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ARTICLE INFO ABSTRACT

This paper tests whether the volatility of Bitcoin (BTC), Ethereum (ETH), and Solana (SOL) is
better characterized as a heterogeneous collective-critical regime than as asset-by-asset turbu-
lence. Using daily and hourly data, with the daily S&P 500 cash index and the near-continuously-
traded EUR/USD reference rate as contrast benchmarks, we extend the Bergmann-Oliveira
critical-boundary framework from single-series classification to coupled volatility dynamics. Four
results support the claim. First, Ethereum is robustly supercritical and Solana is supercritical
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Cryptocurrency volatility under finite-sample validation, whereas Bitcoin is boundary-adjacent, with a point estimate
Long memory below the boundary but a circular-block interval crossing CR = 1. Second, boundary distance and
Scaling collapse tail-clustering depth are distinct system-level coordinates: Solana has the largest boundary dis-
Tail dependence tance, while Bitcoin exhibits the slowest tail-dependence decay. Third, crypto clustering functions

Self-organized criticality exhibit scaling collapse near a common exponent, § ~ 0.31, and pairwise and triadic co-

exceedances remain above circular-shift, block-shuffle, and factor-residual null envelopes.
Fourth, short-horizon volatility-of-volatility preserves cascade amplification, while long
smoothing absorbs it; intraday boundary estimates are scale- and estimator-sensitive rather than
fixed activation constants. The boundary configuration is not a conditional-heteroskedasticity
artifact: heavy tails persist after GARCH/EGARCH/FIGARCH filtering, FIGARCH confirms
genuine fractional integration, and a Gaussian-innovation GARCH cannot reproduce the observed
supercriticality. The regime is further corroborated by marginal-matched surrogates that isolate
the collective component. Conceptually, it recasts a single-series phase boundary as a diagnostic
of synchronized collective instability. Practically, crypto tail risk should be monitored through
boundary proximity, tail synchronization, and cascade propagation rather than marginal vola-
tility alone.

1. Introduction

Financial markets exhibit regularities that are difficult to reconcile with models built on independence, thin tails, and smooth
adjustment. Returns display little linear autocorrelation, yet their distributions are heavy-tailed; volatility clusters in time; and the
autocorrelation of absolute returns decays slowly across horizons [1]. These markets are better understood as intensely fluctuating
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ensembles of interacting heterogeneous agents: high-frequency records for the S&P 500 yield return distributions consistent with
power-law tails whose exponent lies near 3 at short horizons, with crossover toward Gaussian behavior at longer horizons [2]. Price-
change dependence vanishes quickly, whereas volatility displays persistent long-range correlations [3]. The same scaling extends
beyond returns: exchange volume and trade frequency obey analogous power-law regularities [4]. Together, these stylized facts point
to collective interaction rather than to independent shocks, and under crash conditions the fluctuation structure can approach the
scale-invariant organization associated with critical phenomena [5]. Cryptocurrency markets, with their continuous trading and
documented cross-asset spillovers, offer a particularly demanding laboratory for these questions.

The cryptocurrency literature documents these ingredients, but as separate strands. Bitcoin and other major cryptocurrencies
exhibit time-varying persistence [6], asymmetric intraday multifractality [7], and dynamic multivariate dependence [8]; spillover
studies show that crypto centrality is strong, time-varying, and not reducible to capitalization alone [9-11]. These results establish
each ingredient separately, but they do not test whether these strands jointly define a phase-transition-like collective regime.

These ingredients have been analyzed in separate theoretical strands rather than within one phase-boundary framework. A first
strand establishes that persistence resides in absolute and power transformations of returns rather than in raw returns, with the long-
memory property peaking when the power is close to one [12]. A second strand shows persistence emerging from a multiscale cascade:
a parsimonious heterogeneous volatility model can jointly reproduce long memory, heavy tails, and unifractal scaling, suggesting that
persistence arises from interactions across horizons rather than from a single scale [13]. A third strand explains scale-free fluctuations
through self-organized criticality: dynamical systems may evolve toward minimally stable configurations in which local perturbations
propagate as avalanches and generate power-law temporal organization without external tuning [14].

What is still missing is an explicit bridge from these separate ingredients to a single framework governing the clustering of ex-
tremes. Bergmann & Oliveira [15] provide that bridge. For FARIMA (0, d, 0) processes with regularly varying innovations, they show
that the joint action of memory persistence and tail heaviness is controlled by a critical threshold, a* = 1/d, which separates
subcritical, critical, and supercritical regimes. In their high-frequency empirical application to S&P 500 futures, market states remain
supercritical and drift toward the boundary during crisis periods. The unresolved question is whether this framework extends from a
single financial series to the sampled BTC-ETH-SOL crypto core, in which contagion, synchronization, and multiscale amplification
interact.

This paper addresses that gap by testing whether the sampled BTC-ETH-SOL volatility layer is better characterized as a hetero-
geneous collective-critical regime than as separate volatile assets. The empirical object is deliberately narrow: ETH and SOL are
evaluated as the supercritical amplification core, while BTC is evaluated as a boundary-adjacent synchronization anchor. The claim is
assessed conjunctively through boundary location with uncertainty, the separation of boundary distance from tail-clustering depth,
scaling collapse, dependence-preserving co-exceedance, estimator-sensitive scale activation, and short-horizon volatility-of-volatility
propagation.

The contribution is to shift the Bergmann-Oliveira critical boundary from a marginal classifier of one long-memory series to a
system-level diagnostic of synchronized market instability, with heterogeneity treated as part of the regime concept rather than as
deviation from it. The practical implication follows directly: risk monitoring should identify synchronized amplification states, where
own-asset calibration and subcritical risk scaling are least reliable.

The remainder of the article follows this sequence. Section 2 defines heterogeneous collective criticality and derives three collective
predictions. Section 3 presents the data, observables, and empirical design. Section 4 reports four layers of evidence: volatility-layer
phase location, scaling collapse with estimator-sensitive scale activation, tail synchronization beyond dependence-preserving nulls,
and short-horizon cascade propagation with risk-monitoring implications. Section 5 discusses the theoretical contribution, limitations,
and higher-order extensions, and Section 6 concludes.

2. Critical-boundary framework for heterogeneous collective criticality
2.1. Temporal tail dependence and the critical boundary

The formal backbone of this study is the critical-boundary framework of Bergmann & Oliveira [15]. Rather than treating long
memory and heavy tails as parallel stylized facts, they show that the two jointly determine the asymptotic organization of extremes
through temporal tail dependence. The relevant quantity is the lag-k upper-tail dependence coefficient, Ay(k), defined as the limit, as
the threshold grows without bound, of the conditional probability that an extreme exceedance at time t is followed by an exceedance of
the same threshold at time t + k. For FARIMA (0, d, 0) processes with regularly varying innovations, the interaction between the
memory parameter d and the tail index a is governed by a critical boundary at a* = 1/d.

This boundary yields three regimes. When a > o*, the system is subcritical and extremes become asymptotically independent across
time. When a = a', the system sits at the critical boundary and tail clustering obeys a logarithmically modified law. When « < a*, the
system is supercritical and temporal tail dependence decays as a power law, Ay (k) ~ k‘@~1% implying persistent clustering of extreme
events rather than rapid decorrelation [15]. Because H = d + 1/2, the same boundary can be read as a joint phase diagram in the space
of persistence and tail heaviness.

Empirically, the paper summarizes regime location by CRi = ai-di, where CRi < 1 denotes supercriticality. Because the test is applied
at the volatility layer, o and di are estimated on the same volatility-layer observable rather than on raw returns. The boundary is
therefore a marginal phase-location device; the system-level contribution of this paper begins when that boundary is embedded in a
coupled volatility system.
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2.2. Volatility as the state variable

The critical-boundary framework is applied to volatility rather than signed returns because persistent dependence in financial
markets is concentrated in volatility-layer observables [1,3]. Signed returns may be heavy-tailed, but their dependence decays quickly;
absolute returns and realized volatility retain the long-range structure required by the framework [12]. The canonical state variable is
therefore |r_t|, with realized-volatility analogues used for multiscale and cascade tests; raw returns are retained only as a state-variable
check.

2.3. From single-series to collective criticality

Bergmann & Oliveira [15] formulate the problem at the level of a single long-memory series. That is the correct analytical starting
point, but it is not yet a system-level description. Financial markets are coupled systems in which shocks propagate through over-
lapping positions, common liquidity conditions, and feedback trading, and are transmitted, amplified, or synchronized across assets.
As established in the introduction, increasing interconnectedness can push financial systems across sharp thresholds [16], and the
system-wide effect of a shock can exceed the initial perturbation substantially [17].

This system-level move requires a richer interaction language than simple pairwise correlation. Many complex systems cannot be
adequately represented by dyadic links, because higher-order and group-level interactions change the dynamics in ways that pairwise
reductions miss [18,19]. Multilayer systems can behave very differently from single-layer networks because multiple simultaneous
channels of interaction reshape diffusion, spreading, and synchronization [20]. Once multiple assets are exposed to multilayer cou-
plings, the relevant question is no longer whether each asset is individually close to criticality, but whether the market as a coupled
ensemble exhibits collective criticality.

In this paper, collective criticality means that the market's extreme fluctuations are organized at the level of the interacting asset
set, not at the level of individual series. Coupling can produce synchronized exceedances, shared regime shifts, and cross-asset rein-
forcement that together create a mode of instability invisible to single-series analysis. This extension moves the Bergmann & Oliveira
framework from isolated criticality to systemic criticality.

2.3.1. Operational definition of heterogeneous collective criticality

To prevent the term collective criticality from functioning as a metaphor, the paper defines it as a heterogeneous system-level
configuration. Let A denote the sampled crypto system, and let A = C U B, where C is the supercritical amplification core and B is
the set of boundary-adjacent synchronization anchors. For each asset i, let E;(q) denote the g-tail exceedance indicator computed after
asset-specific standardization.

The system is said to exhibit heterogeneous collective criticality at horizon h and threshold g when four conditions jointly hold.
First, at least one connected sub-core C lies robustly on the supercritical side of the Bergmann-Oliveira boundary, assessed by CR; < 1,
circular-block confidence intervals, and P(CR; < 1). Second, boundary-adjacent assets in B are not required to be robustly supercritical,
but must remain close to the boundary and synchronize strongly with the supercritical core. Third, clustering functions must exhibit
statistically significant scaling collapse relative to null envelopes. Fourth, pairwise and higher-order co-exceedances must exceed
dependence-preserving null expectations, with short-horizon volatility-of-volatility preserving the cascade. This formulation defines
heterogeneity as part of the regime concept, not as a deviation from it: the architecture of a robust amplification core coupled to a
boundary-adjacent anchor is admitted ex ante, before any asset-specific evidence is examined.

For interpretation, the paper reports two distinct coordinates. The signed distance-to-boundary statistic A; =1 — CR; records
whether an asset lies below or above the Bergmann-Oliveira boundary and how far it is from that boundary. It is a regime-location
coordinate, not a direct measure of clustering intensity. The temporal tail-dependence decay exponent & = (d; — 1)a; records the
asymptotic decay rate of 1y (k) once the series is in the supercritical regime. Less negative §; implies slower decay and therefore deeper
temporal clustering. Reporting both A; and §; keeps the regime classification distinct from the strength of the clustering process.

2.3.2. Probabilistic boundary inference

The boundary is interpreted probabilistically rather than deterministically. All classifications are reported with circular-block
intervals and P(CR; < 1), and all cross-asset exceedances are defined by asset-specific quantiles, so that synchronization is evalu-
ated in standardized tail space and not in raw volatility units. The full set of stationarity, fractional-persistence, regular-variation, and
estimation assumptions is documented in Methods (Section 3) and Supplementary Appendix A.

2.3.3. Anchor-amplifier architecture and synchronization intensity k

The definition admits a structural specialization. In heterogeneous coupled markets, the asset that coordinates the system need not
be the asset that lies deepest in the supercritical region. Collective instability can instead be organized by an anchor-amplifier ar-
chitecture. A benchmark asset may remain boundary-adjacent when volatility-layer memory and tail heaviness jointly place ad close to
one, while still retaining systemic coordination power through tight synchronization with the rest of the block. Platform assets with
weaker volatility-layer memory sit farther below the critical threshold a* = } and can therefore occupy the interior of the supercritical
region.

Operationalizing this picture requires a third coordinate beyond the boundary distance A; and the decay exponent §;. Let R;(q)
denote the observed g-tail co-exceedance ratio between assets i and j, and let Rg-””(q) denote the 95th percentile of a dependence-
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preserving circular-shift null envelope. The null-adjusted synchronization intensity of asset i with the rest of the crypto block A is given
by
1 Ry(q)

|A| - lj#i_ngRguu(q)

xi(q)

A boundary anchor has small or interval-crossing A;, relatively slow §;, and high ;. A supercritical amplifier has robustly positive A;
and high synchronization intensity. Section 4.3 applies this classification to the BTC-ETH-SOL triad. «; is treated as a system-level
synchronization coordinate and is reported with circular-block uncertainty. Its stability is evaluated across tail thresholds g €
{0.90,0.95,0.99} and across circular-shift, block-shuffle, and factor-residual nulls. The role classification is retained only when the
synchronization ranking and qualitative anchor/amplifier assignment are stable across these specifications.

2.4. Observable signatures of collective criticality

Once the market is framed as a coupled critical system, the theory yields observable macroscopic signatures. The first signature is
scale invariance. Systems near minimally stable states generate scale-free fluctuations and avalanche-like propagation [14], and
financial crash dynamics can approach a critical regime in which non-Gaussian fluctuations become scale-invariant and distributions
collapse across horizons [5]. If cryptocurrency markets display an analogous organization, clustering functions measured at different
time scales should not remain idiosyncratic; after proper normalization, they should collapse toward a common functional form.

The second signature is synchronization. In interacting systems constrained by a network topology, coherence depends on both the
architecture of connections and the coupling among elements [21]. In markets, this implies that extremes should not simply occur
more often; they should align more strongly across assets when collective instability intensifies. Interacting-agent dynamics can
generate volatility clustering, intermittent bursts, and power-law tails through collective rather than isolated mechanisms [22].

The third signature is hierarchical propagation. In a critical system, instability should not remain confined to a single layer of
fluctuations; it should cascade from returns to volatility and from volatility to higher-order fluctuation measures. After a market crash,
threshold exceedances decay according to a power law analogous to the Omori law in seismology, implying that extreme activity
relaxes without a characteristic time scale [23]. The critical-boundary framework therefore predicts not merely higher volatility, but a
specific multiscale pattern: scaling collapse across horizons, cross-asset synchronization of extremes, and hierarchical self-
amplification across fluctuation layers. These are the observable signatures that distinguish a collective-criticality interpretation
from standard short-memory risk models.

Scale activation is treated as a crossover diagnostic. A coupled critical system need not show the same effective regime at every
sampling frequency: short horizons may contain microstructure noise and local liquidity effects that obscure the persistence-tail

interaction. The critical activation horizon TiT therefore identifies the shortest aggregation scale at which the boundary condition
becomes visible, but exact activation horizons are interpreted diagnostically rather than as structural constants.

2.5. Collective predictions
P1. Heterogeneous boundary organization

The BTC-ETH-SOL volatility layer should contain a supercritical amplification core coupled to a boundary-adjacent synchroni-
zation anchor, rather than uniform marginal supercriticality across all assets and horizons.

P2. Multiscale collective synchronization

Clustering functions should collapse after rescaling, and extreme events should synchronize across assets beyond dependence-
preserving null expectations.

P3. Scale-activated cascade propagation

Critical organization should propagate horizontally across the crypto block and vertically into short-horizon volatility-of-volatility,
while long smoothing should absorb the cascade and reveal the scale-activated nature of the regime.

These predictions are conjunctive. Boundary classification alone could reflect marginal heavy-tailed volatility; scaling collapse
rules out purely horizon-specific clustering; dependence-preserving nulls rule out coincidence or a single common factor; and short-
horizon volatility-of-volatility tests vertical propagation. The regime is inferred only when phase location, scaling geometry, syn-
chronization, scale activation, and cascade propagation align. While this synthesis combines several theoretical traditions rather than
deriving from a single generative model, the conjunctive structure is intentionally falsifiable: any one signature could fail empirically
and weaken the collective-criticality reading.
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3. Data, observables, and empirical design
3.1. Data universe, benchmark, and sampling structure

The empirical design is built around a primary crypto panel composed of Bitcoin (BTC), Ethereum (ETH), and Solana (SOL),
observed at both daily and hourly frequency. BTC is available from August 2017, ETH from January 2018, and SOL from August 2020
through 5 April 2026. The traditional-market benchmark is the S&P 500, observed daily from January 2006 through 2 April 2026. As a
second contrast benchmark, we add the ECB daily euro-dollar reference rate, drawn from the near-continuously traded FX market.
Because it is observed at daily reference frequency, it is used as a daily contrast benchmark rather than as an intraday replication. Its
values are reported alongside the S&P 500 in Tables 1 and 2a-2b, with window dependence detailed in Appendix J. BTC and ETH are
the two longest and most institutionally central crypto series, and BTC has served as the benchmark asset in early long-memory studies
of digital assets [6]. Connectedness studies further show that large cryptocurrencies form an interdependent market rather than a
collection of isolated price processes, which makes a system-level design preferable to a single-asset case study [9].

The main tests use BTC, ETH, and SOL. These three assets satisfy two requirements that justify a focused, three-asset design rather
than broader coverage. First, they span the cross-section of cryptocurrency markets along the key dimensions: BTC as the dominant
institutional asset, ETH as the leading smart-contract platform, and SOL as a younger high-volatility growth asset. Second, they are the
only three cryptocurrencies for which both long daily histories (3+ years) and deep hourly histories (ranging from roughly 49,500 to
75,500 observations) are simultaneously available, enabling the multi-scale realized-volatility analyses that the critical-boundary
framework requires. The three-asset design therefore trades breadth for the depth the critical-boundary framework requires. All
timestamps are standardized to UTC. Univariate estimation uses each asset's full available history, whereas cross-asset contagion tests
are run on common overlapping samples only, because the paper studies both within-series criticality and between-series synchro-
nization. Daily data are the canonical layer for regime classification; hourly data are used to construct realized volatility and to test
multiscale stability, not to redefine the main criticality classification. Table 1 summarizes the sample architecture and main descriptive
moments.

3.2. Construction of observables

The baseline price increment is the continuously compounded return,

riy=InP,—InPy

computed at both daily and hourly frequency for asset i. Because the central theoretical object is not the signed price change but the
volatility structure of the market, the design also constructs volatility-sensitive observables. First, daily realized volatility is obtained
from hourly returns as

RV =

following the quadratic-variation logic of Andersen et al. [24]. Second, volatility-of-volatility is defined as the absolute first difference
of daily realized volatility,

VVie = RV — RV 1]

This short-horizon absolute first difference is used deliberately. The Bergmann-Oliveira framework predicts preservation of scale-
invariant amplification across adjacent fluctuation layers; a long rolling standard deviation imposes a characteristic smoothing scale
and can mechanically absorb fast cascade bursts. The 20-day rolling standard-deviation proxy is therefore retained as a sensitivity
check rather than as the canonical cascade variable.

Extreme events are defined through asset-specific tail thresholds rather than common absolute cutoffs. For any observable x;,, the
exceedance indicator is

Table 1

Sample architecture and descriptive moments.
Series Freq. Daily obs. Hourly obs. SD (%) Skew. Ex. Kurt.
BTC D+H 3153 75,549 3.60 —0.96 15.51
ETH D+H 3016 72,273 4.57 —-0.94 12.60
SOL D+H 2063 49,495 6.14 -0.21 7.87
S&P 500 D 5093 - 1.23 —0.47 12.86
EUR/USD D 7025 - 0.58 0.05 3.27

Note: D = daily, H = hourly. SD = standard deviation of daily log-returns, in percent. Ex. Kurt. = excess kurtosis relative to a Gaussian distribution
(positive values indicate fatter tails). Hourly observations are used to construct daily realized volatility and are not included in the moment
calculations.
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Table 2a

Regime classification and tail-dependence decay metrics.
Asset d a a* CR A=1-CR §=(d—-Da Regime wording
BTC 0.306 2.955 3.266 0.905 0.095 —2.05 Boundary-adjacent supercritical
ETH 0.174 3.129 5.746 0.545 0.455 —2.58 Robust supercritical
SOL 0.109 3.029 9.212 0.329 0.671 —2.70 Supercritical (validated)
S&P 500 0.499 2.752 2.004 1.374 —0.374 -1.38 Daily benchmark subcritical
EUR/USD 0.376 3.904 2.659 1.469 —0.469 —2.44 FX benchmark subcritical

Note: d = long-memory parameter, estimated by DFA on |r|. a = tail index, median of six estimators. a* = 1/d defines the critical boundary. CR = a-d,
and A =1 — CR is the signed distance from the boundary. § = (d — 1)a is the Bergmann-Oliveira tail-dependence decay exponent in the supercritical
regime; less negative values imply slower asymptotic decay of temporal tail dependence. Thus A and § answer different questions: location relative to
the boundary versus depth of temporal clustering.

Table 2b

Circular contiguous-block uncertainty for the criticality ratio.
Asset CR point 95% CR interval P(CR< 1) Classification
BTC 0.905 [0.578, 1.176] 0.612 Boundary-adjacent
ETH 0.545 [0.470, 0.840] 1.00 Robust supercritical
SOL 0.329 [0.315, 0.795] 1.00 Supercritical (validated)
S&P 500 1.374 [1.034, 1.492] 0.008 Robust subcritical
EUR/USD 1.469 [1.214, 1.520] 0.000 Robust subcritical

Note: Intervals are percentile intervals from B = 1000 circular contiguous-block subsamples covering 80% of each series. The procedure is designed to
preserve long-range volatility organization better than independent resampling. BTC is therefore reported as boundary-adjacent rather than deeply
supercritical.

Ei(q) = 1{|xi,t{ > Qz(q)}

where Qi(q) is the q-quantile of |x;|. The baseline threshold is q = 0.95, while q = 0.90 and q = 0.99 are used in sensitivity checks.
Volatility levels differ sharply across BTC, ETH, SOL, and the equity benchmark, so the empirical question is whether each market
clusters its own extremes beyond what independence would imply [1]. For cross-asset analyses, exceedances are always defined
relative to each asset's own distribution before synchronization and contagion are evaluated.

A complete dictionary of observables, parameters, and derived metrics is provided in Supplementary Table S1.

3.3. Estimation of memory and tails

Persistence is estimated canonically by DFA on |r|, with d = H — 0.5. GPH, Whittle-type, and wavelet estimates are retained as
sensitivity checks in Supplementary Appendix A because persistence in crypto markets is scale-dependent and finite-sample sensitive
[6,7].

Tail heaviness is summarized by a via a six-estimator consensus (adaptive Hill, double-bootstrap Hill, DEH bias-corrected, kernel,
QQ, max-to-sum). Hill alone is sensitive to top-order-statistic choice [25], so the canonical « is the median of the six. Full estimator
dispersion and threshold sensitivity are reported in Supplementary Appendix A.

3.4. Criticality metrics and multiscale diagnostics

Once d and «a are estimated, the critical boundary is defined exactly as in Bergmann & Oliveira [15]:

.1
a ==
i di
The paper's main classification statistic is the criticality ratio,
@
CR; = — = ayd;
i
CR; < 1 denotes a supercritical regime, CR; = 1 the critical boundary, and CR; > 1 a subcritical regime. The manuscript uses one
canonical specification throughout: d from DFA on |riy|, « from the six-estimator median, and CR = ad. When the analysis moves to
realized volatility or vol-of-vol, the same estimator logic is applied layer by layer.
For any exceedance process E;, the normalized clustering function is

P(Et+k:1|Et:1)

Alle) = PE =1)

Under supercriticality, 4(k) decays as a power law [15], and critical financial regimes display scale invariance and data collapse
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after suitable rescaling [5]. The paper evaluates multiscale clustering in two steps. First, it estimates A(k) across multiple aggregation
horizons. Second, it searches for a collapse exponent $ that minimizes cross-horizon dispersion after rescaling, and compares the
collapse quality to an unscaled benchmark and to permutation-based null envelopes. Extremal clustering is summarized further by the
extremal index 6, estimated with the intervals estimator as the baseline and with runs and blocks estimators as sensitivity checks. A
small ¢ indicates stronger temporal bunching of extremes, while a larger ¢ indicates more isolated exceedances. This combination of
CR, i(k), and 6 moves the analysis from parameter space to observable market organization.

3.4.1. Bootstrap inference for the criticality ratio

Because CR; = a;d; combines two estimated quantities, point estimates alone are not sufficient for regime classification. The final
inference uses B = 1000 circular contiguous-block subsamples, which preserve the chronological organization of long-memory
volatility better than independent resampling. In each draw, a contiguous circular block covering 80% of the series is selected, d;, a;,
and CR; are re-estimated using the baseline pipeline, and the empirical CR; distribution provides percentile intervals and P(CR; < 1).
BTC is treated as boundary-adjacent because its interval crosses CR = 1; ETH is interpreted as robustly supercritical, and SOL as finite-
sample-validated supercritical, because their intervals remain below the boundary.

These quantities (the CR point estimate, the B = 1000 circular contiguous-block interval, P(CR; < 1), A;, &;, and regime wording)
are reported in Tables 2a-2b. Complete subsampling specifications, null-model definitions, and computational settings are docu-
mented in Supplementary Appendix E.

3.5. Contagion, connectedness, and predictive design

Collective criticality is not only a univariate property. It should also appear as synchronized exceedances and lagged cross-asset
amplification. For this reason, the paper extends the univariate clustering statistic to the cross-asset case via 4;(k) (Supplementary
Table S1), which captures whether an extreme in asset i raises the probability of a later extreme in asset j, normalized by j's uncon-
ditional extreme frequency. Contemporaneous co-exceedance ratios compare observed joint extremes to the independence benchmark
P(E;=1) - P(E; = 1). These measures translate the connectedness literature, which has shown that spillovers among cryptocurrencies
are sizable and unevenly distributed [9-11], into an extreme-event language aligned with the paper's phase-transition framing.

A compact predictive block evaluates whether collective-criticality diagnostics carry forward information after amplification
states. The main signal is VR;;, defined as short-run realized volatility relative to a trailing 30-day benchmark. Detailed ROC/AUC,
conditional-coverage, and Diebold-Mariano [26] diagnostics are reported in Supplementary Appendix F; the main text uses them only
to interpret the risk-monitoring implications of the collective regime.

3.5.1. Dependence-preserving nulls for collective synchronization

The independence benchmark is retained for interpretability but is no longer sufficient for the collective claim. The revised cross-
asset design evaluates co-exceedances against dependence-preserving nulls. The circular-shift null randomly rotates each asset's ex-
ceedance sequence, preserving event counts and serial clustering while destroying cross-asset timing. The block-shuffle null preserves
local burstiness through fixed-length (20-day) block resampling. A factor-residual null removes a common crypto market mode and
tests whether residual extremes still synchronize beyond shared exposure. Pairwise co-exceedances are interpreted as collective only
when they exceed the 95th percentile of the circular-shift null and remain directionally stable under at least one additional null.

The factor-residual null is constructed on standardized BTC-ETH-SOL daily log-absolute returns. The first principal component is
estimated on the common sample, each series is residualized on that component, and residual exceedances are redefined using asset-
specific quantiles. The test asks whether a single common crypto volatility mode exhausts synchronization; the construction is
described here, and related null-robustness evidence is reported in Supplementary Table S3.

Because the empirical design includes multiple thresholds, nulls, and horizons, the paper separates confirmatory tests from
sensitivity checks. The confirmatory synchronization tests are the ¢ = 0.95 pairwise and triadic co-exceedance tests under circular-
shift, block-shuffle, and factor-residual nulls. Sensitivity analyses at ¢ = 0.90 and q = 0.99, alternative estimators, and additional
horizons are reported as robustness exercises rather than as independent confirmatory tests. For the confirmatory p-values, both Holm
family-wise error adjustment and Benjamini-Hochberg FDR adjustment are reported in Supplementary Table S5.

4. Findings

The findings proceed from marginal phase location to system-level organization: volatility-layer criticality, scaling collapse, tail
synchronization, and vertical cascade. The collective claim is accepted only where these layers align.

4.1. Long memory resides in volatility, not returns

Across raw daily returns, the fractional-memory component remains close to zero for all assets. Volatility transformations sharply
increase persistence: under the canonical DFA pipeline on |r¢|, d = 0.306 for BTC, 0.174 for ETH, 0.109 for SOL, and 0.499 for the S&P
500. Where hourly data are available, realized-volatility analogues are analyzed as a separate volatility layer. They confirm that
persistence is concentrated in second-moment observables, but, as shown in Section 4.4, the realized-volatility CR itself is not uni-
formly supercritical; this distinction motivates the adjacent volatility-of-volatility cascade test. The persistent component is therefore a



M. Zouari et al. Chaos, Solitons and Fractals 211 (2026) 118809

second-moment property rather than a signed-return property.

The canonical regime classification is obtained by combining the volatility-layer Hurst estimate with the six-estimator consensus
tail index. That classification splits the crypto block from the traditional benchmark, but the split must be interpreted with two co-
ordinates rather than one. BTC, ETH, and SOL all have CR = ad below one, with point estimates of 0.905, 0.545, and 0.329,
respectively. The daily S&P 500 cash-index benchmark lies above the boundary with CR = 1.374. In terms of boundary location, BTC is
closest to the boundary, ETH is farther inside the supercritical region, and SOL has the largest positive A. However, A is not a direct
measure of temporal clustering depth.

The reason is that the Bergmann-Oliveira asymptotic decay rate is governed by § = (d; — 1)@, not by A; alone. For the crypto
assets, § equals —2.05 for BTC, —2.58 for ETH, and —2.70 for SOL. Less negative values imply slower temporal tail-dependence decay.
BTC is therefore boundary-adjacent in the phase diagram but exhibits the slowest asymptotic decay among the three crypto assets,
whereas SOL is farthest from the boundary but has faster asymptotic decay. The final B = 1000 circular-block intervals sharpen the
interpretation: ETH remains robustly supercritical and SOL finite-sample-validated supercritical, while BTC remains a near-boundary
supercritical point estimate with non-negligible classification uncertainty (Tables 2a-2b).

The main implication of Tables 2a-2b is that collective criticality should not be equated with homogeneous marginal super-
criticality. BTC is the most important case precisely because it is not deeply supercritical: its proximity to the boundary, slow tail-
dependence decay, and later synchronization evidence make it a plausible coordination anchor rather than a marginal amplifier.
ETH and SOL, by contrast, provide the supercritical interior of the crypto block. The phase diagram (Fig. 1) therefore already suggests a
division of systemic roles: boundary anchoring in BTC and amplification in ETH/SOL.

Because SOL has the shortest history, the classification is also checked on a SOL-matched common window. Truncating BTC and
ETH to SOL's calendar span and rerunning the boundary pipeline preserves the qualitative regime: BTC remains supercritical at the
point estimate (CR = 0.69, P(CR < 1) = 1.00), and ETH remains supercritical (CR = 0.64, P(CR < 1) = 1.00). The full length-
matched results are reported in Supplementary Table S2. The role classification is therefore not driven by the additional pre-2020
history available for BTC and ETH. Boundary classifications also remain stable across crisis and bear-market subperiods: ETH and
SOL stay supercritical in every available subperiod, while BTC alternates between mildly supercritical and subcritical states across
regimes (Appendix C; Supplementary Table S6).

SOL finite-sample reliability (Appendix I)

At SOL's sample size (N = 2063) the DFA estimator is essentially unbiased (bias —0.004 at d = 0.11; s.d. 0.043), so the wide CR
interval reflects sampling variance rather than bias; the bias-corrected d is 0.112. CR remains below one across the entire plausible
bias-corrected (d,«) box (maximum CR = 0.80), and a long-memory stochastic-volatility model calibrated to SOL gives P(CR < 1) =
1.00. We therefore describe SOL as supercritical at the point estimate, with classification uncertainty explicitly quantified rather than
as deeply interior.

The S&P 500 should be read as a daily cash-index contrast benchmark rather than as an intraday replication of the Bergmann and
Oliveira [15] futures application.
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Fig. 1. Phase diagram of the volatility layer in the (d, o) plane.

Note: The solid curve is the critical boundary o* = 1/d, following Bergmann & Oliveira [15], which separates the supercritical regime (« < 1/d,
shaded) from the subcritical regime (o > 1/d). Filled circles denote the three primary cryptocurrencies (BTC, ETH, SOL); the open square denotes
the S&P 500 equity benchmark, and the open diamond the near-continuously-traded EUR/USD FX benchmark. Error bars show one standard error
from the six-estimator tail-index consensus and from the DFA bootstrap on |r|. The crypto point estimates lie below the boundary, while the daily
S&P 500 cash-index benchmark and the full-history EUR/USD benchmark lie above it. BTC is interpreted as boundary-adjacent because its CR
interval crosses CR = 1; ETH is robustly supercritical and SOL finite-sample-validated supercritical under the reported subsampling exercise.
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Robustness to volatility models (Appendix H)

The supercritical classification is not an artifact of conditional heteroskedasticity, but neither does it rest on residual marginal
memory. GARCH/EGARCH/FIGARCH filtering absorbs most of the volatility-layer memory (residual |z| memory d ~ 0), while the
heavy tails survive (residual o ~ 2.8-3.7). FIGARCH, the natural parametric competitor, returns a significantly positive fractional-
integration parameter for crypto volatility (ETH d = 0.39, SOL d = 0.23), confirming genuine long-range dependence. A GARCH
(1,1) calibrated to each series and simulated with Gaussian innovations yields CR & 1.19-1.32 (subcritical) for every cryptocurrency. It
cannot reproduce the observed crypto supercriticality (CR = 0.33-0.90) because its tails are too light, while it reproduces the S&P 500
subcritical value (sim 1.31 vs observed 1.37). The collective evidence therefore rests not on residual marginal supercriticality, but on
the conjunction of heavy-tailed innovations, scaling geometry, and null-surviving cross-asset synchronization.

Second contrast benchmark, EUR/USD (Fig. 1, Tables 2a—2b, Appendix J)

Over its full 1999-2026 history the near-continuously-traded EUR/USD reference rate is robustly subcritical (d = 0.376, a = 3.90,
CR =1.469, P(CR < 1) = 0.00), which reduces the concern that traditional-market subcriticality is driven only by equity's discrete, no-
weekend trading. On the crypto-era window the EUR/USD estimate is boundary-adjacent (CR = 0.94) and on the SOL-matched
window it is itself supercritical (CR = 0.61); near-continuous markets can therefore also cross the boundary in specific short re-
gimes. The distinctiveness of the crypto block is therefore not marginal CR alone, but the conjunction of boundary behavior with
unusually strong triadic synchronization and surrogate-resistant collective coupling.

4.2. Scale invariance and scaling collapse

For BTC, ETH, and SOL, clustering curves estimated at different aggregation horizons collapse toward a common functional form
once rescaled by the asset-specific collapse exponent (Fig. 2). The reported point estimates are § = 0.262 for BTC, 0.298 for ETH, and
0.296 for SOL. The final B = 1000 bootstrap exercise shows that these estimates are statistically compatible with a shared value near
0.31 rather than literally identical: the 95% intervals are [0.190, 0.332] for BTC, [0.230, 0.362] for ETH, and [0.217, 0.380] for SOL.
The quality of collapse improves relative to the unscaled benchmark. For BTC, the reproducible collapse loss Q falls from 0.037 to
0.005, an improvement factor of 7.5; for ETH, from 0.050 to 0.009 (x5.7); for SOL, from 0.052 to 0.011 (x4.7). Relative to
permutation-based null envelopes, the observed collapses lie far outside randomized expectation (z > 6).

Scale collapse links the marginal boundary to collective organization. The result is not merely that each asset has clustered
volatility; it is that clustering measured at different aggregation horizons can be mapped onto a common geometry. That common
geometry makes the crypto block difficult to interpret as unrelated asset-specific bursts.

The multiscale boundary exercise refines the collective claim but also imposes an important qualification. Under the Hill-only
intraday diagnostic, SOL crosses the boundary from 4 h aggregation, ETH from 8 h aggregation, and BTC remains near the bound-
ary without a stable Hill-only activation. Under the six-estimator consensus pipeline, first-crossing horizons shift and become non-
monotone across aggregation levels (Table 6; full ladders in Supplementary Table S4). Exact TIT values should therefore be inter-
preted diagnostically rather than as structural constants. The robust conclusion is one of scale-dependent heterogeneity: amplifier
assets display repeated intraday crossings into the supercritical region, while BTC remains boundary-adjacent in the canonical daily
classification and obtains systemic relevance through synchronization, slow tail-dependence decay, and boundary proximity.

(a) BTC: B=0.262 (b) ETH: B =0.298 (c) SOL: B=0.296
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Fig. 2. Scaling collapse of the extremal clustering function in BTC, ETH, and SOL.

Note. Panels (a—c) show the rescaled extremal clustering functions for BTC, ETH, and SOL across five aggregation horizons (T = 1, 2, 4, 8, 24 h).
After rescaling (k — k-T™%, > - A-TP), the curves collapse toward a common trend. Collapse exponents cluster near 0.31: = 0.262 for BTC, = 0.298
for ETH, and p = 0.296 for SOL; B = 1000 circular contiguous-block intervals overlap 0.31 for all three assets, supporting statistically compatible
rather than identical scaling.
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4.3. Collective organization during extremes

The connectedness literature already shows that cryptocurrency markets transmit return and volatility spillovers unevenly across
assets [9-11]. The findings here sharpen that result by moving from average spillovers to synchronized tail events. In the extreme state,
the market behaves as an organized collective rather than as a set of independent marginals.

The most direct evidence comes from co-exceedances. Table 3 ranks all pairs by their co-exceedance ratio relative to the inde-
pendence benchmark and reports dependence-preserving null envelopes. The crypto-crypto block dominates: BTC-ETH co-exceed
11.24x above independence, with all crypto pairs above 6.4 x. Cross-market alignment with the S&P 500 is weaker but still above both
independence and dependence-preserving null envelopes, ranging from 3.09x to 4.22x. The crypto-crypto pairs are systematically
stronger than the crypto-equity pairs, indicating that synchronization is concentrated within the crypto block rather than diffused
uniformly across asset classes.

These null comparisons isolate the collective component of synchronization. For all crypto-crypto pairs, the observed co-
exceedance ratio exceeds both the circular-shift and block-shuffle 95% envelopes with p < 0.001. The factor-residual test is even
more conservative because it removes the first principal component of the crypto return block before redefining extremes. BTC-ETH
falls from 11.24x to 5.90x after PC1 removal, showing that common market exposure explains part of the raw synchronization;
however, 5.90x remains far above the residual circular-shift 95% envelope of 2.53x. BTC-SOL and ETH-SOL remain above their
residual envelopes as well. Finally, the BTC-ETH-SOL triple-exceedance ratio equals 106.59 x the independence expectation, while the
circular-shift 95% envelope is only 5.61 x. The synchronization result is therefore not reducible to a simple independence artifact or to
one common factor.

Absolute counts and identification (Appendix K): the core of the collective claim

The BTC-ETH-SOL triple exceedance occurs on 19 of 1417 common days against an independence expectation of 0.18 (106.59x);
pairwise joint-exceedance counts are 40 (BTC-ETH), 25 (ETH-SOL), 23 (BTC-SOL), 15/15 (BTC-/ETH-S&P) and 11 (SOL-S&P). To
isolate what the framework uniquely captures, we simulate long-memory stochastic-volatility surrogates that match each asset's
marginal d and o but contain no collective coupling: independent surrogates reproduce no triadic excess (~1x) and a single common
volatility factor reaches only ~5x (the circular-shift envelope is 5.61x), whereas the observed 106.59x is more than an order of
magnitude beyond both. Collective organization is thus the signature that marginal long-memory/heavy-tails and one common factor
cannot generate; this, rather than marginal CR alone, is what the framework adds.

The PC1 residual test also reveals a useful asymmetry. The BTC-SOL residual co-exceedance ratio rises from 6.47x in the raw
exceedance space to 11.24x after removal of the first crypto principal component, and ETH-SOL rises from 7.03x to 8.15x. This
pattern is difficult to reconcile with a single-factor exhaustion interpretation, although residual ratios are interpreted cautiously
because PC1 removal can alter covariance geometry in heavy-tailed data. Removing the dominant market mode does not eliminate
crypto synchronization; for some pairs it unmasks pair-specific residual coupling that was partly hidden by the shared factor.

Additional directional diagnostics reinforce the same interpretation but are not central to the collective claim. Joint extreme moves
are predominantly same-signed, crash synchronization exceeds rally synchronization, and lagged tail transmission is not reducible to
market capitalization. These diagnostics are secondary and are reproduced in the replication package. The main point is that
contemporaneous crypto synchronization survives dependence-preserving nulls and remains strongest precisely in the extreme state.

The x coordinates complete the role classification (Table 4). BTC combines the smallest boundary distance and slowest decay
exponent with high synchronization, making it a boundary-adjacent anchor. ETH and SOL supply the supercritical amplification core,
with ETH also acting as a strong within-core coordinator. Because PC1-residual rankings are pair-sensitive, x is used jointly with A, §,
boundary uncertainty, and activation behavior rather than as a standalone centrality parameter.

The synchronization evidence supplies the system-level step that the marginal boundary test cannot provide by itself. If the crypto
assets were simply volatile in parallel, co-exceedances would disappear after preserving marginal clustering, shifting event calendars,
shuffling burst blocks, or removing the first crypto principal component. They do not. The persistence of pairwise and triadic co-
exceedances under these nulls indicates that the crypto core enters an extreme state jointly. This is the empirical basis for calling
the regime collective rather than merely marginal.

All sixteen confirmatory synchronization p-values survive both Holm family-wise error adjustment (adjusted p < 0.016) and

Table 3

Joint-tail ratios and dependence-preserving null envelopes.
Pair Observed/independence Circular-shift 95% envelope Block-shuffle 95% envelope Null p-value
BTC-ETH 11.24x 1.97x 1.97x <0.001
BTC-SOL 6.47 x 2.25% 1.97x <0.001
BTC-S&P 4.22x 1.97 % 1.97 % <0.001
ETH-SOL 7.03x% 1.97x 1.97x <0.001
ETH-S&P 4.22x 1.97x 1.97x <0.001
SOL-S&P 3.09x 2.25% 1.97 % <0.01

Note: The observed ratio is the number of joint extreme events divided by the independence expectation, with extremes defined as |r| above each
asset's own 95th percentile. The circular-shift and block-shuffle (20-day) envelopes (B = 1000 each) preserve marginal exceedance rates and serial
clustering while breaking synchronized cross-asset timing. The reported p-value is the larger of the two dependence-preserving null p-values.
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Table 4

Anchor-amplifier role classification within the crypto triad.
Asset A S x (g = 0.95) circ/block/PC1 95% « CI x rank stable Role
BTC +0.095 —2.05 4.77/4.60/2.90 [4.11, 5.86] Yes (6/9 configs) Boundary anchor
ETH +0.455 —2.58 5.12/4.80/2.83 [4.23, 6.00] Yes (6/9 configs) Dual coordinator
SOL +0.671 —-2.70 3.45/3.60/3.31 [3.05, 5.55] Yes (6/9 configs) Fast amplifier

Note: A = 1— CR. § = (d — 1)a. xi(q) is the mean of Ry(q)/Rj"!(q) across other crypto assets in the block, where Rf“! is the 95th percentile of the

circular-shift, block-shuffle, or PC1-residual null envelope, depending on the column. The 95% « CI is reported for the circular-shift null at ¢ = 0.95
(B =1000 circular contiguous-block bootstrap). x rank stability is evaluated across nine configurations (q € {0.90,0.95,0.99} x {circular-shift,
block-shuffle, PC1-residual}).

Benjamini-Hochberg FDR adjustment (adjusted p < 0.008). The collective synchronization claim is therefore not driven by multiple
testing across thresholds, null specifications, or asset pairs. Detailed raw and adjusted p-values for each test family are reported in
Supplementary Table S5.

4.4. Hierarchical volatility cascades

At the first volatility layer, proxied by |r|, all three cryptocurrencies remain supercritical. At the adjacent cascade layer, defined as
short-horizon volatility-of-volatility, supercriticality also survives across the crypto block. The cascade is selective rather than me-
chanical: realized volatility and 20-day smoothed volatility-of-volatility do not remain uniformly supercritical. Long smoothing im-
poses a characteristic scale and absorbs the fast adjacent-layer amplification that the cascade test is designed to detect.

The stable hierarchical pattern is therefore three-level and short-horizon: weak or unstable persistence in returns, strong super-
critical organization in volatility, and renewed supercritical organization in short-horizon volatility-of-volatility.

The three-layer criticality ratios are summarized in Table 5.

Long smoothing imposes a characteristic scale and is subcritical, whereas the short-horizon volatility-of-volatility re-enters the
supercritical region: the scale-activated cascade.

This supports a scale-activated interpretation of cascade amplification.

4.5. Practical consequences of collective criticality

The practical implication of collective criticality is regime identification rather than universal forecasting superiority. After
breaches, risk concentrates; after volatility surges, next-day extremes become more likely; and synchronized tail states weaken own-
asset calibration. Detailed AUC, coverage, drawdown-scaling, and Christoffersen [27] diagnostics are reported in Supplementary
Appendix F, with drawdown scaling in Supplementary Table S7a and cluster-adjusted practical-risk diagnostics in Supplementary
Table S7b.

The boundary framework therefore does not replace GARCH, HAR, or other volatility models as universal forecasting devices. It
identifies states in which local calibration logic becomes insufficient: synchronized tail states, post-breach amplification, and short-
horizon cascade propagation. In those states, the relevant monitoring unit is the coupled crypto core rather than the isolated asset.

Appendix L provides an indicative horse-race between three next-day tail-risk specifications: own realized-volatility pressure alone,
own-volatility plus cross-asset correlation, and a full collective-state specification including synchronization breadth/intensity and
boundary proximity. The collective-state model does not deliver universal AUC dominance. Its value is concentrated where the
framework is intended to operate: rare system-wide tail monitoring and probability calibration. For system-wide extremes, adding
cross-asset correlation raises AUC from 0.812 to 0.825, while the full collective-state specification improves rare-class precision and
calibration, increasing PR-AUC from 0.104 to 0.131 and reducing Brier loss from 0.0152 to 0.0149. Thus the practical contribution is
not a replacement for volatility models, but a regime screen for synchronized tail states in which own-asset calibration becomes
insufficient.

Table 5
Three-layer criticality ratios across volatility observables.
Layer BTC ETH SOL Regime
Returns |r| (volatility proxy) 0.905 0.545 0.329 Supercritical
Realized volatility RV 1.54 1.28 1.07 Subcritical (absorbs cascade)
Short-horizon vol-of-vol |ARV]| 0.54 0.33 0.36 Supercritical (cascade preserved)
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Table 6
Diagnostic activation horizons under Hill-only and consensus tail estimation.
Asset Hill-only TIT Consensus first crossing Interpretation
BTC Not activated/near-boundary 2 h, non-monotone Boundary-adjacent anchor
ETH 8h 1 h, non-monotone Supercritical amplifier/dual coordinator
SOL 4h 1h Fast amplifier

Note. The Hill-only column reports the shortest aggregation horizon at which CR;(T) < 1 under the Hill [25] tail estimator alone. The consensus
column reports the shortest crossing horizon under a six-estimator consensus « (Hill, double-bootstrap, DEH, kernel, QQ, max-to-sum). The two
diagnostics disagree for every asset, so exact horizons are interpreted diagnostically rather than as structural constants; qualitative scale-dependent
heterogeneity is the robust conclusion.

5. Discussion
5.1. Summary of evidence and collective interpretation

The main contribution is the change in empirical object. Bergmann and Oliveira's boundary classifies a single long-memory series;
here it operates inside a coupled volatility block, where we ask whether phase location, scale geometry, synchronization, scale
activation, and cascade propagation align. The evidence supports that system-level interpretation for the sampled BTC-ETH-SOL core.

The extension is heterogeneous rather than homogeneous. ETH and SOL define the supercritical amplification core, while BTC
remains boundary-adjacent but coordinates the block through slow tail-dependence decay and null-surviving synchronization. This
architecture was defined before role assignment and should be read as a bounded diagnosis, not as a universal claim about all crypto
assets or all horizons.

5.2. Novelty relative to Bergmann-Oliveira

Bergmann & Oliveira [15] provide the decisive theoretical starting point by showing that the interaction between memory
persistence and tail heaviness generates a critical boundary at a* = 1/d, separating subcritical, critical, and supercritical temporal
organization of extremes. That contribution transforms heavy tails and persistence from parallel stylized facts into one phase-transition
mechanism. The present paper retains that mechanism but changes both the state variable and the unit of analysis.

The state variable changes from signed returns to volatility-layer observables. As established in Section 2.2, absolute returns carry
stronger and more persistent dependence than returns themselves [3,12], and volatility behaves as a heterogeneous cascade across
horizons [13]. The paper's critical classification becomes meaningful only after this shift. In that sense, the paper does not transport the
Bergmann-Oliveira method to another asset class; it redefines the state variable from raw price change to multiscale volatility
organization.

The unit of analysis changes from a single long-memory series to a coupled crypto block. In the single-series setting, supercriticality
implies persistent temporal clustering. Here, the same boundary logic coexists with strong cross-asset excess clustering (BTC-ETH-SOL
triple co-exceedances at 107 x independence), with 94% directional alignment in extreme windows, and with a further supercritical
layer in short-horizon volatility-of-volatility where CR remains between 0.33 and 0.54 and tails are heavier than in the baseline
volatility layer. The cryptocurrency market is therefore not just a set of supercritical marginals, but a supercritical collective regime.
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Fig. 3. Tail asymmetry and directed contagion structure in the BTC-ETH-SOL core.

Note: (a) Lower-tail (4, black) vs upper-tail (Ay, white) dependence at g = 0.99; crashes exceed rallies by 2.70x on average. (b) Directed one-day
cross-clustering A; for the six edges, sorted by magnitude; bar fill = source asset. SOL is the strongest transmitter, ETH the strongest receiver. (c) 11
in normal vs crisis windows for the three crypto pairs; lagged contagion weakens in crisis, with BTC — ETH approaching the no-excess line 4; = 1.
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5.3. Structural supercriticality and the crypto collective mode

The connectedness literature has established that cryptocurrency spillovers are sizable and unevenly distributed [9-11], drawing
on broader frameworks for synchronization in complex networks [21] and systemic risk in interconnected systems [16]. The present
results extend that finding by showing that the relevant organization becomes sharper in the tail. In the extreme state, BTC-ETH-SOL
triple co-exceedances exceed the independence benchmark by a factor of 107 (p < 0.001 against a circular-shift null; Table 3), crash
dependence is 2.70 times stronger than rally dependence (Fig. 3a), and 94% of joint extreme moves share the same sign. Under extreme
conditions, the market does not merely transmit shocks; it enters a synchronized regime that behaves less like a portfolio of distinct
coins and more like a collectively organized state.

The structural character of this regime is equally important. Robustness checks across aggregation frequencies support a scale-
activated interpretation, but the exact activation horizons are estimator-sensitive. The stable result is qualitative rather than
metric-specific: ETH and SOL repeatedly enter the supercritical region across intraday aggregation designs, while BTC remains
boundary-adjacent in the canonical daily classification and systemically relevant through synchronization. BTC is not a deep-
supercritical case; it is a boundary-adjacent asset with slow asymptotic tail-dependence decay (& = —2.05; Table 2a). ETH and SOL
are more decisively below the boundary, but SOL's larger boundary distance (A = 0.671) does not translate into slower clustering than
BTC: SOL's & = —2.70 indicates faster asymptotic decay than BTC's § = —2.05, so distance from the boundary and depth of temporal
clustering are distinct system-level coordinates. Crypto instability is therefore better understood as the operating mode of a market
whose volatility layer is close to cascade propagation and synchronized amplification, rather than as a simple ranking by CR
magnitude.

These results admit an anchor-amplifier reading of the crypto market. Bitcoin functions as the boundary anchor: its strong
volatility-layer memory (d = 0.306) combines with moderate tail heaviness (a = 2.955) to place ad near the critical threshold, while its
high null-adjusted synchronization intensity (x = 4.29, computed on the four-asset envelope; cf. Kk = 4.77 on the crypto-only null
reported in Table 4, reconciled in the Supplementary Material) preserves systemic coordination power (Tables 2a, 4). Maturing
informational efficiency and growing institutional presence plausibly contribute to this anchor role [28,29]. Ethereum and Solana
function as the supercritical amplification core: their weaker volatility-layer memory (d = 0.174 and 0.109, respectively) raises the
critical threshold a* = 1/d into regions well above their observed a values, placing them farther inside the supercritical region. This
position is consistent with smart-contract and protocol-dependency dynamics that generate episodic tail events without imposing long-
range volatility persistence [30]. Recent high-frequency systemic-risk evidence supports this assignment, with Bitcoin and Ethereum as
primary transmission sources and Solana among the most affected assets [31]. The collective claim therefore does not rest on ho-
mogeneous marginal supercriticality across every asset, but on a heterogeneous regime in which ETH is robustly supercritical while
SOL is supercritical under finite-sample validation, and BTC acts as a boundary-adjacent coordinator with high persistence, moderate
tails, and strong systemic synchronization. These mechanism-level interpretations are consistent with prior literature but are not
directly identified by the present empirical design, which characterizes role differentiation rather than its causal substrate.

This interpretation is deliberately narrower than a universal claim about all cryptocurrencies. The evidence characterizes the
sampled BTC-ETH-SOL core over the observed period. It does not imply that every crypto asset is supercritical, that every horizon is
equally critical, or that BTC must be deeply below the boundary in every resample. The stronger and more informative claim is
heterogeneous: an ETH/SOL amplification core is coupled to a BTC synchronization anchor, and the resulting regime becomes visible
through scaling collapse, null-surviving co-exceedance, finite activation horizons, and short-horizon cascade propagation.

5.4. Mechanistic interpretation and risk-monitoring implications

Supplementary waiting-time and aftershock diagnostics are directionally consistent with a scale-free cascade interpretation
(Appendix B; Appendix D), but the main claim does not rest on analogy to sandpiles or earthquakes. It rests on the alignment of phase-
boundary location, scaling collapse, dependence-preserving synchronization, estimator-sensitive activation behavior, and short-
horizon volatility-of-volatility propagation. The practical implication is conditional: existing volatility models remain useful, but
their transportability depends on regime. When the BTC-ETH-SOL core enters synchronized amplification, regime-aware monitoring
becomes more informative than continued reliance on own-asset calibration.

5.5. Future path toward higher-order crypto interactions

Future work should reconstruct the higher-order mechanisms behind this diagnosis by linking spot markets, derivatives, stablecoin
liquidity, lending protocols, bridge activity, and layer-2 ecosystems in explicit multilayer or simplicial networks [18,20]. The present
paper identifies the system-level regime; it does not yet map the mesoscopic structures that produce it.

6. Conclusion

This paper asked whether the coupled core of major cryptocurrencies (BTC, ETH, SOL) is better understood as separate volatile
assets or as an interacting critical system. Viewed through the volatility layer, the answer is qualified but affirmative: ETH is robustly
supercritical and SOL is finite-sample-validated supercritical, BTC is boundary-adjacent with slow asymptotic decay, and the crypto
block displays dependence-preserving synchronization that cannot be reduced to independent marginals or to one common factor.

The paper contributes to complexity science in three ways. First, it extends the Bergmann-Oliveira critical-boundary framework
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from a single long-memory series to the level of collective market dynamics. Second, it separates boundary distance A from tail-
dependence decay depth 3§, resolving the apparent CR paradox that otherwise arises when SOL appears deeper by CR while BTC
decays more slowly. Third, it demonstrates that instability propagates in two directions: horizontally across assets through scale-
dependent intraday boundary behavior whose exact activation horizons are estimator-sensitive, and vertically across fluctuation
layers instead of being absorbed at the first level of variation.

The practical implication is not simply that crypto risk is high. It is that the relevant risk state is collective. When the BTC-ETH-SOL
core enters synchronized amplification, tail events become temporally clustered, cross-asset alignment strengthens, and short-horizon
volatility-of-volatility preserves the cascade. Risk scaling, margining, and monitoring therefore become unreliable when they treat
turbulence as an own-asset volatility problem and not as a coupled nonlinear regime. The external-validity target of these findings is
the sampled BTC-ETH-SOL core, with the daily S&P 500 cash index as a contrast benchmark; generalization to other cryptocurrencies
or to higher frequencies requires additional testing.

Two further qualifications follow from the new analyses. On crypto-matched short windows the EUR/USD estimate is boundary-
adjacent (crypto-era, CR = 0.94) and even supercritical (SOL-matched window, CR = 0.61), so the benchmark contrast is anchored to
full-history estimates. And the collective regime is identified relative to marginal and single-common-factor surrogates rather than to a
fully structural generative model, which remains for future work.
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