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• All basic theoretical criteria cannot be satisfied in a constrained group draw.

• We investigate a widely used balanced and transparent draw procedure based on pots.

• Its non-uniformity is quantified when there is a challenging constraint.

• The optimal order of the pots is found by exact theorems and simulations.

• Policy recommendations are given to optimise draws of sports tournaments.
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A B S T R A C T

The group draw of a sports tournament requires assigning teams to groups of (almost) the same size. The most 

important criteria for a draw procedure are balance, randomness, and transparency, which cannot be satisfied 

simultaneously if draw constraints exist. Organisers usually use the so-called Skip mechanism, a method based on 

a random sequential draw of the teams from pots, in order to ensure balance and transparency. However, the Skip 

mechanism is non-uniformly distributed: the valid assignments are not necessarily equally likely. We quantify 

this distortion if a group can contain at most two teams from a given set S, which poses a serious challenge for the 

Skip mechanism. Our study provides exact results for an arbitrary number of teams when there are three pots and 

two pots contain only one team from the set S, as well as complete enumeration for small problems with three 

pots and at most five teams per pot. We also analyse three real-world case studies from basketball and football. It 

turns out that the optimal design considers the pots in decreasing order according to the number of teams in the 

set S. These results can be used to identify the least distorted transparent draw procedure, and decide whether 

the extent of non-uniformity calls for further actions.

“Plus on vieillit, et plus on se persuade que Sa sacrée Majesté le Hasard 

fait les trois quarts de la besogne de ce misérable univers.”1

(Frederick the Great, the King of Prussia, to Voltaire)

1 . Introduction

In the group draw of a sports tournament, the teams are assigned to 

some groups where a round-robin contest is played to determine the set 

of teams qualifying for the next stage. The allocation is made by a draw 

procedure. The most important criteria to evaluate such a mechanism 

are balance, randomness, and transparency [15].

According to balance, the expected strength of the groups needs to 

be roughly equal [25,26]. In the absence of balance, a strong team 

may have to play against strong opponents in the group stage, mak­

ing qualification less likely than for a weaker team, which plays against 

weak opponents in the group stage. Randomness prevents accusations 

that the organiser manipulates the draw for the sake of some favoured 

teams [32]. Finally, the randomisation should be perceived as fair by all 

stakeholders, which can be called transparency [2]. In other words, it 
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1
 “The older we get, the more we convince ourselves that His Sacred Majesty Chance does three quarters of the work of this miserable universe.” (Source: Correspondance 

de Voltaire, 1759, Lettre 3803. https://fr.wikisource.org/wiki/Correspondance_de_Voltaire/1759/Lettre_3803).
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is not sufficient if randomness is guaranteed by a black box algorithm 

since the outcome of the draw will inevitably benefit some teams at the 

expense of other teams when the fans of the latter may suspect an unfair 

intervention by the organiser.

In practice, the balancedness of the groups is usually guaranteed by 

dividing the teams into pots according to their strength based on his­

torical performances. The number of pots equals the number of teams 

to be assigned to a group; the first pot contains the strongest teams, the 

second pot contains the next teams in the ranking, and so on. The three 

criteria can be satisfied by drawing the teams sequentially from the pots, 

and placing them in the first available group in alphabetical order such 

that each group contains one team from each pot.

However, draw constraints might make some allocations invalid. 

For instance, the FIFA World Cup—the most prestigious football com­

petition, and one of the most widely viewed sporting events in the 

world—maximises the number of intercontinental games in the group 

stage by restricting the number of teams from the same geographic zone 

in a group. The Union of European Football Associations (UEFA) applies 

different draw conditions in its competitions “to issue a schedule that is 

fair for the participating teams, fulfils the expectations of commercial part­

ners and ensures with a high degree of probability that the fixture can take 

place as scheduled” [34]. Draw restrictions can also be used to decrease 

the probability of matches with misaligned incentives [5], or to avoid 

certain games due to security reasons [23].

In the presence of draw constraints, it becomes challenging to satisfy 

the three criteria. Balance cannot be compromised to ensure compet­

itive balance, which is essential for an exciting tournament [27,28]. 

Therefore, the trade-off between randomness and transparency becomes 

a key issue for the organiser.

Draw ceremonies are attended by many celebrities and thousands of 

guests, streamed live over the internet, and broadcast by media com­

panies [2]. All stakeholders and, especially, fans should be persuaded 

that their teams are treated fairly and that the composition of the 

groups is not decided by bargaining behind closed doors or by opaque—

and potentially biased—computer programs. These arguments call for 

transparency: the random components of the draw should be credible 

and easy to comprehend, while its deterministic parts remain verifiable 

during the draw with basic mathematical knowledge.

1.1 . The research question and its managerial relevance

The most popular balanced and transparent draw procedure in 

sports is the so-called Skip mechanism. This method is currently 

used by at least three governing bodies: the FIBA (Fédération 

Internationale de Basketball, International Basketball Federation), the 

FIFA (Fédération Internationale de Football Association, International 

Association Football Federation), and the UEFA in various tournaments, 

including the FIBA Basketball World Cup, the FIFA World Cup, and the 

UEFA Nations League [8].

However, the Skip mechanism does not satisfy randomness: it is non-

uniform over the set of feasible assignments, and the valid allocations 

do not have the same chance to occur [9,32]. For instance, in the 2018 

FIFA World Cup draw, the Skip mechanism distorted the probability 

of qualification by more than 0.5 percentage points for seven national 

teams [9]. Analogously, the 2022 FIFA World Cup draw increased the 

probability that the United States and Qatar would play in the same 

group by 38%, from about 9.06 to 12.5% [32, p. 665].

Since no draw procedure is known to satisfy both randomness and 

transparency [32], it is crucial to uncover the extent to which the Skip 

mechanism is non-uniform. Furthermore, the Skip mechanism is essen­

tially a family of draw procedures because the assignment probabilities 

depend on the draw order, on the sequence in which the pots are emptied 

[9]. Using the Skip mechanism with an optimal draw order is certainly 

easier to implement than adopting a completely new method. Even if no 

reasonable definition of transparency exists in the literature, changing 

the draw order is obviously less threatening to transparency than a more 

fundamental reform in the draw procedure.

Therefore, we will address two issues: (a) What is the effect of the 

draw order on the bias of the Skip mechanism? (b) What is the optimal 

order of the pots?

1.2 . An overview of the results

Section 3 investigates two different types of draw constraints that are 

widely used in practice. One set of constraints from the first type does 

not make the Skip mechanism biased (Lemma 1), but this is not true for 

the second type of constraints (Lemma 2).

Therefore, Section 4 focuses on the second type of constraints: from 

an exogenously given set 𝑆, no more than two teams are allowed to be 

assigned to the same group. The distortions are computed analytically 

for any number of teams in Section 4.1. This remains possible only if 

there are three pots and the set 𝑆 contains only one team from two pots. 

Further extension of exact results seems to be excluded by the rapidly 

increasing complexity of the problem. Hence, Section 4.2 numerically 

computes the aggregated distortions for all possible configurations of 𝑆
with three pots and at most five groups.

The conclusions point in the same direction: the best design is a de­

creasing order of the pots according to the number of teams from the set 

𝑆. The advantage of the optimal draw order turns out to be substantial, 

often reaching 75–80% in relative terms (Table 2).

These findings are reinforced by three real-world case studies in 

Section 5. All these examples impose a draw constraint similar to the 

theoretical model (no group can contain more than two teams from a 

given set), besides several further restrictions. Section 5.1 returns to the 

aggregated distortions of the 4! = 24 possible draw orders for the 2018 

FIFA World Cup draw and explains the biases reported by Csató [9] in 

view of the analysis in Sections 3 and 4. Section 5.2 compares 11 selected 

draw orders—out of the 6! = 720 options—for the European Qualifiers 

for the 2022 FIFA World Cup. Finally, Section 5.3 gives a comprehensive 

analysis of the 2019 FIBA Basketball World Cup draw. In contrast to the 

previous two practical examples, the assignment probabilities can be ex­

actly computed here due to the manageable number of feasible solutions. 

It turns out that some draw orders can be equivalent to a uniform draw, 

while others remain (strongly) biased: the distortion of the assignment 

probability can exceed 15 percentage points for certain pairs of teams.

1.3 . Main contributions

Our paper extends the knowledge about group draw procedures in 

three directions.

First, we provide theoretical results on the distortions of a field-proven 

randomisation procedure used in the group draw of sports tournaments, 

which has never been done before. Even though the UEFA Champions 

League Round of 16 draw [2,22], the UEFA Champions League league 

phase draw [17], and the FIFA World Cup draw [9,15,32] have been 

extensively analysed, previous works neither derived analytical formu­

las for the distortions, nor provided a comprehensive study of small 

problems.

Second, the importance of draw order is highlighted. According to 

previous studies, the draw order has only a marginal effect on the al­

ternative Drop mechanism in the UEFA Champions League Round of 

16 draw [2,22] and in the UEFA Champions League league phase draw 

[17]. Although Csató [9] has already presented the non-negligible im­

pact of draw order in the 2018 FIFA World Cup draw, this is only one 

simulated case study, and the results will be explained in Section 5.1 of 

the current paper.

Third, the existing literature focuses on guaranteeing uniform dis­

tribution for the group draw by a novel—but less transparent—draw 

procedure [14,22,32] rather than amending the expected outcome by 

slightly changing an existing and already used mechanism without 

compromising its full transparency. The latter option may be more ac­

Applied Soft Computing 201 (2026) 115535 

2 



L. Csató

ceptable for tournament organisers and has a higher chance of being 

implemented in practice, even if it does not promise to eliminate the 

distortions.

To summarise, the findings presented here yield a clear policy 

recommendation for optimising several real-world group draws (e.g., 

FIBA Basketball World Cup draw, FIFA World Cup draw, UEFA Nations 

League draw) in order to reduce their non-uniformity gap.

2 . Related literature

Fairness of sports rules is an extensively researched topic in opera­

tional research; see, for example, Csató [4], Kondratev et al [24], Kendall 

and Lenten [20] and Lenten and Kendall [29]. A recent survey overviews 

the fairness of draw rules in sports tournaments [10].

Inspired by the format of the FIFA World Cup, several studies have 

developed draw systems for competitions with geographical restrictions 

to create balanced groups at roughly the same competitive level [3,15,

25,26]. Csató [6] demonstrates that the 2022 FIFA World Cup draw has 

not balanced the groups to the extent possible. The draw procedures of 

the 1990 [19], 2006 [31], 2014 [15], 2018 [9] and 2022 FIFA World 

Cups [32] have been verified to violate randomness. [9] and Roberts 

and Rosenthal [32] explain how the Skip mechanism can be simulated. 

Roberts and Rosenthal [32] propose some uniformly distributed, albeit 

less transparent draw procedures.

The bias of another randomisation procedure, the Drop mechanism—

used in UEFA club competitions—has also been quantified [2,21,22]. 

Kiesl [21] and Wallace and Haigh [37] reveal the relation between the 

Drop mechanism and Hall’s marriage theorem. Since the 2024/25 sea­

son, the Drop mechanism is used in the novel league phase draw [17], 

but the non-uniformity of this draw has not been quantified yet.

Boczoń and Wilson [2] offer a comprehensive analysis of the Drop 

mechanism in the UEFA Champions League Round of 16 draw and show 

that it resembles the fairest possible lottery in this setting. Csató [8] 

compares the performance of the Drop and Skip mechanisms on bipartite 

graphs with up to 16 nodes. However, both works consider only two 

groups, where more complicated draw constraints, such as the one that 

will be in our focus, could not appear. Furthermore, they do not provide 

any general theoretical results for a high number of teams and do not 

attempt to understand the role of the draw order.

Goossens et al [13] explore trade-offs between various fairness crite­

ria in scheduling round-robin tournaments, while Li et al [30] analyse 

fairness trade-offs in multi-league scheduling. In contrast to scheduling, 

we do not know about any analogous study regarding draw procedures. 

Our results could be crucial in this respect as they uncover the minimal 

amount of randomness (uniformity) that should be given up in order to 

retain the fully transparent Skip mechanism for a group draw.

Atef Yekta et al [1] consider a similar problem, assigning workers to 

sets of predefined sizes under some constraints. Here, each worker re­

ports their preferences on fellow workers, and the most common design 

goals are efficiency (maximisation of social welfare) and stability (Could 

a subset of players benefit from breaking away?). In our model, stability 

is not an issue because the organiser can enforce any solution. While the 

preferences of the teams regarding group assignment remain unknown, 

it can be reasonably assumed that the preferences are highly (or even 

perfectly) correlated: each team would like to play against the weakest 

opponents. Therefore, requiring randomness is, in a sense, equivalent to 

maximising the welfare of the worst-off team.

3 . The Skip mechanism and a challenging constraint

The problem presented in the Introduction can be formalised as 

follows.

Definition 3.1. Draw problem: 𝑚𝑛 + 𝓁 teams are partitioned into 𝑚 + 1
pots, where the first 𝑚 pots contain 𝑛 teams each and the last pot contains 

the remaining 𝓁 < 𝑛 teams (if 𝓁 = 0, the 𝑚 pots have 𝑛 teams each). The 

teams should be assigned to groups such that each group contains at 

most one team from each pot, and further draw constraints may apply.

In any draw problem, the Skip mechanism is able to find a valid 

assignment if it exists.

Definition 3.2. Skip mechanism: The pots are considered in a predeter­

mined order, that is, the draw continues with the next pot only after 

one pot is emptied. The teams are selected one at a time, uniformly at 

random, and assigned to the next available group in alphabetical order 

as indicated by the computer which checks whether a draw condition 

occurs or is anticipated to occur.

Clearly, the set of groups available to a team depends not only on its 

own attributes but also on the attributes of the teams already drawn and 

the teams still to be drawn.

In the following analysis, teams are denoted by numbers and pots 

by capital letters. Since we focus on the groups, the phrases two teams 

“(cannot) play against each other” and “are (not allowed to be) assigned 

to the same group” are synonyms.

Example 1. There are 𝑚 = 3 pots with 𝑛 = 3 teams each. Pot A consists 

of teams 1–3, Pot B consists of teams 4–6, and Pot C consists of teams 

7–9. Two draw constraints exist: (1) team 3 cannot play against team 9; 

(2) at most two of teams 1, 4, and 7 can be in the same group.

Example 1 is used to illustrate the Skip mechanism.

Example 2. Consider Example 1 with the Skip mechanism such that the 

teams are selected in their numerical order. After Pots A and B are emp­

tied, the first group contains teams 1 and 4, the second group contains 

teams 2 and 5, while the third group contains teams 3 and 6. The draw 

continues with Pot C. Team 7 is drawn and assigned to the second group 

because of draw constraint (2). Team 8 is drawn and assigned to the third 

group because, even though team 8 can play against both teams 1 and 

4 that are in the first group, team 9 cannot be placed in the third group 

due to draw constraint (1).

A video of the 2026 FIFA World Cup draw, which used the Skip mech­

anism, is available at https://www.youtube.com/watch?v=9HX_tQBA-

Iw.

The two types of draw constraints in Example 1 appear in real-world 

tournament draws as will be seen in Section 5. Constraint (1) can be 

called a prohibited pair and generalised as follows.

Definition 3.3. Set-based prohibited pair list: Some teams are of type 𝑆
and at most one team from type 𝑆 can be assigned to the same group.

The number of prohibited pairs generated depends on the cardinality 

of set 𝑆 and the distribution of its teams across the pots, as teams from 

the same pot certainly do not play against each other. For example, if 

set 𝑆 contains two teams from pot A, two teams from pot B, and one 

team from pot C, then there are eight prohibited pairs.

One set-based prohibited pair list can be effectively treated by the 

Skip mechanism according to the following result.

Lemma 1. Consider a draw problem with one set-based prohibited pair 

list. The Skip mechanism is equivalent to a uniform draw over all valid 

assignments, independent of the draw order of the pots.

Proof. Consider the teams from two arbitrary pots 𝑢 and 𝑣 such that 

set 𝑈  (𝑉 ) contains the teams of pot 𝑢 (𝑣) and |𝑈 | = |𝑉 | = 𝑛. Since 

teams in 𝑈 ∩ 𝑆 cannot play against teams in 𝑉 ∩ 𝑆, a particular team 

in 𝑈 ∩𝑆 has a probability of 1∕ (𝑛 − |𝑉 ∩ 𝑆|) to play against a particular 

team in 𝑉 ⧵ (𝑉 ∩ 𝑆), and a particular team in 𝑉 ∩ 𝑆 has a probability 

of 1∕ (𝑛 − |𝑈 ∩ 𝑆|) to play against a particular team in 𝑈 ⧵ (𝑈 ∩ 𝑆) under 

a uniform draw. However, these are also the probabilities under the 

Skip mechanism since it does not differentiate between the teams of 

𝑈 ⧵ (𝑈 ∩ 𝑆) and 𝑉 ⧵ (𝑉 ∩ 𝑆) because the teams from any pot are selected 

uniformly at random.
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An analogous argument finishes the proof if, without loss of gener­

ality, |𝑉 | = 𝓁 < 𝑛. □

The Skip mechanism may be non-uniform if at least two set-based 

prohibited pair lists exist [8, Proposition 1]. However, even in this case, 

it is far from clear whether the draw order could have a meaningful 

impact on the distortions as prohibited pairs are symmetric: if team 𝑠
cannot be assigned to the group of team 𝑡, then this relation holds in the 

other direction, too.

On the other hand, constraint (2), which can be called a prohibited 

triplet, poses a challenge to the Skip mechanism because it is “short-

sighted”.

Lemma 2. Consider a draw problem with one prohibited triplet. The Skip 

mechanism might be non-uniform across all valid assignments.

Proof. It is sufficient to provide a counterexample. Consider Example 1 

with only the draw constraint (2). The labelling of the groups is arbi­

trary; hence, there exist 3! ⋅ 3! = 36 different assignments, among which 

2! ⋅ 2! = 4 are invalid as constraint (2) is violated. Hence, the number of 

feasible allocations is 32.

Teams 1 and 4 play in the same group in 2! ⋅ 2! ⋅ 2 = 8 assignments, 

which implies a chance of 1/4 under a uniform draw.

However, this probability is 1/3 if pot C is drawn last since the Skip 

mechanism is not able to take into account that team 7 cannot be as­

signed to a group if teams 1 and 4 are already there. On the other hand, 

if pot C is not the last pot, then teams 1 and 4 will be in the same group 

with a probability of 1∕3 ⋅ 0 + 2∕3 ⋅ 1∕3 = 2∕9. □

The notion of prohibited triplet can be generalised similarly to 

prohibited pair.

Definition 3.4. Set-based prohibited triplet list: Some teams are of type 𝑆
and at most two teams from type 𝑆 can be assigned to the same group.

Lemmas 1 and 2 uncover that a set-based prohibited triplet list is 

more challenging for the Skip mechanism than a set-based prohibited 

pair list. Furthermore, the draw order of the pots becomes relevant if 

the draw problem contains set-based prohibited triplet lists. Therefore, 

we will focus on this type of constraint in the following. It has a 

strong practical relevance since both the FIFA World Cup and the 

European Qualifiers for the FIFA World Cup contain such a restriction, 

see Section 5.

4 . Theoretical findings for three pots

Inspired by Section 3, a group draw with one set-based prohibited 

triplet list is considered: some teams are of type 𝑆, and at most two 

teams from type 𝑆 can be assigned to the same group. There are three 

pots with 𝑛 teams each; pot A contains 𝑖 teams of type 𝑆, pot B contains 

𝑗 teams of type 𝑆, and pot C contains 𝑘 teams of type 𝑆. Since all orders 

of the pots are examined, 𝑖 ≥ 𝑗 ≥ 𝑘 ≥ 1 can be assumed without loss of 

generality.

Under the assumptions above, six different sets of teams exist. Teams 

of type 𝑆 in pots A, B, C are collected in sets 𝑆1, 𝑆2, and 𝑆3, respectively, 

whereas teams of type not 𝑆 (which are not affected by the draw con­

straint) in pots A, B, C form sets 𝑇 1, 𝑇 2, and 𝑇 3, respectively. Therefore, 

|𝑆1| = 𝑖, |𝑆2| = 𝑗, and |𝑆3| = 𝑘, as well as |𝑇 1| = 𝑛− 𝑖, |𝑇 2| = 𝑛− 𝑗, and 

|𝑇 3| = 𝑛 − 𝑘.

If a draw procedure does not distinguish between teams in the six 

sets of 𝑆1, 𝑆2, 𝑆3, 𝑇1, 𝑇2, and 𝑇3, then all assignment probabilities are 

determined by only three values: 𝑝12 (the chance that any team in 𝑆1 is 

assigned to the same group as any team in 𝑆2), 𝑝13 (the chance that any 

team in 𝑆1 is assigned to the same group as any team in 𝑆3), and 𝑝23
(the chance that any team in 𝑆2 is assigned to the same group as any 

team in 𝑆3). They are collected in Table 1. The functions apply to both a 

uniform draw and the Skip mechanism with any draw order. Naturally, 

𝑝12, 𝑝13, and 𝑝23 depend on the draw procedure, as we will see soon.

Table 1 

Assignment probabilities in the theoretical model of Section 4.

Event Probability

Any team in 𝑆1 plays against any team in 𝑆1 0

Any team in 𝑆1 plays against any team in 𝑆2 𝑝12
Any team in 𝑆1 plays against any team in 𝑆3 𝑝13
Any team in 𝑆2 plays against any team in 𝑆2 0

Any team in 𝑆2 plays against any team in 𝑆3 𝑝13
Any team in 𝑆3 plays against any team in 𝑆3 0

Any team in 𝑆1 plays against any team in 𝑇 1 0

Any team in 𝑆1 plays against any team in 𝑇 2
(

1 − 𝑗𝑝12
)

∕(𝑛 − 𝑗)
Any team in 𝑆1 plays against any team in 𝑇 3

(

1 − 𝑘𝑝13
)

∕(𝑛 − 𝑘)

Any team in 𝑆2 plays against any team in 𝑇 1
(

1 − 𝑖𝑝12
)

∕(𝑛 − 𝑖)
Any team in 𝑆2 plays against any team in 𝑇 2 0

Any team in 𝑆2 plays against any team in 𝑇 3
(

1 − 𝑘𝑝23
)

∕(𝑛 − 𝑘)
Any team in 𝑆3 plays against any team in 𝑇 1

(

1 − 𝑖𝑝13
)

∕(𝑛 − 𝑖)
Any team in 𝑆3 plays against any team in 𝑇 2

(

1 − 𝑗𝑝23
)

∕(𝑛 − 𝑗)
Any team in 𝑆3 plays against any team in 𝑇 3 0

Any team in 𝑇 1 plays against any team in 𝑇 1 0

Any team in 𝑇 1 plays against any team in 𝑇 2
(

1 − 𝑖 + 𝑖𝑗𝑝12
)

∕(𝑛 − 𝑖)(𝑛 − 𝑗)
Any team in 𝑇 1 plays against any team in 𝑇 3

(

1 − 𝑖 + 𝑖𝑘𝑝13
)

∕(𝑛 − 𝑖)(𝑛 − 𝑘)
Any team in 𝑇 2 plays against any team in 𝑇 2 0

Any team in 𝑇 2 plays against any team in 𝑇 3
(

1 − 𝑗 + 𝑗𝑘𝑝23
)

∕(𝑛 − 𝑗)(𝑛 − 𝑘)
Any team in 𝑇 3 plays against any team in 𝑇 3 0

4.1 . General results for arbitrary numbers of teams

Section 4.1.1 determines the probabilities 𝑝𝑈12, 𝑝
𝑈
13, and 𝑝𝑈23 under a 

uniform draw if 𝑘 = 1 (Proposition 1), which is sufficient to determine all 

assignment probabilities; see Table 1. Section 4.1.2 assumes 𝑗 = 𝑘 = 1 to 

derive the corresponding values under the Skip mechanism with its two 

distinct draw orders (Propositions 2 and 3). These preparations allow 

finding the least biased variant of the Skip mechanism according to two 

reasonable measures of aggregated distortions (Theorems 1 and 2).

4.1.1 . Probabilities under a uniform draw

Under a uniform draw, all valid assignments have an equal chance 

to occur.

Proposition 1. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to 

the same group. Furthermore, one pot contains 𝑘 = 1 team from set 𝑆. Under 

a uniform draw, the assignment probabilities are:

𝑝𝑈12 =
(𝑛 − 𝑖) + (𝑖 − 1) ⋅ (𝑛 − 𝑗) ∕ (𝑛 − 1)

𝑛2 − 𝑖𝑗
, 𝑝𝑈13 =

𝑛 − 𝑗
𝑛2 − 𝑖𝑗

, 𝑝𝑈23 =
𝑛 − 𝑖
𝑛2 − 𝑖𝑗

.

Proof. Let us ignore the labels of the groups. Then the number of assign­

ments in the absence of the draw constraint is (𝑛!)2. The draw constraint 

is violated if the only team in the set 𝑆3 is assigned to the same group as 

a team in 𝑆1 and another team in 𝑆2, which means 𝑖 (𝑛 − 1)! ⋅ 𝑗 (𝑛 − 1)!
different assignments. Hence, the number of valid solutions is

(

𝑛2 − 𝑖𝑗
)

⋅ [(𝑛 − 1)!]2.

A team in 𝑆1 can play against the only team in 𝑆3 if their group 

does not contain any team in 𝑆2. This occurs in (𝑛 − 𝑗) (𝑛 − 1)! ⋅ (𝑛 − 1)!
assignments, which provides the formula for 𝑝𝑈13.

A team in 𝑆2 plays against the only team in 𝑆3 if their group does not 

contain any team in 𝑆1. Analogously to the previous case, this occurs in 

(𝑛 − 𝑖) (𝑛 − 1)! ⋅ (𝑛 − 1)! assignments, which provides the formula for 𝑝𝑈23.
A team in 𝑆1 plays against a team in 𝑆2 if their group does not con­

tain the only team in 𝑆3. To calculate the number of these assignments, 

two cases are distinguished:

• The only team in 𝑆3 is assigned to a group that does not contain a 

team in 𝑆1.

This means 𝑛 − 𝑖 different groups for the team in 𝑆3, thus, the 

corresponding number of admissible assignments is (𝑛 − 𝑖) (𝑛 − 1)! ⋅
(𝑛 − 1)!.
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• The only team in 𝑆3 is assigned to a group that does contain a team 

in 𝑆1.

This means 𝑖 − 1 different groups for the team in 𝑆3 (it cannot 

be assigned to the group where a team in 𝑆1 and a team in 𝑆2 play) 

such that its group should contain a team in 𝑇 2 because of the draw 

constraint. The corresponding number of admissible assignments 

equals (𝑖 − 1) (𝑛 − 1)! ⋅ (𝑛 − 𝑗) (𝑛 − 2)!.

To conclude,

𝑝𝑈12 =
(𝑛 − 𝑖) ⋅ (𝑛 − 1)! ⋅ (𝑛 − 1)! + (𝑖 − 1) ⋅ (𝑛 − 1)! ⋅ (𝑛 − 𝑗) ⋅ (𝑛 − 2)!

(

𝑛2 − 𝑖𝑗
)

[(𝑛 − 1)!]2
,

which completes the proof as (𝑛 − 1)! = (𝑛 − 1) ⋅ (𝑛 − 2)!. □

4.1.2 . Probabilities under the Skip mechanism

Now we turn to the case of the Skip mechanism. In contrast to 

Proposition 1, 𝑗 = 1 is also assumed besides 𝑘 = 1, in order to reduce 

the complexity of the calculations. Hence, only two distinct draw orders 

exist since pots B and C cannot be distinguished because both contain 

only one team of type 𝑆, and it does not count whether pot A is drawn 

first or second. In particular, order A-B-C is equivalent to A-C-B, B-A-C, 

C-A-B, and order B-C-A is equivalent to C-B-A.

Proposition 2. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to 

the same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, 

while pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. Under the Skip 

mechanism with the draw order A-B-C, the assignment probabilities are:

𝑝𝐴𝐵𝐶12 = 1
𝑛
, 𝑝𝐴𝐵𝐶13 = 𝑛 − 1

𝑛
⋅
1
𝑛
+ 𝑖 − 1

𝑛 − 1
⋅
1
𝑛
⋅
1
𝑛
, 𝑝𝐴𝐵𝐶23 = 𝑛 − 𝑖

𝑛
⋅
1
𝑛
.

Proof. A team in 𝑆1 plays against the only team in 𝑆2 if their draw 

positions coincide, which has a probability of 1∕𝑛.

To derive the value of 𝑝𝐴𝐵𝐶13 , note that team in 𝑆1 plays against the 

only team in 𝑆3 in the following distinct cases:

• If their draw positions coincide and the only team in 𝑆2 is not 

assigned to the same group, which has a probability of

𝑛 − 1
𝑛

⋅
1
𝑛
.

• If the draw position of the team in 𝑆1 is one more than the draw 

position of another team in 𝑆1, of the only team in 𝑆2, as well as 

of the only team in 𝑆3 (when the latter skips a group due to the 

draw constraint), which has a probability of

𝑛 − 1
𝑛

⋅
𝑖 − 1
𝑛 − 1

⋅
1
𝑛
⋅
1
𝑛
.

• If the draw position of the team in 𝑆1 is 𝑛−1, and the draw position 

of another team in 𝑆1, of the only team in 𝑆2, as well as of the 

only team in 𝑆3 is 𝑛 (when the latter cannot be assigned to the last 

group due to the draw constraint, hence, it plays in the penultimate 

group—and the team in 𝑇 3 that is drawn directly before the team 

in 𝑆3 is placed in the last group), which has a probability of

1
𝑛
⋅
𝑖 − 1
𝑛 − 1

⋅
1
𝑛
⋅
1
𝑛
.

The only team in 𝑆2 plays against the only team in 𝑆3 if their draw 

positions coincide and no team in 𝑆1 has the same draw position, which 

has a probability of

𝑛 − 𝑖
𝑛

⋅
1
𝑛
.

□

Proposition 3. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to 

the same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, 

while pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. Under the Skip 

mechanism with the draw order B-C-A, the assignment probabilities are:

𝑝𝐵𝐶𝐴
12 = 𝑛 − 1

𝑛
⋅
1
𝑛
, 𝑝𝐵𝐶𝐴

13 = 𝑛 − 1
𝑛

⋅
1
𝑛
, 𝑝𝐵𝐶𝐴

23 = 1
𝑛
.

Proof. A team in 𝑆1 plays against the only team in 𝑆2 (𝑆3) if their draw 

positions coincide and the only team in 𝑆3 (𝑆2) is not in the same draw 

position, which gives the expression for 𝑝𝐵𝐶𝐴
12  (𝑝𝐵𝐶𝐴

13 ).

The only team in 𝑆2 plays against the only team in 𝑆3 if their draw 

positions coincide, which has a probability of 1∕𝑛. □

Obviously, the number of cases to account for both in Propositions 2 

and 3 would be higher if 𝑗 ≥ 2. Furthermore, there would be three 

distinct draw orders instead of two.

4.1.3 . The optimal draw order of the Skip mechanism

Now we can quantify the bias of the Skip mechanism with the draw 

orders A-B-C and B-C-A. However, some preparations are needed first. 

Denote the distortion of a draw mechanism for teams 𝑠 and 𝑡 compared 

to a uniform draw by 𝑝̃𝑠𝑡 = |𝑝𝑠𝑡 − 𝑝𝑈𝑠𝑡 |, where 𝑝𝑠𝑡 is the probability of 

assigning teams 𝑠 and 𝑡 to the same group under this particular draw 

mechanism, and 𝑝𝑈𝑠𝑡  is the probability under a uniform draw.

Since nine potentially different distortion values exist, both the mean 

(the sum of distortions for the 3𝑛2 team pairs from different pots divided 

by 3𝑛2) and the maximum of the biases are considered.

Lemma 3. Assume that the number of pots is three, the number of teams 

per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the same 

group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while pots 

B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The average distortion Δ of a 

draw mechanism is

Δ =
4𝑖 ⋅

(

𝑝̃12 + 𝑝̃13
)

+ 4𝑝̃23
3𝑛2

.

Proof. There are 𝑖 teams in 𝑆1, and there is one team in 𝑆2. The 

distortion for these 𝑖 pairs of teams equals 𝑝̃12.
There are 𝑖 teams in 𝑆1, and 𝑛−1 teams in 𝑇 2. Based on Table 1, the 

distortion for these 𝑖 ⋅ (𝑛 − 1) pairs of teams equals

|

|

|

|

|

1 − 𝑝12
𝑛 − 1

−
1 − 𝑝𝑈12
𝑛 − 1

|

|

|

|

|

=
|

|

|

|

|

𝑝12 − 𝑝𝑈12
𝑛 − 1

|

|

|

|

|

=
𝑝̃12
𝑛 − 1

.

There are 𝑛 − 𝑖 teams in 𝑇 1, and there is one team in 𝑆2. Based on 

Table 1, the distortion for these 𝑛 − 𝑖 pairs of teams equals

|

|

|

|

|

1 − 𝑖 ⋅ 𝑝12
𝑛 − 𝑖

−
1 − 𝑖 ⋅ 𝑝𝑈12

𝑛 − 𝑖

|

|

|

|

|

=
|

|

|

|

|

𝑖 ⋅
(

𝑝12 − 𝑝𝑈12
)

𝑛 − 𝑖

|

|

|

|

|

= 𝑖
𝑛 − 𝑖

⋅ 𝑝̃12.

There are 𝑛− 𝑖 teams in 𝑇 1, and 𝑛−1 teams in 𝑇 2. Based on Table 1, 

the distortion for these (𝑛 − 𝑖) ⋅ (𝑛 − 1) pairs of teams equals

|

|

|

|

|

1 − 𝑖 + 𝑖 ⋅ 𝑝12
(𝑛 − 𝑖) ⋅ (𝑛 − 1)

−
1 − 𝑖 + 𝑖 ⋅ 𝑝𝑈12
(𝑛 − 𝑖) ⋅ (𝑛 − 1)

|

|

|

|

|

= 𝑖
(𝑛 − 𝑖) ⋅ (𝑛 − 1)

⋅ 𝑝̃12.

Therefore, the sum of distortions for the sets 
(

𝑆1 ∪ 𝑇1
)

 and 
(

𝑆2 ∪ 𝑇2
)

is 4𝑖 ⋅ 𝑝̃12.
Analogous calculations uncover that the sum of distortions for the 

sets 
(

𝑆1 ∪ 𝑇1
)

 and 
(

𝑆3 ∪ 𝑇3
)

 is 4𝑖 ⋅ 𝑝̃13.
Finally, there is one team in 𝑆2, and one team in 𝑆3. The distortion 

for this pair of teams equals 𝑝̃23.
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There is one team in 𝑆2, and there are 𝑛 − 1 teams in 𝑇 3. Based on 

Table 1, the distortion for these 𝑛 − 1 pairs of teams equals

|

|

|

|

|

|

1 − 𝑝23
𝑛 − 1

−
1 − 𝑝𝑈23
𝑛 − 1

|

|

|

|

|

|

=
|

|

|

|

|

|

𝑝23 − 𝑝𝑈23
𝑛 − 1

|

|

|

|

|

|

=
𝑝̃23
𝑛 − 1

.

There are 𝑛 − 1 teams in 𝑇 2, and there is one team in 𝑆3. Based on 

Table 1, the distortion for these 𝑛 − 1 pairs of teams equals

|

|

|

|

|

|

1 − 𝑝23
𝑛 − 1

−
1 − 𝑝𝑈23
𝑛 − 1

|

|

|

|

|

|

=
|

|

|

|

|

|

𝑝23 − 𝑝𝑈23
𝑛 − 1

|

|

|

|

|

|

=
𝑝̃23
𝑛 − 1

.

There are 𝑛−1 teams in 𝑇 2, and 𝑛−1 teams in 𝑇 3. Based on Table 1, 

the distortion for these (𝑛 − 1) ⋅ (𝑛 − 1) pairs of teams equals

|

|

|

|

|

|

𝑝23
(𝑛 − 1)2

−
𝑝𝑈23

(𝑛 − 1)2

|

|

|

|

|

|

=
𝑝̃23

(𝑛 − 1)2
.

Hence, the sum of distortions for the sets 
(

𝑆2 ∪ 𝑇2
)

 and 
(

𝑆3 ∪ 𝑇3
)

 is 

4𝑝̃23.
The total number of team pairs from different pots is 3𝑛2, which 

completes the proof. □

Lemma 4. Assume that the number of pots is three, the number of teams 

per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the same 

group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while pots 

B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The maximal distortion Λ of a 

draw mechanism is

Λ = max
{

𝑝̃12;
𝑖

𝑛 − 𝑖
⋅ 𝑝̃12; 𝑝̃13;

𝑖
𝑛 − 𝑖

⋅ 𝑝̃13; 𝑝̃23
}

.

Proof. See the calculations in the proof of Lemma 1. □

Propositions 1–3 provide the probabilities that should be substituted 

into Lemmas 3 and 4 to compute the aggregated bias of the Skip mech­

anism with both draw orders. As mentioned above, we will consider the 

average and the maximal distortions for all pairs of teams that have a 

nonzero probability of playing against each other.

Proposition 4. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the 

same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The average distortion of 

the Skip mechanism with the draw order A-B-C is

Δ𝐴𝐵𝐶 =
4𝑖(𝑛 − 𝑖)

(

𝑛2 + 𝑛 − 𝑖 − 1
)

3𝑛4(𝑛 − 1)
(

𝑛2 − 𝑖
) .

Proof. Based on Propositions 1 and 2:

𝑝̃12 =
|

|

|

|

𝑛 − 1
𝑛2 − 𝑖

− 1
𝑛
|

|

|

|

= 𝑛 − 𝑖
𝑛
(

𝑛2 − 𝑖
) ;

𝑝̃13 =
|

|

|

|

𝑛 − 1
𝑛2 − 𝑖

− 𝑛 − 1
𝑛2

− 𝑖 − 1
𝑛2(𝑛 − 1)

|

|

|

|

=
(𝑛 − 𝑖)2

𝑛2(𝑛 − 1)
(

𝑛2 − 𝑖
) ;

𝑝̃23 =
|

|

|

|

𝑛 − 𝑖
𝑛2 − 𝑖

− 𝑛 − 𝑖
𝑛2

|

|

|

|

=
𝑖(𝑛 − 𝑖)

𝑛2
(

𝑛2 − 𝑖
) .

Hence, Lemma 3 implies

Δ𝐴𝐵𝐶 =
4𝑖(𝑛 − 1)𝑛(𝑛 − 𝑖) + 4𝑖(𝑛 − 𝑖)2 + 4𝑖(𝑛 − 1)(𝑛 − 𝑖)

3𝑛4(𝑛 − 1)
(

𝑛2 − 𝑖
) ,

which completes the proof after some simplifications. □

Proposition 5. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the 

same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The maximal distortion of 

the Skip mechanism with the draw order A-B-C is

Λ𝐴𝐵𝐶 = max
{

1; 𝑖
𝑛 − 𝑖

}

⋅
𝑛 − 𝑖

𝑛
(

𝑛2 − 𝑖
) .

Proof. Based on the proof of Proposition 4:

𝑝̃12
𝑝̃13

=
𝑛(𝑛 − 1)
𝑛 − 𝑖

> 1;

𝑝̃12
𝑝̃23

= 𝑛
𝑖
> 1.

Thus, the first two terms in Lemma 4 are guaranteed to be greater 

than the last three, and the value of 𝑝̃12 is known from the proof of 

Proposition 4. □

Proposition 6. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the 

same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The average distortion of 

the Skip mechanism with the draw order B-C-A is

Δ𝐵𝐶𝐴 =
4𝑖(𝑛 − 1)(𝑛 + 2𝑖)
3𝑛4

(

𝑛2 − 𝑖
) .

Proof. Based on Propositions 1 and 3:

𝑝̃12 =
|

|

|

|

𝑛 − 1
𝑛2 − 𝑖

− 𝑛 − 1
𝑛2

|

|

|

|

=
𝑖(𝑛 − 1)

𝑛2
(

𝑛2 − 𝑖
) ;

𝑝̃13 =
|

|

|

|

𝑛 − 1
𝑛2 − 𝑖

− 𝑛 − 1
𝑛2

|

|

|

|

=
𝑖(𝑛 − 1)

𝑛2
(

𝑛2 − 𝑖
) ;

𝑝̃23 =
|

|

|

|

𝑛 − 𝑖
𝑛2 − 𝑖

− 1
𝑛
|

|

|

|

=
𝑖(𝑛 − 1)
𝑛
(

𝑛2 − 𝑖
) .

Hence, Lemma 3 implies

Δ𝐵𝐶𝐴 =
8𝑖2(𝑛 − 1) + 4𝑖𝑛(𝑛 − 1)

3𝑛4
(

𝑛2 − 𝑖
) ,

which completes the proof. □

Proposition 7. Assume that the number of pots is three, the number of 

teams per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the 

same group. Furthermore, pot A contains 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The maximal distortion of 

the Skip mechanism with the draw order B-C-A is

Λ𝐵𝐶𝐴 =
𝑖(𝑛 − 1)
𝑛
(

𝑛2 − 𝑖
) .

Proof. Based on the proof of Proposition 6:

𝑝̃12
𝑝̃13

= 1;

𝑝̃23
𝑝̃12

= 𝑛 > max
{

1; 𝑖
𝑛 − 𝑖

}

.

Thus, the last term in Lemma 4 is guaranteed to be greater than the first 

four, and the value of 𝑝̃23 is known from the proof of Proposition 6. □

Now the bias of the Skip mechanism with the two distinct draw 

orders can be compared in our theoretical model according to both 

measures.

Theorem 1. Assume that the number of pots is three, the number of teams 

per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the same 
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group. Furthermore, pot A contains 2 ≤ 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The average distortion of 

the Skip mechanism with the draw order A-B-C is smaller than its average 

distortion with the draw order B-C-A.

Proof. According to Propositions 4 and 6: 

Δ𝐴𝐵𝐶
Δ𝐵𝐶𝐴

=
(𝑛 − 𝑖)

(

𝑛2 + 𝑛 − 𝑖 − 1
)

(𝑛 + 2𝑖)
(

𝑛2 − 2𝑛 + 1
) =

𝑛3 + (1 − 𝑖)𝑛2 − (2𝑖 + 1)𝑛 + 𝑖(𝑖 + 1)
𝑛3 + (2𝑖 − 2)𝑛2 + (1 − 4𝑖)𝑛 + 2𝑖

.

(1)

The numerator of (1) is smaller than 𝑎 = 𝑛3 −𝑛2 −(𝑖+1)𝑛+ 𝑖 since 𝑖2 < 𝑖𝑛
and 𝑖 ≥ 2. The denominator of (1) is greater than 𝑏 = 𝑛3 − 𝑛2 + (2𝑖𝑛− 𝑛−
4𝑖 + 1)𝑛 + 𝑖. Furthermore, 𝑏 − 𝑎 = (2𝑖 − 1)𝑛 − 4𝑖 + 1 + (𝑖 + 1) > 0 because 

𝑛 > (3𝑖− 2)∕(2𝑖− 1) if 𝑛 ≥ 2. This completes the proof as the value of (1) 

remains below one. □

Theorem 2. Assume that the number of pots is three, the number of teams 

per pot is 𝑛, and at most two teams from set 𝑆 can be assigned to the same 

group. Furthermore, pot A contains 2 ≤ 𝑖 ≤ 𝑛 − 1 teams from set 𝑆, while 

pots B and C contain 𝑗 = 𝑘 = 1 team from set 𝑆. The maximal distortion of 

the Skip mechanism with the draw order A-B-C is smaller than its maximal 

distortion with the draw order B-C-A.

Proof. According to Propositions 5 and 7: 

Λ𝐴𝐵𝐶
Λ𝐵𝐶𝐴

= max
{

1; 𝑖
𝑛 − 𝑖

}

⋅
𝑛 − 𝑖

𝑖(𝑛 − 1)
. (2)

(2) is smaller than 1∕𝑖 if 𝑖∕(𝑛− 𝑖) ≤ 1 and equal to 1∕(𝑛−1) if 𝑖∕(𝑛− 𝑖) > 1.

□

Fig. 1 visualises the bias of the Skip mechanism with the two distinct 

draw orders according to the two aggregated measures for selected val­

ues of 𝑛. As expected, a higher number of teams (𝑛) reduces the bias if 

the number of teams affected by the draw constraint (𝑖) remains fixed. 

While both the average and maximal distortions increase as a function 

of 𝑖 under the inferior draw order B-C-A, having more restrictions is not 

always unfavourable under the optimal draw order A-B-C. However, the 

maximal bias is relatively insensitive to 𝑖, and exceeds 0.5% even if there 

are 𝑛 = 10 teams in each pot.

Fig. 2 shows the gain from using the optimal draw order A-B-C. The 

bias is more than halved with respect to maximal distortion (Fig. 2(b)), 

and its relative decrease reaches (𝑛 − 2)∕(𝑛 − 1) for high values of 𝑖 as 

demonstrated by Theorem 2. The advantage of the draw order A-B-C is 

far from being marginal for average distortion, too, and is greater than 

the relative decrease in the maximal distortion if 𝑖 is close to 𝑛, that is, 

the draw constraint applies to almost all teams in pot A. For instance, the 

average bias Δ is reduced by more than 92.5% if 𝑛 = 12 and 10 ≤ 𝑖 ≤ 11.

4.2 . All possible cases up to five teams in each pot

The results presented in Section 4.1 apply to an arbitrary number of 

teams, but the draw constraint affects only one team in pots 2 and 3 each. 

Since extending the expressions of 𝑝12, 𝑝13, and 𝑝23 in Propositions 2 

and 3 to 𝑗 > 1 and 𝑘 > 1 would be complicated, we have decided on 

numerical calculations up to 3𝑛 = 15 teams. Note that the number of 

orders in which the teams can be drawn is (𝑛!)3 for each draw order, 

which is 1.728 million if 𝑛 = 5, but exceeds 37 million if 𝑛 = 6.

Due to the set-based prohibited triplet list, only three different draw 

orders exist as the order of the first two pots does not count, namely, 

draw order A-B-C coincides with B-A-C, draw order A-C-B coincides with 

C-A-B, and draw order B-C-A coincides with C-B-A. In addition, the num­

ber of different draw orders is two if 𝑖 = 𝑗 or 𝑗 = 𝑘, and only one if 

𝑖 = 𝑗 = 𝑘.

Table 2 summarises the aggregated distortions for all cases if 𝑛 ≤
5. 𝑖 ≤ 𝑛 − 1 is assumed since 𝑖 = 𝑛 would strongly simplify the draw 

constraint and ease the problem faced by the Skip mechanism. For 𝑛 = 4, 

there is no valid assignment if 𝑖 = 𝑗 = 𝑘 = 3 because nine teams cannot 

be assigned to four groups such that no group contains more than two 

teams. Analogously, 𝑛 = 5 does not allow for 𝑖 = 𝑗 = 4 and 𝑘 ≥ 3.

Four sets of parameters guarantee that the Skip mechanism (with any 

draw order) has uniform distribution as the constraint severely restricts 

the number of solutions. Average distortion with the draw order A-B-

C is always smaller than with the draw order B-C-A, except if all draw 

orders coincide due to the commutativity of the three pots. Its advantage 

is non-negligible, the relative gain is at least 25% and can exceed 80%. 

Both findings are in line with Theorem 1, although its assumptions do 

not hold.

On the other hand, the average (maximal) distortion Δ (Λ) is cer­

tainly above 2% (8%) for some parameters if 𝑛 = 3. Analogously, there 

is a scenario with Δ (Λ) higher than 3.9% (8%) for both 𝑛 = 4 and 

𝑛 = 5. Consequently, a substantial scope remains to mitigate the distor­

tions of the Skip mechanism by a novel randomisation procedure, and 

the performance of other draw mechanisms is worth investigating in this 

relatively simple setting.

Last but not least, Theorem 2 cannot be generalised to 𝑗 ≥ 𝑘 ≥ 2. 

In particular, maximal distortion Λ under the draw order B-C-A is sub­

stantially smaller than under the draw order A-B-C if 𝑛 = 4, 𝑖 = 3, and 

𝑗 = 𝑘 = 2. However, the average bias Δ is more favourable under the 

draw order A-B-C, and the gain in maximal distortion in the analogous 

case for 𝑛 = 5 (when the parameters are 𝑖 = 4, 𝑗 = 3, 𝑘 = 2) is marginal. 

Hence, these two anomalies may be caused only by the small number of 

teams.

The main message is reinforced by Fig. 3, which shows the bias with 

the three draw orders as a function of how restrictive the constraint 

is. Draw order A-B-C never has a greater average bias than draw or­

der A-C-B, and draw order A-C-B never has a greater average bias than 

draw order B-C-A. In other words, the dots are vertically aligned, but 

two or three draw orders sometimes have the same distortion, as well as 

some sets of parameters lead to close or equal proportions of valid as­

signments. This pattern almost holds with respect to maximal bias, too, 

except for the two sets of parameters discussed above.

Maximal distortion Λ may be close to or even exceed 30% if one of 

the unfavourable draw orders A-C-B and B-C-A is chosen, while it always 

remains below 13.5% with the draw order A-B-C. On the other hand, no 

clear relationship exists between the proportion of valid assignments 

and the size of distortions. Nonetheless, the most worrying cases seem 

to occur if about half of all assignments violate the constraint.

To summarise, a draw order where the first two pots contain more 

teams affected by the constraint is preferred by the natural measure of 

average distortion Δ. This ranking of draw orders also emerges with 

respect to maximal distortion Λ in almost all cases, at least if there are 

𝑛 ≤ 5 teams in each of the three pots.

5 . Field evidence: real-world case studies

This section considers three draws of sports tournaments, where the 

organiser (1) imposed a constraint that is analogous to the one in the 

theoretical model of Section 4; and (2) used the Skip mechanism with the 

“natural” draw order from the strongest to the weakest pot. In particular, 

Section 5.1 examines the 2018 FIFA World Cup draw, Section 5.2 studies 

the draw of the European Qualifiers for the 2022 FIFA World Cup, while 

Section 5.3 analyses the 2019 FIBA Basketball World Cup draw, which 

consisted of two separate draws in our setting. In this section, the pots 

are denoted by numbers as in the associated tournaments.

In Sections 5.1 and 5.2, the assignment probabilities cannot be cal­

culated exactly, neither for a uniform draw, nor for the Skip mechanism, 

because the set of valid assignments is prohibitively large. Uniform dis­

tribution can be approximated by a rejection sampler [32, Section 2.1]: 

an unconstrained assignment is generated without taking any draw re­

strictions into account, which is retained if all constraints are satisfied 

and dismissed if any constraint is violated. The Skip mechanism is im­

plemented by the backtracking algorithm given in Csató [9] and Roberts 

and Rosenthal [32].
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Fig. 1. Distortion of the Skip mechanism, theoretical model with 𝑗 = 𝑘 = 1.

However, considering all possible orders of the teams is impossible. 

In the 2018 FIFA World Cup draw, there exist (8!)3 ⋅7! ≈ 3.3⋅1017 different 

orders in which the teams can be drawn from the four pots. The number 

of permutations, (10!)5 ⋅ 5! ≈ 7.55 ⋅ 1034, is even much higher for the 

second case study. Therefore, the distortions are calculated on the basis 

of 1 million (Section 5.1) and 5 million (Section 5.2) simulation runs, 

respectively.

Even though this is quite expensive computationally, the running 

times reach several hours on a standard high-performance laptop for 

each draw order. Therefore, although all (4! = 24) draw orders are con­

sidered in Section 5.1, Section 5.2 reports the results only for 11 draw 

orders out of the 6! = 720 possible draw orders implied by the six pots.

On the other hand, the example of Section 5.3 involves two draws 

with four pots containing four teams each. Similar to Section 4.2, this 
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Fig. 2. The benefit of the optimal draw order, theoretical model with 𝑗 = 𝑘 = 1. Note: The size of the dots is proportional to the improvement in unfairness.

Table 2 

Distortion of the Skip mechanism, theoretical model with 𝑛 ≤ 5.

Parameters Proportion 

of valid 

assignments

Average distortion Δ Maximal distortion Λ

𝑛 𝑖 𝑗 𝑘 Draw order Reduction Draw order Reduction

A-B-C B-C-A A-B-C B-C-A

3 1 1 1 88.89% 2.058% 2.058% — 8.333% 8.333% —

3 2 1 1 77.78% 2.116% 6.584% 67.86% 9.524% 19.048% 50.00%

3 2 2 1 55.56% 3.951% 7.901% 50.00% 13.333% 26.667% 50.00%

3 2 2 2 22.22% 0 0 0 0 0 0

4 1 1 1 93.75% 0.625% 0.625% — 5.000% 5.000% —

4 2 1 1 87.5% 0.843% 1.786% 52.78% 3.571% 10.714% 66.67%

4 2 2 1 75% 1.389% 2.546% 45.45% 2.778% 8.333% 66.67%

4 2 2 2 52.78% 4.288% 4.288% — 6.579% 6.579% —

4 3 1 1 81.25% 0.641% 3.606% 82.22% 5.769% 17.308% 66.67%

4 3 2 1 62.5% 1.250% 5.625% 77.78% 5.000% 22.500% 77.78%

4 3 2 2 33.33% 4.167% 5.556% 25.00% 12.500% 8.333% −50.00%

4 3 3 1 43.75% 1.786% 5.357% 66.67% 10.714% 32.143% 66.67%

4 3 3 2 12.5% 0 0 0 0 0 0

5 1 1 1 96% 0.249% 0.249% — 3.333% 3.333% —

5 2 1 1 92% 0.376% 0.668% 43.75% 2.609% 6.957% 62.50%

5 2 2 1 84% 0.625% 1.036% 39.71% 2.143% 5.714% 62.50%

5 2 2 2 69% 1.753% 1.753% — 4.783% 4.783% —

5 3 1 1 88% 0.378% 1.280% 70.45% 2.727% 10.909% 75.00%

5 3 2 1 76% 0.688% 2.072% 66.80% 2.368% 9.474% 75.00%

5 3 2 2 55% 1.988% 3.578% 44.44% 5.455% 8.182% 33.33%

5 3 3 1 64% 0.867% 2.280% 61.99% 2.813% 11.250% 75.00%

5 3 3 2 37% 2.566% 4.216% 39.15% 6.486% 9.730% 33.33%

5 3 3 3 18% 3.911% 3.911% — 9.167% 9.167% —

5 4 1 1 84% 0.254% 2.113% 87.98% 3.810% 15.238% 75.00%

5 4 2 1 68% 0.502% 3.614% 86.11% 3.529% 22.588% 84.38%

5 4 2 2 42% 1.524% 4.861% 68.65% 8.571% 12.429% 31.03%

5 4 3 1 52% 0.738% 4.332% 82.95% 4.615% 29.538% 84.38%

5 4 3 2 22% 2.327% 3.782% 38.46% 10.909% 10.636% −2.56%

5 4 3 3 6% 0 0 0 0 0 0

5 4 4 1 36% 0.948% 3.793% 75.00% 8.889% 35.556% 75.00%

5 4 4 2 8% 0 0 0 0 0 0

Notes: The column Reduction shows the relative advantage of the draw order A-B-C over the draw order 

B-C-A. See Fig. 3 for the draw order A-C-B.

allows us to investigate all possible cases and calculate the exact assign­

ment probabilities: the rejection sampler should check (4!)3 = 13,824
scenarios, and the number of orders in which the teams can be drawn is 

(4!)4 = 331,776 for each of the 4! = 24 versions of the Skip mechanism. 

This requires only a few minutes to determine the probabilities for any 

draw order of the pots.

5.1 . 2018 FIFA World Cup draw

The 2018 FIFA World Cup was contested by 32 teams, divided into 

four pots of eight teams each. For the first time, the pots were determined 

by the strengths of the teams, measured by the FIFA World Ranking 

of October 2017. The host Russia was automatically assigned to the 

strongest Pot 1.
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Fig. 3. Distortion of the Skip mechanism, theoretical model with 𝑛 ≤ 5.

Table 3 

Seeding in the 2018 FIFA World Cup draw.

Confederation Pot 1 Pot 2 Pot 3 Pot 4 Prohibited pairs

AFC — — 1 4 4

CAF — — 3 2 6

CONCACAF — 1 1 1 3

CONMEBOL 2 3 — — 6

UEFA 5+1 4 3 1 —

Notes: The cells indicate the number of teams in the given pot from 

the different confederations. +1 refers to the host Russia since its 

automatic assignment to Group A influences assignment probabilities. 

The column Prohibited pairs shows the number of team pairs that 

cannot be assigned to the same group.

The draw constraints are as follows [12]:

• Russia is assigned to Group A;

• No group can have more than one team from the same confedera­

tion except for UEFA (AFC, CAF, CONCACAF, CONMEBOL);

• Each group should have at least one but no more than two 

European (UEFA) teams.

The implied restrictions are summarised in Table 3; for instance, two 

South American teams in Pot 1 and three in Pot 3 mean that six pairs of 

national teams cannot be in the same group. Hence, there are 6⋅8⋅8−19 =
365 nonzero assignment probabilities.

Table 4 

The effect of draw order on the Skip mechanism, 2018 FIFA 

World Cup draw.

Draw order Average bias Maximal bias Maximal 10 bias

1-2-3-4 0.824% 10.29% 6.24%

1-2-4-3 0.855% 9.97% 5.30%

1-3-2-4 1.060% 8.46% 5.64%

1-3-4-2 1.037% 5.19% 4.40%

1-4-2-3 0.922% 7.35% 5.02%

1-4-3-2 1.029% 6.33% 4.66%

2-1-3-4 0.850% 10.60% 6.36%

2-1-4-3 0.878% 9.96% 5.28%

2-3-1-4 1.417% 6.08% 5.71%

2-3-4-1 1.322% 6.02% 5.46%

2-4-1-3 1.044% 7.45% 5.56%

2-4-3-1 1.155% 7.53% 5.20%

3-1-2-4 1.053% 8.47% 5.62%

3-1-4-2 1.034% 5.17% 4.41%

3-2-1-4 1.268% 5.71% 5.33%

3-2-4-1 1.205% 5.48% 5.17%

3-4-1-2 1.275% 16.38% 6.50%

3-4-2-1 1.539% 12.77% 7.42%

4-1-2-3 0.915% 7.33% 4.97%

4-1-3-2 1.057% 6.38% 4.67%

4-2-1-3 0.960% 6.94% 4.99%

4-2-3-1 1.134% 6.76% 4.67%

4-3-1-2 1.276% 15.27% 6.06%

4-3-2-1 1.554% 11.76% 6.97%

Notes: The column Maximal 10 bias shows the mean of the 10 

highest distortions. Draw order 1-2-3-4 is both the official and 

the recommended.

The draw used the Skip mechanism to ensure that all draw 

constraints were satisfied [12,16]. The draw sequence started with Pot 

1 and ended with Pot 4.

Csató [9] computed the distortion of the Skip mechanism with the 

4! = 24 possible draw orders of the four pots as can be seen in Table 4. 

The results are fully in line with the theoretical model of Section 4, de­

spite the existence of one additional pot and 19 excluded pairs. First, 

exchanging the first two pots in the draw order has a moderate effect on 

the bias from a uniformly distributed draw since the constraint for the 

European teams does not depend on it. Second, the average distortion is 

smaller if pots with more European teams are drawn first. For example, 

the four smallest values of Δ occur if the draw starts with Pots 1 and 2. 

While this choice is not optimal with respect to the maximal and maxi­

mal 10 distortions, the highest values usually appear if the draw starts 

with Pots 3 and 4. The average bias Δ is also maximal if the draw ends 

with Pots 2 and 1 in this order. Third, the distortions for two draw orders 

that differ only in the order of the first two pots are strongly correlated. 

Last but not least, the order of the pots has a powerful effect on the bias 

of the draw: the optimal draw order reduces average distortion Δ by 

47% compared to the worst version of the Skip mechanism, although 

the proportion of UEFA teams is only 14∕32 = 43.75%.

To summarise, the distortions of the 2018 FIFA World Cup draw 

could not have been reduced by a straightforward reform in the Skip 

mechanism. While Csató [9] has already reached this conclusion based 

on average bias values, we are now able to explain the outcome of these 

black box calculations.

5.2 . European qualifiers for the 2022 FIFA World Cup

In the first round of the European section of the 2022 FIFA World 

Cup qualification, 55 national teams were drawn into five groups of five 

teams and five groups of six teams each. The teams were classified into 

six pots based on the FIFA World Rankings of November 2020. The group 

winners qualified for the 2022 FIFA World Cup, while the runners-up 

progressed to the second round of the qualification.
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Table 5 

Draw constraints in the European Qualifiers for the 2022 FIFA World 

Cup.

Type of restriction Pot 1 Pot 2 Pot 3 Pot 4 Pot 5 Pot 6

Prohibited clash — 2 3 1 4 —

Winter venue — 1 4 1 4 —

Excessive travel 5 1 9 2 16 3

Notes: Prohibited clashes and excessive travel are taken into account for 

both pots. The pair Faroe Islands and Iceland is counted as a prohibited 

clash.

Table 6 

The effect of draw order on the Skip mechanism, European 

Qualifiers for the 2022 FIFA World Cup draw.

Draw order Average bias Maximal bias Maximal 10 bias

1-2-3-4-5-6 0.202% 3.80% 3.02%

1-3-5-2-4-6 0.141% 2.69% 1.99%

1-3-5-6-4-2 0.142% 2.39% 1.89%

1-3-6-5-2-4 0.133% 2.14% 1.59%

1-6-3-5-2-4 0.134% 2.15% 1.59%

1-5-3-2-4-6 0.198% 4.82% 3.12%

1-5-3-6-4-2 0.199% 4.82% 3.04%

1-2-4-6-3-5 0.194% 4.20% 2.72%

1-6-4-2-3-5 0.194% 4.18% 2.72%

1-2-4-6-5-3 0.188% 4.18% 2.56%

1-6-4-2-5-3 0.188% 4.17% 2.56%

Notes: The column Maximal 10 bias shows the mean of the 10 

highest distortions. Draw order 1-2-3-4-5-6 is the official. Draw 

order 1-3-6-5-2-4 is the recommended.

The draw constraints are as follows [34]:

• Competition-related reasons: The four participants in the UEFA 

Nations League Finals 2021 should play in a group of five teams 

(Groups A–E).

• Prohibited team clashes: Four pairs of teams cannot be drawn into 

the same group due to political reasons.

• Winter venue restrictions: At most two out of the ten countries identi­

fied as venues with a risk of severe winter conditions can be placed 

in a group. The Faroe Islands and Iceland, having the highest risk, 

cannot play in the same group.

• Excessive travel restrictions: A maximum of one country pair out of 

the 18 exhibiting excessive travel relations can be drawn into the 

same group.

Table 5 reports the number of draw constraints in each pot.

The draw used the Skip mechanism, starting with Pot 1 and contin­

uing with Pot 2 until Pot 6. Each pot was emptied before proceeding to 

the next pot. The five teams from Pot 6 were assigned to the last five 

groups (Groups F–J).

Based on Section 4, the draw is worth starting with the pots con­

taining more countries that are affected by the winter venue constraint; 

however, this consideration does not apply to pots without such a team 

(Pot 1, Pot 6). In addition, Pot 5 contains Kazakhstan, which is by far the 

most important country with respect to excessive travel restrictions: it 

appears in 13 pairs, while the second is Iceland (Pot 3) with only six re­

strictions. If Kazakhstan is drawn at the beginning, a distant country can 

be placed into its group relatively early, which excludes the assignment 

of another team with such a property. If Kazakhstan is drawn at the end, 

two distant countries are more likely to be in the same group, which does 

not allow the assignment of Kazakhstan into this group. Thus, the best 

strategy seems to be keeping Kazakhstan, that is, Pot 5, in the middle of 

the draw order. 

Table 6 uncovers the distortion of the Skip mechanism with the orig­

inal (1-2-3-4-5-6) and ten other draw orders. Now exchanging Pots 3 

and 5 strongly affects aggregated distortions due to excessive travel re­

lations, while the order of Pots 2, 4, and 6 only moderately influences 

them. The recommendation of retaining Pot 5 in a central position is 

important. The official draw procedure is far from being optimal, av­

erage distortion Λ can be decreased by 34% and the largest distortions 

by almost 50% if the draw order 1-3-6-5-2-4 is chosen. Nonetheless, the 

average bias Δ is only about a fifth of the 2018 FIFA World Cup draw, 

and the maximal bias Λ is more than halved due to a smaller proportion 

of restrictions.

Finally, Fig. 4 considers the distortion of the draw at the level of 

national teams for three variants of the Skip mechanism. Draw order 

1-3-6-5-2-4 implies smaller distortions for Pots 2, 3, and 4, which is 

beneficial since these teams are stronger and have a higher probability 

of qualifying than those in Pots 5 and 6. On the other hand, draw order 

1-5-3-2-4-6 is a bad option—even though it is better than the original 

draw order according to average distortion—as it increases the biases 

for the best 10 teams in Pot 1.

To conclude, a careful choice of the order of the pots based on the­

oretical ideas can reduce the distortions of the assignment probabilities 

even if checking all possible draw orders is extremely costly—note that 

the six pots have 6! = 720 permutations. Furthermore, different draw 

orders may be optimal for different subsets of the teams.

5.3 . 2019 FIBA Basketball World Cup draw

The 2019 FIBA Basketball World Cup was the first edition of this 

competition with 32 teams. The host China and the three strongest teams 

based on the 2019 FIBA World Ranking were allocated to Pot 1. Pots 

2–8 contained the remaining 28 teams according to their strength. The 

first set of groups—Groups A, C, E and G—contained one team from 

Pots 1, 4, 5 and 8, respectively, while the second set—Groups B, D, F 

and H—contained one team from Pots 2, 3, 6 and 7, respectively. Even 

though China was automatically assigned to Group A and the United 

States to Group E, we ignore these constraints that may cause additional 

distortions [7], since these constraints can be easily ensured by labelling 

the groups only after the draw.

Analogous to the 2018 FIFA World Cup, two teams from the same 

qualification zone could not be drawn into the same group except for 

Europe. The number of European teams is allowed to be between one 

and two in each group. Canada was moved from Pot 5 to Pot 6 and 

replaced with the best team of Pot 6, Iran, in order to avoid two teams 

from the Americas playing in the same group.

The implied restrictions are summarised in Table 7. Indeed, there are 

6 ⋅ 4 ⋅ 4 − 8 = 88 nonzero assignment probabilities for the second set of 

groups. However, this number is only 85 for the first set of groups be­

cause Turkey, the only non-American team in Pot 4, should play against 

the United States from Pot 1—thus, it cannot be assigned to a group with 

the three other countries in Pot 1 (China, France, Spain). The draw used 

the Skip mechanism, and the draw sequence started from Pots 1 and 2 in 

increasing order [11].

Table 8 presents the distortions of the Skip mechanism for the first 

set of groups under the 4! = 24 possible draw orders. The draw is uni­

form under 14 draw orders, including the official method and all starting 

with Pot 1. Two draw orders imply the same biases if the first two pots 

coincide in them. In the four most biased draw procedures, Pot 4 with 

one European team is drawn before Pots 1 and 5 which contain more 

European teams. While the worst maximal bias is slightly higher than 

for the 2018 FIFA World Cup in Table 4, the worst average bias is more 

than doubled and is above three percentage points. On the other hand, 

if the draw sequence contains Pot 5, Pot 1, and Pot 4 in this order, then 

the Skip mechanism is equivalent to a uniform draw. Consequently, the 

theoretical results of Section 4 remain valid in this example, too.

Table 9 shows the main characteristics of the distortions for the sec­

ond set of groups. Again, the order of the first two pots has at most a 

moderate effect, for example, in the case of draw orders 2-3-6-7 and 3-

2-6-7. The two best draw orders (2-7-3-6 and 7-2-3-6) contain Pots 2, 3, 

and 6, those that have a European team, in decreasing order according to 

the number of European teams, as suggested by the results of Section 4. 

However, placing Pot 7 as third or fourth in the draw sequence has a 
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Fig. 4. The bias of the Skip mechanism with different draw orders for the national teams in the European Qualifiers for the 2022 FIFA World Cup.

Table 7 

Seeding in the 2019 FIBA World Cup draw.

(a) Groups A, C, E, and G

Qualification zone Pot 1 Pot 4 Pot 5 Pot 8 Prohibited pairs

Africa — — — 2 —

Americas 1 3 — — 3

Asia 1 — 1 2 5

Europe 2 1 3 — —

(b) Groups B, D, F, and H

Qualification zone Pot 2 Pot 3 Pot 6 Pot 7 Prohibited pairs

Africa — — — 3 —

Americas 1 1 1 — 3

Asia — 1 2 1 5

Europe 3 2 1 — —

Notes: The cells indicate the number of teams in the given pot from the dif­

ferent qualification zones. The column Prohibited pairs shows the number 

of team pairs that cannot be assigned to the same group.

substantial price, the average (maximal) bias is multiplied by about 7 

(8). Therefore, a robust improvement can be achieved compared to the 

official draw order of 2-3-6-7 by moving Pot 7 ahead in the draw se­

quence. In the two worst draw orders according to the average bias, Pot 

2 with three European teams follows Pots 3 and 6, which is again in line 

with the theoretical results. The highest maximal distortion emerges for 

the draw order 7-6-2-3: in this case, Argentina (the only non-European 

team in Pot 1) and Montenegro (the only European team in Pot 3) are 

assigned to the same group with a probability of 50%, but this remains 

only slightly more than 30% if the Skip mechanism is used.

Table 8 

The effect of draw order on the Skip mechanism in the 2019 

FIBA Basketball World Cup draw I. (Groups A, C, E, G).

Draw order Average bias Maximal bias Maximal 8 bias

1-4-5-8 0% 0% 0%

1-4-8-5 0% 0% 0%

1-5-4-8 0% 0% 0%

1-5-8-4 0% 0% 0%

1-8-4-5 0% 0% 0%

1-8-5-4 0% 0% 0%

4-1-5-8 0% 0% 0%

4-1-8-5 0% 0% 0%

4-5-1-8 1.569% 8.33% 5.21%

4-5-8-1 1.569% 8.33% 5.21%

4-8-1-5 3.137% 16.67% 10.42%

4-8-5-1 3.137% 16.67% 10.42%

5-1-4-8 0% 0% 0%

5-1-8-4 0% 0% 0%

5-4-1-8 1.569% 8.33% 5.21%

5-4-8-1 1.569% 8.33% 5.21%

5-8-1-4 0% 0% 0%

5-8-4-1 0.196% 1.04% 0.65%

8-1-4-5 0% 0% 0%

8-1-5-4 0% 0% 0%

8-4-1-5 3.137% 16.67% 10.42%

8-4-5-1 3.137% 16.67% 10.42%

8-5-1-4 0% 0% 0%

8-5-4-1 0.196% 1.04% 0.65%

Notes: The column Maximal 8 bias shows the mean of the eight 

highest distortions. Draw order 1-4-5-8 is both the official and 

the recommended.
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Table 9 

The effect of draw order on the Skip mechanism in the 2019 

FIBA Basketball World Cup draw II. (Groups B, D, F, H).

Draw order Average bias Maximal bias Maximal 8 bias

2-3-6-7 1.815% 8.51% 6.90%

2-3-7-6 1.539% 8.33% 5.86%

2-6-3-7 2.588% 16.67% 9.51%

2-6-7-3 2.320% 16.67% 8.51%

2-7-3-6 0.260% 1.04% 1.04%

2-7-6-3 2.095% 9.38% 8.20%

3-2-6-7 1.827% 8.51% 6.91%

3-2-7-6 1.539% 8.33% 5.86%

3-6-2-7 1.894% 10.42% 6.55%

3-6-7-2 1.894% 10.42% 6.55%

3-7-2-6 1.681% 8.33% 5.99%

3-7-6-2 2.841% 16.67% 12.50%

6-2-3-7 2.344% 16.67% 9.16%

6-2-7-3 2.225% 16.67% 8.90%

6-3-2-7 1.894% 10.42% 7.16%

6-3-7-2 1.894% 10.42% 7.16%

6-7-2-3 2.225% 16.67% 8.90%

6-7-3-2 1.515% 8.33% 6.18%

7-2-3-6 0.260% 1.04% 1.04%

7-2-6-3 2.095% 9.38% 8.20%

7-3-2-6 1.681% 8.33% 5.99%

7-3-6-2 2.841% 16.67% 12.50%

7-6-2-3 2.557% 19.27% 10.24%

7-6-3-2 1.515% 8.33% 5.99%

Notes: The column Maximal 8 bias shows the mean of the eight 

highest distortions. Draw order 2-3-6-7 is the official. Draw 

order 2-7-3-6 (or 7-2-3-6) is the recommended.

To summarise, the analysis of the 2019 FIBA World Cup draw yields 

important lessons. First, a particular draw order of the pots might ensure 

uniform distribution in contrast to other draw orders. Second, modi­

fying the draw order can be highly efficient even if the draw remains 

non-uniform, by reducing the original bias by up to 90%, which greatly 

exceeds the potential improvement seen in Sections 5.1 and 5.2. Third, 

the highest bias can be close to 20 percentage points even in real-world 

applications.

6 . Limitations

Naturally, our research has certain limitations. First, Section 4 

considers the Skip mechanism in a particular setting with one set-

based prohibited triplet list and three pots. The theoretical analysis 

requires further simplification for both exact and numerical calculations. 

Nonetheless, the results of Sections 4.1 and 4.2 may be extended to mul­

tiple pots where set 𝑆 contains arbitrarily many teams from pot A, but 

only one from all other pots. Second, Section 5 investigates three real-

world case studies that are substantially more complex than the model 

in Section 4: there are at least four pots, as well as several set-based 

prohibited pair lists. Thus, the two settings are relatively far from each 

other, and some transitions between these extremal cases are worth 

examining. Artificial datasets analogous to these tournaments can be 

generated to obtain more robust results—however, the required number 

of simulations might be prohibitive since a few hundred or even thou­

sands of iterations are clearly insufficient. Third, the variants of the Skip 

mechanism are not the only viable options to guarantee transparency. 

Another draw procedure, the Drop mechanism, has been used in UEFA 

club competitions. The comparison of the Drop and Skip mechanisms 

offers another promising direction for future research.

7 . Conclusions

The current paper has analysed the most popular procedure to im­

plement a constrained draw in sports tournaments, the Skip mechanism, 

which transparently chooses an assignment that satisfies arbitrary 

restrictions. However, its transparency makes the mechanism non-

uniformly distributed over the set of valid assignments. We have investi­

gated the role of the draw order with respect to this distortion. According 

to our theoretical model, if no more than two teams from a given set 𝑆
can play in a group and there are three pots with two pots containing 

only one team from the set 𝑆, then the draw should consider the pots in 

decreasing order according to the number of teams from the set 𝑆.

The issue is hugely relevant in practice since some major sports com­

petitions impose similar restrictions. The findings explain the optimality 

of the 2018 FIFA World Cup draw (Section 5.1). On the other hand, the 

bias of the draw of the European Qualifiers for the 2022 FIFA World 

Cup (Section 5.2) and the 2019 FIBA Basketball World Cup (Section 5.3) 

could have been decreased substantially by our policy recommendation.

Our paper has focused on the group draw of sports tournaments. 

Nonetheless, the Skip mechanism may be used in any setting where 

equitable and fair randomisation is needed and direct monetary compen­

sation for fairness violations remains impossible. For instance, consider a 

government initiative to finance startups, which is designed as follows. 

The startups are initially evaluated by an AI tool, ranked, and parti­

tioned into pots according to this ranking. The startups are allocated 

into groups, each group containing at most one from each pot, subject 

to other constraints (e.g., each group should have a startup led by a 

woman CEO). Finally, the startups in a given group are assessed by a 

financial expert, who chooses a given number of startups qualifying for 

the next round and/or getting funding.

However, the stakeholders may not fully trust the government to 

ensure that the groups are formed fairly. This credibility issue can be 

mitigated by a draw using the Skip mechanism, which also helps to un­

derstand the equal treatment of startups. In this example, the startups 

might also be replaced by research proposals. In addition, a number of 

similar situations can be devised where potential concerns about cred­

ibility are addressed by a mechanism in which all randomisations are 

fully transparent, possibly within a live television show similar to a 

national lottery or the draw of the FIFA World Cup.

Returning to group draws, since ensuring the fairness of the draw 

is an explicit aim of tournament organisers [33], they are strongly 

encouraged to optimise the order of the pots to reduce the unavoidable 

violation of randomness at almost no price. The decision-makers 

likely have a substantial scope in choosing the draw order of the Skip 

mechanism. Although the FIFA World Cup draw has always used the 

Skip mechanism with the “natural” draw order from Pot 1 to Pot 𝑚, the 

2020/21 [35] and 2022/23 UEFA Nations League [36] draws followed 

a reversed draw order from Pot 𝑚 to Pot 1. The 2021 World Men’s 

Handball Championship used the Skip mechanism with the unusual 

draw order of Pot 4, Pot 3, Pot 1, Pot 2 [18]. If necessary, the optimal 

draw order can be achieved by a simple relabelling of the pots before the 

draw takes place, which can be explained to the public relatively easily.

Funding

The research was supported by the National Research, Development 

and Innovation Office under Grants Advanced 152220 and FK 145838, 

and the János Bolyai Research Scholarship of the Hungarian Academy 

of Sciences.

Declaration of competing interest

The authors declare that they have no known competing financial 

interests or personal relationships that could have appeared to influence 

the work reported in this paper.

Acknowledgements

This paper could not have been written without my father (also 

called László Csató), who primarily coded the simulations in Python. Two 

anonymous reviewers and eleven colleagues provided valuable remarks 

Applied Soft Computing 201 (2026) 115535 

13 

https://doi.org/10.13039/501100011019
https://doi.org/10.13039/501100011019


L. Csató

and suggestions on earlier drafts. We are indebted to the Wikipedia 

community for summarising important details of the sports competition 

discussed in the paper.

Data availability

Data will be made available on request.

References

[1] H. Atef Yekta, D. Bergman, R. Day, Balancing stability and efficiency in team 

formation as a generalized roommate problem, Nav. Res. Logist. 70 (1) (2023) 

72–88.

[2] M. Boczoń, A.J. Wilson, Goals, constraints, and transparently fair assignments: a 

field study of randomization design in the UEFA Champions League, Manag. Sci. 

69 (6) (2023) 3474–3491.

[3] S. Cea, G. Durán, M. Guajardo, D. Sauré, J. Siebert, G. Zamorano, An analytics 

approach to the FIFA ranking procedure and the World Cup final draw, Ann. Oper. 

Res. 286 (1–2) (2020) 119–146.

[4] L. Csató, Tournament Design: How Operations Research Can Improve Sports Rules, 

Palgrave Pivots in Sports Economics, Palgrave Macmillan, Cham, Switzerland, 

2021.

[5] L. Csató, Quantifying incentive (in)compatibility: a case study from sports, Eur. J. 

Oper. Res. 302 (2) (2022) 717–726.

[6] L. Csató, Group draw with unknown qualified teams: a lesson from the 2022 FIFA 

World Cup, Int. J. Sports Sci. Coach. 18 (2) (2023) 539–551.

[7] L. Csató, How to optimise tournament draws: the case of the FIFA World Cup, Int. 

Trans. Oper. Res. in press (2026). https://doi.org/10.1111/itor.70194

[8] L. Csató, Random matching in balanced bipartite graphs: the (un)fairness of draw 

mechanisms used in sports. Manuscript arXiv:2303.09274, 2025. 

[9] L. Csató, The fairness of the group draw for the FIFA World Cup, Int. J. Sports Sci. 

Coach. 20 (2) (2025) 554–567.

[10] K. Devriesere, L. Csató, D. Goossens, Tournament design: a review from an 

operational research perspective, Eur. J. Oper. Res. 324 (1) (2025) 1–21.

[11] FIBA, Procedure for FIBA Basketball World Cup 2019 draw, 14 Mar 2019. 

https://www.fiba.basketball/basketballworldcup/2019/news/procedure-for-fiba-

basketball-world-cup-2019-draw. 

[12] FIFA, Close-up on final draw procedures, 27 Nov 2017. https://web.archive.org/

web/20171127150059/http://www.fifa.com/worldcup/news/y=2017/m=11/

news=close-up-on-final-draw-procedures-2921440.html. 

[13] D. Goossens, X. Yi, D. Van Bulck, Fairness trade-offs in sports timetabling, In C. Ley, 

Y. Dominicy (Eds.), Science Meets Sports: When Statistics Are More Than Numbers, 

Cambridge Scholars Publishing, Newcastle upon Tyne, United Kingdom, 2020, pp. 

213–244.

[14] J. Guyon, Rethinking the FIFA World CupTM final draw. Manuscript, 2014. DOI: 

https://doi.org/10.2139/ssrn.2424376

[15] J. Guyon, Rethinking the FIFA World CupTM final draw, J. Quant. Anal. Sports 11 

(3) (2015) 169–182.

[16] J. Guyon, Pourquoi la Coupe du monde Est plus équitable cette année, The 

Conversation 13 June 2018 https://theconversation.com/pourquoi-la-coupe-du-

monde-est-plus-equitable-cette-annee-97948. 

[17] J. Guyon, A. Ben Salem, T. Buchholtzer, M. Tanré, Drawing and scheduling the 

UEFA Champions League league phase. Manuscript, 2025. https://papers.ssrn.

com/sol3/papers.cfm?abstract_id=5413142. 

[18] IHF, Egypt 2021 draw details confirmed, 25 Aug 2020. https://www.ihf.info/

media-center/news/egypt-2021-draw-details-confirmed. 

[19] M.C. Jones, The World Cup draw’s flaws, Math. Gaz. 74 (470) (1990) 335–338.

[20] G. Kendall, L.J.A. Lenten, When sports rules go awry, Eur. J. Oper. Res. 257 (2) 

(2017) 377–394.

[21] H. Kiesl, Match me if you can. Mathematische Gedanken zur Champions-League-

Achtelfinalauslosung, Mitt. Dtsch. Math.-Ver. 21 (2) (2013) 84–88.

[22] S. Klößner, M. Becker, Odd odds: the UEFA Champions League Round of 16 draw, 

J. Quant. Anal. Sports 9 (3) (2013) 249–270.

[23] M.M. Kobierecki, Politics of the group draws in football. The case of restricted team 

clashes, Int. J. Sport Policy Polit. 14 (2) (2022) 321–336.

[24] A.Y. Kondratev, E. Ianovski, A.S. Nesterov, How should we score athletes and 

candidates: geometric scoring rules, Oper. Res. 72 (6) (2024) 2507–2525.

[25] P. Laliena, F.J. López, Fair draws for group rounds in sport tournaments, Int. Trans. 

Oper. Res. 26 (2) (2019) 439–457.

[26] P. Laliena, F.J. López, Draw procedures for balanced 3-team group rounds in sports 

competitions, Ann. Oper. Res. 346 (3) (2025) 2065–2092.

[27] M.A. Lapré, J.G. Amato, The impact of imbalanced groups in UEFA Euro 

1980–2024 and comparison with the FIFA World Cup, J. Quant. Anal. Sports (in 

press) (2025), https://doi.org/10.1515/jqas-2024-0151

[28] M.A. Lapré, E.M. Palazzolo, The evolution of seeding systems and the impact of 

imbalanced groups in FIFA Men’s World Cup tournaments 1954–2022, J. Quant. 

Anal. Sports 19 (4) (2023) 317–332.

[29] L.J.A. Lenten, G. Kendall, Scholarly sports: influence of social science academe on 

sports rules and policy, J. Oper. Res. Soc. 73 (12) (2022) 2591–2601.

[30] M. Li, D. Van Bulck, D. Goossens, Beyond leagues: a single incomplete round robin 

tournament for multi-league sports timetabling, Eur. J. Oper. Res. 323 (1) (2025) 

208–223.

[31] A. Rathgeber, H. Rathgeber, Why Germany was supposed to be drawn in the group 

of death and why it escaped, Chance 20 (2) (2007) 22–24.

[32] G.O. Roberts, J.S. Rosenthal, Football group draw probabilities and corrections, 

Can. J. Stat. 52 (3) (2024) 659–677.

[33] UEFA, How UEFA prepares for Champions League and Europa League draws, 12 

Dec 2019. https://www.uefa.com/uefaeuropaleague/news/025a-0e9f980ebd9f-

5949171cd9e2-1000--how-uefa-prepares-for-champions-league-and-europa-

league-draws/. 

[34] UEFA, FIFA World Cup 2022 qualifying draw procedure, 2020. https:

//www.uefa.com/MultimediaFiles/Download/competitions/WorldCup/02/

64/22/19/2642219_DOWNLOAD.pdf. 

[35] UEFA, UEFA Nations League 2020/21 – league phase draw procedure, 

2020. https://www.uefa.com/MultimediaFiles/Download/competitions/General/

02/63/57/88/2635788_DOWNLOAD.pdf. 

[36] UEFA, UEFA Nations League 2022/23 – league phase draw procedure, 

2021. https://editorial.uefa.com/resources/026f-13c241515097-67a9c87ed1b2-

1000/unl_2022-23_league_phase_draw_procedure_en.pdf. 

[37] M. Wallace, J. Haigh, Football and marriage – and the UEFA draw, Significance 10 

(2) (2013) 47–48.

Applied Soft Computing 201 (2026) 115535 

14 

https://en.wikipedia.org/wiki/Wikipedia_community
https://en.wikipedia.org/wiki/Wikipedia_community
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0005
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0005
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0005
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0010
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0010
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0010
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0015
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0015
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0015
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0020
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0020
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0020
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0025
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0025
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0030
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0030
https://doi.org/10.1111/itor.70194
http://arxiv.org/abs/2303.09274
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0045
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0045
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0050
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0050
https://www.fiba.basketball/basketballworldcup/2019/news/procedure-for-fiba-basketball-world-cup-2019-draw
https://www.fiba.basketball/basketballworldcup/2019/news/procedure-for-fiba-basketball-world-cup-2019-draw
https://web.archive.org/web/20171127150059/http://www.fifa.com/worldcup/news/y=2017/m=11/news=close-up-on-final-draw-procedures-2921440.html
https://web.archive.org/web/20171127150059/http://www.fifa.com/worldcup/news/y=2017/m=11/news=close-up-on-final-draw-procedures-2921440.html
https://web.archive.org/web/20171127150059/http://www.fifa.com/worldcup/news/y=2017/m=11/news=close-up-on-final-draw-procedures-2921440.html
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0065
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0065
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0065
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0065
https://doi.org/10.2139/ssrn.2424376
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0075
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0075
https://theconversation.com/pourquoi-la-coupe-du-monde-est-plus-equitable-cette-annee-97948
https://theconversation.com/pourquoi-la-coupe-du-monde-est-plus-equitable-cette-annee-97948
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=5413142
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=5413142
https://www.ihf.info/media-center/news/egypt-2021-draw-details-confirmed
https://www.ihf.info/media-center/news/egypt-2021-draw-details-confirmed
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0095
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0100
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0100
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0105
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0105
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0110
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0110
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0115
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0115
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0120
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0120
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0125
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0125
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0130
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0130
https://doi.org/10.1515/jqas-2024-0151
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0140
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0140
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0140
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0145
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0145
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0150
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0150
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0150
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0155
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0155
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0160
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0160
https://www.uefa.com/uefaeuropaleague/news/025a-0e9f980ebd9f-5949171cd9e2-1000--how-uefa-prepares-for-champions-league-and-europa-league-draws/
https://www.uefa.com/uefaeuropaleague/news/025a-0e9f980ebd9f-5949171cd9e2-1000--how-uefa-prepares-for-champions-league-and-europa-league-draws/
https://www.uefa.com/uefaeuropaleague/news/025a-0e9f980ebd9f-5949171cd9e2-1000--how-uefa-prepares-for-champions-league-and-europa-league-draws/
https://www.uefa.com/MultimediaFiles/Download/competitions/WorldCup/02/64/22/19/2642219_DOWNLOAD.pdf
https://www.uefa.com/MultimediaFiles/Download/competitions/WorldCup/02/64/22/19/2642219_DOWNLOAD.pdf
https://www.uefa.com/MultimediaFiles/Download/competitions/WorldCup/02/64/22/19/2642219_DOWNLOAD.pdf
https://www.uefa.com/MultimediaFiles/Download/competitions/General/02/63/57/88/2635788_DOWNLOAD.pdf
https://www.uefa.com/MultimediaFiles/Download/competitions/General/02/63/57/88/2635788_DOWNLOAD.pdf
https://editorial.uefa.com/resources/026f-13c241515097-67a9c87ed1b2-1000/unl_2022-23_league_phase_draw_procedure_en.pdf
https://editorial.uefa.com/resources/026f-13c241515097-67a9c87ed1b2-1000/unl_2022-23_league_phase_draw_procedure_en.pdf
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0185
http://refhub.elsevier.com/S1568-4946(26)00983-X/sbr0185

	Reducing the non-uniformity of the group draw in sports tournaments
	1 Introduction
	1.1 The research question and its managerial relevance
	1.2 An overview of the results
	1.3 Main contributions

	2 Related literature
	3 The Skip mechanism and a challenging constraint
	4 Theoretical findings for three pots
	4.1 General results for arbitrary numbers of teams
	4.1.1 Probabilities under a uniform draw
	4.1.2 Probabilities under the Skip mechanism
	4.1.3 The optimal draw order of the Skip mechanism

	4.2 All possible cases up to five teams in each pot

	5 Field evidence: real-world case studies
	5.1 2018 FIFA World Cup draw
	5.2 European qualifiers for the 2022 FIFA World Cup
	5.3 2019 FIBA Basketball World Cup draw

	6 Limitations
	7 Conclusions
	Funding
	Declaration of competing interest
	Acknowledgements
	Data availability
	References






