),...,(0,p2 — 1)},
{ag: a€ A} ={0,1,...,p3 — 1},

where the first equation should hold in the sense of multisets, with two different triples
of the form (0,0,a3) in A. In each equation above, the cardinality of A matches that
of the set on the right side; furthermore, A is a set (not just a multiset) since all its
elements are distinct mod p3. The key point is that the two conditions above involve
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different coordinates of the elements of A, hence they can be imposed independently of
each other.

By Proposition 2.2, the first equation in (8.1) implies that ®,,,,(X) | A(X), and the
second one implies that ®,,(X) | A(X). Hence MIN(S) < |A| = p3. By (1.2), we also
have MIN(S) > ps (using that ps € ), so that MIN(S) = ps.

On the other hand, we must have o(p1p2) € {1,2} and o(p3) = 3 for any assignment
function o : S — {1,2,3}. Hence, FIB(S) = min, FIB(S,0) > min(p1,p2) - p3 = 2ps,
showing that MIN(S) < FIB(S).

8.2. Recombination for two prime factors

More surprisingly, we may have MIN(S) < FIB(S) even if M = lem(S) has only
two distinct prime factors. In this case, it follows from Corollary 7.3 that, unlike in
Example 8.1, we cannot produce such examples using only two cyclotomic divisors and
a single scale. However, we can construct them using multiple scales instead.

Proposition 8.2. Let M = p"q™ withn > 9 and m > 6, and let p = 2,q = 3. Then there
exists a set A C Zy; such that

(I)pnépnfl ¢pn—2(quq)qul(qu72(bpq | A
and |A| = p*¢3.

Proof. We first define a multiset B € M™*(Z,,) with p = 2,q = 3 via the table below.
It is easy to check explicitly that BP?[A] = 0 for all pg-cuboids A (there are 3 such
cuboids). By Proposition 2.2, it follows that ®,, | B.

‘ HOmod?)‘1m0d3‘2mod3‘rowsum‘

0 mod 2 74 47 47 21- 8
1 mod 2 34 7 7 6- 8 (8.2)
| column sum [ 4-27 [ 227 [ 227 | |

Notice that 27 | |B N A(4, q))| for every ¢ € {0,1,2}. Similarly, 8 | |[BNA(4,p))| for every
j€{0,1}.

We would like to construct a set A C Z s such that A = B mod pq (so that divisibility
by ®,, is preserved), but A also has the additional cyclotomic divisors listed in the
proposition. Let M = p™q¢™, with n and m large enough (to be determined later). We
will again use the array coordinates mod M: for each x € Z,; we write

x=x1 My +xoMsmod M, x; €{0,1,...,p" —1}, 22 €{0,1,...,¢™ — 1},

where My = ¢™ = M/p™ and My = p" = M/q™. We will further need the digit

expansions
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n—1 m—1
T1=x10+ 1P+ - F TP T, T2 =220+ T219+ -+ Tam-19 )

where 21 ; € {0,1} and z5; € {0,1,2}.

Let A C Zy with |A] = p3¢®; we will now impose conditions on the digits of the
elements of A so that A has the required cyclotomic divisors. We first ask that A = B
mod pg; to this end, it suffices to ensure that the digits a; o and as o of the elements of
A have the distribution indicated in the table above.

Next, we need to ensure that A is divisible by

n

XP -1

(bpn (X)(bpn—l (X)‘I)pn—z (X) == W

= Fi 3.

In other words, A mod p™ needs to be a union of long p3-fibers; furthermore, in order for
A to be a set, we will make sure that these p3-fibers are disjoint. We write A = AgU A1,
where Aj = {a € A: a =jmod 2}. By (6.1), we have F} 3 = p"~3Z,n. Hence, it suffices
to have

A;(X) = XICH(X)FPy mod (XP" —1), j=0,1,
where C; C Z )y is a set whose all elements are divisible by p but distinct mod pn 3,
This is possible when

#{ciap+criop® +- Fernap™ € {0,1}} > 21, (8.3)

since we have to place 21 long fibers in Ay and 6 long fibers in A;. Since 32 = 2° > 21,
it suffices to take n —4 > 5, so that n > 9. Note that the entire operation above involved
only the a; ; digits of a € A with ¢ > 1.

To ensure that ®gm®ym-1®m-2 | A, we proceed similarly, but with p and ¢ inter-
changed so that we are now adjusting the as; digits of a € A with ¢« > 1. This can
clearly be done independently of the choices already made above. The condition (8.3) is
replaced by 3m~4 > 8. Since 9 = 32 > 8, it suffices to take m —4 > 2, so that m > 6. O

In the proof of Proposition 8.2, the fact that A is a set is guaranteed in the simplest
possible way by forcing both A mod p™ and A mod ¢™ to be sets. However, it would be
enough to assume that one of them is a set (with an arbitrary bijection between this set
and the other multiset). It could be possible to lower the exponents n and m further so
that both A mod p™ and A mod ¢™ are multisets, but then the construction requires
further analysis and details. There is no such construction with |A| equal to 22 - 3% or
any of its divisors.

We expect that there are other choices of primes (not necessarily p = 2, ¢ = 3) for
which similar examples could be constructed. However, Proposition 8.3 below shows that
p and ¢ cannot be chosen completely arbitrarily in this type of examples.
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Proposition 8.3. Let 1 < a < n and 1 < b < m. Assume that p > ¢° and
@I,n .« @pnfa#»l @q'm PPN ¢qm7b+1 @pq ‘ A
for some A € M¥(Zpngm). Then |A| > p2g®.

Proof. Based on the prime power cyclotomic divisors, we have p®q® | |A|, hence |A| >
p2q®. Furthermore, |A;| = |A N A(4, p)| is divisible by p® for every i = 0,1,...,p — 1.

Assume indirectly that |A| = p®¢”. Since p > ¢, we have that |4;] is zero for some i.
On the other hand, since ®,, | A, by Lemma 2.3 we have that A mod pq is a nonnegative
linear combination of p-fibers and g¢-fibers. With A; = ) for some 4, A must in fact be a
sum of g-fibers only, so that ®, | A. It follows that ¢®*1 | A, contradicting the assumption
that |[A| = p2¢®. O

In the next example, the exponents of p and ¢ in the extra composite divisor of A(X)
are higher than those in the prime power divisors.

Proposition 8.4. Let M = pq?*, p =2,q = 3. There exists a set A C Zyr such that
$,2,20,5P, PPy | A

and |A| = p*q® = 72.

Proof. The following table represents a multiset B € M™(Zr2), where the cyclic group

Zr7o is written as Zg @ Zg, rows represent cosets of Zg, and columns represent cosets

of Zsg. Similarly to (8.2), the entry in the i-th row and j-th column is equal to wiZ(b),
where b is the element of Zr7s such that b = ¢ mod 8 and b = j mod 9.

O|o|w|loo|lo|o|Oo
OO N OO
Wl OoO|o|Oo|Oo|Oo|O
NN OO OO

OIN[OIN|OIN|O| N

O|Oo|Oo|o|WwWlu| OO
= OO0 |oIN N OO

O|lo|lo|o|o|o|w|
(=Rl N el ol el N =

It is easy to verify that the entries in each column add up to 8, and the entries in each
row add up to 9. In other words, we have |BNA™(z,9)| = 8 and |BNA™(x,8)| =9 for
all x € Z7y. This guarantees that

0,0,2P,30,D, | B. (8.4)
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Let M = p*q*. We want to construct a set A C Zj; such that B = A mod p3¢®
and, furthermore, ®ps | A. Let m : Zpr — Zys,2 be the natural projection defined by
m(z) = 2 mod p3¢?. Then for each © € Z 3,2, its preimage 7! (z) = A(z, p3¢?) contains
at least two grids A(y,p3¢®) and A(z,p3¢®) disjoint from each other.

Each positive entry (2, 3, 4, 5) in the table is a nonnegative integer coefficient linear
combination of 2 and 3. Accordingly, for each x € Zps,2 such that wi(z) # 0, we may
define AN A(z, p3¢?) to be either just a single 2-fiber, or a single 3-fiber, or two 2-fibers,
or a 3-fiber and a 2-fiber, where each fiber is on scale M. Furthermore, in those cases
when A N A(x,p3q?) consists of two fibers, we may place them in different p3¢3-grids,
guaranteeing that they do not overlap. Hence A is a set, we have A = B mod 72, and,
by Proposition 2.2, ®,4,4 | A. Since p, p?,p?, q,¢* all divide 72, A inherits the property
(8.4) from B. Hence A satisfies all conclusions of the theorem. O

We remark that the same proof would also work for any M = p™q"™ such that

D(M) _ pm—lqn—l _ pm—4qn—3 > 9.
P3¢? p3q? -

For example, we could take M = p°¢>.

In Proposition 8.2 and 8.4, we used p = 2 and ¢ = 3. We now give a similar con-
struction for any pair of distinct odd primes p and g. If one of the primes is 2, then
the construction can be easily modified (and it is somewhat simpler), but we omit the
details. We will need two easy number-theoretic lemmas.

Lemma 8.5. Let p,q be distinct primes. If pg < K € N, then there exist sk,rx € Ny
such that sxp+rxq =K.

Lemma 8.6. Let p,q be distinct odd primes. Then for every £ € N there exist a,b € N
such that p® = ¢® = 1 mod 2°.

Theorem 8.7. Let p, q be distinct odd primes. We define the parameters k,a,b,n,m € N,
in that order, so that the following hold.

(i) Choose k so that 28 > pq+ 1.

(ii) Choose a,b so that the conclusion of Lemma 8.6 holds with ¢ = 2k. Thus, we have
p® = C14* +1 and ¢° = Cod* + 1 for some C1,Cy € N.

(iii) Assume that p® > ¢° (otherwise we interchange p and q).

(iv) Define N = p%g® and M = p"q™, with n > a and m > b large enough so that
D(M)/N > ¢.

Then there is a set A of size |A| = N = p2q® that satisfies

D02 Bpa®y By - B Dy | A (8.5)
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Proof. As in the proof of Proposition 8.4, we first construct a multiset B € M™*(Zy)
such that |B| = N,

D02 PP D2 -+ Dy | B, (8.6)

and each entry wh (z) for x € Zy is either zero or large enough so that we can apply
Lemma 8.5. We then lift it to a set A C Zj; such that A = B mod N and, additionally,
Dy | A

We write Zn as Zpa @ Z g . The set B will be defined via a ¢ x p® matrix with entries
wg(xij), where x;; is the element of Zy such that z;; = i mod qb and z;; = j mod
p®. We start with some building blocks. We define the square matrices G and H so that
G is a 2% x 2% matrix with all entries equal to 2¥, and H is a 22¢ x 22* matrix with
blocks equal to G along the diagonal and zeroes everywhere else. We use 0 to denote
zero matrices as needed.

G: : . s H:
ok ... 9k
2k ———
2k blocks

Note that, in both G and H, each row and each column adds up to 2% - 2F = 4%,

Let Y be the matrix with p® = C14* + 1 columns and ¢* = C94* + 1 rows, defined
as follows. We start with a matrix with C;4* columns and Cs4* rows that consists of
concatenated blocks equal to H. (The total number of such blocks is C1Cs.) Then we
add one row and one column where the entries are all equal to 1, as shown below. For
n > 1, we use 1, to denote the row vector (1,1,...,1) with n entries, and 1f, to denote
its transpose.

H|.-[H1L,
HI| --|H 1Zk
14k 14k 1

This matrix defines a multiset By in Z . Note that each row of Y adds up to C14%+1 =
p?, and each column of Y adds up to C24* 4+ 1 = ¢°. It follows that |By| = p%¢® = N,
and

D, P2 PP Dy P | Bo. (8.7)
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We now define an “adding a cuboid” operation® that preserves row and column sums.
Given a 2 x 2 submatrix of Y with entries a1, as, as, as, we may replace it by a submatrix
with entries a1 + 1,a2 — 1,a3 — 1, a4 + 1 as shown below:

aj|ag N a1+1a2—1:a1a2+ 1 —17 (88)
as|aq ag —1lag+1 as|ag —1]1

and the matrix thus obtained has the same row sums and column sums as Y. The same
remains true if we iterate a sequence of such operations or its inverses.

Our goal is to use the operation in (8.8) to get a new multiset B € M (Zy) so that
|B| = |Bol, (8.7) continues to hold for B, and additionally all nonzero entries in B are
large enough so that we could apply Lemma 8.5. Specifically, we need to replace all the
1 entries by either 0 or a number greater than or equal to pgq.

Recall that p® > ¢°, so that C; > Cy. Then Y has the block decomposition

Yo || V1| Y| |¥ci-c)2n 12‘24’“

1024k 12k 12k tr 12k 1

Y —

where Y is a square matrix of size C4*, and each Y; matrix with j > 1 has Cadk
rows and 2* columns. We now apply the operation in (8.8) to the blocks shown above,
indicating only those entries that are involved in the operation (all other entries will
remain unchanged).

We first remove the 1 entries below Yy and to the right of it, by adding all cuboids
whose top left vertex is on the diagonal of Yy, bottom left vertex is in the last row of
Y, top right vertex is in the last column of Y, and bottom right vertex is at the bottom
right corner of Y. (There are C24* such cuboids.) This is illustrated below.

ok .o 1 ok 11 ... .. L. 0
T Lok Lol 1 oo 9k L 0
k
o Cf4 =l o] 7 : : L :
......... 2k 111 L | 0
1 1 --- 111 0 0 -+ 0 [[CodF+1

At this point, we have replaced Y with the matrix

Yo[[Ya | Y2 || Yo, —cy)or 0
0 [[1gn|Lok]--- 1ok Codk + 1|

! In terms of mask polynomials, the operation in (8.8) corresponds to adding a polynomial of the form
X°(1 - Xle/pu)(l - Xd2N/qd), with d1 € {1,2,...,p* —1} and dp € {1,2,...,¢" — 1}. This means that
we are adding either an N-cuboid as defined in (2.7), or else an N’-cuboid for some pq | N’ | N.
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where all entries of Y] are either zero or at least 2. We still need to remove all the 1
entries below the blocks Y; with j > 1. Pick one such block, and note that it contains
at least one square subblock equal to G. We will only work with that subblock and the
row of 1’s at the bottom; all other entries will remain unchanged. We add all cuboids
whose top left vertex is on the diagonal of that block except for the last diagonal entry,
bottom left vertex is in the last row of Y, and top right vertex is in the last column of
Y;. (There are 2¥ — 1 such cuboids.) This is shown below.

ok ... ok 2k 11 ... . o9k
Lok Ll ok A T L |

N I Do N : : : :
Tok| foeeoon ot ok 9k LA ) LA |
. 9k oo ... 9k

1111 0 0 0 .- 2k

Applying this procedure to all blocks Y}, we get a matrix Y with row sums p®, column
sums ¢°, and all entries either zero or at least 2¥ —1. Further, all entries of Y’ are bounded
by Co4* + 1 = ¢°. The corresponding multiset B € M*(Z ) has total weight |B| = N
and satisfies (8.6).

We now construct a set A C Zj; that inherits the above properties from B and,
additionally, satisfies ®p; | A. As in the proof of Proposition 8.4, let @ : Zy — Zn
be the natural projection defined by 7(z) = x mod N. For each z € Zy, its preimage
7 Yz) = Az, N) is a union of D(M)/N pairwise disjoint grids A(y, D(M)) with y €
7Y (z).

By the assumption (i), each nonzero entry in B is greater than or equal to pq. By
Lemma 8.5, we can write each such entry as a linear combination of p and ¢ with
coefficients in Ny; note that the sum of these coefficients is bounded trivially by the size
of the largest entry in Y”, that is, by ¢°. Thus, for each z € Zy such that w® (z) # 0, we
may define AN A(z, N) as a union of at most ¢® fibers in the p and ¢ direction. By the
assumption (iv) of the theorem, we have D(M)/N > ¢°, so that we may place each such
fiber in a different D(M)-grid, ensuring that A is a set. By Proposition 2.2, it follows
that @, | A. Furthermore, since A = B mod N, we have |A| = |B| = N and (8.5) is
inherited from (8.6). Hence, A satisfies all requirements of the theorem. O

We note that the cuboid-adding operation (8.8) was also the key to the constructions
in Propositions 8.2 and 8.4. The matrices in both of these propositions can be obtained,
by adding and subtracting cuboids, from a “uniform” matrix with all entries equal to 1.
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We did not try to optimize the exponents m and n in Theorem 8.7, opting instead for
clarity of the presentation. For example, we could have used (8.8) more efficiently to get
Y’ with all nonzero entries of size about 2%, reducing the size of m and n.

The construction in Theorem 8.7 admits two natural directions of generalization. One
is that we could modify it to guarantee simultaneous divisibility by a block of the form

H (I)L(X)a

L:Lo|L|M

where Lo = p®¢® | M = p™¢™. This can be achieved by replacing the single p- and ¢-fibers

n=etl_and ¢~ A+ -fibers, using Proposition 6.3. The argument remains valid

with long p
in this setting, as long as the associated multiplicative constraints are satisfied and the
disjointness of the fiber structure is maintained.

The construction also extends inductively to the case of arbitrary finite sets of primes
{p1,...,pr}, provided that the parameters involved are chosen sufficiently large. In par-
ticular, one may invoke a multivariate analogue of Lemma 8.6 to guarantee the necessary
congruences modulo 2¢, and apply the additive decomposition as in Lemma 8.5 recur-
sively. The key structural requirements (separability of fibers, modular compatibility,
and size bounds) scale in a controlled way as the number of primes increases. However,
this would complicate the construction considerably, and in any case simpler examples
(such as Example 8.1) are available when 3 or more prime factors are allowed.

9. Lower bounds under the (T2) assumption
9.1. Structure results under the (T2) assumption

Assume that M = Hfil p;* and that K > 2. In this section we prove structure results

for sets A C Z s obeying the conditions (T1) and (T2). We first prove the short counting
lemma mentioned in the introduction.

Lemma 9.1. [3, Lemma 2.1] Assume that A®B = Zp;. Let S% be the set of prime powers
p® such that ®pe (X) divides A(X) and let S}, be the set of all prime powers that divide
M. Then

A= T 2., 181 = T] ..

s€SH seSE

Moreover, the sets S% and S% are disjoint, and S% U SE = Sy;.

Proof. The equality 5% UST = 53, follows from (1.10). Furthermore, we have ®4(1) = p

(0%

if s = p® is a prime power, and ®4(1) = 1 otherwise. This implies the divisibility chain

M= T 2. ‘ I @ I @) ‘ A(1)B(1) = M.

s€Sy, sESH sESE
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Hence equality must hold at each step, and the lemma follows. O

Recall that the truncation A’ € M™T(Zy) of a multiset A C M1 (Zyy) relative to
a set of divisors S C D(M) was introduced in Proposition 4.1 and defined formally in
(4.8). The next lemma says that if A obeys (T2), then its truncation A’ is uniformly
distributed mod M’.

Lemma 9.2. Let A € MY (Zy) and set S = S%, defined in Lemma 9.1. Let A’ €
MT(Zypr) be the truncation of A relative to S. If A satisfies (T2), then

14+ X 4+ XM A(X). (9.1)

Proof. If A satisfies (72), then ®4(X) | A'(X) for every 1 # s | M’ by applying Propo-
sition 4.1 (ii) for S = S%. Since

1+ X+ 4+ XM = T 0.(X),
1#s| M’

the divisibility (9.1) of A’(X) then follows. O
9.2. A diagonal argument

Our first result carries no restrictions on the number of prime factors of M. For each
i €{1,...,K}, we use the notation

fir=max{feN: & 5| A}.

i

Proposition 9.3. Assume that M := Hfilpf for K > 2, where py,...,px are distinct

primes. Suppose that A € M™(Zyy) satisfies (T2). Then, if there exists some N =
p1t - piE such that 5 (X) | A(X) and v; > B for alli € {1,...,K}, then

A1) > min(py, ..., px) ] @s(1).

s€S%y

In particular, this gives a negative answer to Question 1.7 in the introduction under
the additional assumption that the additional unsupported divisor ® is as indicated in
the proposition.

Proof. Choose A" € M™*(Zr) to be the truncation of A relative to S = S% U {N}.
Notice, then, that (A" = A” mod M"), where A” € M™(Zy) is the truncation of A
relative to S%. This is illustrated in Fig. 2 (where M’ and M" are both labeled, for
reference).
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Fig. 2. When N is maximal, the truncation of A relative to S U{N} has a full block of cyclotomic divisors
below an unsupported divisor ® s (X).

Proposition 4.1 combined with Lemma 9.2 then imply that
AX)=w(l+X 4+ XM mod XM —1, (9.2)

for some integer weight w > 1. We claim that w > min(py, ..., px). This follows because,
for each = € Z s, we have

wil’ (z) == Z wil ().

{Z€ZN:Z=x mod M"}

However, since D(M') = M", we see that {Z € Zp;» : & = x mod M"} = A(x, D(M")).
Since

O (X) [ A(X) & @ar(X) | (AN A2, D(M'))),

for each x € Zyys, the bound (1.2) of Lam and Leung gives w > min(p1,...,pk). This,
together with (9.2) and the fact that Hsesz D, (1) = M", gives the result. O

9.3. (T2) lower bounds for two prime factors

In this subsection, we will assume that M has two distinct prime factors p; and po.
As in Section 10, we will abbreviate p := p; and ¢ := ps. We will continue to use the
numerical indices where appropriate, so that for example F}¥ will still denote a fiber in
the p direction on scale N and EXP;(S) will denote the set of exponents of p = p; in S.

Under these assumptions upon M, we then have the following general size increase
when A satisfies (7'2) and admits an unsupported divisor N.



G. Kiss et al. / Advances in Mathematics 494 (2026) 110952 43

Theorem 9.4. Let M = p™q™ and suppose that A € M (Zyr) satisfies (T2). If there
exists some N = pYq" such that n(X) | A(X) and Ppy(X), Pyn (X) t A(X), then

A1) > [T @.(D). (9.3)

s€SH

Of course, we always have that

A > T @),

seS%

for any multiset A € M1 (Zys). Theorem 9.4 is an improvement because it shows that
this inequality must be strict if A admits an unsupported divisor.

We will prove Theorem 9.4 in four cases depending upon the location of the unsup-
ported divisor. Proposition 9.3 already handles the case where N has maximal p; and
po exponents. The remaining three cases are the content of Proposition 9.5 and Corol-
lary 9.7. Of the remaining cases to consider, the situation where both « and 7 are neither
maximal nor minimal contains the most new ideas. We present the proof of this result
first, often referencing the key ideas which are developed in the proof of later cases.

To this end, let

a; :=min{a € N : &0 (X) | A(X)}

denote the minimal prime power exponents associated to cyclotomic divisors of A(X).
We will also use the notation

EXP*(i) :={v e N : ®,»(X) | A(X)}
to denote the exponents associated to prime power cyclotomic divisors of A.

Proposition 9.5. Let M = p™q" and A € MY (Zpmgn). Suppose that A satisfies (T2) and
also has an unsupported divisor ®n(X) | A(X) with N = p7¥q" satisfying on <y < f1
and s <1 < Pa. Then A has the size increase given in (9.3).

Proof. Using Proposition 4.1, we assume that
EXP*(1):={1,...,y—1,v+1,....,m}, EXP*(2):={1,....,n—1,n+1,...,n}.

In this case, inequality (9.3) becomes A(1) > p™~1¢"~1. We assume, in contradiction,
that A(1) = p™~1¢"~!. This configuration of cyclotomic divisors is illustrated in Fig. 3.
Let

My =p ¢, My=p"'¢", My=pm¢"', My=p"q"
N1 = pq, Ny = pg"™, Ny =prHig™, Ny =p'tigmt!
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e o L] L] L] Y o
B> B,
X ®
_____________________ ?
_______________ . > . i
i 1 | B3
. N ! N 5 > ® ° ® . ® °
! . p ° i
se w | : NV R
(A) Before truncation (B) After truncation

Fig. 3. Green cross points are prime power divisors, blue circle points are (T'2) divisors, and the red diamond
point is the unsupported divisor. After truncation, we have four complete blocks of divisors.

so that each M, (resp. N;) denotes the upper-right (resp., lower left) vertex of the block
B; which are shown in Fig. 3. Notice that, as A satisfies (T2) (and has been uniformized),
our blocks are the clusters B, := {s € D(M) : N; | s | M;}. We carefully demarcate when
we work in each of the clusters By,..., By, as the corresponding steps are repeated in
proofs of later results.
Block B,: Applying Proposition 6.3 to the block B4 produces polynomials Py (X), P»(X) €
Z[M] with non-negative coefficients such that
AX) =P(X)FM(X) + P(X)Fe (X) mod XM+ — 1. (9.4)
We may assume that P; #Z 0, and so we will work with the block By in the next step
(this is where we rely on the fact that both By and Bs are contained in S4).
Block By or Bs: Our next goal is to show that A mod Ms can be expressed as a linear
combination of long fibers in the ¢ direction alone. Applying Proposition 6.3 to the block
B2 produces polynomials Q1(X), Q2(X) € Z[X] with non-negative coefficients such that
A(X) = Qi) FM | (X) + Qa(X)FM_ (X) mod XM2 — 1. (9.5)
We want to show that we can take ()1 = 0 in this long fiber decomposition.

We now make use of the fact that ®gni1(X),..., Pen(X) | A(X). All ¢" "-fibers at
scale My are necessarily constant mod ¢° for every s € {n+1,...,n}. Hence, the number
of p¥~!-fibers at scale M, must be equidistributed along these same ¢° cosets. However,
the length of each such p?~!-fiber at scale My is maximal in Z yy,, which follows from the
fact that p?=! || Ma. Hence, equidistribution in number is equivalent to being a complete



G. Kiss et al. / Advances in Mathematics 494 (2026) 110952 45

grid (at least, in this special case where our long fibers have maximal length). This lets
us then assume that 1 = 0 in (9.5).

Recall that we are assuming that A mod M, has mask polynomial (9.4) with P; # 0.
This means that A mod My has (at least) one p™~7 long fiber in the p direction with a
positive weight. This long fiber collapses to a point y € Z s, with multiplicity at least
p™ =7 (which just means that w’,*(y) > p™~7). Since we have assumed that A mod M,
is a linear combination of ¢"~"-fibers, there exists a set F' € M™(Zyy,) such that

F(X)=XYF7? (X) mod XM —1,

and such that

(ANF)(X):=wF) (X) mod XM —1= (ANF)(1) =wq" ", (9.6)

2,n—mn

where the weight w € N is constant and satisfies w > p™~7. We remind the reader that
the multiset AN F € M¥(Zyy) is defined via the equality of weights

whtp(e) = wi (@il (z), Ve Zy.

Block B;: The multiset ANF collapses to a single point z € Z s, which satisfies w%l (z) >
p™~7¢" . Observe that, by Lemma 9.2 and the assumption that A(1) = p™~1¢"~! one
has

AX)=p™¢" "1+ X + -+ XM) mod X —1. (9.7)
Hence, we must have that
(ANF)1) =w)' (@) =wg"™ =p™ """ = w=pm 7. (9.8)
Consequently, we know that
(ANF)(X)=p" " Fy2 (X) mod XM —1. (9.9)

We obtain that AN F mod XM+ — 1 is a union of p”™~7-fibers.
The unsupported divisor N: In fact, we now want to work with the set ANF mod N, in

addition to considering the whole set A mod N. This which amounts to only examining
the part of A which intersected the long fiber as in (9.9). Hence, let B € M (Zy) satisfy
B=(ANF) mod N.

Since ®n(X) | A(X), there exist polynomials R;(X), R2(X) € Z[X] with non-
negative coeflicients such that

A(X) = Ry(X)FN(X) + Ry(X)FN(X) mod XV —1. (9.10)

We also remark that (9.9) implies that
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B(X)=p™ 7¢""X* mod XN/ -1 (9.11)

for some 2z € Z .

We now rely upon the fact that P; #Z 0 in (9.4). Any p™~7-fiber at scale My collapses
to a single point in Zy with multiplicity p”™~7. As we have seen earlier, the preimage
of multiset B mod N taken mod M, is actually a union of p™~7-fibers. Hence, p™~7 |
wy () for every 2’ € Zy. We distinguish two cases.

In case where (2' * FJ¥) C Amod N (i.e., 2’ belongs to a g-fiber at scale N), the

congruence for A(X) implies
wi () = w P (&) = wp' " () = P g
which further implies that

N

N/p/ 1
w2+
4 pq

N
):Oandwg(z'—k%):O, for j #£ 0 mod q.

Therefore, wh* (') > p™~7¢"~"*1, contradiction.

Otherwise, if 2’ € Z  belongs to a single p-fiber at scale N, then wg/p(z’) = pw (),
which is divisible by p™~7*!, contradiction. O

Remark 9.6. Notice that the conditions a; < 7; < §; for i € {1,2} guarantee that all
of the blocks By, By, B3, B4 which were utilized in the proof of Proposition 9.5 are non-
empty. However, if v; & [a;, B;] for some i € {1,2}, then a corresponding combination
of blocks will be empty. One such example is illustrated in Fig. 4. Even in these cases,
however, the proof of Proposition 9.5 applies—with the caveat that one must omit any
steps which correspond to empty blocks. This gives the following Corollary.

Corollary 9.7. Let M = p™q"™ and A € M (Zymyn). Suppose that A satisfies (T2) and
also has an unsupported divisor ®n(X) | A(X) with N = p"q¢" with v; & o, Bi] for
some i € {1,2}. Then, A has the size increase (9.3).

Proof. Left to the interested reader (see Remark 9.6). O

Notice that Proposition 9.4 furnishes a negative answer to Question 2 from Section 1
in the following special case.

Corollary 9.8. Suppose that A C Ny satisfies (T1) and (T2), and that lem(Sa) = p™q"
for two distinct prime factors p,q. Then Ay does not have any unsupported divisors.
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Fig. 4. An example of a configuration of cyclotomic divisors where N = p”'¢™* satisfies v1 ¢ [a1, 81]. Notice
that, in this scenario, the blocks B3 and B4 are necessarily empty. As before: green cross points are prime
power divisors, blue circle points are (T'2) divisors and the red diamond point is an unsupported divisor.

10. An example with 4 prime factors
10.1. An example

In this section, we prove Theorem 1.11 and give an affirmative answer to Question 1.7
from Section 1.3. Theorem 10.1 describes our example in more detail. While the set A
below is constructed in a cyclic group Z s, we can clearly map it to a subset of Ng.

Theorem 10.1. Let M = (p1papsps)?, where
p1 > 40 and p; < pit1 < 2p; fori=1,2,3. (10.1)

(The existence of primes satisfying (10.1) is guaranteed by Bertrand’s Postulate.) Then
there exists a set A C Zyr such that:

(i) the prime power cyclotomic divisors of A(X) are ®pe(X) for all i = 1,2,3,4 and
a=2,3,4,

(ii) A satisfies both (T1) and (T2), so that in particular we have |A| = (p1p2p3ps)?®,

(iii) additionally, A(X) has the unsupported cyclotomic divisor ®p, p,psps (X).

Proof. Let N = pipopsps for short, and recall that

XM _q

Fi,3(X) = m fOI“ 7= 1,2,3,4.
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Define a set U C Z s via

so that U = NZpn =~ Zpu)- By Lemma 6.2, F; 3 is divisible by all ®; such that
p? | s | M, since then we have s | M but s { (M/p3). It follows that U has the prime
power cyclotomic divisors indicated in (i), and satisfies both (T1) and (T2). In the
terminology of [9], U is a standard tiling set with these cyclotomic divisors. We also have

U® B = Zy, where

4
B(X) = H(l XMooy X(Pifl)Mi). (10.2)

i=1

We do not have @ | U, since U modulo N is simply the point 0 with weight |U| = N3
However, we will now rearrange the long fibers (i.e., sets with mask polynomial X' F; 3(X)
for some [) in U to get a set A whose mask polynomial does have @y as an additional
divisor.

We first construct a decomposition

U=U,UUz;UU3UUy,

where the sets U; are nonempty, pairwise disjoint, and each U; is a union of long fibers
in the p; direction. Specifically, let dy, ds, ds be integers such that

1<d;<p}—1,i=1,23. (10.3)

For any = € U, we can represent its array coordinates (x1, za,23,24) as x; = p;Z;. We
then define

Ui = Qi*Fi,3a 1= 17273547

where
Ql {(0 $2,$3,$4) U: d3<ZIy< pg, 0<z3< dl, Ty arbitrary},
Q2 = {(21,0,25,24) €U : 0 <7 <dyp, di < Z3<pj, Iy arbitrary},
Qs = {(.’E ,x9,0, 31’4) U: da <1 < p‘;’, 0<Zy<d3, T4 arbitrary}, (104)
Qs :={(z1,22,23,0) €U : 0< 21 <da, 0<T2<d3, 0< 3 <dy}

U {(z1,22,73,0) €U : dp <Zy < p}, d3 < T2 < p3, di < T3 < p3}.

We check that each x € U belongs to exactly one of the sets U;. The proof is as follows.
Let z € U.
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e Suppose first that x1 < do. If 3 > dy, then x € Us. If 3 < d; and o > d3, then
x € U,. If T3 < d; and To < d3, then x € Uy. These choices are unique.

e Assume now that x; > dy. If Zo < d3, then & € Us. If 5 > d3 and 3 < dy, then
x € Uy. If T9 > d3 and Z3 > dy, then x € Uy. These choices, again, are unique.

Next, we claim that the parameters di, ds, ds may be chosen so that
pi | |Qs] for i =1,2,3,4. (10.5)

We already have p? | |U;| by construction (since p? | |F; 3]); by (10.5), we actually have
p} | |U;| for each i.

To ensure (10.5), we let dy := p1p4, do := kps for some k € N to be chosen later, and
d3 := p3. Then:

o |Q1] = di(p3 — ds) = p1pa(p3 — ds)p} is divisible by py,
o Q2] = d2(19§ —dy) = ka(Pg - dl)pi is divisible by po,
o |Qs| = ds(p} — d2) = ps(p? — d2)p} is divisible by ps.

We now consider (4, with

Q4| = didads + (P} — da)(p3 — d3) (p§ — du).

We have py | dy | didads. To ensure that py also divides the second term in |Qq4], it
suffices to choose k so that p, divides p} —dy. The numbers p3 —kp, with k =1,2,...,p4
all have distinct residues mod p4, so that there exists a value of k£ such that ps divides
p3 — kpo, as claimed.

It remains to check that the above values of d; and ds are permissible, in the sense
that they obey (10.3). It suffices to ensure that

p1ps < pg — 1 and pyps < pi’ —1.

This follows if we verify that p;p; < p} — 1 for any choice of distinct indices i, j since
pi —1 <p} —1 for every k. By (10.1), we have

pipj < pspa < (4p1)(8p1) = 32p7 < pf — 1,

as claimed.
We are now ready to rearrange our initial set U to produce A. For each i = 1,2,3,4,
we divide Q; into p; pairwise disjoint subsets of cardinality |Q;|/p; each:

Qi =QinU--UQip,, |Qirl="=|Qip,

= |Qil/pi-

We then let
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Pi
Ai = U U (.17 +]Mz) * Fi,g.
J=lzeQ; ;

In other words, if = * F; 3 is a long fiber in U, we shift that fiber in the p; direction
(consistently with the direction of F; 3) by an increment of jM;, where j is chosen based
on which set (); ; contains x. This is similar to the “fiber shifting” constructions of Szabé
[25] (see also [10,11]).

Let A = A; U Ay U A3 U Ay. We prove that A is a set. To do so, it suffices to verify
that Ay, As, A3, Ay are pairwise disjoint. Let a € A; and o’ € A; for some ¢ # j. Then
a = u+vM, and o' = v + VM, for some u € U;, v € U;, v € {1,...,p;}, and
v e {l,...,p;}. We claim that

3k & {i,j} such that uy # uj. (10.6)

Then ay = ug # uj, = ay, so that a # o’ as claimed.
The proof of (10.6) is by direct case-by-case verification based on (10.4).

711 1,2 1,314 2,3 |24 3,4
k 3 2 2or3 |1 lor3 | 1lor?2

In the third and last two cases, the value of k depends on whether (u}, u5, u%, 0) belongs
to the first or second set in the definition of Q4 in (10.4).

Since |A;| = |U;| for each i, it follows that |A| = |U| = N3, where we recall that
N = p1pap3ps. We now check that @y | A, where N = pipapsps. It suffices to check
that ®n | A; for each ¢ = 1,2,3,4. Fix such 4. For each z € Q;;, we have z = 0 and
F;3(X) = 0 mod N, so that the fiber (z 4+ jM;) * F; 3 reduced modulo N is simply
the point j'N/p; with multiplicity p3, where j' = j(N/p;)? (mod p;). Thus A; reduced
modulo N is the fiber F}V with multiplicity p; *|Qi|p} = |Qi|p?. Tt follows that A; is
divisible by ® 5 as required.

We now present two different methods of verification that A has the cyclotomic divi-
sors claimed in parts (i) and (ii) of the theorem. Each method provides a different insight
as to whether a similar construction could also furnish a counterexample to the Coven-
Meyerowitz conjecture; we discuss this in more detail after the proof of the theorem is
completed.

Method 1: Divisor sets. We note that the set B defined in (10.2) is a standard tiling
complement in the terminology of [9]. If we can prove that

A®B =17y, (10.7)

it follows that @ | A for all s | M such that s # 1 and ®, { B. This includes all @, (X)
for all i = 1,2,3,4 and o = 2,3,4 (by Lemma 9.1, A cannot have any other prime
power cyclotomic divisors), as well as all cyclotomic divisors required by (T2) (see [9,
Proposition 3.4]).
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By Sands’s Theorem [21], (10.7) will follow if we prove that Div(A) N Div(B) = {M},
where

Div(A) ={(a—d',M): a,a’ € A}

and similarly for B. Let us write d = Hlepfﬂ where ¢; € {0,1,2,3,4} for a divisor of
M. We have

4
Div(B) = {d =[] p}* € Zar : Vi €{1,2,3,4}, either §; =0 or §; = 4}.

i=1

In other words d; = 0 or p; 1 d; if we write d = Z?:l d; M;. Tt therefore suffices to prove
that

Div(A) € {M}U{d € Zys : 3k € {1,2,3,4} such that &), ¢ {0,4}}. (10.8)

Indeed, suppose that a,a’ € A satisfy a # a’. As before, we write a = u + vM; and
a' = +v'Mj for some u e U;, v € U;, v e{l,...,p;}, and v/ € {1,...,p;}. We need
to prove that (a —a’, M) belongs to the set on the right-hand side of (10.8). We consider
the following cases.

o Ifi+# j, we choose k as in (10.6); since py, divides both uy and u}, the claim in (10.8)
is true with this value of k.

o If i = j and there exists k # ¢ such that uy # u},, then the claim is true for this k.

o Ifi=jand u, = u) for all £ # 4, we must have v # v/, so that the claim is true with
k=1.

Method 2: Direct verification. We need to prove that ®, | A for all s =[] jed pja’ , where
J C{1,2,3,4}, J # 0, and o € {2,3,4} for all j € J. We fix such s for the rest of the
proof.

For all i € J, we have @ | F; 3 by Lemma 6.2. It follows that

O, | U; and @y | A; for all i € J. (10.9)

Further, since ®; | U as noted above, we also have

B,y(X) ] Ux) =S U(X) = S Ui(X). (10.10)

ieJ igJ

Let L = Hjer?. Then s | L, so that for any polynomial G(X) we have @, | G if and
only if @, | (G mod L). In particular, ®, divides >, ; U;(X) mod X* — 1. However, we
have U; = A; mod L for all i € J, so that
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Y U(X) =D Ay(X) mod XE—1.

igJ igJ

It follows from (10.10) that ®4 | >2,,; A;(X). This together with (10.9) implies that
O, | A as claimed. O

10.2. Further remarks

We have not tried to optimize the size of M or the conditions on the size of the
primes, so that improvements in that regard may be possible. On the other hand, no
similar construction based on shifting fibers can work when M has only three distinct
prime factors, since the three-prime analogue of U does not admit a decomposition
similar to (10.4). We do not know whether the answer to Question 1.7 in Z s is positive
or negative in that case.

We do not know whether some modification of the construction in Theorem 10.1 could
be used to give a counterexample to the Coven-Meyerowitz conjecture. We do not see
an obvious reason why this could not ultimately work, but there are also significant
obstacles, which we now discuss.

We adopt the notation from the proof of Theorem 10.1. As explained in the introduc-
tion, one could try to construct a tiling A @ B’ = Z;, where B’ is not divisible by ® .
It is easy to find sets B’ that satisfy some (but not all) of the requirements to be a tiling
complement for A. For instance, let B’ be any set in Zj; such that

/ XN -1 - N/p; N
B(X)Eﬁ—kH(X Pi 1) mod XN —1.
i=1

Then @, | B’ for all s such that s € D(NV) \ {N} (in particular ®,, | B’ for all i €
{1,2,3,4}), but @5 t B’. This, however, is not sufficient to produce a tiling,.

An argument similar to that in the Method 2 part of the proof of Theorem 10.1 shows
that @, | A for s =[], p;*, where o = 1 for exactly one value of i. However, this leaves
out all &, with a; = 1 for two or three values of i. We do not see how to ensure that, in
addition to all of the above properties, at least one of A or B’ has those divisors.

Alternatively, one could consider the divisor sets of A and B’. In constructions like
the one above (possibly with minor modifications of the parameters), we expect that
Div(A) will occupy most of the set in (10.8). The only elements of that set that we know
to not belong to Div(A) are those d for which p; | d; # 0 for one value of 4, and p; 1 d;
for all j # 4. This does not leave much room to construct a tiling complement that is
substantively different from the standard tiling set B (or its easy modifications such as
dilates).

We cannot exclude the possibility that, starting from a similar construction for A but
with more scales or distinct prime factors, alternative tiling complements not satisfying
(T2) could in fact be found.
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