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HIGHLIGHTS
» A new class of algebraically equivalent transformation functions is defined.
+ A new predictor-corrector interior-point algorithm for P, (x)-LCPs is proposed.
+ We prove polynomial complexity in the size of the problem and in the parameter «.
» Numerical results show the efficiency of the presented algorithm.
ARTICLE INFO ABSTRACT
2000 MSC: In this paper we define the first class of algebraically equivalent transformation (AET) functions
90C51 for predictor-corrector (PC) interior-point algorithms (IPAs) for sufficient linear complementarity
Keywords: problems (LCPs) and we provide the unified complexity analysis of the introduced PC IPA. This

Nonlinear programming new class is called the class of AET functions with bounded proportional growth rate for PC IPAs.

Sufficient linear complementarity problems The main difference between our PC IPA and those from the literature is that the AET function is an

Predictor-corrector interior-point algorithm input data of our algorithm. The new class of AET functions is defined by several inequalities that

Algebraically equivalent transformations are directly used in the analysis of the new PC IPA. We show that the PC IPA using any function of
the new class of AET functions has polynomial iteration complexity in the size of the problem, the
starting point’s duality gap, the accuracy parameter and the handicap of the problem’s matrix. We
also provide promising numerical results on a newly generated test set of problems that contain
matrices with large handicap, as well.

1. Introduction

Linear complementarity problems (LCPs) have a wide variety of applications in different fields, see [1,2]. It is well-known that
linear programming (LP) and linearly constrained (convex) quadratic programming (QP) problems are special cases of LCPs. Bimatrix
games, the Arrow-Debreu competitive market equilibrium problem with linear and Leontief utility functions can also be formulated
as LCPs, see [3,4]. The books by Cottle et al. [1] and Kojima et al. [5] provide insights into the theory of LCPs. Note that LCPs are
members of the class of NP-complete problems, see [6]. However, it is known that if the problem’s matrix is skew-symmetric [7-9]
or positive semidefinite [10], IPAs can find an approximate solution to LCPs in polynomial time. Starting from a properly selected
e-optimal solution we can obtain an exact solution using the rounding procedure in strongly polynomial time, see [7,11].
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$\textbf {x},\textbf {s} \in \mathbb {R}^n$


\begin {align}&-M\textbf {x}+ \textbf {s} = \textbf {q}, \; \textbf {x},\textbf {s} \geq \textbf {0}, \; \textbf {x}\textbf {s}=\textbf {0},\tag {LCP}\label {LCP}\end {align}
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\begin {align}\label {def:P_kappa} &(1+4 \kappa ) \sum _{i \in I_+(\mathbf {x})} x_i{(Mx)}_i + \sum _{i \in I_-(\mathbf {x})} x_i {(Mx)}_i \geq 0, \quad \forall \mathbf {x} \in \mathbb {R}^n,\end {align}


\begin {align*}&I_+(\text {\textbf {x}})=\{1 \leq i \leq n: x_i {(Mx)}_i > 0\} \; \text { and } \; I_-(\mathbf {x})=\{1\leq i \leq n: x_i{(Mx)}_i<0\}.\end {align*}
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\begin {align*}&P_*=\bigcup _{\kappa \geq 0} P_*(\kappa ).\end {align*}


\begin {align}&-\textit {M}\textbf {x} + \textbf {s} = \textbf {q}, \qquad \textbf {x}, \textbf {s} > \textbf {0}, \qquad \textbf {xs} = \mu \textbf {e}, \tag {CPP}\label {CPP}\end {align}
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$\varphi : (\bar {\xi }, \infty ) \to \mathbb {R}$


$0 \leq \bar {\xi } < 1$


$\varphi '(t) > 0, \; \forall t> \bar {\xi }$


$\varphi (\mathbf {x})={[\varphi (x_1),\varphi (x_2)\, \ldots , \varphi (x_n)]}^T.$


\begin {align}&-\textit {M}\textbf {x} + \textbf {s} = \textbf {q} \qquad \textbf {x}, \textbf {s} > \textbf {0}, \qquad \varphi \left ( \frac {\mathbf {x} \mathbf {s}}{\mu } \right )= \varphi ( \mathbf {e} ). \label {CCPfi}\end {align}


$CPP_{\varphi }$


\begin {align}-M \Delta \mathbf {x}+\Delta \mathbf {s} &= \mathbf {0},\nonumber \\ S \Delta \mathbf {x}+ X \Delta \mathbf {s}&= \mathbf {a}_{\varphi },\label {transformed_newton_system}\end {align}


\begin {align}\label {afi} &\mathbf {a}_{\varphi }=\mu \frac {\varphi (\mathbf {e}) - \varphi \left ( \frac {\mathbf {x}\mathbf {s}}{\mu } \right )}{\varphi '\left (\frac {\mathbf {x}\mathbf {s}}{\mu } \right )},\end {align}


$X = {\textrm {diag}}\,(\mathbf {x})$
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$\varphi :(\xi ^2, \infty ) \to \mathbb {R}$


$\varphi '(t) > 0, \; \forall t> \xi ^2$


$0 \leq \xi \leq \frac {1}{2}$
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$c_0 \geq \frac {1}{4}$


$c_1, c_2, c >0$


$0 \leq \xi \leq \frac {1}{2}$


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq 1$


$c > 0$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


$r \leq 2 q$


$Q_L < Q(\tau )$


\begin {align}\label {skalazashoz} &\mathbf {v}=\sqrt {\frac {\mathbf {x}\,\mathbf {s}}{\mu }}, \quad \mathbf {d}=\sqrt {\frac {\mathbf {x}}{\mathbf {s}}}, \quad \mathbf {d}_x= \frac {\mathbf {d}^{-1}\,\Delta \mathbf {x}}{\sqrt {\mu }}=\frac {\mathbf {v}\,\Delta \mathbf {x}}{\mathbf {x}}, \quad \mathbf {d}_s=\frac {\mathbf {d}\,\Delta \mathbf {s}}{\sqrt {\mu }}=\frac {\mathbf {v}\,\Delta \mathbf {s}}{\mathbf {s}}.\end {align}


\begin {align}-\bar {M} \mathbf {d}_x+\mathbf {d}_s&= \mathbf {0},\nonumber \\ \mathbf {d}_x+\mathbf {d}_s&= \mathbf {p}_{\varphi },\label {scaled_system}\end {align}


$\bar {M}=DMD$


$D={\textrm {diag}}\,(\mathbf {d})$


\begin {align}\label {pv} &\mathbf {p}_{\varphi }=\frac {\varphi (\mathbf {e})-\varphi (\mathbf {v}^2)}{\mathbf {v} \varphi '(\mathbf {v}^2)}.\end {align}
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$c_0 \left | t(1-t)\varphi '(t^2) \right | \leq \left | \varphi (1) - \varphi (t^2) \right | \leq 2 c_1 (1+t) \left | t(1-t)\varphi '(t^2) \right |$


$t> \xi $


\begin {align*}\hspace *{-23.9pt}4 t^2 \varphi '(t^2) (\varphi (1) - \varphi (t^2)) - c_2 {(\varphi (1)-\varphi (t^2))}^2 &\leq 4t^2 (1-t^2) {\left ( \varphi '(t^2) \right )}^2 \leq 4 t^2 \varphi '(t^2) (\varphi (1) - \varphi (t^2)) + {(\varphi (1)-\varphi (t^2))}^2\end {align*}


$t> \xi $


\begin {align*}\hspace *{-23.9pt}\lim _{t \to \infty } \frac {\varphi (1) - \varphi (t^2)}{t^2\varphi '(t^2)} = - c.\end {align*}


$\mathbf {a}_{\varphi }$


$\varphi (t) = \frac {\sqrt {t}}{2(1+\sqrt {t})}$


$\varphi $


$f:(\xi ,\infty ) \to \mathbb {R}$


\begin {align}\label {pvt} &f(t) = \frac {\varphi (1) - \varphi (t^2)}{t\varphi '(t^2)}.\end {align}


$f$


$c_0 \geq \frac {1}{4}$


$c_1, c_2, c >0$


$c_0 |1-t| \leq |f(t)| \leq 2c_1|1-t^2|,$
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$-c_2 \frac {f{(t)}^2}{4} \leq 1-t^2-tf(t) \leq \frac {f{(t)}^2}{4},$


$t> \xi $


$\lim _{t \to \infty } \frac {f(t)}{t} = -c.$
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\begin {align*}&\lim _{\mu \to 0} \mathbf {a}_{\varphi } = -c \mathbf {x}\mathbf {s}.\end {align*}


$t_i=\sqrt {\frac {x_i s_i}{\mu }}$


$i=1,\ldots n$


\begin {align*}&\lim _{t_i \to \infty } \frac {\varphi (1)-\varphi (t_i^2)}{t_i^2 \varphi '(t_i^2)} = \lim _{\mu \to 0} \frac {\varphi (1)-\varphi \left (\frac {x_i s_i}{\mu } \right )}{\frac {x_i s_i}{\mu } \varphi ' \left (\frac {x_i s_i}{\mu } \right )} = \lim _{\mu \to 0} \frac {{({\mathbf {a}_{\varphi }})}_i}{x_i s_i} = -c,\end {align*}


\begin {align*}&\mathbf {d}_x^c={(I+\bar {M})}^{-1} \mathbf {p}_{\varphi }, \quad \mathbf {d}_s^c=\bar {M}{(I+\bar {M})}^{-1} \mathbf {p}_{\varphi }.\end {align*}
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\begin {align}\label {corrstep1} &\mathbf {x}^{c}=\mathbf {x}+ \Delta ^c \mathbf {x}, \quad \mathbf {s}^{c}=\mathbf {s} + \Delta ^c \mathbf {s}.\end {align}
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\begin {align}-\bar {M}_+ \mathbf {d}_x^p+ \mathbf {d}_s^p &= \mathbf {0},\nonumber \\ \mathbf {d}_x^p+\mathbf {d}_s^p&= -c \mathbf {v}^+,\label {transformed_pred_system}\end {align}
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\begin {align}-M \Delta ^p \mathbf {x}+\Delta ^p \mathbf {s} &= \mathbf {0},\nonumber \\ S \Delta ^p \mathbf {x}+ X \Delta ^p \mathbf {s}&= -c \mathbf {x}^c \mathbf {s}^c.\label {transformed_newton_system3}\end {align}


$\mathbf {d}^+ = \sqrt {\frac {\mathbf {x}^c}{\mathbf {s}^c}}$
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$\bar {M}_+=D^+MD^+$


\begin {equation*}\mathbf {d}_x^p= -c\mathbf {v}^+ \, {(I+\bar {M}_+)}^{-1} \quad \text { and } \quad \mathbf {d}_s^p=-c\mathbf {v}^+ \, \bar {M}_+{(I+\bar {M}_+)}^{-1}.\end {equation*}
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\begin {equation*}\mathbf {x}^{p}=\mathbf {x}^c +\theta \Delta ^p \mathbf {x}, \quad \mathbf {s}^p=\mathbf {s}^c + \theta \Delta ^p \mathbf {s}, \quad \mu ^p = \left (1-c\theta \right )\mu ,\end {equation*}


$\theta \in \left (0,\frac {1}{c_4}\right )$
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$\delta : \mathbb {R}_+^n \times \mathbb {R}_+^n \times \mathbb {R}_+ \to \mathbb {R} \cup \{\infty \}$


\begin {align}\label {proximitynew} &\delta (\mathbf {x},\mathbf {s};\mu ) := \delta (\mathbf {v})=\frac {\left \|\mathbf {p}_{\varphi }\right \|}{2},\end {align}
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\begin {align}\label {norm2taumu1} &\mathcal {N}_2(\tau ,\mu ):= \{(\mathbf {x},\mathbf {s}) \in \mathcal {F}^{+}: \delta (\mathbf {x},\mathbf {s};\mu ) \leq \tau \},\end {align}
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$(\Delta ^c x^k, \Delta ^c s^k)$


$\varphi $


${\left (\mathbf {x}^{c}\right )}^k:=\mathbf {x}^k+ \Delta ^c \mathbf {x}^k \text { and } {\left (\mathbf {s}^{c}\right )}^k:=\mathbf {s}^k + \Delta ^c \mathbf {s}^k;$


$(\Delta ^p x^k, \Delta ^p s^k)$


${\left (\mathbf {x}^{p}\right )}^k:={\left (\mathbf {x}^c\right )}^k +\theta \Delta ^p \mathbf {x}^k \text { and }{\left (\mathbf {s}^p\right )}^k:={\left (\mathbf {s}^c\right )}^k + \theta \Delta ^p \mathbf {s}^k;$


${\left (\mu ^p\right )}^k := \left (1-c \theta \right )\mu ^k;$


$\mathbf {x}^{k+1}:= {\left (\mathbf {x}^p\right )}^k, \quad \mathbf {s}^{k+1}:={\left (\mathbf {s}^p\right )}^k, \quad \mu ^{k+1}:={\left (\mu ^p\right )}^k, \quad k:=k+1;$
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$\mathbf {v} > \xi \mathbf {e}$


${\mathbf {v}^+} = \sqrt {\dfrac {\textbf {x}^c\textbf {s}^c}{\mu }}$


$\delta (\mathbf {x},\mathbf {s};\mu ) < \sqrt {\frac {1-\xi ^2}{1+4\kappa }}$


$\varphi $


$\mathbf {v}^+ > \xi \mathbf {e}$


\begin {equation*}\delta (\textbf {x}^c,\textbf {s}^c;\mu ) \leq c_1 (c_3 + 2 + 4\kappa )\delta {(\textbf {x},\textbf {s};\mu )}^2,\end {equation*}


$c_1, c_3=\max \{1,c_2\} \in \mathbb {R}_+$


$\delta := \delta (\textbf {x},\textbf {s};\mu )$
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$\textbf {x}^c = \textbf {x} + \Delta \textbf {x}$


$\textbf {s}^c = \textbf {s} + \Delta \textbf {s}$
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$c_2 \in \mathbb {R}_+$


\begin {align*}&{\left (\textbf {x}^c\right )}^T\textbf {s}^c \leq \mu \left (n + (c_2 +1)\delta ^2\right ).\end {align*}


$\varphi $


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq \frac {1}{2}r$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


$\mu ^0 = \frac {{\left (\mathbf {x}^0\right )}^T\mathbf {s}^0}{n}$


$\delta (\mathbf {x}^0,\mathbf {s}^0;\mu ^0 )\leq \tau $
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${\left (\mathbf {x}^k\right )}^T \mathbf {s}^k \leq \epsilon $
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\begin {align*}&c_0 \|\mathbf {e}-\mathbf {v}\| \leq \|f(\mathbf {v})\| \leq 2c_1 \|\mathbf {e} - \mathbf {v}^2 \|.\end {align*}


$c_0$


$\bar {k}$


$\varphi (t)=t-\sqrt {t}$


$c_0 = c = 1.$


$\varphi $


\begin {align*}&\|\mathbf {d}^p_{x} \mathbf {d}^p_{s} \| \leq \frac {c^2 \; n( 1+ 2\kappa ){\left (1+\frac {2}{c_0} \, \delta ^+\right )}^2}{2},\end {align*}


$\delta ^+= \delta (\mathbf {x}^c,\mathbf {s}^c;\mu )$


\begin {align}&(1+4\kappa ) \sum _{i \in I_+} d^p_{x_i} d^p_{s_i}+ \sum _{i \in I_{-}} d^p_{x_i} d^p_{s_i} \geq 0. \label {pstar2}\end {align}


\begin {align}\label {bound1} &\sum _{i \in I_+} d^p_{x_i} d^p_{s_i} \leq \frac {1}{4} \sum _{i \in I_+}{\left (d^p_{x_i}+d^p_{s_i} \right )}^2 \leq \frac {1}{4} \sum _{i=1}^{n} {\left (d^p_{x_i}+d^p_{s_i} \right )}^2 = \frac {1}{4} \|\mathbf {d}_x^p + \mathbf {d}_s^p\|^2 = \frac {1}{4} \left \|c \mathbf {v}^+\right \|^2.\end {align}


\begin {align*}c^2 \|\mathbf {v}^+\|^2 &= \|\mathbf {d}_x^p + \mathbf {d}_s^p\|^2= \|\mathbf {d}_x^p\|^2 + \|\mathbf {d}_s^p\|^2+ 2 \left ( \sum _{i \in I_+} d^p_{x_i} d^p_{s_i}+ \sum _{i \in I_{-}} d^p_{x_i} d^p_{s_i} \right ) \\ &\geq \|\mathbf {d}_x^p\|^2 + \|\mathbf {d}_s^p\|^2 - 8\kappa \sum _{i \in I_+} d^p_{x_i} d^p_{s_i} \geq \|\mathbf {d}_x^p\|^2 + \|\mathbf {d}_s^p\|^2 - 2c^2 \kappa \, \|\mathbf {v}^+\|^2.\end {align*}


$\|\mathbf {d}_x^p\|^2 + \|\mathbf {d}_s^p\|^2 \leq c^2 \left (1+ 2\kappa \right ) \|\mathbf {v}^+\|^2.$


\begin {align}&\|\mathbf {v}^+\|\le \sqrt {n}(\sigma ^+ + 1), \label {vplus}\end {align}


$\sigma ^+=\|\mathbf {e}-\mathbf {v}^+\|$


$\delta ^+$


\begin {align}&\delta ^+ = \frac 12 \, \left \| \mathbf {p}_{\mathbf {v}^+} \right \| = \frac 12 \| f(\mathbf {v}^+)\| \geq \frac {c_0}{2} \, \left \| \textbf {e} - \textbf {v}^+ \right \| = \frac {c_0}{2} \sigma ^+, \label {psi}\end {align}


$f$


\begin {align}\label {vplus2} &\|\mathbf {v}^+\|\leq \sqrt {n}\left (1+ \frac {2}{c_0} \, \delta ^+\right ).\end {align}


\begin {align*}&\|\mathbf {d}_x^p \mathbf {d}_s^p\| \leq \frac {1}{2} \left ( \|\mathbf {d}_x^p\|^2 + \|\mathbf {d}_s^p\|^2 \right ) \leq \frac {c^2}{2} \left (1+2\kappa \right ) \left \| \mathbf {v}^+\right \|^2 \leq \frac {c^2 \; n( 1+ 2\kappa ){\left (1+\frac {2}{c_0} \, \delta ^+\right )}^2}{2}.\end {align*}


$(\mathbf {x}^c, \mathbf {s}^c) \in \mathcal {F}^+$


$\mu > 0$


$\delta ^+:=\delta (\mathbf {x}^c,\mathbf {s}^c;\mu ) < \frac {c_0}{2}$


$\theta \in \left (0,\frac {1}{c_4}\right )$


$c_4 = \max \{1,c \}$


$\mathbf {x}^{p}=\mathbf {x}^c + \theta \Delta ^p \mathbf {x}, \quad \mathbf {s}^p=\mathbf {s}^c + \theta \Delta ^p \mathbf {s}$


$\varphi $


$(\mathbf {x}^p, \mathbf {s}^p) \in \mathcal {F}^+$


$u(\delta ^+,\theta ,n) > 0$


\begin {align}\label {ufunction} &u(\delta ^+, \theta , n) := {\left (1 - \frac {2}{c_0} \delta ^+\right )}^2 -\frac {\theta ^2 c^2 \; n( 1+ 2\kappa ){\left (1+\frac {2}{c_0} \, \delta ^+\right )}^2}{2(1-c\theta )}.\end {align}


$\mathbf {v}^+$


\begin {align*}&\mathbf {x}^p(\alpha )=\frac {\mathbf {x}^c}{\mathbf {v}^+}(\mathbf {v}^++\alpha \; \theta \; \mathbf {d}_x^p), \quad \mathbf {x}^p(\alpha )=\frac {\mathbf {s}^c}{\mathbf {v}^+}(\mathbf {v}^+ +\alpha \; \theta \; \mathbf {d}_s^p).\end {align*}


\begin {align}\mathbf {x}^p(\alpha )\mathbf {s}^p(\alpha ) &= \mu \left ({\left (\mathbf {v}^+\right )}^2 + \alpha \theta \mathbf {v}^+ \left (- c \, \mathbf {v}^+ \right ) + \alpha ^2 \; \theta ^2 \; \mathbf {d}_x^p \mathbf {d}_s^p \right ) = \mu \left (\left (1- c \alpha \theta \right ) {\left (\mathbf {v}^+ \right )}^2 + \alpha ^2 \; \theta ^2 \; \mathbf {d}_x^p \mathbf {d}_s^p \right ). \label {xpsp}\end {align}


\begin {align}\min \left (\frac {\mathbf {x}^p(\alpha ) \mathbf {s}^p(\alpha )}{\mu \left (1- c \alpha \theta \right )}\right ) &= \min \left ( {\left (\mathbf {v}^+\right )}^2+\frac {\alpha ^2 \theta ^2}{1- c \alpha \theta } \mathbf {d}_x^p \mathbf {d}_s^p \right ) \nonumber \\ &\geq \min \left ( {\left ( \mathbf {v}^+ \right )}^2 - \frac {\alpha ^2 \theta ^2}{1- c \alpha \theta } \|\mathbf {d}_x^p \mathbf {d}_s^p\|_{\infty } \mathbf {e} \right )\geq \min \left ( {\left ( \mathbf {v}^+ \right )}^2 - \frac {\theta ^2}{1- c \theta } \|\mathbf {d}_x^p \mathbf {d}_s^p\|_{\infty } \mathbf {e} \right ).\label {vphey}\end {align}


\begin {align*}&h(\alpha )=\frac {\alpha ^2 \theta ^2}{1- c \alpha \theta }\end {align*}


$0\leq \alpha \leq 1$


$\theta \in \left (0,\frac {1}{c_4}\right )$


$c_4 = \max \{1,c \}$


$c>0$


\begin {align*}&|1-v_i^+| \leq \|\mathbf {e}-\mathbf {v}^+\|, \;\; \forall i=1,\ldots ,n\end {align*}


$\sigma _+$


\begin {align}&\min {\left (\mathbf {v}^+ \right )}^2 \geq {(1-\sigma ^+)}^2 \geq {\left (1 - \frac {2}{c_0} \, \delta ^+\right )}^2. \label {minvplus}\end {align}


$\|\cdot \|_{\infty } \leq \|\cdot \|$


\begin {align}\min \left (\frac {\mathbf {x}^p(\alpha ) \, \mathbf {s}^p(\alpha )}{\mu \, (1- c \, \alpha \, \theta )}\right ) &\geq {\left (1 - \frac {2}{c_0} \delta ^+\right )}^2 -\frac {\theta ^2 c^2 \; n( 1+ 2\kappa ){\left (1+\frac {2}{c_0} \, \delta ^+\right )}^2}{2(1-c\theta )}=: u(\delta ^+,\theta ,n).\label {minxpsp}\end {align}


$u(\delta ^+,\theta ,n) > 0$


$\mathbf {x}^p(\alpha ) \, \mathbf {s}^p(\alpha ) > 0$


$0\leq \alpha \leq 1$


$\mathbf {x}^p(\alpha )$


$\mathbf {s}^p(\alpha )$


$0\leq \alpha \leq 1$


$\mathbf {x}^p(0) = \mathbf {x}^c > \mathbf {0}$


$\mathbf {s}^p(0) = \mathbf {s}^{c} >\mathbf {0}$


$\mathbf {x}^p(1)=\mathbf {x}^p > \mathbf {0}$


$\mathbf {s}^p(1) = \mathbf {s}^p > \mathbf {0}.$


\begin {align}\label {vp2} &\mathbf {v}^p = \sqrt {\frac {\mathbf {x}^p \mathbf {s}^p}{\mu ^p}},\end {align}


$\mu ^p=\left (1-c\theta \right )\mu .$


$\alpha =1$


\begin {align}&\min {\left ( \mathbf {v}^p \right )}^2 \geq u(\delta ^+,\theta ,n) > 0. \label {minvp}\end {align}


$\mu $


$\varphi $


$\delta ^+:=\delta (\mathbf {x}^c,\mathbf {s}^c;\mu ) <\frac {c_0}{2}$


$u(\delta ^+,\theta ,n) > \xi ^2$


$\mathbf {v} > \xi \mathbf {e}$


$0\leq \xi \leq \frac {1}{2},$


$\mu ^p=\left (1-c\theta \right ) \mu $


$\theta \in \left (0,\frac {1}{c_4}\right )$


$c_4 = \max \{1,c \}$


$\mathbf {x}^p$


$\mathbf {s}^p$


$\mathbf {v}^p > \xi \mathbf {e}$


\begin {align*}&\delta ^p:= \delta (\mathbf {x}^p, \mathbf {s}^p; \mu ^p) \leq c_1 ((2+c_3)+4\kappa ) \delta ^2 +\frac {c_1\, c^2 \, n\, \theta ^2}{2(1-c\theta )} \left (1+2\kappa \right ) {\left (1+\frac {2}{c_0} \delta ^+\right )}^2,\end {align*}


$\delta :=\delta (\mathbf {x},\mathbf {s};\mu )$


$c_3=\max \{1,c_2\}$


$u(\delta ^+,\theta ,n) > \xi ^2$


$\mathbf {x}^p, \mathbf {s}^p > \mathbf {0}$


\begin {align*}&\min \left ( \mathbf {v}^p \right )\geq \sqrt {u(\delta ^+,\theta ,n)} > \xi ,\end {align*}


$\delta ^p$


\begin {align}\label {psi_pred} &\delta ^p:=\frac {\left \| f(\mathbf {v}^p) \right \|}{2} \leq c_1 \left \| \mathbf {e} -{\left ( \mathbf {v}^p\right )}^2 \right \|,\end {align}


\begin {align}\label {vpv2} &{\left (\mathbf {v}^p\right )}^2 = {\left (\mathbf {v}^+ \right )}^2 + \frac {\theta ^2}{1-c\theta } \mathbf {d}_x^p \mathbf {d}_s^p,\end {align}


\begin {align}\delta ^p&\leq c_1\left \|\mathbf {e}-{\left (\mathbf {v}^+ \right )}^2 - \frac {\theta ^2}{1-c\theta } \mathbf {d}_x^p \mathbf {d}_s^p\right \| \leq c_1\left ( \left \|\mathbf {e}-{\left (\mathbf {v}^+ \right )}^2 \right \| + \frac {\theta ^2}{1-c\theta }\left \| \mathbf {d}_x^p \mathbf {d}_s^p\right \|\right ).\label {calculation1a}\end {align}


\begin {align}\label {pv3} &\left \|\mathbf {e}-{\left (\mathbf {v}^+\right )}^2\right \| \leq \|\mathbf {e} - \mathbf {v}^2 - \mathbf {v}\mathbf {p}_{\varphi } \| + \left \| \frac {\mathbf {p}_{\varphi }^2}{4}\right \| + \left \| \frac {\mathbf {q}_{\varphi }^2}{4}\right \|,\end {align}


$\mathbf {q}_{\varphi } = \mathbf {d}_x^c-\mathbf {d}_s^c$


$\mathbf {p}_{\varphi } = f(\mathbf {v})$


\begin {align}\label {calculation1} &\left \| \mathbf {e} - \mathbf {v}^2 - \mathbf {v} \mathbf {p}_{\varphi }\right \| = \left \|\mathbf {e} - \mathbf {v}^2 - \mathbf {v} f(\mathbf {v}) \right \| \leq c_3 \left \| \frac {\mathbf {p}_{\varphi }^2}{4} \right \|,\end {align}


$c_3= \max \{1,c_2\}$


\begin {align}\left \|\mathbf {e}-{\left (\mathbf {v}^+\right )}^2\right \| &\leq (1+c_3) \left \| \frac {\mathbf {p}_{\varphi }^2}{4}\right \| + \left \| \frac {\mathbf {q}_{\varphi }^2}{4}\right \| \leq (1+c_3) {\left (\frac {\|\mathbf {p}_{\varphi }\|}{2} \right )}^2+ {\left (\frac {\|\mathbf {q}_{\varphi }\|}{2} \right )}^2 \leq ((2+c_3)+4\kappa ) \delta ^2.\label {calculation2}\end {align}


$\varphi $


$\theta \in \left (0,\frac {1}{c_4}\right )$


$c_4 = \max \{1,c \}$


$\mathbf {x}^p$


$\mathbf {s}^p$


\begin {align*}&{\left (\mathbf {x}^p\right )}^T \mathbf {s}^p \leq \left (1-c\theta +\frac {c^2 \theta ^2}{2} \right ) {\left (\mathbf {x}^c \right )}^T \mathbf {s}^c <\frac {\left (n + (c_2 +1)\delta ^2\right )\mu ^p}{1-c \theta }.\end {align*}


$\alpha =1$


\begin {align}{\left (\mathbf {x}^p\right )}^T \mathbf {s}^p &= \mu ^p \mathbf {e}^T {\left (\mathbf {v}^p\right )}^2 = \mu \mathbf {e}^T\left ( \left (1-c \theta \right ) {\left (\mathbf {v}^+\right )}^2 + \theta ^2 \mathbf {d}_x^p \mathbf {d}_s^p \right ) = \left (1-c\theta \right ) {\left (\mathbf {x}^c \right )}^T \mathbf {s}^c + \mu \theta ^2 {\left (\mathbf {d}_x^p\right )}^T \mathbf {d}_s^p.\label {dualitygap1}\end {align}


\begin {align}\label {kell} &{\left (\mathbf {x}^p\right )}^T \mathbf {s}^p \leq \left (1-c \theta +\frac {c^2 \theta ^2}{2} \right ) {\left (\mathbf {x}^c \right )}^T \mathbf {s}^c.\end {align}


$\theta \in \left (0,\frac {1}{c_4}\right )$


$c_4 = \max \{1,c \}$


\begin {align}\label {hasznos3} &1-c \theta +\frac {c^2 \theta ^2}{2} < 1.\end {align}


$\mu ^p = \left (1-c\theta \right ) \mu $


\begin {align*}{\left (\mathbf {x}^p\right )}^T \mathbf {s}^p &\leq \left (1-c \theta +\frac {c^2 \theta ^2}{2} \right ) {\left (\mathbf {x}^c \right )}^T \mathbf {s}^c< {\left (\mathbf {x}^c \right )}^T \mathbf {s}^c \leq \mu \left (n + (c_2 +1)\delta ^2\right ) =\frac {\left (n + (c_2 +1)\delta ^2\right )\mu ^p}{1-c \theta },\quad \end {align*}


$\kappa \ge 0$


$u$


$\xi ^2$


\begin {align}\label {fitau} &Q(\tau ) = \frac {{\left ( 1- \frac {1}{c_0} \tau \right )}^2 - \xi ^2}{{\left (1+\frac {1}{c_0}\tau \right )}^2}.\end {align}


$\xi = 0$


$Q(\tau )$


$\xi >0$


$Q(\tau ) > 0$


$\tau < (1-\xi )c_0$


\begin {align}\label {QLtau} &Q_L = \frac {\theta ^2 c^2 \; n(1+ 2\kappa )}{2(1-c\theta )}.\end {align}


$\tau $


$\theta $


$\theta $


$\theta \in \left ( 0, \frac {1}{c_4} \right )$


$c_4 = \max \{1,c\}$


$c_5 \geq \frac {1}{4}$


$c_3 \geq 1$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$n\geq 1$


$q \geq 1$


$\kappa \geq 0$


\begin {align}\label {thetafontos} &\theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}} < \frac {1}{c_4}.\end {align}


$u(\delta ^+,\theta ,n) > 0$


$Q_L$


$\theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$c_3 \geq 1$


$c_5 \geq \frac {1}{4}$


$n \geq 1$


$c_4 = \max \{1,c\}$


$\kappa \geq 0$


\begin {align}\label {theta22} &\theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}} \leq \frac {1}{16 q c_5 c(1+2\kappa ) \sqrt {n}}.\end {align}


\begin {align}\label {theta1} &\frac {1}{2(1-c\theta )} \leq \frac {6q}{12q-1}.\end {align}


\begin {align}Q_L &= \frac {\theta ^2 c^2 \; n(1+ 2\kappa )}{2(1-c\theta )} \leq c^2 n\left (1+2\kappa \right ) \; \frac {6 q}{12 q-1} \; \frac {1}{16 q c_5 c(1+2\kappa ) \sqrt {n}} \; \frac {\sqrt {1-\xi ^2}}{16 q c_5 c (c_3+2+4\kappa ) \sqrt {n}} \leq \frac {3 }{4 (12 q-1)} \frac {r}{q} \tau ,\label {ossz2}\end {align}


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$c_5 \geq \frac {1}{4}$


\begin {align*}c_5 Q_L < \frac {3 }{16 (12 q-1)} \frac {r}{q} \tau <\frac {3 }{4 (12 q-1)} \frac {r}{q} \tau .\end {align*}


$\delta ^+$


$(\mathbf {x},\mathbf {s}) \in \mathcal {F}^+$


$\mathbf {v} > \xi \mathbf {e}$


$\delta (\mathbf {x},\mathbf {s};\mu ) \leq \tau $


$\tau < \sqrt {\frac {1-\xi ^2}{1+4\kappa }}$


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$c_5 \geq \frac {1}{4}$


$c_3 \geq 1$


$r \geq 2$


\begin {align*}&\delta ^+:=\delta (\mathbf {x}^c,\mathbf {s}^c;\mu ) \leq c_1 (c_3 + 2 + 4\kappa )\delta {(\textbf {x},\textbf {s};\mu )}^2,\end {align*}


$c_3=\max \{1,c_2\} \in \mathbb {R}_+$


$\delta (\mathbf {x},\mathbf {s};\mu ) \leq \tau $


$r \geq 2$


$c_1 \leq c_5$


\begin {align}\label {omegatau} &\delta ^+ \leq c_5 (c_3 + 2 + 4\kappa ) \tau ^2= \frac {\sqrt {1-\xi ^2}}{8r}\tau \leq \frac {1}{16} \tau .\end {align}


$c_5 \geq \frac {1}{4}$


$c_3 \geq 1$


$\kappa \geq 0$


\begin {align}\label {omegatau2} &\delta ^+ \leq c_5 (c_3 + 2 + 4\kappa ) \tau ^2 \leq \frac {1-\xi ^2}{64r^2c_5(c_3+2+4\kappa )} \leq \frac {1}{48r^2}.\end {align}


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$c_3 \geq 1$


$c_5 \geq \frac {1}{4}$


$c_0 \geq \frac {1}{4}$


$r \geq 2$


\begin {align}\label {deltaplus3} &\delta ^+ \leq \frac {1}{16} \tau < \frac {1}{2} \tau \leq \frac {1}{4r(3+4\kappa )} \leq \frac {1}{24} <\frac {c_0}{4} < \frac {c_0}{2}.\end {align}


$\tau < \frac {c_0}{2}$


$\xi \leq \frac {1}{2}$


\begin {align}\label {Qtaupos} &\tau < \frac {c_0}{2} \leq (1-\xi ) c_0,\end {align}


$Q(\tau ) > 0$


$u(\delta ^+,\theta ,n)>0$


\begin {align*}&u(\delta ^+,\theta ,n) = {\left (1 - \frac {2}{c_0} \delta ^+\right )}^2 -\frac {\theta ^2 c^2 \; n(1+ 2\kappa ){\left (1+\frac {2}{c_0} \, \delta ^+\right )}^2}{2(1-c\theta )},\end {align*}


$\delta ^+$


$\left (0,\frac {c_0}{2} \frac {1+Q_L}{1-Q_L}\right )$


$Q_L<1$


\begin {align}\label {ossz3a} &\delta ^+ \leq \frac {1}{16}\tau < \frac {c_0}{2} < \frac {c_0}{2} \frac {1+Q_L}{1-Q_L}.\end {align}


$u(\delta ^+,\theta ,n)$


$\delta ^+$


\begin {align}\label {baru2} &u(\delta ^+,\theta ,n) > u\left ( \frac {1}{2}\tau , \theta , n\right ) = {\left (1- \frac {1}{c_0}\tau \right )}^2 - Q_L {\left (1+\frac {1}{c_0}\tau \right )}^2 >\xi ^2>0.\end {align}


$u(\delta ^c,\theta ,n) > 0$


$u(\delta ^c,\theta ,n)>\xi ^2$


$c_1 \leq c_5$


\begin {align}\label {predp2} &\delta ^p \leq c_5 ((2+c_3)+4\kappa ) \delta ^2 +\frac {c_5\, c^2 \, n\, \theta ^2}{2(1-c\theta )} \left (1+2\kappa \right ) {\left (1+\frac {2}{c_0} \delta ^+\right )}^2,\end {align}


$\delta :=\delta (\mathbf {x},\mathbf {s};\mu )$


$c_0 \geq \frac {1}{4}$


$c_5 Q_L$


$r \geq 2$


$q \geq 1$


$r \leq 2 q$


\begin {align}\label {ossz4} &\frac {3 }{4 (12 q-1)} \frac {r}{q} {\left (1+\frac {1}{6 r^2}\right )}^2 \leq \frac {3}{44} \cdot 2 \cdot \frac {25^2}{24^2} < \frac {15}{16}.\end {align}


\begin {align}\label {ossz3} &c_5 Q_L {\left (1+\frac {2}{c_0} \delta ^+\right )}^2 < \frac {3 }{4 (12 q-1)} \frac {r}{q} {\left (1+\frac {1}{6 r^2}\right )}^2 \tau .\end {align}


\begin {align}\label {tauimportant} &\delta ^p < \left (\frac {1}{16} + \frac {15}{16}\right )\tau = \tau ,\end {align}


$\delta (\mathbf {x},\mathbf {s};\mu ) \leq \tau $


$\delta ^p(\mathbf {x}^p,\mathbf {s}^p,\mu ^p) < \tau $


$P_*(\kappa )$


$\varphi _2(t)=\sqrt {t}$


$c_0=c_1 = c_2=1$


$c=2$


$c_3=1$


$c_4=2$


$c_5=1$


$\tau =\frac {1}{2(1+2\kappa )}$


$\theta =\frac {1}{4(1+2\kappa )\sqrt {n}}$


$\tau = \frac {1}{8r(3+4\kappa )}$


$r\geq 2$


$0< \theta \leq \frac {1}{32q(3+4\kappa ) \sqrt {n}}$


$q\geq 1$


$\tau $


$\theta $


$\varphi $


$\tau $


$\theta $


$\varphi $


$0 \leq \xi \leq \frac {1}{2}$


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq \frac {1}{2}r$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


$c_4 = \max \{1,c\}$


$c>0$


$Q(\tau )$


\begin {align}\label {suffcond1} &\frac {1}{16 q^2} < Q\left (\frac {1}{6r}\right ),\end {align}


\begin {align}\label {theta111} &\frac {1}{2(1-c\theta )} <1.\end {align}


$\varphi $


$c_5 \geq \frac {1}{4}$


$\kappa \geq 0$


\begin {align}\label {theta1122} &Q_L=\frac {\theta ^2 c^2 \; n(1+ 2\kappa )}{2(1-c\theta )} < c^2 n\left (1+2\kappa \right ) \; \frac {1}{256 q^2 c^2 c_5^2 {(1+2\kappa )}^2 n} \leq \frac {1}{16q^2}.\end {align}


$\tau = \frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$c_3 \geq 1$


$c_5 \geq \frac {1}{4}$


$\kappa \geq 0$


\begin {align}\label {tau111} &\tau \leq \frac {1}{6r}.\end {align}


$Q'(\tau )$


$Q(\tau )$


$\left (0, \frac {c_0(2-\xi ^2)}{2}\right )$


$r \geq 2$


$0 \leq \xi \leq \frac {1}{2}$


$c_0 \geq \frac {1}{4}$


$\frac {1}{6r} < \frac {c_0}{2}(2-\xi ^2)$


$Q(\tau )$


$\tau $


$(0,\frac {1}{6r}]$


\begin {align}\label {tau112} &Q(\tau ) \geq Q \left (\frac {1}{6r} \right ).\end {align}


\begin {align*}&Q_L=\frac {\theta ^2 c^2 \; n(1+ 2\kappa )}{2(1-c\theta )} < \frac {1}{16 q^2} < Q\left (\frac {1}{6r}\right ) \leq Q(\tau ),\end {align*}


$\varphi $


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$0 \leq \xi \leq \frac {1}{2}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq 1$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


$Q(\tau )$


$r$


$\varphi $


$c_0$


$\xi $


$r \geq 2$


$c_0 \geq \frac {1}{4}$


$\xi \leq \frac {1}{2}$


\begin {align}\label {lowerbound4} &g(r) \leq g(2) < 2.\end {align}


\begin {align*}&\frac {1}{\sqrt {Q\left (\frac {1}{6r}\right )}} < \frac {8}{5} r < 4 q .\end {align*}


$\varphi $


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq 1$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


$q \geq \frac {1}{2}r$


\begin {align*}&k \geq 1+\left \lceil {\frac {1}{c\theta } \log \frac {(37+c_2){\left (\mathbf {x}^0\right )}^T \mathbf {s}^0}{36\epsilon }}\right \rceil .\end {align*}


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r\geq 2$


$c_5 \geq \frac {1}{4}$


$c_3 \geq 1$


$n\geq 1$


$\kappa \geq 0$


\begin {align}\label {tau1} &\delta ^2 < \frac {1}{4{(3+4\kappa )}^2} < \frac {n}{36}.\end {align}


\begin {align*}&{\left (\mathbf {x}^k\right )}^T \mathbf {s}^k <\frac {\left (n + (c_2 +1)\delta ^2\right )\mu ^k}{1-c \theta }< \frac {(37+c_2)n\mu ^k}{36(1-c\theta )}=\frac {37+c_2}{36} {(1-c\theta )}^{k-1} {\left (\mathbf {x}^0\right )}^T\mathbf {s}^0.\end {align*}


${\left (\mathbf {x}^k \right )}^T\mathbf {s}^k \leq \epsilon $


$\frac {37+c_2}{36} {(1-c\theta )}^{k-1} {\left (\mathbf {x}^0\right )}^T\mathbf {s}^0 < \epsilon .$


\begin {align*}&(k-1) \log \left (1-c\theta \right ) + \log \frac {(37+c_2){\left (\mathbf {x}^0\right )}^T\mathbf {s}^0}{36} < \log \epsilon .\end {align*}


$\log (1+\theta ) \leq \theta $


$\theta \geq -1$


\begin {align*}&-c\theta (k-1)+\log \frac {(37+c_2) {\left (\mathbf {x}^0\right )}^T\mathbf {s}^0}{36} \leq \log \epsilon ,\end {align*}


$\varphi _4(t) = t^2 - t + \sqrt {t}$


$P_*(\kappa )$


$\varphi _4(t)=t^2-t+\sqrt {t}$


$c_0=\frac {1}{2}$


$c_1 = 2$


$c_2=8$


$c=\frac {1}{2}$


$c_3=8$


$c_4=1$


$c_5=2$


$L(\tau ) = \frac {{(1-2\tau )}^2}{{(1+2\tau )}^2}$


$Q(\tau )$


$c_0= \frac {1}{2}$


$\xi =0$


$\tau = \frac {1}{2r(10+4\kappa )}$


$r\geq 2$


$0<\theta \leq \frac {1}{q(10+4\kappa )\sqrt {n}}$


$q\geq 2$


$\tau = \frac {1}{16r(10+4\kappa )}$


$r\geq 2$


$0< \theta \leq \frac {1}{32q(10+4\kappa ) \sqrt {n}}$


$q\geq 1$


$\tau $


$\theta $


$\kappa \ge 0$


$\varphi $


$\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}$


$r \geq 2$


$0 < \theta \leq \frac {\sqrt {1-\xi ^2}}{16 q c_5 c_4 (c_3+2+4\kappa ) \sqrt {n}}$


$q \geq \frac {1}{2}r$


$c_5 = \max \left \{\frac {1}{4},c_1\right \}$


$c_3=\max \{1,c_2\}$


\begin {align*}&\mathcal {O}\left ((c_3+2+4\kappa ) \sqrt {n} \log \frac {(37+c_2)n \mu ^0}{36\epsilon } \right )\end {align*}


$(\mathbf {x},\mathbf {s})$


$\mathbf {x}^T\mathbf {s}\leq \epsilon $


$\kappa $


$\varphi $


$0 < \tau \leq \frac {\sqrt {1-\xi ^2}}{16c_5(c_3+2+4\kappa )}$


$0<\theta \leq \frac { 1}{c_4\sqrt {n}} \tau $


\begin {align*}&\mathcal {O}\left ((c_3+2+4\kappa ) \sqrt {n} \log \frac {(37+c_2)n \mu ^0}{36\epsilon } \right )\end {align*}


$(\mathbf {x},\mathbf {s})$


$\mathbf {x}^T\mathbf {s}\leq \epsilon $


$\tau \leq \frac {\sqrt {1-\xi ^2}}{ 16c_5(c_3+2+ 4\kappa )}$


$r \geq 2$


\begin {align}\label {tau11} &\tau =\frac {\sqrt {1-\xi ^2}}{8r c_5(c_3+2+4\kappa )}.\end {align}


$\theta \leq \frac { 1}{c_4\sqrt {n}} \tau $


$\tau \leq \frac {\sqrt {1-\xi ^2}}{ 16 c_5(c_3+2+ 4\kappa )}$


\begin {align*}&\theta \leq \frac {1}{c_4\sqrt {n}} \tau \leq \frac {\sqrt {1-\xi ^2}}{16 c_5 c_4 (c_3+2+4\kappa )\sqrt {n}}.\end {align*}
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\begin {align*}&1-\sigma ^+ \leq v_i^+ \leq 1+\sigma ^+, \;\; \forall i=1,\ldots ,n.\end {align*}
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Furthermore, other matrix classes have also been introduced. The class of sufficient matrices has been defined by Cottle, Pang, and
Venkateswaran [12]. Kojima et al. [5] proposed the class of P, (x)-matrices. Considering the union of the sets P, (k) for all nonnegative
x we get the class P,, see [5]. Valiaho [13] showed that the class of P,-matrices is equivalent to the class of sufficient matrices. It
is important that in general, interior-point algorithms (IPAs) for solving P, (x)-LCPs have polynomial iteration complexity in the size
of the problem, the starting point’s duality gap, the accuracy parameter and the special parameter x > 0. The rounding procedure of
Illés et al. [11] works for P,(x)-LCPs, as well. Although, De Klerk and E.-Nagy [14] proved that the handicap of the problem’s matrix
could be exponential in the bit length of the data. In spite of the fact that the complexity analyses of IPAs for P,(x)-LCPs depend
on the special parameter «, there are computational results for LCPs with matrices having exponential value x, where the iteration
numbers are much better than predicted by the complexity results, see [15-17]. This shows that it is worth trying to analyse different
versions of IPAs for P,(x)-LCPs.

There are several types of [PAs. Predictor-corrector (PC) IPAs turned out to be efficient in practice. In a main iteration they perform
one predictor and several corrector steps. The goal of the predictor step is to approach the optimal solution in a greedy way. However,
after a predictor step a certain amount of deviation from the central path is obtained. The aim of the corrector step is to return to the
designated small neighbourhood of the central path. The first PC IPA was independently proposed by Mehrotra [18] and Sonnevend
[19]. Note that Mehrotra’s PC IPA is the practical one. The PC IPAs that use only one corrector step in a main iteration are called
Mizuno-Todd-Ye (MTY) algorithms [20]. Potra and Sheng [21] introduced an MTY type IPA for solving P, (x)-LCPs from arbitrary
positive starting points. Miao [22] defined an MTY type IPA for solving P, (x)-LCPs and showed superlinear convergence for problems
admitting strict complementarity solutions. I1lés and Nagy [23], Kheirfam [24] and Darvay et al. [16] also provided several MTY type
PC IPAs. Potra and Liu [25] defined PC IPAs for P,(x)-LCPs acting in a wide neighbourhood of the central path.

The method by which we define the search directions in the case of IPAs also plays a key role in this theory. For example, Peng
et al. [26] proposed self-regular functions, and Bai et al. [27] introduced the class of eligible kernel functions. Furthermore, Lesaja
and Roos [28] provided a unified analysis using eligible kernel functions for IPAs solving P,(x)-LCPs. Darvay [29] introduced the
algebraically equivalent transformation (AET) technique for defining search directions in the case of IPAs for LP. After that, several
IPAs were introduced using specific AET functions. Rigé [30] presented different IPAs using the AET technique for LP, sufficient
LCPs and symmetric cone optimization. However, it is an interesting question, whether we can define a whole class of functions in
the AET approach, for which IPAs with polynomial complexity can be defined. In the case of primal-dual IPAs for P,(x)-LCPs this
question was answered in [31], where the authors defined a new class of AET functions in the case of short-step IPAs. In [32], the
authors presented a new class of AET functions for long-step IPAs for LPs. Haddou et al. [33] proposed a family of concave functions
to determine search directions in the case of IPAs for solving monotone LCPs. It should be mentioned that they used another type of
transformation of the central path system. However, in the case of PC IPAs there is no class of AET functions for which IPAs can be
defined. The aim of this paper is to introduce a new class of AET functions and to provide a unified analysis of PC IPAs for P,(x)-LCPs
for the new class of AETs. Several PC IPAs presented in [16,24] are based on AET functions that are members of our new class of
AETs, thus a unified complexity analysis is provided for those cases, as well. It should be mentioned that there are only a few test set
problems for P,(x)-LCPs with x > 0. Illés and Morapitiye [34] initiated the development of test set problems for sufficient LCPs. In
[16] numerical results are presented in the case of three families of LCPs including a special matrix having an exponential handicap.
Our aim was to expand the currently known test set of sufficient LCPs towards problems with larger sizes and with matrices having
large handicaps. For this reason, Térok and Illés generated new test problems that are presented in [35]. In this paper we present our
numerical results and experiments with the PC IPAs based on the functions belonging to our new class of AET functions and based
on a kernel function on the test problems from [35].

The paper is organized as follows. Section 2 presents results related to the theory of P,(x)-LCPs and the classical AET approach.
We define the new class of AET functions for the PC IPA used in this paper. In Sections 3 and 4 we propose the PC IPA and provide
the complexity analysis of the proposed IPA. We also describe two examples of functions belonging to our new class of AET functions
for which we derive the complexity bounds. In Section 5 we present numerical results on a new test set of problems generated by
Torok and Illés, see [35]. Section 6 is devoted to concluding remarks and further research topics.

2. A new class of algebraically equivalent transformations for predictor-corrector interior-point algorithms

In the first part of this section we present the P,(x)-LCPs.

2.1. P,(x)-linear complementarity problems
In the LCP we are looking for the vectors x,s € R” for which the following constraints are satisfied:
-Mx+s=q, x,s>0, xs=0, (LCP)

where M € R"™" q € R" and xs is the Hadamard product of vectors x and s. We will use the following notations to determine the
feasible region, the interior and the solution set of LCPs:

F = {(x,5) € Rg xRy 1 —~Mx +s=q},
Fti={(x,s) e R xR : —-Mx+s=gq},
F*i={(x,s)€F : xs=0}.

Here we denote by Ry, the n-dimensional nonnegative orthant and by R/} the positive orthant.

2
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As we have already mentioned, LCPs belong to the class of NP-complete problems. However, Kojima et al. [10] proved that if the
problem’s matrix possesses the so-called P,(x)-property, IPAs for LCPs can find an approximate solution in polynomial time in the
size of the problem, the starting point’s duality gap, the accuracy parameter and the special parameter «.

Definition 2.1 (Kojima et al. [5]). Let x > 0 be a nonnegative real number. A matrix M € R™" is a P,(x)-matrix if

(+46) Y x(Mx);+ Y x(Mx); >0, VxR’ o))

i€, (x) i€l_(x)
where
I,x)={1<i<n:x;(Mx); >0} and I_(x)={1<i<n:x(Mx) <0}.

We call an LCP P, (x)-LCP if the problem’s matrix is a P, (x)-matrix. Throughout the paper we deal with P, (x)-LCPs and we suppose
that F* # ¢. The handicap of a matrix M [13] is defined by &(M) :=inf{x|M € P,(x)}.

Definition 2.2 (Kojima et al. [5]). A matrix M € R™" is a P,-matrix if it is a P, (x)-matrix for some x > 0.
Consider P,(x), which denotes the set of P,(x)-matrices. We will use P, to denote the set of all P,-matrices, i.e.,

P, = U P, (x).

k>0
The central path problem is the following:
—-Mx+s=q, x,s > 0, XS = ue, (CPP)

where e denotes the n-dimensional all-ones vector and yx > 0. Kojima et al. [5] proved that if M is a P,(x)-matrix, then (CPP) has
a unique solution for every u > 0. The unique solution of the central path system for a certain y is called the u-center. The set of
u-centers forms a trajectory towards the solution when y runs through positive real numbers.

In the following subsection we present the AET technique for determining search directions in the case of IPAs.

2.2. A new class of algebraically equivalent transformations in case of predictor-corrector interior-point algorithms

Firstly, we present the AET technique in the case of P, (x)-LCPs, which was first introduced by Darvay [29] for LPs. Let ¢ : (€, c0) —
R, with 0 < & < 1, be a continuously differentiable and invertible function, such that ¢'() > 0, V¢ > . The following notation is used:
@(x) = [p(x)), p(xy) ... ,(p(x,,)]T. We can write system (CPP) in the following equivalent form:

-Mx+s=q x,s > 0, <p<§> = @(e). (CPPq,)
u

Applying Newton’s method to (CPP,), we get

—MAx + As =0,
SAX + XAs = a,, (3)
where
o) - (%)
a,=p—————— 4

s (XS ’
v (%)
and X = diag (x), S = diag(s), (x,s) € F*. System (3) has unique solution, see Lemma 4.1 in [5]. The scaling technique plays a key
role in the theory of IPAs. Let

-1
T d=\/§, a - 9AX _vAx ,_dAs_ vAs )
U S \/p X \/ﬁ S

After some substitutions and calculations we obtain the scaled Newton system:

-Md, +d, =0,
d,+d,=p, ©)
where M = DM D, D = diag(d) and
@(e) — p(v?)
= T - 7
¢ Vo' (v2) @

Ilés et al. [31] presented a new class of AET functions in the case of short-step IPAs for solving P,(x)-LCPs. Later on, Darvay
and Rigé [36] extended this approach to symmetric cone horizontal linear complementarity problems. Based on the idea proposed
in [31,36] we introduce a new class of AET functions for determining search directions in the case of PC IPAs for solving P, (x)-LCPs.
To the best of our knowledge, this is the first class of AET functions to determine search directions in the case of PC IPAs. We call
this class AET functions with bounded proportional growth rate for PC IPAs.

3
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Definition 2.3. Let ¢ : (£2, ) — R be a continuously differentiable, invertible function, such that ¢’ (t) > 0, V¢ > &2, where 0 < ¢ <

==

All functions ¢ satisfying the following conditions belong to the new class of AET functions. There exist positive real numbers ¢, >
¢y, ¢y, ¢ > 0 such that

>

AET1. ¢, |r(1 —z)<p’(r2)| < |(p(1)—(p(t2) <2¢,(1 +t)|t(l —r)<p'(t2)(

holds for all 7 > &,
AET2.

429 ()(@(1) — p(2)) — e2(@(1) — 9(2))” < 421 = 1) (¢ (D)) < 420/ () (1) — 9(D) + (0(1) — 9(D))

holds for all 7 > ¢,
AET3.

() =) _
t—c0 t2(p’(t2)

This class differs from the one proposed in [31], which was developed for primal-dual IPAs. Since the corrector step can be
interpreted as a full-Newton step, we use some results from [31] in the analysis of the corrector step, and certain similarities between
the two classes of functions can therefore be observed. However, in order to define PC IPAs, it is necessary to decompose the right-hand
side a,, of the Newton system into two terms that satisfy specific conditions. Such a decomposition does not exist for all functions; for

Vi
21+
the existence of the required decomposition, we therefore introduced the third condition on the function ¢, namely condition AET3

of Definition 2.3. Moreover, the left-hand side of the first condition, namely condition AET1 of Definition 2.3 ensures the feasibility
of the predictor step. In this way, we obtained a subclass of the class of functions defined in [31].
Let us introduce the following function: f : (£, 0) — R:

o(1) — p(t?)
19 (1)

Then, we obtain the following formulation of the definition for the new class of AET functions.

example, it is not possible for the function ¢(r) = In this case, a PC IPA cannot be defined within our framework. To guarantee

S = 8)

Proposition 2.1. Consider the function f given in (8). The conditions given in Definition 2.3 can be formulated in the following way. There
exist positive constants c, > i, ¢y, ¢y, ¢ > 0 such that

AETa. ¢y|1 —t| < |f(0)] < 2¢,|1 — 2|, holds for all t > &,
AETb. —¢, 2% <1 2 —1£ () < L% holds for all 1 > ¢,
AETc. lim,_ 28 = —c.

Proof. By substituting (8) into Definition 2.3, after some calculations we obtain the result. O

Lemma 2.1. Assume that x and s are the fixed current iterates. If Condition AET3 of Definition 2.3 or AETc of Proposition 2.1 is satisfied,
then

lim a, = —Cxs.
1—0

X;S;

Proof. By using (7) and Condition AETc from Proposition 2.1 and 7; = = 1,...n, we get

X;S;

o) - o) ¢<1>—¢(7) o (ay),
=1 m

2 12 = m - s
e gt w0 ﬁ(p/<u) =0 X;8;
H H

which leads to the result. |

In our new PC IPA, we will first take a corrector step and after that a predictor step. The reason for this is that after a corrector
step we reach a proper neighbourhood of the central path. These methods are named corrector-predictor IPAs, see Potra [37].

Darvay et al. [16] provided a unified approach for defining search directions in the case of PC IPAs by using the AET technique.
We will use this approach in our PC IPA, as well.
The corrector step is a full-Newton step, hence the corrector system coincides with system (3) and the scaled corrector system coincides
with system (6), which has the following solution:

_ .- - -1
d¢ =T+ M) 'p, d=MUI+M) p,
From this and (5) we can calculate the search directions A°x and A°s. The point after a corrector step is

x‘ =x+ A%, s°=s+ASs. )
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Table 1
Functions belonging to the new class AET functions.

4 a, c Py
@)=t e —xs 1 vy
PROERY 2(+//xs — xs) 2 2e-v)
— HXs 2(v-v2)
o =1- i e S s
42 \/xs2uxsy/xs-3xsy /i XS 1 2(e —v)(e+ v +v3)

H=r—-t+\t =
@) + \/V 2(dxsy/xs=2pu\/xs+u+/1) 2 2 4v3 —2v+e

The predictor step aims to find the optimal solution in a greedy way. This means, we should set 4 = 0 in a,, of system (3). By
setting 4 = 0 in a,, and from Lemma 2.1 we obtain the predictor system

—MAPX + APs =0,
SAPX + X APs = —cx“s°. (10)
The scaled predictor system follows from (3) and (5):
-M,d> +d’ =0,
@ +d? =—cvt, 1n
"C:c , and u corresponds to (x,s) € F* appearing in (9) and (10). Moreover, d* = / ’s‘—s, D* = diag(d™), M, = D*MD*
and which has the solution:

where vt =

@ =—cvt I+ M) and & =—cvt M I+ M)
Using (5) the predictor search directions APx and A”s can be calculated. We define the point after a predictor step as
XP =X+ 0APX, P =s°+0APs, u’=(1-cOpu,

where 0 € (O, ci ), with ¢, = max{1, ¢} is the update parameter.
4

Table 1 contains functions belonging to the new class of AET functions from Definition 2.3 and the corresponding vectors a,, p,, and
the values of ¢, respectively.

3. New predictor-corrector interior-point algorithm for solving P, (x)-linear complementarity problems

The proximity measure is defined as 6 : R} X R} X R, — R U {c0}:

5(x,8; 1) 1= 6(V) = HPT(””, (12)

where || - || is the standard Euclidean norm, and p,, is given in (7).
The 7-neighbourhood of a fixed point of the central path is given by

Nz, p) 1= {(x,8) € FF 1 6(x,8p) < 7, (13)

where §(x, s; ¢) is from (12), 7 is a threshold parameter and x > 0 is fixed.
The PC IPA for solving P, (k)-LCPs is given in Algorithm 3.1.
The next subsection provides the complexity analysis of the PC IPA.

3.1. Complexity analysis of the predictor-corrector interior-point algorithm

In this subsection we present the complexity analysis of the proposed PC IPA. First, we address the corrector step and after that
the analysis of the predictor step will be provided.

3.1.1. Corrector step

The corrector step is a full-Newton step, so the analysis of this part is very similar to that of the short-step IPA presented in [31].
We summarize the lemmas and corollaries used in this case. It should be mentioned that the parameter c; given in [31] corresponds
in this case to c,. Furthermore, we introduce ¢; = max{1, ¢, }. This corresponds to ¢, in [31].

The first lemma proves the strict feasibility of the corrector step.

1

+ i .
Lemma 3.1 ([31]). Let (x,s) € F* be given, such that 5(x,s; u) < T

and v > &e. For any function satisfying AET2 of Definition 2.3,

we have that (x¢, s¢) € F+.
The quadratic convergence of the corrector step is given in the following lemma.

5
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Algorithm 3.1 PC IPA for P,(x)-LCPs based on a new class of AET functions.
Input:

Function ¢ satisfying the properties from Definition 2.3;

Accuracy parameter ¢ > 0 and proximity parameter t > 0;

Update parameter 0 € (0, L ), with ¢, = max{1,c};
4
P, (x)-matrix M with known upper bound « of the handicap & (M);

0\T 0
Starting point (x°,s%) € F*+, 40 = %, such that 5(x°,s%; 4°) < 7 and v° > &e.
begin
k :=0;
while (x*)"s* > ¢ do begin

(corrector step)
compute (A°x*, A°s*) from system (6) by using (5) with ¢;
let (x°)% := x* + A°x* and (s°)% 1= s* + A°sK;

(predictor step)
compute (APx*, APs¥) from system (11) by using (5);
let (xP)F := (x°)* + 0APXF and (sP)F 1= (s°)F + OAPsK;

(update of the parameters and the iterates)
(W) 1= (1= ) u*;
e e AT L

end
end.
CoC
Lemma 3.2 ([31]). Let (x,s) € F*, v> e and vt = , /ﬂ be given and suppose that 5(x,s; u) < };‘i For any function ¢ satisfying

AET1 and AET2 of Definition 2.3, we can say that after a fu’;l—Newton step we have vt > e and
8(x¢, 8 1) < ¢y(cs + 2+ 4K)5(x, 53 )%,

where ¢|,c; = max{l,¢c,} € R,.

The next lemma investigates the effect of the full-Newton step on the duality gap.

Lemma 3.3 ([31]). Let 6 := (x,s; u) and suppose that the vectors x¢ and s¢ are obtained using a full-Newton step, thus x° = x + Ax and
s¢ = s + As. For any function ¢ satisfying AET2 of Definition 2.3 with ¢, € R,, we have that

@)'s¢ < p (n+ (cp + 1)8?) .
In the following part we present several technical lemmas that will be used later in the analysis.
3.1.2. Technical lemmas
We present the first technical lemma which is similar to Lemma 4.5 in [38].
Lemma 3.4. Let f be a function satisfying AETa from Proposition 2.1. Then,
colle = vl < If Wl < 2¢lle = v,

Proof. The proof is similar to the proof of Lemma 4.5 in [38]. The lower bound is the same as in [38], except we have ¢, instead of
k. To prove the upper bound part, we need to use AETa from Proposition 2.1 and the same technique. O

The following lemma is a generalization of Lemma 5.3 in [16], where the PC IPA is based on the function ¢(t) =t — \/; In this case
cg=c=1

Lemma 3.5. Consider a function ¢ from the new class of AET functions given in Definition 2.3. Then,
) 2
2 n(1 + 2K)(1 +25%)
0

llaza?|| < > :

where 5% = 5(x¢,s¢; p).

Proof.
Similarly to [16] (page 2641), we have

(I+4K) ) d2dl + ) d?d" 0. (14)

iely iel_
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The second equation of system (11) yields

n

2 2
Yoarar <y ¥ (arvdr) <3 ¥ (an +dr) = 114+ QIR = g v as)

iel, iel, i=1
By combining (14) with (15), we obtain
CIVEIP = N2 +a2I> = 121 + 1211 + 2 < Y, drdr + Y drdr )
i€l i€l

2 2 2 2 2 2
> (@] + @12 — 8 Y @ a? > [P + ]2 — 27 (v P

iel,
Hence, [|d7 > + [|d?]|? < ¢? (1 + 2«) ||v*||?. Similar to the computations given in [16] (page 2642), we obtain
V¥l < v/n(e* + 1), (16)
where ¢ = ||e — v*||. We will compute a lower bound on §*. Lemma 3.4 implies
1 1 c c
ot = 5 lpy+|l = Ellf(V+)|| > > le—v*|| = 55*, 17)

where f is given in (8). From (16) and (17) we derive

vl < ﬁ(l + 2 6*). (18)

o
Taking everything into consideration, we have
) 2
s 2 n(1+2x)<1+—5+)
< i
2 2
which gives the result. O

(1 +20) v <

1
lazazi < 3 (1212 + lla?1?) <

Note that the technique of this proof is similar to that of Lemma 5.3 in [16]. However, in this case we deal with AET functions
belonging to the class defined in Definition 2.3.
In the following part we deal with the predictor step.

3.1.3. Predictor step
In the following lemma we prove the strict feasibility of the predictor step.

Lemma 3.6. Let (x¢,s°) € F* and u > 0 such that §* := §(x°,s;u) < %‘J Furthermore, let § € (O, ci), where ¢, = max{1,c}. Let
4

xP = x° +0APx, sP =s°+0APs be the iterates after a predictor step. Then, for all functions ¢ satisfying the conditions given in Definition 2.3,

we have (x?,sP) € F¥, if u(5*,0,n) > 0, where

2.2 2 5+’
s \2 P na+20(1+25%)
u(@d*,0,n) = 1-=6%) - ° 19
% 2(1 - c)
Proof. By using the definition of v* after system (11) we have
xP(a) = ﬁ(v* +a0dP), xP(a)= i( t+a0d)
=5 "), =7 ?).
By combining the second equation of system (11) and the computations given in (5.17), page 2643 in [16], we have
(@5 (@) = i ((vF) + a0v* (e v*) +a? 02 d2d?) = u (1 = cad) (v*)? +a® 0% d2? ). (20)
Similarly to the idea from [16] and from (20), we get
P(a)sP 292
min X@)sh@) = min (V+)2 + id”d’f
u(l—cab) 1—cal *°*
> min ( (v*)’ - ﬂudﬂdpn e) = min( (v*)’ - 62 llaPa?| e ). (21)
- l—caf” ¥ 5% )~ 1—cO" ¥ 57
The last inequality holds due to the fact that
202
h(a) = =
(@ 1—cab

is strictly monotone increasing for 0 < a < 1 and for each fixed 6 € (0, ci ), with ¢, = max{1,c}, ¢ > 0. From
4

[M—-vi|<lle—=v*|l, Vi=1,....n
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using the definition of ¢, after (16) we have
l—o-+§u?'§ l+o", Vi=1,....n

This and (17) imply

2
min (V)2 > (1 o)’ >< _25+>. 22)
€o
By applying Lemmas 3.5 and (22), and by using that || - ||, < || - ||, we obtain

o 2 ¢92c2n(1+2,c)(1+25+)2
mm<"(“)s(“>>z<1—35+> _ %

—_ +
w(l—cab) % 2(1—ch) =3 u(e",0,m. (23)

If u(6*,0,n) > 0, then x”(a)s”(a) > 0 for 0 < « < 1. Therefore, x’(a) and sP(«) do not change sign on 0 < « < 1. Since x”(0) = x¢ > 0
and s?(0) = s¢ > 0, we obtain x?(1) = x? > 0 and s’(1) =s” > 0.

O
Consider
V= "l‘;—f"’ (24)
where p? = (1 — ¢) u. By substituting « = 1 in (23), we get
min (v*)? > u(5+,0,n) > 0. (25)

In the following lemma the effect of a predictor step and the update of x on the proximity measure is analysed.

Lemma 3.7. Consider a function ¢ from the new class of AET functions given in Definition 2.3. Furthermore, let 6% := 6(x,s¢; u) < %0,
u(8*,0,n) > E%, v> e, with0 < £ < —, u? = (1 —cO) u, where 6 € (0 —) with ¢, = max{1, ¢}, and let x? and s” denote the iterates after a

predictor step. Then, v* > £e and

2
87 1= 8(xP,sP; ) < ¢ ((2 + ¢3) + 4K)6% + —(1 +2) 1+ Z5+) .
2(1 = c) <

where § 1= §(x,s; p) and c; = max{1l,¢c,}.

Proof. Since u(6%,6,n) > &2, from Lemma 3.6 we get x”,s? > 0. By using (25), we have

min (v7) > \u(6+,0,n) > &,

which proves the first part of the lemma. Let us compute 6” by using (7)

o = m < “e— (vf’)zu, (26)

where the inequality in (26) follows from Lemma 3.4.

After some calculations, (20) implies

W2 = (v) + T @

hence we get

2
e— (V+)2 -0 drd?

e T—co >

<q <He— H + 17 ||> : (28)

By using (28) and inequality (5.25) from [16] we obtain

2 2
He - ” <lle-=v?— vp, |l + I:,, + % (29)
where q, = d{ - d{ and p, = f(v). After some calculations we obtain
He—vz—qu,H = ”e—vz—vf(v)” <c3 qu R 30)

where ¢; = max{l,¢,} and the last inequality follows from condition AETb of Proposition 2.1. We also used a modification of
Lemma 3.4. By applying Lemma 4.4 from [38], (29) and (30) we have

2
<+ o("p‘””) +<”q¢”> < (@ + ;) + 45 @31)

fe- (o] <t weo %) 4| %] <

2

8
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Lemmas 3.5, (28) and (31) yields the desired result

> clczn92 2 4 2
8 < 2 4K)6°+ ———— (1 +2 1+ =6 .
< (2 + ¢3) + 4K) +2(1_C0)( + K)< +Co ) O

In the following lemma we give an upper bound for the duality gap after a main iteration.

Lemma 3.8. Let ¢ be a member of the new class of functions proposed in Definition 2.3 and let 6 € (0, i), where ¢, = max{1,c}. If x?
and s? are the iterates obtained after the predictor step of Algorithm 3.1, then

(n+(cy + 1)8%) P
1—co

2p2
&)'sP < <1 —ch+ %) x)'s¢ <

Proof. By substituting a = 1 into (20) and using (24), we obtain
x)Ts? = e (v2)2 = e’ ((1 —co) (V) + 02dgdg) = (1—c0) ()" + p6*(a?)" @, (32)
By applying the technique given in the proof of Lemma 5.7 from [16], we get

292
s < <1 —ch+ %) x)Tse. (33)

Ifoe (0, CL), where ¢, = max{1,c}, then
4

2n2
1—c€+%<l. (34)

From (33) and (34), u? = (1 — cf) y and Lemma 3.3 we have

(n +(cp + 1)62) ur
1—cO

2n2
&l sP < <1 —cO+ %) x)7s¢ < (x) s < p(n+(cy + 1)8?) = ,
and we get the result. O

In the following section we prove that the algorithm is well defined.

4. Complexity bound

In this section we prove that the algorithm is well defined and we obtain its polynomial iteration complexity in the size of the problem,
starting point’s duality gap, the accuracy parameter and in the special parameter « > 0. For this, we need to assure that the function
u defined in (19) is greater or equal to £2. For this, we introduce the following notation:

(-2 -
AT
-
1
(1+37)
When ¢ = 0, then Q(7) is a positive number. However, when ¢ > 0, we have to ensure that O(zr) > 0 is satisfied, hence we need

T <(1=&).
Furthermore, we introduce

O(r) = (35)

_ 0% n(1+2)

= 36
) (36)
The next lemma gives a condition related to the parameters r and 6 for which the PC IPA is well defined.
Lemma 4.1. Let ¢ be a function from the new class of AET functions given in Definition 2.3. Let 0 < & < %, T = Grerte o V(‘l;ii—‘h()’ where r > 2,
Vi _ { 1 } _ ; N iy
and 0 < 0 < T TVm where ¢ > 1, ¢ > 0, ¢5 = max yeka and ¢; = max{1,¢,}. If (D) r < 2q and (ii) O; < O(z), then the PC IPA

proposed in Algorithm 3.1 is well defined.

Proof. We show that with these values for 0 the condition § € (0, ci) is satisfied, where ¢, = max{1,c}. By using ¢5 > J—‘, =1,
4

0<f< —Fr— “_gz,nzl,qzlandlczo,weobtain
16qC5L‘4(C3+2+4K)\/;
1-¢&2
o< vi-¢ <L 37)

T 16gescy(cs +2+4K)\/; ¢
In the following part we will use Lemma 3.6. We want to show that u(5%, 8, n) > 0. For this, first we give an upper bound for Q, .

9
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Vi1-&2
From 0 < #,
16gcscy(c3+2+4x)+/n
6
_ 1 %
2(1 —c0) 12g -1

3 >1,¢5 > %,nz 1, ¢, = max{1l,c} and k > 0 we get

(38)

We also consider

V1-¢2 1

0< < : (39
16gcscy(cs +2+4K)ﬁ 16gcsc(1 +2K)\/;l

By using (38) and (39), we get

_0%¢ n(1+2x)

6g 1 Vi-¢ - 3 ,

0, = <cn(l+2x) < -z, (40)
t 2(1 = ¢6) 129 -1 16gcsc(1 + ZK)\/Z 16gcsc(c; +2 +41<)\/; 4129-1)¢q
where in the last inequality we used that 1 = ——— Vi-e and ¢; > 1. Following the computations in (40) we can show that
quality T 8res(e3+2+4x) S5=1 g p

3 r 3 r
-7< —T.
16(12¢g — 1) q 412g—-1) q

¢csQ; <

After that we give different upper bounds for 6*. Let (x,s) € F* such that v > e and 4(x, s; #) < 7. In order to use Lemma 3.2, we

1-&2 . _ V1-¢£2 1 .
have to show that 7 < 4/ TH" This follows from 7 = Testerardn® & 25,02 1 and r > 2. After a corrector step, by using Lemma 3.2,
we have

6% 1= 6(xC, 8% 1) < cqes + 2+ 4K)5(X, 85 1),

where c; = max{1,¢,} € R,. By using 6(x,s; ) < 7, r > 2 and ¢; < ¢5, we obtain

1 -2
6t <esles +2+4K)7% = T§T < %T. (41)
From c5 > i, ¢3 > 1 and k > 0 we obtain
. ) 1-£ 1
6T <es(ey 2+t ———= <~ (42)
64r2cs(c3 +2 +4k) ~ 48r2
. W& 1 1
Moreover, by using 7 = Testerardn’ 3 >1,¢5 > 2 2 and (41), we have
1 1 1 1 S _ %
T —r1< 1< — < — <= < —. 43
216 2 T WG4 244 S 72 (43)
Hence, 7 < %" Using & < %, we have
C
< 70 <1 -8, (44)

hence the QO(r) > 0 is also satisfied. Now we want to show that u(5%, 8, n) > 0. For this, consider the function

2
2 022 n(1+zx)(1+£5+)
2 5+> _ 0

st om=(1-= s
u™,6,n) < % 2(1-ch)

c 140y

which is monotone decreasing with respect to 6 in the interval (0, > 10
L

). From (40) we have Q; < 1. By using this and (43) we
have

1
<l +QL.
6' "2 21-0,

(45)

Using that u(ét, 6, n) is monotone decreasing with respect to §* in the above mentioned interval, from condition (ii) given in the
lemma and (43) we obtain

2 2
u(5+,9,n)>u(%r,9,n)=<1—lr> —QL<1+11> >&>0. (46)
€0 €

Hence, conditions u(6¢, 6, n) > 0 from Lemma 3.6 and u(5¢, 8, n) > £2 from Lemma 3.7 are satisfied.
From Lemma 3.7 and ¢, < ¢5, we get

¢s c2no? 2 2
8P < es((2 408+ 22— (Q+20) 1+ =67, 47
<e5((2+ ¢3) +4K) +2(1—c0)( + K)< +C() ) 47)

where 6 := 5(x,s; u).

10
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By using (40), (42) and ¢, > 1 and the bound obtained on ¢sQ; we have

2 4\ 3 r 1)
1+267) <—— {1+ =) = 48
cSQL( % ) 4(12q—1)q< 6r2>T (48)
From r > 2, ¢ > 1 and r < 2q we obtain
2
3 r 1 3 252 15
— TIliy=) <222 2, 49
4(12q—l)q< +6r2> T 44 242 " 16 (49)
From (41), (47), (48) and (49) we get
1 15
P — 4+ = =
5 <(16+16)T o (50)
hence if we have a feasible solution for which §(x,s; ) < 7, then after a corrector and predictor step we will get that 67(x”,s”, u”) < .
O

Example 4.1. Kheirfam [24] introduced a PC IPA for horizontal P, (x)-LCPs using the function ¢,(t) = \/; in the AET technique. Note
that this function belongs to the class given in Definition 2.3. For ¢, = ¢; = ¢, = 1 and ¢ = 2 the function satisfies the conditions given
. . el _ _ _ _ 1 _ 1 ..

in Definition 2.3. Hence, ¢; = 1, ¢4 =2 and ¢5 = 1. In [24], the parameters 7 = ;——— TS and 60 2o were used as proximity and

1 : 1

5Ga’ withr>2and 0 <6 < WL q
complexity result is obtained not only for a specific value of the parameters = and 6. However, it should be noted that these are not
the only possible values for the parameters for which conditions from Definition 2.3 are satisfied for the function ¢. This means that
we can derive other possible values and bounds for the parameters r and 6.

update parameters. In our case, using the parameters we have r = > 1. In this case the

The following lemma gives a sufficient condition for satisfying condition (ii) from Lemma 4.1.

Lemma 4.2. Let ¢ be a function belonging to the AET class defined in Definition 2.3. Consider 0 < & < %, T = oo Vcl:;;x), r > 2, and
5163
Vi-¢£ 1 _ {l } _ _ . . .
0<0< T where q > SF €5 = Max | 7,¢p ¢, €3 = max{1,¢,} and ¢, = max{1,c} with ¢ > 0. Consider the function Q(z)
given in (35). If
7 <2(5)
1 co(L). 51
1642 Q 6r (51

then condition (ii) of Lemma 4.1 is satisfied.

Proof. By using (38) we have
1

— <1 52
2(1 - c) (52)
From the properties of the function ¢ given in Definition 2.3, ¢5 > i, k > 0 and (39), we obtain
622 n(1 +2
L=L+K)<CZ,,(1+2K) %S% (53)
2(1 = c6) 256q2c2c2(1 +2x)’n ~ 16q
Furthermore, from r = ——=—— ‘]_52, c3>1,¢5 > L and « > 0 we obtain
8res(c3+2+4K)° 77 E 4
1
< —. 54
= 6r 54

1

_£2
#) However, by using r > 2,0 < ¢ < 3, and

Using Q’(z) it can be shown that the function Q(z) is strictly decreasing on (0,
co = i, we get that é < %0(2 — &£2). Hence, the function Q(x) is strictly decreasing with respect to 7 on (0, ir], as well. Thus, by using
(54), we get
1
> — ).
o =0() (55)
From (51), (52), (53) and (55) we obtain

022 a(l+26) 1 1
QL_W<@<Q(5)SQ(T),

which yields the result. O

In the following lemma we show that condition (i) of Lemma 4.1 implies condition (ii) of Lemma 4.1.

Lemma 4.3. Let ¢ be a function belonging to the AET class defined in Definition 2.3. Consider t = S TV Vctim, 0<¢é< %, r > 2, and
513

Vi-¢2 _ { 1 } _ . . . . . .
0<0< Toamseaer 12T 7 where g > 1, ¢5 = max 1 and c¢; = max{1,c,}. Consider the function Q(r) given in (35). If condition (i)
from Lemma 4.1 is satisfied, then condition (ii) from Lemma 4.1 also holds.

11
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Proof. Let us introduce the following function

5 (”ﬁ)

g(r) = ym ﬁ
_ 1Y _e
(1 6reg ) ¢
which is decreasing with respect to r, where for a given AET function ¢, ¢, and ¢ are constants. Thus, for r > 2, using ¢, > i and
E< %, we have
g <g2) <2 (56)
From (56) and condition (i) of Lemma 4.1 we get

1
1
°(z)
Hence, if condition (i) of Lemma 4.1 holds, then (51) is satisfied. Using Lemma 4.2, we obtain that condition (ii) from Lemma 4.1
also holds. O

< §r<4q.

We summarize the obtained results in the following corollary.

Corollary 4.4. Let ¢ be a function belonging to the AET class defined in Definition 2.3. Consider © = e en 2 ‘Cl;im, r>2and0< 6 <
5163

Vi-g > _ { 1 } _ > 1 . . .
ST TV where g > 1, ¢5 = max yakd and ¢; = max{1,¢,}. If ¢ > >0 then the PC IPA proposed in Algorithm 3.1 is well defined.

In the following lemma we provide a bound on the number of iterations performed by the introduced PC IPA.

V1-£2
Lemma 4.5. Let ¢ be a function belonging to the AET class defined in Definition 2.3. Consider T = m, r>2and0 <6 <
5163
V1-¢£2 070
m, where g > %r, 5 = max { 3—‘,(:1} and ¢; = max{1,c,}. Furthermore, let u° = (x l * and 5(x°,s%; 4°) < 7. Moreover, we

denote by x* and s* the iterates obtained after k iterations of Algorithm 3.1. Then, (x")Ts" < e for

T
(37 + ¢,)(x%)" 0
k>1+ iglogA .
c

36¢
Wiz 1
Proof. Fromr—m,rzlcszZ,c321,nzlandl(20,weget
Pe—1 <2 (57)

43 +4k)> 36
By using Lemma 3.8, we obtain

(n+(ca+ D&%) b 37+ cy)npk _3T+¢q

T &k T o
(xF) s < 1—co 36(1-c0) 36

(1-co)F"(x°)"s".

Note that the inequality (xk)Ts" < e holds if 37?2 (1 = coy*! (XO)TSO < e. By taking logarithms, we obtain

3

(37 + e (x°)"s0
(k= 1)log(l — )+ log B v a— < loge.

From log(1 + 0) < 6, 6 > —1, we get that the above inequality holds if
(37 +¢y)(x0)"s0
36

and we obtain the result. O

—cO(k—1)+log <loge,

We give another example, where ¢, (1) = > —t + \/;

Example 4.2. Tllés et al. [38] proposed a PC IPA for P, (k)-LCPs using the function ¢,(f) = 1> —t + /¢ in the AET technique. Note that

this function belongs to the class given in Definition 2.3. For ¢, = %, ¢g=2,¢=8andc = %, the function satisfies the conditions

2
given in Definition 2.3. Hence, ¢; = 8, ¢, = 1 and ¢5 = 2. In [38] the function L(r) = 2:?32 was used, which corresponds to O(r)
- T
. . . _1 _ _ 1 1 — 1 :
given in (35) with ¢, = 3 and ¢ =0.In [38] 7 = o " >2and 0 <0 < —q(10+4;c)ﬁ’ g > 2. In our case © 6a0aS’ with r > 2

and0< 6 <

m, q > 1. Hence, with the corresponding values of parameters, we get different values and bounds for z and 6.
32¢q K)\/n
However, this does not affect the complexity result obtained in Theorem 4.6.

12



T. Iliés, P.R. Rigé and R. Torok EURO Journal on Computational Optimization 14 (2026) 100133

In the following theorem we show that the PC IPA has polynomial iteration complexity in the size of the problem, the starting
point’s duality gap, the accuracy parameter and the special parameter x > 0.

Theorem 4.6. Let ¢ be a function belonging to the AET class defined in Definition 2.3. Consider v = TeeToriD VCIZL’(), r>2and0 <6 <
543

VB > L e =max {1, ) _ in Algori ; : ;
WL where q > S0 €5 = Mmax { 7,¢| and c¢; = max{1,c,}. Then, the PC IPA proposed in Algorithm 3.1 is well defined and it

performs at most

(37 + c)nu®
36¢

[©] <(c3 +2+ 4K)ﬁlog

iterations. The output is a pair (x,s) satisfying x''s < e.
Proof. It follows from Corollary 4.4 and Lemma 4.5. O

Note that the constants do not play an important role in Theorem 4.6, because this is about worst-case complexity and it shows
that it depends on the parameter x and the size of the problem.

In the following proposition we provide bounds on the proximity and update parameters for which the PC IPA is well defined and
for which the complexity bound from Theorem 4.6 is obtained.

< —t= vl"fzand0<95

Proposition 4.1. Let ¢ be a function belonging to the AET class defined in Definition 2.3 and consider 0 < < T v
513

1

c4/n

7. Then, the PC IPA proposed in Algorithm 3.1 is well defined and it performs at most

37+ Cz)nﬂ())

[©] <(C3 +2+4K)\/;log T6e

iterations. The output is a pair (x, s) satisfying x''s < e.

Vize? .
Proof. If r < #, then we can find r > 2 such that
16¢5(c3+2+4K)

_ £2
__ VI-¢ (58)

T 8res(ey +2 +4x)’

V1-£2
From § < — 7 and 7 < 1-¢ we have
04\/E

— 16¢5(c3+2+4k)

i/1 = é&2

0< ! T < ¢ .

esfn T 16esey(cs + 2+ di)y/n
Hence, we can find g > 1 such that

_ £2
vi-¢ (59)

B 16qgcscy(c; +2 + 4K’)ﬁ.

0

. 1
By using (58), (59) and 6 < WT’ we get
v1i-¢& rotT 1
= == < T,
16qcscy(c; +2 + 4K)ﬁ 2q c4\/; C4\/;

therefore ¢ > %r holds. Hence, all conditions from Lemma 4.1 are satisfied. By using Corollary 4.4 and Lemma 4.5, we get the result.

O

[4

In the following section we present the implemented algorithm and the numerical results.

5. Numerical results

In the C+ + programming language we implemented Algorithm 5.1. All computations were made on a desktop computer with
an Intel quad-core 3.3 GHz processor and 32 GB RAM. We set ¢ = 107>, Note that Algorithm 5.1 differs from Algorithm 3.1. We used
0 = 0.999 instead of the theoretical one. In three cases the algorithm could not find an e-optimal solution with this large value of 6.
Therefore, we started to halve the value of 6 and in these cases we stopped at %. Furthermore, it is important to mention that we
aimed to stay in the feasible set and we did not take into consideration the neighbourhood of the central path. We used the proximity
measure to warn the user if the new iterate is not in the corresponding and reasonably large neighbourhood of the central path. We

used o = 0.95 as a decrease parameter for the step length to avoid reaching the boundary of the feasible set. Finally, we calculated in

13
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Algorithm 5.1 Implemented version of PC IPA for P,(x)-LCPs.

Let € = 107 be the accuracy parameter, 6 = 0.999, ¢ = 0.95 decrease parameter, 0 < a < 3 the step length, (x°,s°) € F* with (xo)Ts0 = nud.

begin
k :=0;
while (x*)"s* > ¢ do begin
(predictor step)
compute (APx¥, APs¥) from system (11) using (5);

calculate k(APx%);

compute a with

@y, 1= {—Ax—;’_ : Ax; <O} and a;, := {_AS_;, : As; <0}
ap i=o-minfa, ,a,}

a :=min {ay,3}

let (x?)* := x* + aAPXF and (sP)F 1= sk + aAPsk;

(corrector step)

compute (A°x*, A°s*) from system (3) using (5);
compute a with

@y, = {—% : Ax; <O} and a;, = {—% : As; <0}
ay, '.=6-min'{a ’
a = min {ay, 3}

Xp? ash

T
K+l _ ek ko Gkt o (mk k Kbl o gy () SR
let x = (xP)" +aAx*, st = (s")" + aAs® and u =(1 6)—n ;
k:i=k+1;
end

end.

each predictor step the local « defined as:

1 AxT MAx

K(Ax) = —~ — X MOX
4 ZieLr(Ax) Ax;(MAXx);

We can read more details regarding the implementation in [39].

However, it is important to mention that we solved the Newton system in a different way in this implementation, which caused
fewer numerical errors. For this reason, we could set the maximum of « to 3.

Numerical results regarding PC IPA based on member functions of our new class of AET functions are shown in [16,38]. Darvay
et al. [16] presented their numerical results by using their PC IPA based on the AET function ¢; from Table 1 and the results were
based on test cases that were generated by Illés and Morapitiye [34]. On the other hand, Illés et al. [38] used AET functions ¢,, ¢,
and ¢, from Table 1 and presented their results on other test cases based on a special matrix having exponential x. Other numerical
results regarding PC IPAs using the AET technique can be found in [40], although that algorithm works in a wide neighbourhood
of the central path. It is important to mention that the implemented version of the algorithm mentioned in [40] considered the
neighbourhood during each iteration, hence the implementation of that algorithm was closer to the theoretical algorithm.

In this paper we present our numerical results using the matrices from the website [35]. First, consider a matrix A coming from
the constraints of LP problems from the NETLIB test collection [41]. Hence, such a matrix captures the structure of those LP problems.
Using these matrices we generated PSD matrices by computing AT A and AAT. We called these “TR_PSD” matrices. Using these we
generated bisymmetric matrices, called “TR_BS” matrices, as follows:

P B
M= , 60
| o (60)
where P and Q are PSD matrices of size n X n and m x m and B € R™" is an arbitrary matrix. The bisymmetric matrices with the
structure shown in (60) first appeared in a paper by Klafszky and Terlaky [42] related to symmetric, linearly constrained convex
quadratic primal-dual problems. In the case of the PSD matrices P and Q we used the generated “TR_PSD” matrices.

Our aim was to generate P,(k)-matrices with specific values x in order to analyse the influence of the size of x on the practical
iteration numbers. We generated P, (x)-matrices with the scaling technique shown in [5] from Theorem 3.5. Furthermore, the scaling
technique was mentioned in [43], as well. We defined U and V' as matrices having ones on the diagonal except for one element at
the same index, which was 4/1 + 4k in the case of matrix U and 1 in the case of matrix V, where k is the desired value of x

1+4k
for the new modified matrix. Note that the elements that differ from one in the matrices U and V' have the same index. Finally, the

new matrix is obtained by computing M = UMV
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Table 2
PC IPA on matrices with & = 0 and & = 10000.
k=0 k = 10000
Name of matrix ~ Size ¢, (23 Qs Vis @ (23 Py Vis

TR_PSD_1_2 27 7 7 8 10 11 11 9 13
TR_PSD_2_2 32 9 8 8 12 13 12 11 15
TR_PSD_3_2 41 8 8 7 11 12 12 11 15
TR_PSD_4_2 43 9 8 8 12 12 12 10 16
TR_PSD_5_2 46 8 8 7 11 12 12 11 15
TR_PSD_6_2 47 7 7 8 11 11 11 11 15
TR_PSD_7_2 48 8 8 8 12 12 12 11 15
TR_PSD_8_2 48 7 7 8 11 11 11 11 15
TR_PSD_9_2 48 8 8 7 11 12 12 10 16
TR_PSD_10_2 49 8 8 8 11 12 14 10 17
TR_PSD_11_2 50 9 8 8 11 12 12 10 16
TR_PSD_12_2 50 8 8 8 12 12 14 10 17
TR_PSD_13_2 56 7 7 6 8 11 11 9 11
TR_BS_1_2 59 8 8 7 11 12 12 9 14
TR_BS_2_2 68 8 8 7 10 12 12 10 12
TR_BS_32 73 8 8 7 9 13 13 11 14
TR_BS_4.2 74 8 8 7 10 12 12 11 15
TR_BS_5_2 75 8 8 7 11 14 15 17 19
TR_BS_6_2 80 8 8 8 11 11 11 10 14
TR_BS_7_2 81 8 8 8 12 12 12 10 15
TR_BS_8_2 84 8 9 8 12 14 13 14 19
TR_BS_ 92 88 8 8 7 11 11 12 10 15
TR_BS_10_2 89 8 8 8 12 12 12 11 15
TR_BS_11_2 89 8 8 8 10 13 12 12 16
TR_BS_12_2 90 8 8 8 12 12 12 9 13
TR_BS_13_2 90 9 9 8 12 13 13 12 16
TR_BS_14_2 94 8 8 8 11 13 13 13 15
TR_BS_15_2 95 8 8 7 10 12 12 12 14
TR_BS_16_2 95 8 8 7 10 13 13 12 15
TR_BS_17_2 96 8 8 7 10 13 13 12 15
TR_BS_18_2 97 8 8 8 11 13 12 11 15
TR_PSD_14_2 97 9 9 8 13 14 13 12 15
TR_BS_19_2 102 8 8 7 10 13 13 12 14
TR_BS_20_2 103 8 8 7 10 13 13 11 14
TR_BS_21_2 124 9 10 9 14 15 15 14 17
TR_BS_22 2 140 9 9 8 14 14 14 15 16
TR_BS_23_2 145 11 10 9 16 15 15 14 19
TR_BS_24 2 146 10 10 9 14 15 15 15 18
TR_BS_25_2 153 9 10 9 14 15 14 14 17

With the scaling technique defined above, we generated 39 test matrices with each of the following values & = 0,10,100, 1000, 10000.
Due to the obtained similar results, we show the results only for ¥ = 0 and & = 10000. We chose x = s = e as starting points, where e is
the vector of all ones, and we generated the right-hand side with ¢ = —Me + e, ensuring the strict feasibility of the test LCP problems.

We compared the PC IPA based on the AET functions ¢, 9, and ¢, with the PC IPA based on the kernel function (1) =

1_ o(1-1)—1 . .
’P;Tl o , p€1[0,1], o > 1, see [44,45]. In our implementation we used y, 5(?).

The results can be seen in Table 2 in the case of PSD matrices and matrices generated with the scaling technique with & = 10000.
In Table 2 the first row contains the value of k for the matrices used for the test cases, and the first column contains the names of
the matrices that were used for testing. In the second column the sizes of the matrices can be found. Finally, in the last columns the
numbers of iterations are shown in the case of the PC IPAs based on different search directions. Note that the boldface letter means
that it represents the smallest number of iterations for a given size and matrix.

It can be seen that on this test set of problems the PC IPA based on the kernel function has the worst iteration numbers in most of
the cases. Furthermore, the PC IPA based on the function ¢, had the best performance in most of the cases. It should be mentioned
that we obtained promising results even in the case when & = 10000. This might be due to the fact that these matrices can be scaled
to matrices with k& = 0. Hence, in some cases the value « is not as significantly influential as expected from theoretical analyses. It
would be interesting to generate another test set of problems, where the matrices cannot be scaled to ones with & = 0.

We showed the changes of the local « in each iteration through the algorithm based on the function ¢,. The chosen matrix for
this purpose was “TR_PSD_1”, since the maximum local x was the largest for this one. It is easy to see that even in the case when
the value & of the matrix is 10000, the maximum of the local x was less than 250. Furthermore, the local « is the largest in the first
iteration, and then it reaches O after some iterations. Fig. 1 shows the changes of k(Ax) and the decrease of the duality gap.
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—— matrix kappa = 10
—— matrix kappa = 100
—— matrix kappa = 1000
—— matrix kappa = 10000

— matrix kappa = 10
—— matrix kappa = 100
—— matrix kappa = 1000
—— matrix kappa = 10000

200

Local kappa
3

Duality gap

5
g

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
Iteration number Iteration number

Fig. 1. The changes in x(Ax) and the duality gap in the case of TR_PSD_1.

6. Conclusions and further research

We introduced the class of AET functions with bounded proportional growth rate in order to define search directions in the case
of PC IPAs for P, (x)-LCPs. In this way, we introduced a new PC IPA for solving P, (x)-LCPs. Several PC IPAs, see for example [16,38],
are special cases of the PC IPA proposed in this paper. The main difference between those PC IPAs and ours is that the function ¢ is
input data for our PC IPA. We also showed that our PC IPA using any member ¢ of this new class of AET functions has polynomial
iteration complexity in the size of the problem, the starting point’s duality gap, the accuracy parameter and the parameter «. In
Theorem 4.6 and Corollary 4.1 we provided values and bounds for the parameters = and 8 for which the PC IPA is well defined and
the best theoretical complexity result can be obtained. These bounds on = and 6 depend on the selection of the functions ¢ from the
new class. The parameters (¢, and c;3) related to the selection of ¢ occur in the complexity result in Theorem 4.6 and Corollary 4.1.
Examples 4.1 and 4.2 show that there is a possibility to find different settings of parameters for which the algorithm is well defined
and for which the polynomial complexity can be proven.

Based on our numerical experiments we observed that in the case of matrices with larger « obtained by rescaling the test set
problems, there was no significant increase in the number of steps. This indicates that in some cases the value « is not as significantly
influential as expected from theoretical analyses. It would be interesting to generate another test set of problems, where the matrices
cannot be scaled to ones with £ = 0. Our aim is to test our PC IPA on P,(x)-LCPs with these types of matrices, as well. As a further
research topic it would also be interesting to extend the presented PC IPA in a similar way that Illés et al. did in [46], for general
LCPs.
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