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 a b s t r a c t

This paper introduces the Extended Takagi-Sugeno Fuzzy Model Transformation (ETSFM), a non-parametric, 
data-driven framework grounded in the TS fuzzy model transformation combined with Close-to-Normal (CNO) 
and Inverted Relaxed Normal (IRNO) transformations. Without requiring pre-defined membership templates, 
ETSFM turns interaction data into compact, interpretable fuzzy linguistic rule sets capable of explaining hu-
man decision strategies in black-box and gray-box dynamic environments. Applied to an abstract stabilization 
task as a demonstrative example, the approach isolates three robust patterns in decision-making: reliance on 
self-stabilization regions (state-space zones where small or no inputs are sufficient to maintain control), transition 
zones where control effort steeply increases, and blind spots characterized by repeated failures. The systematic 
asymmetry uncovered in human control manifests as a directional bias: kinematically mirrored states between 
left and right elicit qualitatively different control decisions. The resulting rule sets are low-complexity yet high-
fidelity, capturing the dominant decision logic while remaining auditable. Based on these results, the paper 
provides two contributions to the literature. Methodologically, we provide a principled workflow for transform-
ing raw data into transparent, linguistically labeled rules without relying on pre-defined fuzzy variables or fuzzy 
membership templates. In terms of human decision behavior in black-box and gray-box environments, we un-
cover a systematic asymmetry in human control that endures across a range of dynamic conditions. In a practical 
sense, the framework can serve as a diagnostic tool for benchmarking human-AI decision systems: it is capable 
of mapping error-prone states, supporting targeted training and UI refinement, while permitting side-by-side 
comparison with an optimized controller. The method is transfer-ready to domains where decisions are inferred 
from interaction data under partial model knowledge, such as driver assistance or process control.

1.  Introduction

Human decision-making in dynamic control tasks is a rich but under-
explored area at the intersection of cognitive science, control theory, and 
human-computer interaction. When the underlying system dynamics are 
hidden from the user – as in many real-world black-box and gray-box en-
vironments – decision-making can no longer rely on explicit mechanical 
knowledge. Instead, it must draw on internal cognitive representations 
built from sparse feedback and prior experience (Johnson-Laird, 1983; 
Norman, 2014). Understanding the structure of these representations, 
and how they lead to systematic control patterns and errors, has clear 
implications for the design of decision-support systems, adaptive inter-
faces, and human-AI collaboration frameworks.

In this paper, our goal is to develop a methodology for translating 
measurement data – specifically, data obtained from users interacting 

∗ Corresponding author.
 E-mail addresses: ildiko.horvath@uni-corvinus.hu (I. Horváth), anna.sudar@uni-corvinus.hu (A. Sudár), adambalazs.csapo@uni-corvinus.hu (Á.B. Csapó).

with black-box and gray-box dynamic environments – into interpretable 
fuzzy linguistic rules. The core research question is: How can raw user in-
teraction data from such settings be systematically transformed into compact, 
auditable fuzzy rule sets that reveal the structure of human decision-making, 
without relying on pre-defined fuzzy variables or membership function tem-
plates? Existing approaches to data-driven fuzzy rule generation either 
require pre-defined membership shapes (e.g., Gaussian or triangular) or 
resort to clustering heuristics, neither of which readily extends to cogni-
tive decision data (Angelov & Yager, 2011; Lughofer, 2008). The present 
work addresses this gap directly.

We apply the developed methodology, referred to as the Extended 
TS Fuzzy Model Transformation for Rule Set Generation (hereafter 
abbreviated as the “ETSFM transformation”, or simply “ETSFM”), to the 
topic of understanding how humans make decisions when trying to bal-
ance a dynamic system whose underlying dynamics is unknown to them. 
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ETSFM is built upon the Tensor Product (TP) / Takagi-Sugeno fuzzy 
model transformation framework (Baranyi, 2016, 2023a) and employs 
Close-to-Normal (CNO) and Inverted Relaxed Normal (IRNO) transfor-
mations to extract non-parametric, data-driven antecedent fuzzy sets 
from the raw data (Baranyi et al., 2017). The resulting rule sets take 
the form of linguistically labeled IF-THEN statements whose structure 
is determined entirely by the data, without pre-conceived membership 
function templates.

Our analysis reveals three distinct control regimes: (i) self-
stabilization regions – central state-space zones in which small or zero 
control inputs are sufficient to maintain the system within the accept-
able region; (ii) transition zones, where control effort steeply increases; 
and (iii) blind spots, characterized by repeated failures to identify a suc-
cessful way of intervening. We also identify systematic asymmetries in 
a gray-box dynamic control task that reflect inherent imbalances in hu-
man control. We hypothesize that the proposed methodology and result-
ing concepts could be applied to a broader range of human-AI control 
problems, especially where limited theoretical understanding motivates 
a data-driven approach.

From a theoretical perspective, the proposed methodology advances 
the state of the art by providing a non-parametric model capable of 
transforming raw behavioral measurements into an explainable set of 
fuzzy IF-THEN rules – without requiring pre-determined templates re-
garding the support or shape of the underlying fuzzy membership func-
tions.

From a practical perspective, the paper focuses on modeling human 
action-reaction behavior when stabilizing a second-order dynamic sys-
tem that, unknown to users, exhibits characteristics similar to an in-
verted pendulum in its upright position. In this scenario, participants 
interact with an abstract visual simulation on a computer screen and re-
spond by entering control inputs via a keyboard. Importantly, users do 
not receive direct visual-proprioceptive-motor feedback, nor do they en-
gage fast cerebellar motor-control pathways. Instead, decision-making 
relies primarily on higher-order cognitive processes rather than instinc-
tive motor responses, making the task particularly suitable for analyzing 
high-level human control strategies.

The key contributions of this paper are twofold. First, from a method-
ological standpoint, we introduce the ETSFM framework, a fully non-
parametric, data-driven approach that extends the TS fuzzy model trans-
formation to the domain of cognitive decision-making – an application 
area not previously addressed in either the control theory or cognitive 
modeling literature. A distinctive feature of the approach is the use 
of CNO / IRNO transformations to shape linguistically interpretable, 
orthogonal fuzzy rule regions without iterative supervised learning. 
Second, from an empirical standpoint, we provide the first systematic 
fuzzy rule based characterization of human control behavior in a gray-
box second-order dynamic stabilization task, revealing self-stabilization 
zones, transition regions, blind spots and a persistent directional asym-
metry across participants.

The paper is structured as follows. After reviewing the relevant lit-
erature (Section 2), the mathematical notations as well as key defini-
tions are presented in Section 3. This lays the foundation for the newly 
proposed ETSFM transformation, which is introduced and analyzed – 
including rule set validation and computational complexity – in Sec-
tion 4. Building on this methodological foundation, the application of 
the methodology in gray-box dynamic control assessment is described 
in Section 5, followed by the measurement procedure used in our par-
ticular case study in Section 6. Results and further analyses are provided 
in Section 7, and the discussions are provided in Section 8.

2.  Literature review

In this section, an overview is provided on past research dealing with 
data-driven rule set generation – particularly in the context of human 
behavior – as well as with high-level models of human and AI decision 
making.

2.1.  Data-driven fuzzy rule set generation

Several works in the past have explored the extraction of fuzzy rules 
directly from experimental or numerical data, aiming to bridge data-
driven modeling and interpretable fuzzy inference.

Early efforts include a rough set theory based approach by Plonka 
and Mrozek (1995) to derive decision rules from human demonstrations 
of inverted-pendulum control. Zapata et al. (1999) modeled the human 
operator through an intermediary ARMA system to smooth experimen-
tal data before generating fuzzy rules. Both of these approaches resulted 
in fuzzy rule sets, albeit based on pre-defined hyperparameters or sur-
rogate models. In a somewhat different approach, Wu and Chen (1999) 
presented an explicitly data-driven approach based on 𝛼-cuts of fuzzy 
equivalence relations, which automatically partitioned the input-output 
space into fuzzy regions.

Further advances came with clustering-based methods, which en-
abled geometric discovery of structure through clustering in data space. 
Chiu (1997) introduced subtractive clustering to identify high-density 
regions in the input-output space, each defining a fuzzy rule whose 
antecedents were modeled by Gaussian membership functions arrived 
at through optimization. Subsequent works extended this idea through 
adaptive and hybrid schemes. Zarandi et al. (2004) coupled Gustafson-
Kessel fuzzy clustering with neural network parameter optimization and 
sequential quadratic programming, while Lughofer (2008) introduced 
incremental and evolving learning mechanisms through the FLEXFIS 
framework that continuously adapt both premise and consequent pa-
rameters. Makrehchi and Kamel (2011) proposed an alternative opti-
mization approach based on information-theoretic criteria and genetic 
algorithms for shaping trapezoidal memberships. In all of these meth-
ods, clustering or optimization determines the structure of the rule base, 
but the representation of fuzzy sets remains parametric, typically assum-
ing Gaussian, trapezoidal or triangular forms whose parameters must be 
tuned.

Angelov and Yager (2011) extended the data-driven paradigm by 
removing the need for explicit membership functions, by representing 
antecedents as data clouds in their ANYA framework. This generalizes 
the clustering logic introduced by Chiu (1997), moving from paramet-
ric representations of clusters to purely density-based antecedents. Rule 
activation is computed as a function of local and global data density, 
allowing the rule base to evolve adaptively.

More recently, deep learning approaches have been applied to fuzzy 
rule generation. Methods based on neuro-fuzzy networks (Jang, 1993) 
and deep rule-based networks combine the representational power of 
neural networks with the linguistic interpretability of fuzzy systems 
(Gu & Angelov, 2020; Zhang et al., 2025). While these approaches can 
achieve high accuracy, they typically learn fuzzy sets through gradient-
based optimization over pre-defined membership function templates, 
and the resulting rule bases may lose interpretability as the number of 
rules grows (Pickering et al., 2025). Furthermore, they require labeled 
training data and substantial parameter tuning, making them less suited 
to exploratory behavioral analysis where the goal is structure discovery 
rather than predictive optimization.

The approach proposed here diverges fundamentally from prior solu-
tions based on clustering or density estimation, or neural-network opti-
mization. Rather than identifying clusters, estimating data densities, or 
fitting parameterized membership functions through gradient descent, 
the Tensor Product (TP) and Close-to-Normal (CNO) transformations ex-
tract fuzzy rules directly through matrix or tensor decomposition. The 
method is fully nonparametric and analytic, requiring no pre-defined 
membership functions, clustering hyperparameters or surrogate mod-
els. The CNO transformation ensures that each rule corresponds to a 
unique, orthogonal region of the state space, providing interpretable 
partitions that naturally highlight dominant decision regions and ex-
pose ambiguity without any iterative optimization. Combinatorial rule 
generation is then executed over only those regions in the input space 
that are structurally identified through peaks in the previously identi-
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fied membership functions. Unlike parametric approaches (which re-
quire strong prior assumptions about membership shape), or neural-
network approaches (which sacrifice transparency for expressiveness), 
the TP/CNO based method provides a transparent path from raw data 
to linguistic rules with minimal assumptions, at the cost of requiring 
grid-structured input-output data.

2.2.  Human and AI decision making

Prior research points to significant differences in human and arti-
ficial intelligence (AI) based decision making. Human decision-makers 
often rely on cognitive flexibility, common sense, and contextual knowl-
edge, while AI-based controllers excel at statistical pattern recognition, 
optimization, and efficient handling of large data sets (Rastogi et al., 
2023). This underscores the difficulty of designing AI controllers ca-
pable of achieving human-like adaptability while maintaining optimal 
control performance.

Classical research in cognitive science and behavioral economics has 
documented systematic biases in human decision-making under uncer-
tainty and in dynamic environments. Prospect theory (Kahneman & 
Tversky, 1979) establishes that people evaluate outcomes relative to 
a reference point and are asymmetrically sensitive to gains and losses, 
a finding relevant to understanding why human decision-making sys-
tematically diverges from mathematically optimal control strategies. 
More broadly, research on naturalistic decision-making (Klein, 1999) 
and the dual-process model of System I versus System II thinking (Kah-
neman, 2011) suggests that high-level cognitive decisions in complex, 
time-pressured environments are often governed by heuristics rather 
than deliberate optimization. These findings motivate the use of inter-
pretable rule-based representations, such as the fuzzy rule sets generated 
by ETSFM, for capturing the structure of human decision logic.

Studies on dynamic decision-making (DDM) emphasize that humans 
often employ instance-based learning, which means that decisions are 
made based on past experiences stored in memory (Gonzalez, 2022). 
These cognitive mechanisms contrast with AI-driven models, which op-
erate based on explicit mathematical formulations and optimization 
techniques. Kloosterman et al. (2020) found that humans dynamically 
adjust their decision biases based on contextual signals, suggesting that 
adaptability plays a crucial role in human decision-making. However, it 
is challenging to design an appropriate measurement environment for 
assessing dynamic adaptability. The environment must be sufficiently 
complex and variable to ensure that learning is neither too simple nor 
overly predictable. At the same time, the user interface (UI) should re-
main intuitive to prevent additional cognitive load that distracts from 
problem-solving.

Our research focuses on black-box and gray-box scenarios where 
the underlying dynamic system is at least partially opaque to users. 
In this context, an example experimental design is developed based on 
an inverted pendulum system. Participants perform a seemingly sim-
ple task: controlling the movement of a ball within predefined limits. 
However, the underlying control dynamics remain hidden, making the 
stabilization process more complex than it initially appears. This mirrors 
real-world scenarios in which decision-makers operate without explicit 
knowledge of system rules.

The existing literature suggests that in such scenarios, people ex-
hibit decision biases that vary with cognitive load and uncertainty levels 
(Kloosterman et al., 2020). EEG-based studies have shown that neural 
variability also correlates with shifts in decision bias, with higher neu-
ral entropy in frontal regions leading to more flexible decision-making 
strategies (Kloosterman et al., 2020).

Also, past research has shown that humans and AI exhibit different 
decision biases and processing speeds in dynamic environments (Ryu 
et al., 2021). While deep learning-based decision models can predict 
future states faster than humans, human decision-makers often outper-
form AI when faced with sudden environmental changes, as they are 

able to adapt heuristics in ways that AI has difficulty replicating (Ryu 
et al., 2021).

By contrasting human-derived fuzzy rule sets with AI-based con-
trollers, we expect to be able to quantify logical differences in decision-
making and explore approaches to integrating human-style reasoning 
into automated decision-support systems. A key challenge in this con-
text is the development of decision-making models that combine human 
intuitive adaptability with the efficiency and accuracy of machine-based 
methods. Fuzzy logic has shown promise in bridging this gap, offering 
interpretability and the ability to handle uncertain or partially defined 
environments where intuitive rather than strictly rule-based decision-
making prevails (Baranyi, 2004, 2020b, 2023b, 2024; Zadeh, 1996)

Active synthesis, which enables the dynamic simulation and replica-
tion of decision-making processes, is also increasingly vital for decision-
support systems. While agent-based modeling (Epstein, 2012) and re-
inforcement learning (Sutton & Barto, 1998) have explored active sim-
ulation, the explicit integration of fuzzy logic for interpretability and 
adaptive simulation presents novel opportunities. In particular, priori-
tizing fuzzy rules and structuring the decision-making mechanisms in 
a transparent manner can significantly enhance comprehensibility and 
traceability (Guillaume, 2001).

3.  Mathematical notations and definitions

Before introducing the proposed Extended TS Fuzzy Model Transfor-
mation for Rule Set Generation (ETSFM transformation), in this section 
we define the mathematical notations used in the paper, as well as the 
TS fuzzy model based on which the ETSFM transformation is developed.

3.1.  Notations

The following notations are used in the paper:
• Indices are denoted by lowercase letters of the alphabet, 
e.g. 𝑖, 𝑗, 𝑘, 𝑙, 𝑛… with corresponding upper bounds denoted using 
their capitalized version, e.g. 𝐼, 𝐽 , 𝐾, 𝐿,𝑁 ….

• Scalars, vectors, matrices and tensors are denoted as 𝑠 ∈ ℝ, 𝐬 ∈ ℝ𝐽 , 
𝐒 ∈ ℝ𝐽1×𝐽2 ,  ∈ ℝ𝐽𝑁 . In the case of tensors, the notation  ∈ ℝ𝐼𝑁×𝐽2

is equivalent to  ∈ ℝ𝐼1×𝐼2×…𝐼𝑁×𝐽1×𝐽2 .
• []𝑖𝑛𝑑𝑒𝑥 addresses elements in , e.g. []𝑖1 ,𝑖2 ,…𝑖𝑁 = 𝐒𝑖1 ,𝑖2 ,…𝑖𝑁 ∈ ℝ𝐽2  of 

 ∈ ℝ𝐼𝑁×𝐽2 ;
• []𝑖1∕𝑖2∕… is a vector containing the indexed elements as 

[

[]𝑖1 []𝑖2 …
]

;
• 𝑤𝑖(𝑝) denotes Ruspini-partitioned membership functions such that 

∀𝑝 ∶
𝐼
∑

𝑖=1
𝑤𝑖(𝑝) = 1 and ∀𝑖, 𝑝 ∶ 0 ≤ 𝑤𝑖(𝑝).

Definition 1  (TS Fuzzy Model). Consider a set of fuzzy rules in the form 
as in Eq.  (1):
IF 𝐴1,𝑖1 AND 𝐴2,𝑖2THEN 𝐒𝑖1 ,𝑖2 . (1)

where the antecedent fuzzy sets 𝐴𝑛,𝑖𝑛  are defined by Ruspini-partitioned mem-
bership functions 𝑤𝑛,𝑖𝑛 (𝑝𝑛). The consequents are linear time and parameter 
invariant system matrices 𝐒𝑖1 ,𝑖2 ∈ ℝ𝐽2  which are also referred to as vertex 
systems, consequent vertices or simply vertices. As shown in Eq.  (2), if the ob-
servation fuzzy sets are singletons located at 𝑝𝑛 and the product-sum-gravity 
inference operator is used, then the transfer function of the TS fuzzy model 
takes the form (Baranyi, 2016, 2023a; Baranyi et al., 2017; Yam et al., 
1999):

𝐒(𝐩) =
𝐼1
∑

𝑖1

𝐼2
∑

𝑖2

𝑤1,𝑖1 (𝑝1)𝑤2,𝑖2 (𝑝2)𝐒𝑖1 ,𝑖2 . (2)

An important property of Eq.  (2) is that, for any input, the output remains 
within the convex hull defined by the vertices, i.e. 𝐒(𝐩) ∈ 𝑐𝑜{𝐒𝑖1 ,𝑖2}, which is 
guaranteed by the Ruspini-partitioning. Functions 𝑤1,𝑖(𝑝1) and 𝑤2,𝑖(𝑝2) are 
referred to as the antecedent system. Matrices 𝐒𝑖1 ,𝑖2  are referred to as the 
consequent or the vertex system. 
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Fig. 1. Methodological overview – from interaction data to interpretable IF-THEN rules.

The foundational literature of the original TS fuzzy model transfor-
mation can be found in Baranyi (2004, 2014, 2016, 2020a,b, 2023a,b, 
2024), Baranyi et al. (2017).

4.  Extended TS fuzzy model transformation for rule set generation

This section introduces the extended version of the TS fuzzy model 
transformation that can be used for the extraction of linguistically inter-
pretable rules from measurement data, a process referred to as fuzzy rule 
set generation. Fig. 1 provides a high-level illustration of the four-step 
workflow. The theoretical foundation of the transformation lies in the 
well-established TS fuzzy model transformation and TP model frame-
work (Baranyi, 2016, 2023a; Baranyi et al., 2017), which this paper 
extends to the non-parametric extraction of fuzzy rules from behavioral 
data. The extension is non-trivial, and can be summarized in the follow-
ing points:

• ETSFM removes the requirement that the input data come from an 
analytically defined system model, accepting instead raw empirical 
measurements arranged on a grid;

• ETSFM introduces a new output-clustering step (See Step 3 below) 
based on SVD of a restructured output matrix, enabling principled, 
parameter-free identification of consequent levels;

• ETSFM provides a complete workflow from behavioral data to au-
ditable linguistic rules, which has not previously been applied in the 
context of cognitive decision-making research

Assume that we have a system with two inputs and one output. Based 
on the system, we generate a matrix 𝐓 that represents a sampling of 
the system over a rectangular grid in input value combinations. Thus 
the element [𝐓]𝑚1 ,𝑚2

 is a measured value over input [𝐠1]𝑚1
 on the first 

dimension and [𝐠2]𝑚2
 on the second dimension. Here vectors 𝐠1 and 𝐠2

define the values of the grid on the input dimensions.
The following set of operations can be carried out in such 2-

dimensional cases, as well as in higher-dimensional cases where   is 
a tensor indexed by more than 2 dimensions. For the sake of simplicity, 
we focus on the 2-dimensional case, with the general observation that 
in the higher-dimensional case the use of higher-order singular value 
decomposition (HOSVD) can be substituted for SVD, and methods like 
higher-order orthogonal iteration (HOOI) can be used instead of simply 
removing singular values for dimensionality reduction, as the latter ap-
proach would not guarantee minimal-error reconstruction in the higher-
dimensional case (Ishteva et al., 2008). We further note that besides us-
ing HOSVD / HOOI instead of SVD / 2-dimensional rank reduction, all 
four steps outlined below remain unchanged in the higher-dimensional 
case.

• Step 1: Principal component analysis
Rationale: The empirical data matrix 𝐓 is typically a noisy, full-

rank object. Singular value decomposition (SVD) (Beltrami, 1873) 

provides the best low-rank approximation in the least-squares sense 
(Eckart-Young theorem), separating the dominant structure from 
measurement noise. The resulting left and right singular vectors 
serve as the raw antecedent weighting functions before normaliza-
tion. Retaining only the top 𝐼1 singular values is the optimal rank-𝐼1
approximation, ensuring minimal reconstruction error.

Execute SVD (Beltrami, 1873) on matrix T as shown in Eq.  (3):

𝐓
𝑠𝑣𝑑
==𝐔𝐃𝐕𝑇 . (3)

The values of the resulting matrices 𝐔 and 𝐕 range between −1 and 1, 
with both 𝐔 and 𝐕 being orthonormal matrices. The diagonal matrix 
𝐃 contains the singular values 𝜎𝑟 in descending order, and the num-
ber of non-zero singular values corresponds to the rank 𝑅 of matrix 
𝐓. Therefore, 𝐓 can be expressed as shown in Eq.  (4):
𝐓 = 𝜎1[𝐔]1[𝐕]𝑇1 + 𝜎2[𝐔]2[𝐕]𝑇2 +…+ 𝜎𝑅[𝐔]𝑅[𝐕]𝑇𝑅, (4)

where [𝐔]𝑟 and [𝐕]𝑟 are the 𝑟-th column vectors. In the subsequent 
steps, each [𝐔]𝑟 will be transformed into the membership function of 
an antecedent fuzzy set. Therefore, the number of antecedent fuzzy 
sets can be determined at this stage. If the goal is to retain only 
𝐼1 ≤ 𝑅 antecedent fuzzy sets along e.g. the first dimension, the first 
𝐼1 singular values are kept as shown in Eq.  (5):
𝐓 ≈ 𝜎1[𝐔]1[𝐕]𝑇1 + 𝜎2[𝐔]2[𝐕]𝑇2 +…+ 𝜎𝑅[𝐔]𝐼1 [𝐕]

𝑇
𝐼1
, (5)

Since the singular values are arranged in descending order, discard-
ing the smaller singular values along with their associated column 
vectors in 𝐔 and 𝐕 introduces the minimal possible error (at least in 
the 2-dimensional case). Let the final reduced matrices be denoted 
as 𝐔𝑟 and 𝐕𝑟.

• Step 2: Shaping Linguistically Meaningful Antecedents
Rationale: The raw singular vectors from Step 1 can take nega-

tive values and do not sum to unity, so they cannot be interpreted 
as fuzzy membership functions. The CNO and IRNO transformations 
map them onto [0, 1], while preserving the Ruspini partition prop-
erty (∑𝑖 𝑤𝑖(𝑝) = 1). The CNO transformation additionally ensures 
that each resulting fuzzy set achieves a maximum value as close as 
possible to 1 at some point, making it possible to identify a “dom-
inant” operating region for each rule. This is what enables the as-
signment of linguistic labels (e.g., “small angle”, “large velocity”) to 
the antecedents. The IRNO transformation serves the complemen-
tary role of identifying regions where a given rule is least dominant, 
exposing boundary and transition regions. Together, the two vari-
ants provide complementary views of the same decision landscape, 
enabling both a “where does this rule fire” and a “where does this rule 
not fire” type analysis.

First we focus on the antecedent fuzzy sets on the inputs. Fol-
lowing the concept of the TS fuzzy model transformation, let the 
elements of the columns of 𝐔𝑟 and 𝐕𝑟 be considered as the values of 
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weighting functions over the grid, defined as shown in Eq.  (6):
𝑤1,𝑖1 ([𝐠1]𝑚1

) = [𝐔𝑟]𝑚1 ,𝑖1 and 𝑤2,𝑖2 ([𝐠2]𝑚2
) = [𝐕𝑟]𝑚2 ,𝑖2 . (6)

Then the piecewise linear interpolation between the grid indices de-
fines continuous weighting functions over all ranges of [𝑔1,𝑚1

, 𝑔1,𝑚1+1
]

and [𝑔2,𝑚2
, 𝑔2,𝑚2+1

] as shown in Eqs.  (7) and (8):

𝑤1,𝑖1 (𝑥1) = (1 − 𝜆1)[𝐔𝑟]𝑚1 ,𝑖1 + 𝜆1[𝐔𝑟]𝑚1+1,𝑖1 (7)

𝑤2,𝑖2 (𝑥2) = (1 − 𝜆2)[𝐕𝑟]𝑚2 ,𝑖2 + 𝜆2[𝐕𝑟]𝑚2+1,𝑖2 (8)

where 𝜆1 and 𝜆2 are defined as shown in Eq.  (9):

𝜆1 =
𝑥1 − 𝑔1,𝑚1

𝑔𝑚1+1 − 𝑔𝑚1

and 𝜆2 =
𝑥2 − 𝑔2,𝑚2

𝑔2,𝑚2+1 − 𝑔2,𝑚2

. (9)

To ensure that the weighting functions can be interpreted as fuzzy 
sets, the values of 𝐔𝑟 and 𝐕𝑟 must be transformed onto the range 
of [0, 1]. Various transformation methods for this purpose are dis-
cussed in the literature related to the TS fuzzy model transformation 
(Baranyi et al., 2017). In the present approach, the CNO-type and 
the IRNO-type transformations are selected.

The CNO-type (close to normal) approach involves first trans-
forming 𝐔𝑟 into a matrix 𝐔𝐶 (where the superscript 𝐶 denotes CNO) 
such that its elements fall within the range [0, 1], and the sum of the 
elements in each row equals one, as expressed in Eq.  (10):
𝐔𝐶𝟏 = 𝟏. (10)

A numerical iteration is then executed to adjust matrix 𝐔𝐶 , ensuring 
that the maximum value in as many columns as possible equals one, 
while the maximum value in all other columns (where this is not 
possible) is as close to one as possible.

The IRNO-type (inverted relaxed normal) transformation results 
in matrix 𝐔𝐼  (where the superscript 𝐼 denotes IRNO) whose elements 
are non-negative and satisfy Eq.  (11):
𝐔𝐼𝟏 = 𝟏 (11)

holds as in the case of 𝐔𝐶 . However, the transformation identifies the 
minimum possible value such that all columns share this common 
minimum.

Applying the above piecewise linear interpolation technique to 
𝐔𝐶 and 𝐔𝐼  yields weighting functions 𝐰𝐶

𝑛 (𝑝𝑛) and 𝐰𝐼
𝑛 (𝑝𝑛) that can 

be interpreted as the membership functions of the antecedent fuzzy 
sets. The maxima of functions 𝐰𝐶

𝑛 (𝑝𝑛) determined by 𝐔𝐶 reach or ap-
proach 1, effectively highlighting the dominant points or regions of 
the input covered by the fuzzy sets. This characteristic enables the 
meaningful association of linguistic labels to these elements, enhanc-
ing interpretability (see later in Section 7). In the case of 𝐰𝐼

𝑛 (𝑝𝑛), the 
resulting membership functions of the antecedent fuzzy sets primar-
ily indicate regions where the fuzzy sets are not dominant, serving 
an opposite role to that of the CNO-type fuzzy sets.

• Step 3: Shaping linguistically meaningful consequents
Rationale: Having identified the antecedent structure, we need a 

principled way to group output values into a small number of inter-
pretable consequent levels (e.g., “small”, “moderate”, “large” force). 
The matrix 𝐓𝑂 restructures all measured output values in increas-
ing order, appending their input coordinates so that SVD can detect 
dominant response levels in the output space. The row-wise sorting 
ensures that the dominant row-space structure identified by SVD cor-
responds to clusters of output levels, enabling the columns in 𝑈𝑂 to 
be interpreted as weighting functions over the output range. SVD is 
used here – rather than k-means or Gaussian mixture models – be-
cause it provides an algebraically consistent, parameter-free decom-
position of the output structure, aligned with the same mathemati-
cal framework used for the antecedents in Step 1. This consistency 
is important: it ensures that the number of consequent clusters can 
be chosen in the same rank-selection framework of the antecedents, 
and that the resulting consequent levels are derived from the global 

structure of the output distribution rather than from a locally opti-
mal cluster assignment. The row-replication scheme for filling the 
matrix (repeating the last available input pair for rows with fewer 
matches) is a conservative choice that avoids introducing fictitious 
data points.

Let us now turn our focus to the classification of the output val-
ues. To this end, we define matrix 𝐓𝑂 (superscript 𝑂 refers to the 
output) that is a restructured variant of 𝐓, where the first column 
contains all the values of 𝐓 in increasing order. Thus, the first ele-
ment of each row is the measured output value. The second and third 
elements represent the input values along the 𝑥1 and 𝑥2 dimensions 
that correspond to the output value. If multiple pairs of 𝑥1 and 𝑥2
are present to the same output value, then they are assigned sequen-
tially as the 4th–5th, 6th–7th elements, and so on within the same 
row. Finally, in rows with fewer pairs, the missing elements of the 
matrix are filled by repeating the last available pair of 𝑥1 and 𝑥2. In 
order to determine the possible clusters of the outputs we execute 
SVD again to obtain Eq.  (12):

𝐓𝑂 𝑠𝑣𝑑
==𝐔𝑂𝐃𝑂(𝐕𝑂)𝑇 = 𝐔𝑂𝐒𝑂 . (12)

Here, we can disregard matrix 𝐕𝑂 because we are looking to find 
dominant clusters along the first dimension only, which corresponds 
to an ordering of the output values.

To find dominant or inverse dominant clusters in the outputs, we 
execute the CNO- or IRNO-type transformation to derive matrix 𝐔𝑂,𝐶

or 𝐔𝑂,𝐼 . Finally, we have 𝐓𝑂 as shown in Eq.  (13):
𝐓𝑂 = 𝐔𝑂,𝐶𝐒𝑂 or 𝐓𝑂 = 𝐔𝑂,𝐼𝐒𝑂 , (13)

based on which – using the pseudoinverse operator – we can obtain 
𝐒𝑂 as shown in Eq.  (14):
𝐒𝑂 =

(

𝐔𝑂,𝐶)+𝐓𝑂 or 𝐒𝑂 =
(

𝐔𝑂,𝐼)+𝐓𝑂 (14)

To align the number of clusters with the number of consequent val-
ues in 𝐒 (that will be derived in the next step), the principal dom-
inance can be identified by discarding negligible non-zero singular 
values in Eq.  (12) and subsequently repeating the procedures out-
lined in Eq.  (13) and Eq.  (14).

• Step 4: Determination of the Fuzzy Rules
Rationale: With both the antecedent matrices (𝐔𝐶 ,𝐕𝐶 ), and the 

output structure (𝐓𝑂) in place, the consequent matrix 𝐒𝐶 is derived 
as the least-squares pseudo-inverse solution that best reconstructs 
the empirical data surface using the identified antecedent partition. 
The pseudo-inverse is used rather than a plain matrix inverse be-
cause the antecedent matrices are generally non-square. The result 
is a compact SCO matrix whose (𝑖, 𝑗) entry directly quantifies the typ-
ical output level when input dimension 1 is in fuzzy set 𝑖 and input 
dimension 2 is in fuzzy set 𝑗, enabling direct linguistic interpretation.

From Step 2, we had the expression shown in Eq.  (15):
𝐓 ≈ 𝐔𝐶𝐒𝐶

(

𝐕𝐶)𝑇 (15)

Once we have 𝐔𝐶 and 𝐕𝐶 as the discretised variant of the an-
tecedent fuzzy sets (or indeed their IRNO counterparts) we can de-
rive the fuzzy rule structure as shown in Eq.  (16):

𝐒𝐶 =
(

𝐔𝐶)+𝐓
(

(

𝐕𝐶)𝑇
)+

. (16)

where either or both of 𝐔𝐶 and 𝐕𝐶 could be replaced by their IRNO 
counterparts.

Whenever CNO matrices are used, the fuzzy rules will take the 
form of Eq.  (17):
IF 𝑥1(𝑡) is 𝐴1,𝑖  AND 𝑥2(𝑡) is 𝐴2,𝑗 THEN [𝐒𝐶 ]𝑖,𝑗 . (17)

This is because for every pair of (𝑖, 𝑗) coordinates, only one col-
umn in the corresponding 𝑖-th and 𝑗-th rows of 𝐔𝐶 and 𝐕𝐶 will be 
substantially different from 0 (and close to 1). Regardless, the conse-
quents can be calculated in the IRNO case, too, as a convex combina-
tion of the values within the rows and columns of matrix 𝐒𝐶 . Because 
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of its importance in interpreting relevant output values, this matrix 
will be referred to as the SCO matrix (the S-convex matrix) in further 
analyses.

Based on the clusters uncovered in step 3, the consequent values 
can also be associated with specific linguistic terms, such as “low”, 
“medium” or “high”. Importantly, these will be derived based on the 
data inside the 𝐓𝑂 matrix.

4.1.  Validation of the derived fuzzy rule sets

The rule sets obtained using the proposed framework can be vali-
dated from multiple perspectives.

First, in terms of external data consistency, the representativeness 
and quality of the measurement data can be assessed using conven-
tional statistical diagnostics (e.g., sampling considerations, noise analy-
sis). This ensures that the dataset itself is sound.

Second, in terms of fidelity or internal consistency, the ETSFM model 
is expected to approximate the empirical decision surface and should re-
produce observed behavior. Internal consistency, then, is quantified by 
the agreement between model-based reconstructions and the empirical 
response grid. This means using reconstruction accuracy measures, such 
as 𝑅2 scores for varying ranks; higher ranks increase precision, while 
more compact models retain interpretability.

Third, when it comes to stability, or robustness of the discovered 
structure, a key objective is to discover stable antecedent and conse-
quent fuzzy sets. Here, we can evaluate whether the extracted rule back-
bone persists across model ranks and antecedent-shaping variants.

Classical significance tests (e.g., p-values, confidence intervals) could 
be applied in a preliminary stage to validate that the dataset reflects 
systematic behavior rather than noise; however, they do not evaluate 
whether the resulting fuzzy rule base faithfully captures the functional 
structure of the decision process. Therefore, in later parts of the paper 
we will focus on the latter aspects.

4.2.  Computational complexity of the ETSFM transformation

One of the more computationally intensive aspects of the proposed 
method is the singular value decomposition (SVD). Given the impor-
tance of the CNO transformation in the method, an assessment of its 
complexity is also necessary.

For our derivations below, we assume that the number of discretiza-
tion points in our 2-dimensional state space are 𝑀1 and 𝑀2 in the two 
dimensions, respectively. We also assume that the rank (i.e. number of 
weighting functions kept) in the two dimensions are 𝑅1 and 𝑅2, respec-
tively.

4.2.1.  Complexity of SVD
Note that the SVD algorithm, carried out over a matrix of size 𝑚-

by-𝑛, has a complexity of 𝑂(𝑚𝑛 ⋅min(𝑚, 𝑛)) (Vasudevan & Ramakrishna, 
2017). Thus, in our case we have the complexity shown in Eq.  (18):
complexity = 𝑂(𝑀1𝑀2 ⋅ 𝑚𝑖𝑛(𝑀1,𝑀2)) (18)

If the number of discretization points are comparable in the two dimen-
sions, then the order of magnitude of growth can be maximized by a 
third-degree polynomial, which will be acceptable in a wide range of 
practical scenarios.

4.2.2.  Complexity of the CNO transformation
The CNO transformation proposed in the literature (see e.g. Baranyi 

et al., 2017) performs a geometric embedding of the data into a sim-
plex structure via polar coordinate optimization, so that the resulting 
weighting functions behave like fuzzy membership functions that pre-
serve convex structure.

From a complexity perspective, the CNO transformation scales 
linearly with the number of discretization points but includes a 
polynomial-in-rank iterative search, therefore its runtime grows quickly 

with the rank due to repeated non-linear optimizations. Given that a part 
of these operations are internal to the implementation of the optimizer 
(such as Nelder-Mead), we estimate the complexity as in Eq.  (19):

complexity = 𝑂(
2
∑

𝑖=1
𝑀2

𝑖 𝑅𝑖 +𝑁𝑐𝑎𝑙𝑙𝑠,𝑖𝑁𝑓𝑒𝑣,𝑖𝑀𝑖𝑅𝑖 +𝑀𝑖𝑅
3
𝑖 + 𝑅4

𝑖 ) (19)

where 𝑁𝑐𝑎𝑙𝑙𝑠,𝑖 is the number of calls to the Nelder-Mead optimizer, and 
𝑁𝑓𝑒𝑣,𝑖 is the number of function evaluations it performs.

Given that we have d+1 simplex points, where 𝑑 = 𝑅𝑖(𝑅𝑖 − 2), and 
given that Nelder-Mead performs a quadratic number of function eval-
uations in the number of parameters, we can estimate 𝑁𝑓𝑒𝑣𝑖 = 𝑂(𝑅4

𝑖 ).
At the same time, 𝑁𝑐𝑎𝑙𝑙𝑠,𝑖 is a hyperparameter on the order of 200 

in our current implementation. This parameter specifies the number of 
times minimization is performed based on differently sampled simplex 
vertices and different perturbations so as to escape local minima.

Overall, the expected complexity would be on the order shown in 
Eq.  (20):

complexity = 𝑂(
2
∑

𝑖=1
𝑀2

𝑖 𝑅𝑖 + 200𝑀𝑖𝑅
5
𝑖 +𝑀𝑖𝑅

3
𝑖 + 𝑅4

𝑖 ) (20)

making 𝑀2
𝑖 𝑅𝑖 + 200 ∗ 𝑀𝑖𝑅5

𝑖  the dominating term. Depending on the 
rank of the weighting matrices and the number of data points, the rela-
tive weight of these two terms would be different.

4.2.3.  Putting it all together
Based on the above, we have that the complexity of the proposed 

Extended TS Fuzzy Model Transformation is shown in Eq.  (21):

complexity = 𝑂(𝑀1𝑀2 ⋅ 𝑚𝑖𝑛(𝑀1,𝑀2) +
2
∑

𝑖=1
𝑀2

𝑖 𝑅𝑖 + 200 ∗ 𝑀𝑖𝑅
5
𝑖 ) (21)

If only a small number of singular values are kept compared to the 
number of discretization points, 𝑅1 (𝑅2) will be negligible compared to 
𝑀1 (𝑀2) points and can be regarded as small constants. In this case, 
the complexity of the SVD algorithm would be the most costly part of 
the implementation. This is the general case, as the ranks to be kept are 
often chosen as small values.

However, in our application (Section 6), 𝑀1 = 𝑀2 = 19 discretiza-
tion points, in which case, even when 𝑅1 = 𝑅2 = 2, the Nelder-Mead 
optimization steps dominate the computational cost. Substituting 𝑀1 =
𝑀2 = 19 and 𝑅1 = 𝑅2 = 2 into Eq.  (21), the SVD term evaluates to 
𝑂(19 ∗ 19 ∗ 19) ≈ 𝑂(6859), while the dominant CNO term evaluates to 
𝑂(2 ∗ 192 ∗ 2 + 200 ∗ 19 ∗ 25) ≈ 𝑂(1.2 ∗ 105), confirming that CNO opti-
mization is the computational bottleneck in this regime. In practice, the 
entire ETSFM pipeline runs in under two minutes on a standard laptop 
for the 2-by-2 model, making it viable for offline analysis.

5.  Application of the methodology in gray-box dynamic control 
assessment

In this section, we describe a framework for the application of the 
proposed Extended TS Fuzzy Model Transformation in the context of 
interpreting human behavior in gray-box dynamic control assessment.

5.1.  Data acquisition framework

Within the framework, the goal is to understand how users interact 
with the gray-box system using the following concepts:
Definition 2  (State space and acceptable region).  The system state is 
described by a set of parameters 𝐱, and the possible values of that vector 
is referred to as the state space. The system state is said to be within the 
acceptable region if there exist a lower bound 𝐛𝑙 and an upper bound 𝐛𝑢
such that 𝐛𝑙 ≤ 𝐱 ≤ 𝐛𝑢. 

Among the core concepts of the framework, the concepts of trials, 
steps and rounds are key in the data acquisition process:
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Definition 3  (Trial, pre-update and post-update state).  A trial is a single 
decision instance in which the system starts from a pre-update state 𝐱𝑝𝑟𝑒, 
and the user has a single opportunity to perturb the system in some direction. 
Following the perturbation, the user finds the system in a post-update state 
𝐱𝑝𝑜𝑠𝑡. 
Definition 4  (Step and maximum attempts).  Within a single step, the 
user is given at most maximum attempts number of trials to perturb the 
system (by providing control inputs) in such a way that the post-update state 
𝐱𝑝𝑜𝑠𝑡 is within the acceptable region. If the user manages this, the step is 
considered successful; otherwise it is unsuccessful. 
Definition 5  (Round and required steps).  A round consists of some 
required number of consecutive successful steps (required steps). If any step 
within the sequence is unsuccessful, the round fails; otherwise it is successful. 

Definition 6  (Session end and required rounds).  A session terminates 
after some required number of successful rounds (required rounds), or upon 
reaching a time limit, whichever occurs first. 

5.2.  Qualitative concepts describing user performance

To analyze user performance, we introduce the following qualitative 
notions:

Definition 7  (Self-stabilization region).  A local state-space zone where 
small variations in the state can be compensated by small (or zero) control 
adjustments to maintain or restore the state within the acceptable region; out-
side this zone, comparable variations require disproportionately larger inputs. 

Definition 8  (Blind spot).  A state-space region in which repeated tri-
als consistently yield no state in the acceptable region within the maximum-
attempt limit. 

6.  Experimental framework and objectives

This section outlines the conceptual basis of the experimental setup 
designed to investigate human decision-making in the control of a bal-
ancing dynamic system. The study’s primary aim is to identify the cog-
nitive mechanisms involved in manual stabilization strategies by ana-
lyzing behavioral responses under varying stages of system instability.

6.1.  Experimental task description

Participants are tasked with stabilizing a model that – at its base level 
– functions as an inverted pendulum mounted on a movable cart. In-
stead of direct physical interaction, participants influence the system by 
inputting numerical force values via a keyboard. These inputs simulate 
external forces acting on the cart to maintain the pendulum’s balance.

Although this is a well-known benchmark problem from control the-
ory, a key feature of the experiment (besides manual numerical input) is 
that participants are not given any information about the underlying dy-
namics, and – as detailed below – the visual representation of the system 
is transformed and simplified significantly so as to not be recognizable 
as a pendulum on a cart. Thus, as shown on Fig. 2:

• Participants view the angular position of the bob at the tip of the 
pendulum as a projection on a single (horizontal or vertical) axis.

• The visualization does not include the cart, nor any part of the pen-
dulum apart from the bob at its tip.

• The angular velocity of the bob (𝜃̇) is indicated by a red arrow, with 
length proportional to magnitude.

• As shown on Fig. 2, the lines labeled B mark the boundaries of 
the measurement area, while the lines labeled S define the accept-
able region. However, the primary objective is to maintain the bob 
as close as possible to the central line labeled C. The measure-
ment area, defined by lines B, corresponds to the boundaries of 

𝜃 ∈ [−60◦, 60◦]. The acceptable region, bounded by lines S, corre-
sponds to 𝜃 ∈ [−25◦, 25◦].

• No mechanical model, animation, or time-based simulation is shown; 
only the immediate result of the participant’s input is visualized.

The absence of animation and continuous feedback transforms the 
dynamic system into a series of discrete, symbolic updates. This inten-
tional design turns the computer into a cognitive filter, removing senso-
rimotor involvement and enforcing a purely abstract, screen-based rea-
soning strategy. The computer thus plays an active role in reshaping the 
participant’s engagement with the task. To help provide an intuitive un-
derstanding of the task, participants are given the following metaphor: 
“Imagine a mountain where the central white line is the ridge, the surround-
ing white area represents the summit, and the blue margins indicate the base. 
Your goal is to keep the ball from rolling off the mountain.”

Further implementation details regarding the measurement pro-
cess, input handling, timing, and success criteria are described in Sec-
tion 6.4.1.

6.2.  Second-order dynamic representation of the system

In the following, we define the equations of motion of the second-
order balancing-type dynamic system utilized in the experimental setup.

The left image of Fig. 2 provides a mechanical illustration of the 
inverted pendulum. The quasi Linear Parameter Varying (qLPV) state-
space model structure is shown in Eq.  (22):
[

𝑥̇1(𝑡)
𝑥̇2(𝑡)

]

= 𝐒(𝐩(𝑡))
⎡

⎢

⎢

⎣

𝑥1(𝑡)
𝑥2(𝑡)
𝑢(𝑡)

⎤

⎥

⎥

⎦

, where 𝐩(𝑡) =
[

𝑥1(𝑡)
𝑥2(𝑡)

]

, (22)

where 𝐒(𝐩(𝑡)) is defined as in Eq.  (23):
[

𝑥̇1(𝑡)
𝑥̇2(𝑡)

]

=

[

0 1 0
− 𝑔

𝑙
sin(𝑥1)
𝑥1

0 − 1
𝑚𝑙2

]

⎡

⎢

⎢

⎣

𝑥1(𝑡)
𝑥2(𝑡)
𝑢(𝑡)

⎤

⎥

⎥

⎦

, (23)

where 𝑥1(𝑡) denotes the angle 𝜃 ∈ [−60𝜋∕180, 60𝜋∕180] (in radians) of 
the pendulum from the vertical direction, and 𝑥2(𝑡) is the angular ve-
locity 𝜃̇ ∈ [−50𝜋∕180, 50𝜋∕180]. The input 𝐮(𝑡) represents the applied 
torque, measured in Newton-meters (Nm). Further, 𝑔 = 9.8 𝑚

𝑠2
 is the grav-

ity constant, and in our experiments, 𝑙 = 1𝑚 is the length of the pendu-
lum and 𝑚 = 5𝑘𝑔 is the mass of the pendulum.

6.3.  Reference controller for the system

To provide a consistent benchmark for interpreting the human 
control strategies described in Sections 6.1–6.7, we derived a mathe-
matically optimized reference controller using an LMI-based Parallel 
Distributed Compensation (PDC) design framework (Tanaka & Wang, 
2001). This controller serves as a basis for quantitative and qualitative 
comparisons with the human intervention patterns, which are discussed 
in detail in Section 7.

This framework assumes that the TS fuzzy model (Eq. (2)) of 𝐒(𝐩) is 
provided, and the goal is to control 𝐱 → 𝟎. It then derives the controller, 
defined in Eq.  (22), in TS fuzzy model form as in Eq.  (24):
𝐮 = −(𝐅(𝐩))𝐱 (24)

where 𝐅(𝐩) is defined as in Eq.  (25):

𝐅(𝐩) =
𝐼1
∑

𝑖1=1

𝐼2
∑

𝑖2

𝑤1,𝑖1 (𝑝1)𝑤2,𝑖2 (𝑝2)𝐅𝑖1 ,𝑖2 . (25)

where the antecedent system 𝑤1,𝑖(𝑝1) and 𝑤2,𝑖2 (𝑝2) of the controller is 
inherited from the TS fuzzy model (Eq. (2)) and the vertices 𝐅𝑖1 ,𝑖2  are 
derived by LMIs from the vertices 𝐒𝑖1 ,𝑖2 . There exist a wide variety of 
LMIs, each with distinct properties that aid in optimizing control per-
formance (Scherer & Weiland, 2000).
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Fig. 2. The dynamic system (left) and its visualization (right).

Fig. 3. Weighting functions of the reference controller per state space dimension.

The key conclusion of this section is that the controller relies on 
only 4 rules, and its antecedents exhibit symmetry — a natural property, 
given that the balancing pendulum system itself is inherently symmetric 
(Fig. 3).

6.4.  Measurement procedure

In this subsection, we describe the implementation details, the par-
ticipants and the instructions they received.

6.4.1.  Implementation details
The dynamic system and participant interface are implemented on 

a personal laptop with a 15.6-inch screen for visualization. Participants 
enter input values via the keyboard into a designated text box on the 
screen. The direction of the input force is then selected by clicking on 
left- and right-oriented arrows (see Fig. 4).

Once the selected arrow is clicked, the next position and speed of 
the bob are immediately visualized. The updated position represents 
the system’s state after a simulated process of 3 time steps, but this time 
progression exists only within the simulation and is not real-time. The 
participant receives the result instantly after clicking the arrows, with-
out any experience of the time that is simulated. This also means that 
the bob’s movement is not animated; instead, after the initial position 
and velocity are displayed and the input given, only the resulting posi-
tion and velocity are immediately visualized. The combination of static 
visualization, text-based input, the absence of mechanical system anima-
tion, the lack of bob movement animation, and the omission of process 

Fig. 4. Measurement environment – vertical case.
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time information minimize the test participants’ ability to perceive the 
system’s dynamics directly, providing only abstract information.

In each session, defined as a sequence of steps with specified initial 
parameters, the supervisor initializes the system with a given angle and 
angular velocity. Participants enter numeric force values and select a 
direction using the minimal control panel.

After successful stabilization or ten unsuccessful attempts, the super-
visor initiates the next step. This structure sets the stage for the proce-
dural details described in the following subsection.

6.4.2.  Test subjects and instructions
A total of 50 volunteers participate in the study. Of these, 5 partic-

ipants (3 male, 2 female) belong to Generation Y, another 5 (3 male, 2 
female) to Generation X, and the remaining 40 (30 male, 10 female) to 
Generation Z. The participants receive the task description below:

Dear Participant,
In this task, you will see a point. The direction of the point’s 
speed is indicated by an arrow.
Your task is to keep the point within the white lines for 10 
consecutive steps, across a total of 3 rounds. The edges of the 
playing field are marked by the two blue lines. You can set 
the speed value by entering a number in the empty rectangle, 
and then choose the intervention direction by clicking on the 
appropriate arrow. This will also start the movement of the 
point.

You can control the interface using a mouse, touchpad, touch-
screen, or keyboard. For mouse, touchpad, or touchscreen 
control, click on the control arrow to initiate the action. If 
controlling with the keyboard only, after entering the value, 
use the Tab key to switch to the arrows (1x Tab for upward 
direction, 2x Tab for downward direction). In this case, con-
firm the direction with Enter.
The goal is to understand how different speeds result in dif-
ferent levels of change.
If the point goes beyond the blue line, you have exited the 
playing field, and you can try again from the previous state.
A round ends when you successfully keep the point within the 
white lines for 10 consecutive steps. After that, the next round 
begins. The game ends when you either successfully complete 
all 3 rounds or reach the 20-minute time limit.”

To help conceptualize the task, participants are also asked to imagine 
the mountain metaphor from Section 6.1.

7.  Measurement results and fuzzy model based analyses

This section presents the findings of the experiment in three key 
dimensions. First, participant decision-making strategies are analyzed 
based on the magnitude and direction of applied intervention forces. 
Second, human control behavior is described using fuzzy IF-THEN rules 
derived from mathematical modeling. Third, the cognitive complexity 
of decisions is assessed through the analysis of rule weights and reaction 
domains, highlighting asymmetries and decision uncertainty.

Instead of statistical comparisons, the focus is on interpretability: 
identifying generalizable control heuristics and typical behavioral re-
sponses across varying system states. The fuzzy modeling approach en-
ables the visualization of abstract decision zones and the structural pat-
terns behind them. Key patterns are presented through increasing levels 
of model complexity—starting from minimal rule sets and extended to 
more refined representations.

Fig. 5 links the grid-structured 𝐓𝑂 matrix to three interpretable out-
puts: rules, decision-region mapping, and a human-controller compari-
son.

7.1.  Derivation of suitable antecedents

In this subsection, we describe how the proposed method is applied 
to the measurement data. During the procedure, the measured control 
inputs are assigned into predefined intervals and binned into the matrix 
𝐓. We then apply the proposed Extended TS Fuzzy Model Transforma-
tion to this matrix.

Based on singular value decomposition (SVD) of the matrix, the rel-
ative weight of each component (i.e., columns, or weighting functions 
in the weighting matrices) is considered. Columns with negligible con-
tribution to system behaviour are excluded so as to reduce the number 
of weighting functions, hence fuzzy rules. This is often seen as an ac-
ceptable trade-off between complexity and interpretability.

7.1.1.  Validation of rank-reduced models for internal consistency
Before proceeding, we want to ascertain that the rank-reduced sys-

tems still provide a good approximation to the original system. To this 
end, we reconstruct the data in the original grid-points using the rank-
reduced system, and calculate the 𝑅2 statistic between the original data 
and the reconstructed data.

Results obtained for systems of rank 2-by-2, rank 3-by-3 and rank 
4-by-4 are as follows:

• 𝑅2 (rank 2-by-2) = 0.9835
• 𝑅2 (rank 3-by-3) = 0.9929
• 𝑅2 (rank 4-by-4) = 0.9952

This shows that even in the case of the rank 2 system, which is the 
coarsest approximation among the three, over 98% of the original vari-
ance is kept in the reconstructed data. Although this metric would not be 
sensitive to output values being “swapped” between grid points, aside 
from this unlikely event it shows that the rank-reduced systems provide 
a useful and good approximation of the original data.

7.1.2.  Dominant antecedent fuzzy sets in the 2-by-2 model
The most interpretable configuration is the 2-by-2 fuzzy model, 

which employs two antecedent fuzzy sets for the angular position and 
two for angular velocity. This model effectively captures the dominant 
behavioral tendencies observed during the experiment.

Fig. 6 visualizes the main components of human decision-making 
based on this model following the CNO transformation. Two distinct 
antecedent fuzzy sets (together with a third, normalizing set) emerge as 
dominant:

• In the first dimension (angle), the blue antecedent fuzzy set fires 
alone near 0◦, and together with the yellow antecedent fuzzy set 
for most angles. The red antecedent fuzzy set, by contrast, is most 
relevant near 40◦.

• In the second dimension (angular velocity), two major antecedent 
sets are identified – at around 20 𝑑𝑒𝑔∕sec, and between −30
and 10 𝑑𝑒𝑔∕sec – while the third one becomes prominent around 
−50 𝑑𝑒𝑔∕sec.

These patterns demonstrate an asymmetric decision structure, where 
users respond differently to leftward and rightward deviations. Despite 
system symmetry, the applied control logic reflects cognitive prefer-
ences and directional biases.

7.1.3.  Increasing the number of antecedents
Note that while extending the antecedent fuzzy set base to three or 

four (see Fig. 7 for the latter case) rules per input dimension increases 
the granularity of captured behaviors, the primary regions that are iden-
tified within the antecedent space as being relevant to the fuzzy rules are 
left unaltered, with the two dominant antecedent fuzzy sets consistently 
reappearing.

However, the additional antecedent fuzzy sets in Fig. 7 may reflect 
behavioral nuances that could stem from latent individual factors such 
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Fig. 5. Interpretable outputs: compact rules, region mapping, controller comparison.

Fig. 6. CNO weighting functions for angle (left panel, horizontal axis in degrees) and angular velocity (right panel, horizontal axis in deg/s) in the 2-by-2 rank 
system. The vertical axis in both panels represents the membership weight in the range [0, 1].

Fig. 7. CNO weighting functions for angle (left panel, horizontal axis in degrees) and angular velocity (right panel, horizontal axis in deg/s) in the 4-by-4 rank 
system. The vertical axis in both panels represents the membership weight in the range [0, 1]. The additional fuzzy sets (relative to the 2-by-2 model) refine boundary 
regions without altering the dominant antecedents.
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as hand dominance (left- vs. right-handedness), impulsivity, or external 
distractions. These underlying influences are often difficult to isolate or 
explain explicitly.

For applications such as decision-support systems, it is essential to 
strike a balance between behavioural resolution and clarity. This bal-
ance is also emphasized in a previous work on user feedback modeling, 
where a low-complexity fuzzy antecedent fuzzy set base proves suffi-
cient to capture key behavioral patterns in human-software evaluation 
tasks (Sudár et al., 2025). The current model applies this principle to 
dynamic control environments, demonstrating that core cognitive struc-
tures can be retained even in minimal models.

7.2.  Derivation of fuzzy rules and identification of decision strategies

Based on the resulting SCO matrix, along with the supports and peaks 
of the fuzzy sets uncovered from the 2-by-2 system of weighting func-
tions, we identify the following key rules:

Force =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

L&negative, if − 10 < 𝜃 ≤ 0&𝜃̇ < −35
L&negative, if 𝜃 ≈ 0&𝜃̇ ∈ [−30, 10]
L&positive, if − 10 < 𝜃 < 0&𝜃̇ ≈ 20
L&positive, if 𝜃 > 30&𝜃̇ ≈ 20
M&negative, if 𝜃 > 30&𝜃̇ < −35
M&negative, if 𝜃 > 30&𝜃̇ ∈ [−30, 10]
S&negative, if − 10 < 𝜃 < 0&𝜃̇ ∈ [−30, 10]
S&positive, if 𝜃 ≈ 0&𝜃̇ ≈ 20

where 𝐿, 𝑀 and 𝑆 stand for “large”, “moderate” and “small”, respec-
tively; 𝑣𝑒𝑙. and 𝑑𝑖𝑟. stand for “velocity” and “direction”; 𝜃 represents the 
angle and 𝜃̇ represents the angular velocity of the bob.

These rules can be further simplified into the following key take-
aways:

• IF bob is close to center & velocity is small THEN apply small force.
• IF bob is to the left & velocity is substantial THEN apply large force.
• IF bob is to the right & velocity is substantial THEN apply moderate 
force

• IF velocity is high THEN apply large force.

These conditional antecedent fuzzy sets mirror observed user behav-
ior, demonstrating that decisions are not random but follow rules with 
a structured internal logic. Further, the fuzzy model effectively cap-
tures these structures, offering interpretable insights into human control 
strategies.

7.3.  Cognitive load and decision difficulty across system states

In the next step, decision difficulty and cognitive load are catego-
rized into different levels based on the number of attempts required to 
identify a suitable intervention force, along with participants’ subjec-
tive feedback. Although response times are also recorded, no significant 
differences are found across system states in the average time spent per 
intervention. However, scenarios with higher cognitive load typically 
result in more repeated attempts, leading to longer cumulative decision 
times.

Fig. 8 presents a matrix visualizing cognitive load intensity, where 
different colors indicate the relative difficulty of specific decision scenar-
ios. Light green regions indicate low difficulty, where participants typ-
ically found the correct intervention force within one or two attempts. 
Yellow zones represent moderate difficulty with three to four attempts, 
orange indicates higher difficulty requiring five to six attempts, and red 
marks high difficulty regions requiring more than seven attempts. Brown 
areas represent decision blind spots – states where participants consis-
tently failed to find any successful control input, despite repeated at-
tempts.

These results are consistent with the findings presented in Fig. 9, 
which shows the error rates of human decision-making. The spatial dis-
tribution of errors closely matches the difficulty levels identified in the 
cognitive load matrix (Fig. 8).

8.  Discussions

In this section, we discuss the advantages of the proposed ETSFM 
approach, and the conclusions drawn based on its application within 
the second-order gray-box dynamic control experiment. We also high-
light some of the caveats and limitations that could help motivate future 
work.

8.1.  Novelty and strengths of ETSFM

Understanding human control in dynamic tasks often comes at 
a trade-off: parametric models risk misspecification, while black-box 
learners trade accuracy for opacity. In this paper, we propose a TS fuzzy 
model transformation based approach that allows for the structural iden-
tification of raw measurement data and the transformation of the iden-
tified model into interpretable fuzzy rules.

A key novelty of the ETSFM approach is that it is non-parametric 
and data-driven, mapping grid-structured interaction data directly to 
an auditable fuzzy rule base without pre-defined membership templates 
or hand-crafted rules, preserving the measurement-implied structure.

With as few as 2 × 2 antecedents, the model reveals stable and inter-
pretable regimes (self-stabilization, transition-driven uncertainty, direc-
tional biases) while remaining sufficiently compact for inspection and 
communication.

From a practical standpoint, the running time is primarily driven by 
the SVD-based decomposition step. Under low-rank (e.g., 2×2) and high-
discretization settings (e.g., upwards of 1, 000 discretization points), the 
CNO/IRNO decomposition step is negligible in comparison, yielding 
overall polynomial scaling (fifth-order at most in the rank, but second-
order in the measurement resolution), which makes it a practical and 
viable option for offline analyses and periodic re-fitting.

The method benefits from grid-like coverage of the state space; 
sparse or biased sampling can under-represent transition regions. This 
risk can be mitigated by fidelity/stability checks and, where necessary, 
targeted data collection in boundary zones.

ETSFM can be integrated as an offline analytics module alongside ex-
isting decision workflows, providing explainable summaries of decision 
regions without modifying the operational control loops.

8.2.  Results on second-order gray-box dynamic control

Through our experiment, we address the accuracy-interpretability 
tradeoff by recovering an auditable, low-complexity rule structure of 
human decision logic directly from empirical responses and contrast-
ing it with an optimized, symmetric controller. Our guiding question 
is whether an interpretable fuzzy rule base can capture the dominant 
regimes of behavior and where human control systematically diverges 
from optimal control.

A compact 2-by-2 fuzzy model (two antecedent sets per input) cap-
tures the dominant structure of the empirical decision surface while 
remaining easy to read and audit. The SCO matrix indicates a small 
number of consequential force levels (Small/Moderate/Large) consis-
tent with observed intervention patterns, suggesting participants follow 
a rule-like logic rather than behaving randomly. Cognitive load clusters 
in transition regions where position and velocity cues conflict, yielding 
wider force dispersion and higher errors. We also observe decision blind 
spots adjacent to easy-to-control regions, consistent with threshold-like 
internal representations that produce sharp performance drops.

Turning to the directional structure of these results, along the 
angular-velocity axis we consistently find two dominant antecedent sets 
– one near 0 𝑑𝑒𝑔∕s and another around 20–50 𝑑𝑒𝑔∕s. Near 0 𝑑𝑒𝑔∕s and 

Expert Systems With Applications 323 (2026) 132449 

11 



I. Horváth et al.

Fig. 8. Intensity of cognitive load based on number of trials needed to complete a step for any given pair of angle (horizontal axis, degrees) and angular velocity 
(vertical axis, deg/s) values. Color legend: light green = 1–2 attempts (low difficulty); yellow = 3–4 attempts; orange = 5–6 attempts; red > 7 attempts (high 
difficulty); brown = decision blind spot (no successful input found within attempt limit). The figure confirms that extreme angles and / or angular velocities are 
more difficult to handle. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. Error rate of human decision-making across the state space (horizontal 
axis: angle in degrees; vertical axis: angular velocity in deg/s). Each cell repre-
sents the aggregated magnitude (RMSE) of the force values entered by partici-
pants in the given state. The spatial distribution of errors mirrors the cognitive 
load intensity shown in Fig. 8, confirming that high-difficulty regions coincide 
with high error rates.

≈ 0◦ displacement, participants have a safe exploration window to probe 
system response, which encourages high-variability, small adjustments. 
By contrast, at 20–50 𝑑𝑒𝑔∕s the state departs from stability much faster, 
and participants may feel they have less time to decide, leading to more 
decisive interventions. In combination with the position antecedents (in-
cluding recent angle history), this yields an asymmetric decision struc-
ture: states mirrored across the origin (𝜃, 𝜃̇)→ (−𝜃,−𝜃̇) are not treated 
equivalently. Practically, the same kinematic “shape” on the left vs. right 
side triggers different control choices, consistent with directional bi-
ases and cognitive preferences. Increasing model rank preserves these 
core regimes, and the added complexity mostly refines edge cases near 
regime boundaries without altering the core underlying patterns.

Comparing these human patterns with the optimized reference con-
troller, the reference controller employs four rules with symmetric an-
tecedents and delivers consistent regulation across the state space, in-

cluding peripheral regions where humans struggle. Human behavior 
overlaps with the controller’s self-stabilization region but diverges in 
transition zones, showing fragmentation and asymmetry-signatures of 
heuristic, context-dependent strategies under uncertainty.

To quantify this divergence, the error surface in Fig. 9 reveals that 
human control errors (RMSE) concentrate in the peripheral and transi-
tion regions of the state space, whereas the optimized controller main-
tains near-zero error throughout. The SCO matrices further expose the 
asymmetry: where the controller assigns symmetric force levels to mir-
rored states (𝜃, 𝜃̇) and (−𝜃,−𝜃̇), human participants systematically apply 
different force magnitudes – for instance, states involving leftward de-
viations at high angular velocities elicit larger interventions than their 
rightward counterparts. This directional bias, absent from the symmet-
ric controller, points to a cognitive rather than mechanical origin. In 
terms of robustness, the controller’s performance is invariant across the 
state space by construction, while human performance degrades sharply 
at the boundaries of the self-stabilization region, as evidenced by the 
abrupt transition from low-difficulty (1–2 attempts) to blind-spot states 
(no successful input found) visible in Fig. 8.

From the perspective of cognitive science, the patterns uncovered by 
ETSFM align with several well-established theoretical frameworks. The 
self-stabilization regions, where small or zero inputs suffice, are con-
sistent with the notion of “satisficing” in bounded rationality (Simon, 
1956): participants appear to adopt a “good enough” strategy when the 
system is near equilibrium, rather than optimizing their inputs. The tran-
sition zones, where cognitive load and error rates spike, correspond to 
regimes where the dual-process model of cognition (Kahneman, 2011) 
predicts a shift from fast, intuitive System I responses to slower, delib-
erate System II reasoning – a shift that is cognitively costly and error-
prone. The directional asymmetry – participants treating kinematically 
mirrored states differently – is consistent with the well-documented phe-
nomenon of pseudoneglect (Jewell & McCourt, 2000): even neurologi-
cally healthy individuals show a systematic leftward bias in spatial at-
tention tasks, attributed to right-hemisphere dominance in visuospatial 
processing. In the present task, such an attentional asymmetry could 
translate into different perceptual thresholds for leftward vs. rightward 
deviations and, consequently, different intervention magnitudes. A com-
plementary explanation is motor lateralization: however, the absence of 
handedness data prevents a definitive attribution, and future stratified 
studies will be needed to disentangle attentional from motor sources of 
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the bias. While these connections are suggestive rather than conclusive, 
they demonstrate the ETSFM output is rich enough to support interdis-
ciplinary interpretation and hypothesis generation.

8.3.  Caveats and limitations

Several caveats and limitations should be noted. A current limitation 
of the ETSFM framework is that while it enables structural fidelity to be 
validated (e.g. through 𝑅2 scores), as well as stability to be analyzed 
(e.g. through the use of differently constrained, CNO/IRNO weighting 
functions and different degrees of rank reduction); it does not currently 
focus on defuzzification of generated rules to generate inferences in a 
way that could be validated. In the current study, structural fidelity 
is validated through 𝑅2 scores, and the stability of rules is validated 
through a grid search over different rank decompositions and CNO vs. 
IRNO normalization. This approach is viable in a practical sense due 
to the low dimensionality of the rank-by-normalization-type grid over 
which the search is carried out. It is also clear that the high reconstruc-
tion accuracy of the SVD-CNO/IRNO steps guarantees a high degree of 
precision of the rules – at least over the grid coordinates. Regardless, the 
methodology could benefit from a defuzzification extension that could 
help disambiguate rules that are potentially in conflict, and to perform 
inference between the antecedent sets of the rules in a way that could 
be validated.

With respect to the cognitive science aspects of the study, it should 
be noted that we intentionally filtered out sensorimotor cues and real-
time dynamic feedback to prioritize high-level cognition. While this is 
a conceptual design decision, it limits direct generalizability to continu-
ous, embodied control. Extending the study to real-time feedback tasks 
would increase the robustness of the conclusions and should be a part 
of future work.

It should also be noted that while the results of the study point to 
certain left-right asymmetries in control decisions, they do not extend to 
a deeper analysis on whether this could relate to e.g. hand-dominance 
or other individual traits. Future studies might adopt stratified sam-
pling (e.g. handedness labels), mirrored mappings and other group-wise 
ETSFM analyses to quantify symmetry effects. This would also entail se-
lecting a larger and more balanced population of participants. While the 
sample size of 50 used in the current study does allow for the ETSFM 
method to be validated, and for initial conclusions to be drawn, taking 
measurement data from a larger sample size is not the core focus of this 
study.

8.4.  Future potential applications

In terms of potential applications, the framework could extend to a 
wide range of fields, including business, economics and AI. In business 
and economics, the need to make financial and managerial decisions 
under uncertainty is a common challenge that often prompts actors to 
rely on heuristics and pattern recognition instead of exclusively rely-
ing on quantitative models (Tversky & Kahneman, 1974). Analogous 
to our participants’ intuitive force adjustments, traders and managers 
often balance historical patterns with present signals in real time (Lo, 
2004). Given access to interaction logs with state-action pairs and ad-
equate state-space coverage, ETSFM could be used to derive decision-
region maps and a compact, auditable rule base that make directional bi-
ases and uncertainty-sensitive regimes explicit for supervisory analyses. 
Similarly, in AI applications such as autonomous or semi-autonomous 
driving, given access to state-action logs from simulation or test fleets, 
ETSFM could be used to derive decision-region maps and a compact, au-
ditable fuzzy rule base that make deviations from a chosen benchmark 
(e.g., human patterns or a reference policy) explicit in transition-heavy 
scenarios. Such maps would highlight outlier regimes, directional asym-
metries, and shifted intervention thresholds, guiding targeted data col-
lection and human-machine interaction refinement. The approach could 

also support personalization by extracting user-specific rule sets for in-
terface tuning.

9.  Conclusions

This paper presents the Extended TS Fuzzy Model (ETSFM) transfor-
mation, a non-parametric, data-driven framework that converts struc-
tured interaction data into compact, linguistically labeled fuzzy IF–
THEN rules. The aim is to characterize human decision logic in black-
box or gray-box dynamic environments while emphasizing structure dis-
covery and interpretability over predictive optimization.

The ETSFM framework is validated through an application scenario 
involving a second-order dynamic system that, unknown to users, ex-
hibits characteristics of an inverted pendulum on a movable cart. Par-
ticipants interact with a graphical user interface that intentionally ab-
stracts away visual and dynamic cues. User inputs are collected as dis-
crete reactions to static snapshots, eliminating any sense of a continu-
ously unfolding simulation. In this setting, ETSFM successfully produces 
a low-rank fuzzy rule base that captures dominant decision behaviors at 
a high structural accuracy.

Clear differences emerge between human strategies and a mathe-
matically precise reference controller. Human participants display di-
rectional asymmetries and blind spot behaviors, especially in transition 
regions, whereas the controller, defined by four symmetric rules, main-
tains consistent and balanced regulation. These results indicate heuris-
tic, context-dependent human control patterns and illustrate how a com-
pact, auditable rule base can make such differences explicit.

Future work should extend the framework to real-time tasks, conduct 
larger and stratified participant studies to investigate individual factors 
such as handedness, and explore training protocols that align human 
strategies with reference-controller behavior in transitional regimes. 
More generally, a defuzzification extension could enable ETSFM to infer 
new data points, supporting further validation and predictive modeling 
of human decision-making.

In summary, the theoretical contribution of the paper is a principled, 
non-parametric workflow that extends the TS fuzzy model transforma-
tion from analytically defined systems to raw behavioral data, producing 
auditable linguistic rules without pre-defined membership shapes. The 
practical contribution is a first systematic fuzzy rule based characteri-
zation of human control behavior in a gray-box dynamic task, yielding 
actionable insights into where human decision-making succeeds, where 
it fails, and how it structurally differs from optimal control. These con-
tributions position ETSFM as a transferable tool for any domain where 
interpretable modeling of human decisions from interaction logs is de-
sired – including process control, driver assistance, and human-AI col-
laboration.
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