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Abstract

The paper deals with models in which the dependent variable, some explanatory vari-
ables, or both represent unobserved sensitive data. We introduce a novel discretization
method that reveals sufficient information from the sensitive variable to approximate
the parameter(s) of interest. Multiple discretization schemes are employed, and we
show convergence in distribution for the unobserved variable. The asymptotic prop-
erties of the OLS estimator for linear models are derived and discussed. Monte Carlo
simulations support our theoretical findings and demonstrate finite-sample properties.
Finally, we contrast our method with other alternative methods for estimating the
Australian gender wage gap.

Keywords Sensitive variable - Discretization - Interval censored variables

1 Introduction

Over the last decade, there has been an explosion in the amount of data collected
on individuals, firms, the economy, and society. Governments and the private sector
gather large amounts of information that researchers and analysts use on a daily basis.
Privacy constraints to share these data or willingness to respond in case of surveys,
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often prevent access to sensitive data in their original form. We introduce here a
novel sampling method that naturally increases the willingness to answer through
discretization, while minimizes information loss from an estimation perspective.

Income is perhaps one of the most commonly used sensitive variable in economics.
Instead of providing the sensitive data itself or asking directly for the actual weekly
personal income, we work with discrete categories such as, for example, ‘weekly per-
sonal income below $100, between $100 and $400, or above $400’. It is well-known
in the econometric literature that this simple discretization leads to modeling prob-
lems (see, e.g., Hsiao 1983, Manski and Tamer 2002, Beresteanu and Molinari 2008,
Beresteanu et al. 2011, Pacini 2019, or Abrevaya and Muris 2020), which we solve by
using multiple discretization schemes. In the context of income, instead of using only
one discretization scheme, we use multiple discretizations by changing the interval
boundaries, but keeping the number of intervals fixed. For example, discretization
scheme (2): below $50, between $50 and $350 or above $350; discretization scheme
(3): below $150, between $150 and $450 or above $450, etc. We call the method split
sampling,' and show convergence in distribution for the discretized sensitive variable
to the original unobserved variable as both the number of observations and the number
of discretization schemes go to infinity.

Our solution is simple in the sense that each discretization scheme allows or
enhances the willingness to respond,” while the properties of the underlying distribu-
tion are recovered by the combination of the resulting discretized variable. Building
on our result of convergence in the distribution, we investigate three types of regres-
sion: i) the sensitive variable is an explanatory variable; ii) the sensitive variable is the
outcome variable; and iii) sensitive variables are on both sides of the regression model.
We use our split sampling method to identify parameters in such linear models and to
derive the properties of the OLS estimator. The solution for identifying parameters in
such a context is threefold: i) our method leverages the additional information from
the split samples to estimate the underlying distribution of the latent variables. This
allows us to change the unit of observations from individual responses to a function of
the number of the split samples; ii) the way we create the (split) samples to work with
allows us to mitigate random sampling, and iii) we rewrite the linear regression model
as the conditional expectation of the known discretization intervals, which allows us
to identify the parameters of interest. The definition of the conditional expectation
depends on where the sensitive variable(s) appear in the regression. We show that
this general method yields point identified parameters, with a consistent,> asymptoti-
cally normal estimator in linear models when both the number of observations and the
number of split samples go to infinity. We emphasize that our estimator has favorable

! The term split sampling in this paper is not related to the technique occasionally used in chromatography
(see e.g., Schomburg et al., 1977) or cross-validation methods in machine learning, which splits the initial
sample into folds.

2 Evidence across several studies supports the idea that reducing choice complexity increases survey
response rates. Studies on questionnaire design find that simpler, integrated question formats yield more
complete responses, further illustrating that reduced cognitive burden enhances survey participation, see
e.g. Ziegenfuss et al. (2021)

3 This consistency is nonstandard as we require both the number of observations and the number of split
samples to go to infinity.
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theoretical and finite-sample properties, and even with a few discretization schemes
(5 or 10), one can obtain a meaningful estimate(s). We provide multiple Monte Carlo
simulations for this purpose and share practical guidance for designing the discretiza-
tion. Finally, we apply our procedure to wage data from the Australian Tax Office
(ATO) to investigate the gender wage gap in Australia.

Our approach relates to the literature on partially identified parameters (e.g., see
Manski 2003, Manski and Tamer 2002, Tamer 2010, Molinari et al. 2020, Abrevaya
and Muris 2020, Pacini 2019, and Wang and Chen 2022). This literature starts from the
fact that the variable of interest is discretized (also called interval censored) for some
reason (e.g., Pacini, 2019 discuss income surveys). Manski and Tamer (2002) show
that the conditional expectation function and the regression parameters in such context
cannot be point identified in general. They show how to derive set identification when
the discretized variable is on the right-hand side. Beresteanu and Molinari (2008),
Bontemps et al. (2012) discuss the case when the outcome variable is discretized,
while Beresteanu et al. (2011) cover the case when both outcome and covariate(s)
are discretized. The main toolkit of partially identified parameters in such context
is moment (in)equalities.* The main advantage of these methods is that they do not
require adding any noise to the variables or further distributional assumptions and
allow valid statistical inferences on the parameters of interest. The magnitudes and
signs of the estimated parameter vector can be interpreted in the same way as the
classical regression coefficients. However, the main drawback is that the estimated
parameters are not point identified, but rather up to a set to which the parameter vector
belongs. In many empirical applications, this set may be too wide to be meaningful.
Our method circumvents the problem of using interval censored variables and shows
that if a multiple discretization scheme is applicable, this additional information can
be used to get point estimates.

Our approach is also related to statistical work on combining multiple discretization
schemes or ‘binnings’ to estimate the density of a random variable. In nonparamet-
ric density estimation, Scott (1985) proposes averaged shifted histograms (ASH),
which average histograms computed on the same data under multiple bin origins,
thereby reducing sensitivity to bin placement and improving density recovery. Jones
(1989) further studies discretization effects in kernel density estimation and con-
nects discretized representations to ASH-type constructions. In contrast to these
post-processing methods, in our setting the underlying continuous values are not
observed.

This connects to the coarse data framework of Heitjan and Rubin (1991) or Heitjan
(1997) and the multiple imputation approach for heaping or rounded data in Heitjan
and Rubin (1990), which deals with imprecise survey respondence that naturally result
in discretized values. Recent work on inference under grouping underscores both the
inferential challenges created by coarse measurement and the need for methods that

4 Moment (in)equality models generalize the problems to multiple equations and/or inequalities, see for
examples, Chernozhukov et al. (2007) or Andrews and Soares (2010). Beresteanu and Molinari (2008) show
the asymptotic properties of such partially identified parameters. Imbens and Manski (2004), Chernozhukov
et al. (2007), and Kaido et al. (2019), among others, derive confidence intervals for these set-identified
parameters. These methods are feasible ways to estimate parameter sets for a given conditional expectation
function without any further assumptions.
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better recover distributional features from coarsened observations, including density
estimation directly from grouped data (Jang and Loh 2010) and modeling/reporting
mechanisms for heaped self-reports (Crawford et al. 2015). In addition, identifiability
considerations under interval censoring highlight that a fixed discretization struc-
ture may be insufficient for full recovery without additional information (Oller et al.
2007), motivating our use of deliberately designed, overlapping discretizations to
obtain point identification and consistent estimation without releasing the underlying
sensitive values.

The paper is organized as follows: Sect.2 introduces the discretization problem,
the parameters of interest, and the notation®. Section3 describes the proposed split
sampling approach. We discuss the shifting method in detail and show convergence in
distribution to the unknown underlying distribution. In Sect. 4, we identify parameters
in a multivariate linear regressions and derive the asymptotic properties of the least
square estimator for the cases of discretized variables on the right or left hand side.
We also outline the case of discretization on both side of a regression model. Section 5
presents Monte Carlo evidence, practical guidance along with an empirical application
on the Australian gender wage gap. Section 6 concludes. Finally, let us note that the
paper uses heavy notations and readers are referred to Tables A24-A25 in the online
supplement, for a comprehensive list.

2 The discretization problem

Consider Z ~ fz(z; a;, a,) ani.i.d. random variable, where f7(z; a;, a,,) denotes the
probability density function (pdf) with support [a;, a,], where a;, a, € R, a; < a,.
We assume that f7(-) is unknown and continuous. Let Z; bei = 1, ..., N, realizations
of Z. The sensitive variable Z; is not observed by the modeler, but one can work with
a discretized version Z7, through the following discretization process:

vy ifco <Zi <cy or Z; € Ci =[cg,c1) lstinterval,
Um ifey 1 <Zi<cy or ZijeCy = [cm—ls Cm) s

M ifecyy 1 <Zi<cy or ZieCy = [CMfl, cM)
last interval,

where v,, € C,,, m = 1,..., M is the assigned value for each interval. The value
v, can be a measure of centrality (e.g., mid-point) or an arbitrarily assigned value
within its interval. The central point for the paper is that M which denotes the number
of intervals is fixed and known. Also, the discretization intervals C,, are set by the
survey maker, and we take them as given. It is helpful to see the discretization intervals

5 In the online supplement, we provide notation tables under Section A12.
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as independent from the random variable Z, but this is not a necessary requirement in
our case. For simplicity, we use the terms interval and class interchangeably for C,,,.

2.1 The parameter of interest

We are interested in the regression parameter 8, in simple linear regressions,
E[Y|X]=X'B. @)

For the sake of simplicity, we introduce our notation in scalar terms; 8 stands for a
scalar parameter belonging to a subset of a compact finite-dimensional space (5 C R),
while Y, X are scalars. Facing the discretization of a variable can affect the identi-
fication of B in three ways, that is well-known in the partial identification literature.
In the first and simplest case, the explanatory variable (X*) is discretized; the second
possibility is when the outcome variable (Y*) is discretized; and lastly, where both
variables are discretized (Y™*, X™*).

To show an example for the identification problem, let us consider the following
model:

Y =XB+u. (3)

Now, instead of observing X, we observe the discretized version of X* and one plugs
in the mid-point values, resulting in,

Y =X*B+ (X —X*)B+u. 4)

Under the usual assumptions, the naive OLS estimator for 8 results in B" =
(x*x*) 7' x¥y = (x¥x*) ' X¥XB+(X¥X*) " X¥u, thatis in general g1 /> B
as X* # X.Furthermore, the effect of the discretization is contagious; thus, if one uses
further variable(s) W with parameter(s) y, that are correlated with X, then p”* 4 y.
This result implies that the practice of assigning arbitrary values (e.g., mid-points) to
the discretized variable leads to biases in the parameter estimates even when the dis-
cretized variables are controls. Note that the size of the bias depends on the underlying
distribution of X and the discretization process.®

As mentioned, this phenomenon is known in the partial identification literature, and
Manski and Tamer (2002) were the first to show that with discretized variables, only set
identification is possible. In this paper, we offer an alternative approach in which the
discretization process approximates the 8 parameters, and in the limiting case—where
one has an infinite discretization scheme—point identifies 8. For completeness, how-
ever, based on Manski and Tamer (2002) and Molinari et al. (2020), we work out
the set-identified regions for the parameter of interest in the online supplement under
Section A4 to draw similarities between the two approaches.

6 We provide more detailed discussion on this topic with proofs in the online supplement, Section A6.
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Fig. 1 Illustrative example for split sampling

3 Split sampling

The key to our method is the use of split sampling, which recovers the marginal
distribution of the unobserved Z. Split sampling consists of two steps: 1) discretize
the sensitive variable into multiple samples; and 2) randomly combine the samples by
using the information on the known interval boundaries. Although the idea is simple,
it requires some heavy notation for rigorous proofs. Thus first, let us take a very simple
illustrative example and then discuss the univariate case. As a last step, we extend our
approach to the multivariate models.

Let Z be a random variable with the following pdf, with support boundaries a; = 0
and aq, = 4,

0.5, ifa=0,b=1
Pr(Z € [a, b)) = 03, ifa=1,b=2 5)
0.2, ifa=2,b=4

As the first step, let us discretize Z with two intervals M = 2 and let us use two
discretization schemes or split samples. The first split sample discretizes the Z as
[0, 2) and [2, 4], while in the second split sample [0, 1) and [1, 4]. The top section of
Fig. 1 referred to as ‘split samples’ visualizes this setup. By taking these two separate
sets of information, we cannot recover the true probabilities for Z.

However, in the second step, we combine information from the two split samples
into the ‘working sample’, which is represented in the bottom part of Fig. 1. In this
simple example, the working sample has 3 intervals, with boundaries [0, 1), [1, 2), and
Andrews and Soares (2010); Bontemps et al. (2012). By combining the information
from the split samples to the working sample, we can deduce the probabilities of the
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non-observed intervals. Let us emphasize the each observation i is assigned to one
split sample s, that is known by the modeler. The assignment of observations to split
samples can be random, but it is not needed to be. The only requirement is that it is
known which observation belongs to which split sample.

Now, let us generalize our method.

First, create multiple samples (s = 1, ..., S) and discretize them through different
schemes while fixing the number of intervals (M) within each split sample.

Discretization for the s-th split sample looks exactly as the problem introduced in
Equation (1), with the only difference being that the interval boundaries are different,’

v itz e e = [l ),

: : 1st interval for split sample s,

vf,f) ifZ; € C,(,f) = [Cifll’ Cr(:))a (6)
WS 7 0 = ), o,

last interval for split sample s.

The number of observations across split samples (N*)) can be the same or, more
likely, different.

As a second step, we combine information into the working sample. The construc-
tion of the working sample’s interval is simply given by the union of unique interval
boundaries within each split sample,

S M

B
e =UUyer %
b=0

s=1m=0

One can generalize the approach with any type of distribution. Let us write the
probability for a random observation to be in a given class of a split sample,

cn

Pr (z = c,g;”) =Pr(ZeS) |, f2()dz, ®)
Cm—1

where S; denotes the s-th split sample. We can express, the probability of an
observation falling into the working sample’s CZV 5 interval as

s M o
Pr (z c cg”) =Y Przesy) pr (z eS| ze C,Sf)) /ci,?l fz(2)dz.

s=1 m=1

©))

7 To simplify the notation, we use instead of Z*©) simply Z(®).
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Fig.2 Example for the shifting method

In practice, we recommend splitting the sample size into equal parts, thus Pr(Z €
Ss) = 1/8 and use uniform probability for Pr (Z € CZV S1Ze C,(,f )). Then Equation
(9) simplifies to

WS _ WS ac®

Pr (Z € CZVS> = éz > % o fz(2)dz. (10)

S
s=1 m C,gn) —C

m—1 m—1
ifcyscey

3.1 The shifting method

The shifting method is an application of split sampling. It uses an equal distance
discretization scheme as the benchmark and shifts the boundaries of the intervals
with a certain value. The interval widths for the different split samples remain the
same, except for the boundary intervals. As one increases the number of split samples,
the size of the shift becomes smaller and smaller. This enables the mapping of the
marginal probability distribution at the limit. First, we introduce the discretization
process proposed for the shifting method, and then, as a second step, we show how to
use the realizations of this discretization to create a synthetic variable that maps the
original variable’s marginal distribution.

Fig.2 shows an illustrative example for split samples with S = 4 and M = 4
classes.

8 We can interpret this method in two ways: 1) We can consider the original discretization and take the
number of classes as fixed. Then we shift the boundaries which results in adding an extra class for each split
sample. Thus the original number of intervals is M and we add one for each (shifted) split sample. 2) We
can look at each (shifted) split sample and take M as given by the shift and consider the first split sample
as a special case where the size of the shift is zero, thus there are only M — 1 intervals. For the convenience
of mathematical derivations, we use the second interpretation. As Fig.2 shows, for the first split sample
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To derive the properties of the shifting method, we define the uniform class widths for

the first split sample as ‘% We split these intervals into S parts, thus we can shift

the class boundaries S times. This defines the size of the shift as

ay —a

This implies that the number of intervals in the working sample is B = S(M — 1).
The boundary points for each split sample are given by,”

a, ifm =0,
e =@+ 6= Dy + - DYE if0<m <M, (2
ay, ifm=M.

As the second step, we introduce a synthetic random variable Z* that maps the under-
lying marginal distribution for Z. Observations from a particular interval in the split
sample s can end up in several candidate intervals from the working sample CZV 5. To

make it more transparent, we define the discretization intervals Clgs) as sets of CZV S,

{9}, if,s =landm =1,
s—1 cws . _
p=11Cp ") if,s #landm =1,

s—lHm—DM-1) WS,
Ub:s—1+(m—2)(M—1){Cb o l<m < M,

B )
Ub:B—S-i—s—l{CZVS}’ iftm=M.

Cy) = (13)

We create the synthetic variable ZT by assigning each discretized observation from
its split sample C,(,f ) to one of its corresponding working sample’s intervals C;V 5 with
uniform probability. Note that this assignment mechanism does not assume any dis-
tributional form for Z itself, but it randomly assigns each value of Z*) to the working
sample’s related interval with uniform probability to get Z.

The random assignment mechanism can be written as'®

1, ifs=1andm =1,
N /(s — 1), ifs# landm =1,
Pr (Z < C;VS|Z(S) < C’sf)) - 1/8 ifl <m<M, or (9

1/(S—s+1), ifm=M.

(s = 1) there is one class less (M — 1) (or if we prefer, we can look at the benchmark where we shifted the
boundaries with zero).

9 In the online supplement under Section A1, Algorithm Al summarizes how to construct split samples
using the shifting method.

10" Ap alternative notation would be to sample uniformly the corresponding intervals of the working sample
conditional on the split sample interval. This would imply the same results.
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Let us emphasize the importance of the random assignment. Even with a fixed S,
the assigned values to the working sample are random. This means that with the same
S, one gets different realizations of the synthetic variable Z'. In Sect. 4 we exploit this
fact to identify the appropriate conditional expectations.

The unconditional probability of Z7 € CZV 5 for the shifting method, following
Equation (9) and assuming Pr(Z € S;) = 1/8,

0 ifs=1landm =1,
Pr (ZT . CWS> _ s Zs S fc(s> el fz(2)dz, ifs A#landm = (11,5)
b S fC,Ei)ICbWSCcﬁ?) fz(z2)dz, ifl<m<M,

1 S 1 .
Ezpdﬁﬁﬁkﬁmwdﬁfﬂ@&’ﬁmzﬂf

Next, we outline the assumptions under which Z* 4 Z as the number of split
samples (S) and observations (N) go to infinity.

Assumption 1 Let Z be a continuous random variable with probability density
functlon fz(z; ai, ay), where a;, ay, S, N and C(S) are as defined above, then
]a) — cwithc € (0,1)as N - o0.
1.b) fa fz(z)dz > 0 for any (a, b) C [a;, ay].
Assumption 1.a) ensures that the number of observations is always higher than the
number of split samples.'! This is required to identify each point of fz(z; a;, ay)
through the mapping of split samples to the working set. Assumption 1.b) imposes a
mild assumption on the underlying distribution: The support of the random variable

WS

is not disjoint within the working samples’ interval, thus fcc‘f, s fz(dz > 0, VCZVS .
b—1

Proposition 1 Under Assumptions 1.a), 1.b) and Pr(Z € S;) = 1/,

lim Fyi(a) = Fz(a), Va € (a,ay). (16)
N,S—o0

Proof Recall the probability of Z falling into the working sample’s interval C ,fv 5,

(s)
Pr(zecls) = ZPr(Z €Sy ZPr (zeclS1zec?) / f2(2)dz.

s=1 m=1

7)

Forany ¢, WS 31 e [1,S8],m e [1, M] suchthatcws = c andnotethatasS — 00,
N — oo in such a way that the number of partlclpants in each s is greater than 0.
Now consider Pr(Z7 < CZVS) =Pr(Z" < cm)) given Pr(Z € S;) = 1/8§ and using
Equation (17) gives

11 Note, that we can decrease c to be arbitrarily close to 0.
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S
. 1
Pr(Zz" <cD) = 3 ZPr(Z <cD1Z <cNYPr(Z < W), (18)
s=1

The summation over the different classes in Equation (17) is being replaced by the
cumulative probabilities, where we use the fact that no value greater than c,(n) is rep-
resented in the working sample c $. Under the shifting method, c,(nY ) < c,(,l,) fors <1

and using the definition of condltlonal probability, gives

Przt <y = ZPr(Z <D 7 < Wy
s 1

S
fZPr(Z <c,(fl),Z < (Y))—i— S Z Pr(Z <c£,l,),Z < (Y)) (19)

s=1 s=I+1
1 S
=< ZPr(Z <cWy 4 3 3 Pz <)
s=1 s=I+1

The last line follows from the fact that Pr(Z < a;, Z < ap) = Pr(Z < ay) ifa; < ap,
and the construction of the shifting method allows us to always disentangle the two
cases. Since [ is fixed,

I
S—1—-1 1
Pr(z" <y = Pr(Z < cP) + 3 ZPr(Z <y,
s=1 (20)
lim Pr(ZT < c([)) =Pr(Z < c([))
N,S—o00

where Pr(Z" < a) = F,+(a) and Pr(Z < a) = Fz(a). o
3.2 Multivariate case
Let us generalize our results to the multivariate case. Let Z = (z1,...,Zp, ..., Zp)
distributed as Z ~ fz(z; a;, a,), i.i.d. random variables with P dimensions, where
fz(-) denotes the (joint) pdf with z = (z1,...,2p, ..., zp),12 and known support
AP = lar1,a1.u]l X ... X [apj,apu] R?. We assume that fz(-) is unknown

and continuous. Instead of observing Z, we observe Z* through a (multivariate)
discretization process similar to Equation (1). The difference is that instead of
intervals, we use a multi-dimensional grid,'> where each grid is defined as C,

12 Note here that z is not a row from Z, but represents a vector that is used with the distribution fz,(-)

13 One-by-one discretization does not work in our case as it will not be able to recover the joint distribution
of f7(-). See more in online supplement, Section A1.3.
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[ct,m=1, cl,m) X ... X [cP m—1, CP,m) With ¢y, , being the m’th grid point for variable
p. Note that ¢ 0 = ap; and cp yy = apy, for p =1, ..., P, thus the first boundary
vector and last boundary vector contains the boundaries of the distribution’s support.
v € Cn is the assigned vector for each grid, that can be a measure of centrality (e.g.,
focus point) or other point within the grid. In the case of P = 2, we have a 2D grid
that defines the discretization scheme, and each Cy, stands for a rectangle with M 2
different partitions.

The shifting method in the multivariate case utilizes the initial discretization scheme

apu—ap.

with Cpy and shifts the boundary points of the grids with i, = S0 for each

p = 1,..., P. This results in (S(M — 1))¥ different grids in the working sam-
ple, which is much larger than the initial M. Changing the grids’ boundary points
allows for mapping the underlying distribution using the same inductive logic to prove
convergence in distribution. More formally, first consider the following assumptions:

Assumption 2 Let Z be a P x 1 vector of continuous random variables with joint
probability density function fz(z; AY), where AT, S, N and C,(,i) are as defined above,
then

2.a) 5 — cwithce (0,1)as N — 0o;
2.b) [ fz(2)dz > 0 for any BY < AP,

Proposition 2 Under Assumptions 2.a), 2.b) and Pr(Z € S;) = 1/,

lim Fyi(a) = Fz(a), VaeAl. (21)
N,S—o0

See the complete proof in the online supplement under Section Al.1.

Let us mention that the extension to the multivariate case is theoretically appealing;
however, in practice, this approach faces the curse of dimensionality, as the number
of required grid cells increases exponentially, limiting its application.

3.3 Some further remarks
Speed of convergence

We investigated the speed of convergence for F,+(-) — Fz(-) as a function of the
number of split samples () to get insight into the choice of S in finite samples for the

univariate case. In general, the rate of convergenceis 1 /S, except around the boundaries

of the support. Boundaries of the support are defined as: cil) + (cés) - cil)) for the

lower bound, and cﬁy + (cgl,ll)_1 — cg,ll)) for the upper bound. In these regions, the speed

of convergence is 10:% 5 This result means that even with small values of S , one can get

a decent mapping of the underlying marginal distribution of Z. We show the detailed
derivations for the speed of convergence in online supplement, under Section A1.2.
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Unbounded support

Let us consider the case when Z has unbounded support: @; = —oo or a, = 00 or
both. If we set the first and last interval’s boundary points to infinity, we face censoring.
Here we propose a simple solution: truncate observations that fall into the first or last
interval: Cfs), C/(‘fl), Vs. Although this method loses observations and important units,
the flip side is that, for the truncated distribution, all previous results now apply. In
the online supplement, under Section A8, we discuss how to extend our approach for
censoring using the continuous mapping theorem, which allows for a complete and

satisfactory handling of the matter.

Other split sampling methods

It is possible to work out other discretization schemes that can map the underly-
ing marginal distribution of Z. In fact, in the online supplement, under Section AS,
we introduce the magnifying method, which offers an alternative method to uncover
fz(z; a1, ay). The key to all possible split sampling methods is to show convergence
in distribution.

4 Linear models with discretized variable(s)

In this section we discuss how to use the synthetic variable Z to identify and estimate 3
in alinear regression model. As linear models and the OLS have well-known properties,
we directly address modeling with multiple regressors.

First, we discuss the identification of B for each model, depending on where the
discretization happens. This step helps us to pin down which theoretical expressions to
quantify. To do so, we will first assume that S — o0, so the parameter of interest can be
point identified. However, in practice, S is fixed, Z T is constructed with some error, 4
and one only approximates the conditional expectation based on the (appropriate) class.
We use these approximations of the conditional expectations to estimate the regression
parameter(s) and show that the approximation error vanishes with O (1/52).

Lety = (Yy,...,Yy) a(N x1) vector,X = (x1, ..., X, . .. , Xg ) with dimensions
(N x K) where Xy = (X1, - - ., Xk.n) - The (K x 1) parameter vector of interestis f =
(B1, ..., Bk) . Weallow further conditioning variables that are not discretized denoted
by W= (Wi,...,w;,...,wy)ie,a (N x J) matrix withw; = (W, 1,...,X; n)
and parameter vector ¥ = (yi, ..., ys)’, as this mimics standard practices better. 8
and y belong to a subset of a compact finite-dimensional space (3, G).

Let the unknown data-generating process (DGP) be

y=XB+Wy+u, u~iid (0, afl) , (22)

14 The difference between the true conditional expectation and the randomly assigned Z T value.
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where X and W are linearly separable. u is homoskedastic (for simplicity), and we
use the usual OLS assumptions: E[u|X, W] = 0 and plim_, ., [%XMWX]_1 =Q,
positive definite matrix, with the usual residual maker My = I — W(W'W)~!'W’. In
all three discretization cases, we follow a three-step procedure:

Step 1. Pointidentify B8, through defining conditional expectations using the known

discretization intervals C,(,f ),

Step 2. Use the synthetic variable (Z") to estimate these conditional expectations
and then discuss the OLS estimator and its asymptotic properties.

Step 3. Use the estimator from Step 2 and replace variable(s) from the linear model
with their estimated conditional means. We derive an OLS estimator for
B and show the asymptotic properties of the estimator in the modified
regression, depending on where discretization happened.

4.1 Explanatory variable

First, let us discuss the case when we observe X*, instead of X. We utilize the result
s d X t T ] t
of Proposition 2, hence X" 5 X, where X7 = (xi, ...,x}{, R x}) and x;, =

Xk, 15 -5 X))
Step 1: Identification with X*

To identify B, from the DGP defined by Equation (22), we need to use the conditional
expectations given X* € C,Sf ), Applying the conditional expectation operator on our
model yields

E[yX* ey, W| =E[Xix* ecy)|B+E[WIX* ey ]y

+E [u|x* e c,&?] . (23)

Note that the classes, C,(,‘i) are mutually exclusive for given s along m and k.
Let us define « (s, m) a function' that maps the conditional expectations of X for

given grid Cf,i). Proposition 2 ensures equality between the conditional expectation of
the observable X', and the conditional expectation of the unknown X given X* € C,({i) s
which is needed to identify B,

K(s,m) = E [X|X* c c,<,§>] ) [XHX* c C,(,i)] +0(1/83). (24)

Note that the conditional expectations are identified even with fixed S, but with a
finite S, the estimator we discuss below is biased.

15 Note that m = (my, ..., mp) is a vector, defining the grid points in C,(I‘;) for each variable k.
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Step 2: OLS estimator for E [XlX* € C,ﬁf)]

Letk = («(1,1),...,4(S,1),...,k(S,m), ..., k(S,M)) be a vectorized version
of x (s, m) with (SMX x 1) dimension. We propose a joint estimation for k¥ using
OLS,®

1 X7, (25)

A /
k= <l{xfec$’}l{X"'eC.ﬁi)}) 1xfec§,§)}
where 1;.) stands for the indicator function and results in a matrix with dimensions
(N x SMX) with the same ordering as k. Let us note, & does not require the actual
values of X, only X' and X' € C,(ﬁ). Under the standard OLS assumptions, with
convergence in both N, § — oo,
VN (& — k) ~ N (0,9),
where €, is the variance—covariance matrix. See the derivations for the proposed
estimator in the online supplement, under Section A2.1. We add further derivations
under the condition that § is fixed and show: i) the exact upper boundary, and ii) we
prove that € — k = O(1/5?). Furthermore, if one is concerned about the remaining
bias, we provide a bias-reduction for & with an O (1/5%) rate. See these results in the
online supplement, under Section A2.2. and A2.3.

Step 3: OLS estimator for 8

To get a consistent estimator for B, let us follow Equation (23), and define X, which
replaces X* with the corresponding conditional expectations via k. Furthermore, let
§ =E[y|X* € Cm] and W = E[W|X* € Cpy] the respective conditional averages.

y=XB+Wy +e, (26)
while e = (eq, ..., ey). Now the OLS estimator for B is
B = (XMyX) ™ X'My¥, 27)

where Myy, is the usual residual maker using W. Note that E[e;] = 0 for all i since X
is a consistent estimate. Moreover, E[e;e;] = 0 fori # j due to C,(,i) being mutually
exclusive in m and k. As long as the discretization is mean independent from the error

term: £ [u|X, W, X* e Cm] = E[u]X, W] = 0, the OLS is a consistent estimator.

16 We can estimate all conditional expectations jointly via OLS. Otherwise simple conditional means for
a given interval C,(,s,) would yield the same result. Joint estimation, however, allows to establish asymptotic

properties more easily.
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Proof of consistency

plim B = plim (XMygX) ' XMy

N,S—o0 N,S—o0

= plim [()"(’MV~~V)“()‘l X'My; (XB + Wy + e)]

N,S—o0

.. o\ 1.
—B+0+ plim [(X/MWX) XMWe}

N,S—o00

=B+ plim [(XMgX) " XMyE[uX, W, X" € Cu]|

N,S—o00

=B.
Note that if S is fixed, then

plim B — B = plim [()'i’MW)'i)‘1 XMy, [E [X|X* c c,ﬁ?] - X]] :

N—oo N—o00

where E [X|X* € C,Sf )] + X, hence it is biased with finite S; therefore, our estimator

is consistent in a nonstandard way and requires S — oo. However, the bias vanishes
asymptotically as § — oo at the same rate (see online supplement, Section A2.4). The
asymptotic distribution of 8 can be derived similarly under the assumption N, S — oo.
Asu ~ iid (0, 031) and as X and W are consistent estimates of the conditional means,
E [ee’|)"(, W] = ¢21. Under assumptions N, S — oo and E [ulX, W, X* € C| =

E [u|X, W], we get VN (ﬁ — ﬁ) AN (0, O’ez (X/MWX)A).

4.2 Outcome variable

The second case is when the outcome variable is discretized, thus y is not observed,
only y*. To simplify our analysis let us neglect W along with the parameter vector y
as they can be seen as part of X and B, respectively.

Step 1: Identification with y*

To identify B with discretized y*, let us partition the domain of X’s into mutually
exclusive partitions, denoted by Dj and defined by the researcher, such that it is (mean)
independent from the error term u. We use the same logic as derived in Equation (23),
but instead of conditioning on X* € C,,, we use X € D). Similar derivation can be
done,

E[y* X € D] = E[X|X € D18
E[Elyly* € Cu. X e DilIX € D] =E[X|X € D] B

YD EIyly* €Cu X € DiIPrly* € CulX € D1l = E[X|X € D11 B.
l m

(28)
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Prly* € C,|X € D], E[X|X € Dy] are known quantities and we aim to learn
Elyly* € Ciy, X € Dy]. Note that E [u|X € D] = 0 by the definition of Dj.

Let us define 7 (s, m, 1) a function that maps the conditional expectations of y for
a given interval y € C,,(‘f ) and partition X € Dy. Then

a(s,m,1):=FE [y|y* eCY Xe Dl] =E [yT|yT eCc®

WX eDi| +0(1/5H29)
where y' = (YT, e Y;,) and we used the results of the shifting method to show
convergence.

Step 2: OLS estimator for E [yly* € C,(,f), Xe ’D|]

Let =@ = (1, L,1),..., (S, ,),...,7(S, M, 1),...,n(S,M,]), ...,
(S, M, L)) be the vectorized version of 7z (s, m, 1). Estimating 7, via OLS yields,

A / - , +
= (1{yTeC§;>,xED1}l{y"'eCf;f).XeDn}) 1{y+ec,<,f),xEDl}y : (0)

The vector & has dimensions of (SMLX x 1), 1, is the corresponding indicator
matrix, and estimation of & does not require the actual values of y, only yT, and
observing y' e C,(,f )and X € Dy. Under the standard OLS assumptions, and both
N,S — o0,
VN (& —7) ~ N (0,Q0),

where € is the corresponding variance—covariance matrix. Similarly to the case of
discretized explanatory variable we show the exact upper boundary and got the same
convergence results that is O(1/5%), when S is fixed. See these results in the online
supplement, under Section A2.6.

Step 3: OLS estimator for B8

As shown in our identification strategy, the standard regression model can be rewritten
in the form of Equation (28). Lety be a (N x 1) vector, where we replace the discretized
elements of y* with the consistent estimatesof ) _, > ° . E[y|y* € Cy, X € Di] Pr[y* €
CmlX € D], using 7 and sample analogs for Pr[y* € C,,|X € Dy]. Let us redefine
X = E[X|X € D], as the conditional sample means for X in partition Dj. With the
replaced measures, we get

y=XB+v, 31)
where v = (vy, ..., vy)'. Note that E[v;] = O for all i since y and X are consistent

estimates, if N, § — oo. Moreover, E[v;v;] = Ofori # j due to that Dy are mutually
exclusive VI, and E[v; |)~(] = 0 since the partitioning is (mean) independent from the
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R N
error term and does not affect the sampling error. Let 8 = (X’ X) X'y, then under

similar argument, B —B=o0,(1).
The asymptotic distribution of B can be derived in the same spirit.'” As u ~
iid (0, a&l) and X is a consistent estimate of the conditional means, E [vv’ |)~(] =

Qe

01,21. The proposed estimator is asymptotically distributed as +/N (fi — ,8)
o\
N <0, o2 (xx) )

4.3 Discretization on both sides

Our last case is when the discretization happens with both outcome y*, and with one
or more explanatory variables X*. In this case, we do not need to partition the domain
of X, but can use the discretization grids C,(,i) for the explanatory variable. As y is
also discretized, we need to partition W with Dy, similarly to the case discussed in
Sect. 4.2. Identification is the same as with discretized outcome variable and the sample
estimator for the conditional expectations follows the same logic as the OLS estimator
for the B parameter. This case is discussed in details in the online supplement, under
Section A3.

4.4 Discussion of the asymptotic approximation

Let us emphasize that both N and S must go to infinity at the rate given by Assumption
1. This is a key assumption, which enables us to estimate B consistently. In practice,
S is fixed, and one faces bias in the estimator that depends locally on the second
derivative of the underlying pdf. This means that if within the working sample bin
there is excess curvature, and it is true for all bins, then bias is a problem. However,
this is an unlikely scenario, and we argue that with narrow bin-widths in the working
sample, a uniform approximation of the density function gives a reasonable result in
most cases. We show that this approximation error converges at a rate of 1/5 in the
discussed linear regression cases. This means that the reduction in the approximation
error compared to § = 1 is 96% with S = 5 and 99% with § = 10.'® In Sect.5
we show that this is indeed the case, and even a small number of S can lead to a
significant reduction in the estimation bias relative to the true value. This makes our
method appealing for empirical applications. However, let us caution that inference
based on asymptotic normality may perform poorly in finite samples with fixed S,
even when the sample is large, if the approximation bias is not reduced sufficiently.
Lastly, let us compare our results with the properties of the set identification
approach, which uses only the boundary points from all other split samples. (See
details in the online supplement, under Section A4.) First, we show that under the

17 With fixed S , similar results hold as before, see online supplement, under Section A2.7.

18 Furthermore, if one is worried about the size of the approximation error, then one can use further
bias-reduction that achieves 1/ s4 convergence rate, hence an even larger reduction in the approximation
error.
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same assumptions, the identified set regions collapse to the same point. We also derive
the convergence rate, which is only 1/S. This theoretical result aligns with our empir-
ical analysis, in which the identified region shrinks much more slowly (see Table A23
in the online supplement).

4.5 Extensions

In case of panel data, the extension of this methodology is relatively straightforward.
The most important difference is in the identification. If the interval of an individual
does not change over the time periods covered, the individual effects in the panel and
the parameter associated with the choice variable cannot be identified separately. The
Within transformation would wipe out the interval variable as well. When the interval
does change over time, but not much, then we are facing weak identification, i.e., in
fact very little information is available for identification, so the parameter estimates
are going to be highly unreliable.!”

Using a panel setup is a good opportunity to raise awareness about a phenomenon
that we call the perception effect. There is much evidence in the behavioral literature
that the answers to a question may depend on the way the question is asked (see, e.g.,
Haisley et al., 2008). Note, that this is present regardless of whether split sampling
has been performed or not. However, with split sampling with panel data there is a
way to tackle this issue, by using split sample fixed effects. In the online supplement,
Section A7, we extend our method toward fixed effect type of estimators.

Another possible extension is the use of nonlinear models (y = g¢(X, W; 8, ¥)+u)
with one or more variables discretized. In this case the identification procedure is
similar to Equations (23, 28), with the exception that g(E[-; B]) # Bg(E[-]) in general.
As we have shown with split sampling Z" L Z, thus with discretized explanatory
variable(s) by continuous mapping theorem g(X'; B) L g(X; B). Similar argument
applies when discretization happens on the left hand side (y*) or on both sides (y*, X*).
In the online supplement, Section A8, we provide more details on the extension for
nonlinear models.

Finally, let us mention that our discretization procedure may be used to protect data
privacy. In the online supplement, Section A9, we discuss directions for extending the
method to a privacy-preserving tool.

5 Simulation and empirical evidences
5.1 Monte Carlo evidence

For the simulation experiments, we consider a simple univariate linear regression
model

Yi=X/p+e, (32)

19 See more on this issue in the online supplement, Section A6.6.
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where we discretize Y;, or X; or both. We set the parameter of interest § = 0.5.
We report the Monte Carlo average bias and its standard deviation in parenthesis for
1, 000 repetitions and N = 10, 000 observations. As the size of the bias depends on
mapping the conditional expectations, we use multiple distributions for ¢; or X;. To
be more specific, we use Normal (standard normal distribution truncated at —1 and 3),
Logistic (standard logistic distribution truncated at —1 and 3), Log-Normal (standard
log-normal distribution truncated at 4 and subtracted 1 to adjust the support), Uniform
(uniform distribution between —1 and 3), Exponential (exponential distribution with
rate parameter 0.5, truncated at 4 and subtracted 1) and Weibull (Weibull distribution
with shape parameter 1.5 and scale parameter 1, truncated at 4 and subtracted 1). All
these distributions have known finite support between —1 and 3.

We use these distributions to generate €; when the outcome or both variables are
discretized. In these cases X; ~ AN(0,0.25, —1, 1) (truncated normal distribution
between -1 and 1). When discretization happens with the explanatory variable X;,
we use the different distributions to generate X; and use the same truncated normal
distribution for ;. This setup allows us to control for the domain of Y; in all cases. For
the discretization of the variable(s) in all cases we use M = 5 and for split sampling
s =102

To estimate 8, we use the Shifting method.>' As alternatives, we use Mid-point
regression, a commonly used naive model. This method uses mid-points for v,, with
OLS for estimation. When the outcome variable is discretized, we use further popular
estimation methods: Set identification, which provides estimates for the lower and
upper bounds of the parameter set>?; Ordered probit and logit models®® and Interval
regression®* as alternative estimators.

We specify our models when applicable to estimate 2as ¥; = a + X B +mn;, where
€; = a + n; with E(¢;) = «, to adjust for those distributions, which do not have zero
mean.

Table 1 shows our results. The shifting method provides smaller average bias than
the mid-point regression by magnitudes between 5-50 almost everywhere. The two
exceptions can be found in the case of discretized explanatory variable. When we use
a uniform distribution, there is no bias for mid-point regression, as the conditional
expectation is the mid-point of the interval. The second case is the exponential dis-
tribution, where the case is similar, as the curvature of the used distribution is rather
flat.2® The shifting method also outperforms the other competing methods, when dis-
cretization happens on the left hand side and provides significant reduction in the bias
when both variables are discretized.

20 We have experimented with several different setups; see more in the online supplement, Section A10.
21 We used mid-values as observations for the working sample’s values (vl‘;v 5y.
22 Estimation is based on Beresteanu and Molinari (2008), we use the package by Beresteanu et al. (2010).

23 Note that the estimated maximum likelihood ‘naive’ parameters reported here are not designed to recover
B and to be interpreted in the linear regression sense. Therefore, we call the difference from B distortion
rather than bias.

24 We assume a Gaussian conditional distribution to model the censored interval outcome.
25 Ordered choice models’ implementation in Stata removes the intercept parameter to identify S.

26 This result is in line with the theoretical results shown in the online supplement, Sections A2.2 and A6.
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We have run several Monte Carlo experiments and the results are similar: the shifting
method outperforms all alternatives. An important result is consistency, as we increase
N along with S, we get smaller biases. This consistency does not hold for the competing
methods. Also, when distribution has large mass around its boundary (e.g., log-normal
or Weibull) our method performs similarly well. For a detailed discussion see the online
supplement, Section A10.

Practical considerations

Based on the Monte Carlo experiments, we provide brief guidance on selecting S
given N and the assumed underlying distribution.

1. As arule of thumb, S = 10 eliminates most of the bias. S = 5 also performs well,
especially when discretization is applied to the outcome.

2. If there are few observations (N < 1, 000), then S/N < 0.1 should be used;

3. The curvature of the unknown pdf governs the bias; therefore, if there is a consid-
erable amount of curvature in the pdf (e.g., multi-modal distribution), then S = 10
or even higher values may be used (but not exceeding S/N < 0.1). If feasible, an
incremental increase in M reduces bias, so including one additional interval can
in fact help a lot.

5.2 The Australian gender wage gap

We illustrate our approach with a short study of the Australian gender wage gap from
2017. We obtained wage and socio-economic data from the Australian Tax Office
(ATO). The individuals’ sample files record a 2% sample of the whole population,>’
including the actual wage values. This enabled us to estimate 8 when no discretization
happens. In practice, researchers use interval censored data coming from surveys or
privatized data. To mitigate this fact, we employ three different equally distanced
discretization methods with M = 3, 5, and 10.

Table 2 shows regression estimates of the gender dummy (1 stands for female) on
log yearly wage, while controlling for age, age square, marital status, occupation, and
regional variables. The ‘Directly observed/True’ row shows the estimated parameter
when the actual values are known and used to estimate the parameter of interest. In the
following rows we show the estimates when the discretization process is done in equal-
sized intervals with M = 3, 5, 10. In all cases, the yearly wage was discretized, and
then we took the log of the discretized mid-values as this represents the usual practice.”®
Mid-point regression does not use split samples, Set identification provides lower and
upper bounds for the identified set based on Beresteanu and Molinari (2008), while
with the shifting method we use § = 10 and report the asymptotic approximation for
the point estimate. The point estimates are reported along with the standard errors for
B in parenthesis.

27 For details, see ATO’s website: https://www.ato.gov.au.

28 This mitigates a survey design where first the researcher ask about wage intervals in levels, then as data
are collected, it can decided to take log or not for percentage interpretation.
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Table 2 Different estimates for gender wage gap based on different discretizations of yearly wages

Directly observed/True —0.2261
(0.0023)
Mid-point Set-identification’ Shifting (S = 10)

M=3 —0.2747 [—8.0389, 5.3057] —0.2214
(0.0033) [(0.0248), (0.0263)] (0.0030)

M=5 —0.2635 [—2.9793, 1.3292] —0.2348
(0.0031) [(0.0206), (0.0149)] (0.0027)

M =10 —0.2364 [—0.6052, 0.1161] —0.2280
(0.0025) [(0.0031), (0.0030)] (0.0024)

N 125,995

T Set identification gives the lower and upper boundaries for the valid parameter set. Estimation is based
on Beresteanu and Molinari (2008) and standard errors are bootstrapped SEs

The results show clearly that the shifting method provides closer estimates than mid-
point regression everywhere, whereas the latter statistically produces different results
from the ‘Directly observed/True’ value. Also note that the set-identified regions are
quite large and include zero everywhere. Although it does not hinges on asymptotic
approximation, the resulting interval is too wide to be useful in this particular empirical
application. Also note that the resulting bias (distance from directly observed param-
eter, shown in Table A.21) is a magnitude smaller for the shifting method than for
Mid-point analysis. In addition, several different setups were investigated, including
robustness to the choice of the number of split samples along with M. For more dis-
cussion on the empirical example and for other model setups, see online supplement,
Section A.11., in particular Table A.21, A.22 and A.23.

6 Conclusion

This paper deals with linear models using sensitive variables. The use of discretization
process is proposed to increase response rates in surveys. This results in discretized
(also called interval censored) variables, which makes econometric modeling difficult
as, in general, the conditional expectation cannot be point identified.

We propose the split sampling method that introduces multiple discretization
schemes; thus, instead of using one set of intervals, the sensitive variable is discretized
through multiple versions. These discretized realizations are combined in a way that,
under some mild conditions, converge in distribution to the original (unknown) vari-
able. We introduce the shifting method, an easy to implement algorithm for split
sampling that satisfies convergence in distribution to the unobserved variable. With
the help of this we can identify parameters in linear models. The necessary point iden-
tification assumptions require that both the number of observations and the number
of discretization schemes go to infinity, and depend on where the discretization hap-
pens: i) the sensitive variable is an explanatory variable; ii) it is the outcome; or iii)
discretization happens on both sides. Each case is analyzed and the appropriate OLS
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estimators in a multivariate regression setup are derived. The asymptotic properties
of these estimators are derived and extensions to panel data, nonlinear models and
for data privacy are also discussed. Some Monte Carlo evidence is provided to show
that our methods have superior finite-sample properties compared to the ‘usual’ ones.
Finally, this method is applied to estimate the Australian gender wage gap. Small
bias in the estimates shows that even when the number of intervals is small, this new
approach is quite useful.
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