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the literature, the ones proposed in this work involve joint decreasing directions that are easily computable
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show the applicability of the proposed algorithms.

1. Introduction

Multiobjective optimization problems consist in minimizing several
objective functions at the same time, such problems arising in different
fields, such as engineering, see Eschenauer et al. (1990), statistics, see
Carrizosa and Frenk (1998), management science, see Evans (1984),
etc. The most used solution notions for such problems are the Pareto
and weakly Pareto efficient ones, see Bot et al. (2009) and Luc (1989).
A point is called Pareto efficient if there does not exist another point
with the same or smaller objective function value (with respect to the
corresponding nonnegative orthant in the image space of the objective
function), such that there is a strict decrease in at least one objective
function value. A point is called weakly Pareto efficient if there does
not exist another point with strict decrease in all its objective values.
These notions have also been extended to cases when other ordering
cones are used instead of the nonnegative orthant and even to problems
with infinitely-dimensional image space (Bot et al., 2009).

One of the main approaches to handle multiobjective optimization
problems is the scalarization technique, see Eichfelder (2008), Fliege
and Svaiter (2000), Luc (1989) and Miettinen (1999). However, the
scalar optimization problem attached to a multiobjective one often
turns out to be unbounded (see, for instance, Bonnel et al. (2005,

Remark 1) for a simple example), providing thus no valuable input
in solving the original problem. In order to avoid fruitless trials, the
multiobjective optimization community began exploring ways to pro-
duce algorithms capable of directly solving multiobjective optimization
problems, most of which being direct extensions of iterative methods
for tackling scalar optimization problems, such as the steepest descent
method of Grafia-Drummond and Svaiter (2005), the Barzilai-Borwein
descent method of J. Chen et al. (2023), the conjugate gradient method
of Lucambio Pérez and Prudente (2018), different versions of the
projected gradient method by Bello Cruz et al. (2011), Fukuda and
Grana-Drummond (2013, 2014), Graina-Drummond and Iusem (2004)
and Mukai (1980), the conditional gradient method by Assuncao et al.
(2021) and W. Chen et al. (2023), Newton’s method by Fliege et al.
(2009), and even the proximal point algorithm, see Bonnel et al.
(2005), Bot and Grad (2018) and Grad (2019) in the nonsmooth case.
Besides providing a single stationary/critical/(weakly) Pareto efficient
point in each run, all these algorithms have as common feature the fact
that there is a decrease (with respect to the partial ordering induced by
the underlying cone) in the vector objective value at each iteration.
Convergence results for the sequences produced by these methods
were provided under different assumptions. While the determination
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of the descent direction plays a key role in these algorithms, in virtu-
ally all existing literature (except, maybe, for Assuncdo et al. (2021),
where the feasible sets of the considered multiobjective optimization
problems are taken compact) this step has a rather theoretical value,
as the corresponding subproblems (that are the scalar optimization
problems that need to be solved in each iteration of the considered
iterative method) cannot be computationally solved without employing
advanced numerical external solvers. Moreover, inexact versions of
some of these methods were proposed in the literature in order to
facilitate their implementation. Our aim is to propose new algorithms
for solving different types of multiobjective optimization problems,
where the descent directions are easily computable in polynomial time
by means of linear programming problems. This fact supports our claim
to deliver in this work practical and efficient algorithms for solving
several classes of multiobjective optimization problems.

These new algorithms for solving multiobjective optimization prob-
lems are based on an idea from Illés and Lovics (2018). They pro-
posed some techniques for determining joint decreasing directions
for both unconstrained and linearly constrained multiobjective opti-
mization problems. Afterward, a subdivision technique was employed
for approximating the whole weakly Pareto efficient set of linearly
constrained convex multiobjective optimization problems, and these
theoretical achievements were illustrated by computational results ob-
tained while solving the classical Markowitz model (Markowitz, 1952,
1959).

We propose a generic algorithm for solving multiobjective optimiza-
tion problems where joint decreasing directions are used in order to
guarantee descending values of the objective vector function. We dis-
cuss afterward the differences between it and other similar algorithms
considered in the literature. In particular, we show that joint decreasing
directions for these problems can be computed in polynomial time
using results from linear programming, making thus our method prac-
tical in the sense that numerical results can be obtained easily for it.
Then, we specialize the proposed algorithm for unconstrained, sign con-
strained and linearly constrained multiobjective optimization problems.
In order to illustrate the applicability of the proposed methods, we
provide numerical results. However, this paper is not an intensive nu-
merical study, but a theoretical contribution that proposes an efficiently
implementable approach for solving several classes of multiobjective
optimization problems. From the test examples available in the lit-
erature we chose a convex unconstrained multiobjective optimization
problem to highlight how our algorithm works. After that, we modified
the selected test problem by adding linear constraints in such a way,
that some of the weakly Pareto efficient points became infeasible for the
constrained problem. The computational results in the constrained case
show the effect of the linear constraints both on the running time and
on the obtained weakly Pareto efficient set. Although this phenomenon
is, intuitively, rather obvious, the influence of the additional constraints
on the iterations of corresponding algorithm has not been illustrated
and tested yet, up to our best knowledge.

Another feature that stresses the difference between the iterative
methods we propose and their counterparts in the literature relies
in the outcome of the subproblems they use for determining descent
directions. While the latter require determining the unique optimal
solution of a minimax quadratic optimization problem, the linear pro-
gramming subproblems employed in the algorithms we introduce are
dual degenerate, having thus infinitely many optimal solutions that
deliver associated joint decreasing directions, of which it is enough to
determine one in order to continue iterating. Moreover, in the case
of constrained multiobjective optimization problems the previously
known methods rely on projections on the feasible sets (that are rarely
easy to perform from a computational point of view) or on solving con-
strained minimax quadratic optimization problems, while our approach
ensures feasibility during the procedure of selecting joint decreasing
directions without additional costs. Direct comparisons of the perfor-
mance of the methods we propose with others from the literature for
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solving multiobjective optimization problems are beyond the scope of
this work since, except for the conditional gradient method proposed
in Assuncao et al. (2021) (that is only able to solve multiobjective op-
timization problems with compact constraints), none of the theoretical
algorithms introduced so far for solving multiobjective optimization
problems seems to be fully implementable (for large-scale problems)
because of numerical issues generated by the employment of advanced
numerical solvers for dealing with their intermediate subproblems. Our
work is not focused on optimizing the implementation of the proposed
algorithms but on stressing their properties and flexibility, that provide
space for more analyses on the numerical side, leaving performance
improvement investigations for future studies.

The paper is organized as follows. In Section 2 some basic concepts
and definitions related to multiobjective optimization problems are
presented. In Section 3 we propose a generic scheme based on the
computation of joint decreasing directions for solving multiobjective
optimization problems, and we point out some differences between it
and some of the similar algorithms from the literature. In Section 4 the
new algorithm for unconstrained multiobjective optimization problems
is defined. Section 5 is devoted to the algorithm for multiobjective
optimization problems with sign constraints, while in Section 6 the new
algorithm variant for linearly constrained multiobjective optimization
problem is discussed. In all cases we show that the objective vector
function values sequence is decreasing with respect to the natural
partial ordering of R". Furthermore, we prove that every accumulation
point of the generated sequence, if any, is a substationary point, and,
under convexity hypotheses imposed on the objective vector function
and on the feasible set, a weakly Pareto efficient one. In Section 7 we
provide numerical results for standard test multiobjective optimization
problems in order to show the practical applicability of our new algo-
rithms. Furthermore, using data from Euro Stoxx 50 provided in V6ros
et al. (2026), Voros and Rappai (2025), we solved several portfolio
optimization problems (see, for instance, Illés and Lovics (2018) and
Markowitz (1952, 1959)) by implementing the proposed approach in
the modeling language MostL in FICO Xpress Oprivizer (FICO, 2025).
Section 8 contains concluding remarks and ideas for future research.

We use the following notations throughout the paper. Let Ry and
R” be the nonnegative and the positive orthant in the m-dimensional
Euclidean space (m > 2), respectively. We consider the partial ordering
induced by RY, ie. for x,y € R", xSy if y —x € Rg and x <y if
y—x € RY. We write x < y when x <y and x # y. We also use

analogously for m-dimensional vectors the notations =, > and >. For
real numbers we use the standard notations <, >, <, and >. Vectors
are denoted by lowercase boldface Latin letters, e is the n-dimensional
all-one vector. Furthermore, || - || denotes the standard Euclidean norm.
Given two sets A, B € R”, their Minkowski sum is denoted by A+ B, and
we write A— B for A+(—B). When B = {b}, we simplify the notation to
A+b. Let U CR" open and F = (F,,...,F,)" : U — R™ continuously
differentiable, i.e. F € C'(U,R™). The gradient of F; is denoted by
VF; (j = 1,...,m), the Jacobian of F at x € U by JF(x) € R™" and
the Hessian of F; (j = 1,...,m) at x € U is V2F;(x). For simplicity,
instead of calling F ]Rg-convex (on U) when F ; are all convex (on U)
(j =1,...,m), we say that it is convex (on U).

2. Basic results in multiobjective optimization

In this section we introduce the general multiobjective optimization
problem abbreviated MOP, for simplicity, from now on and the concepts
of (weakly) Pareto efficient solutions. Let ¥ C R”" be closed with
nonempty interior and F = (F,, ..., F,)T : F — R". The general MOP
we consider is

Min F(x)
xeF.

} (GMOP)

From now on we assume F to be continuously differentiable on
int F. We call (GMOP) convex when F and F are convex, and we
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refer to such a situation as the convex case. We say that X € F is
a substationary point to (GM OP) (see, for instance, Miettinen (1999))
if there exists aw € S,, = {w € Rg; : e’'w = 1}, which satisfies
w! JF(%) = 0. This notion is defined by means of a necessary condition
for the weak Pareto efficiency of a point to (GM OP) and its origin can
be traced back to Kuhn and Tucker (1951), arguably the first paper on
multiobjective optimization.

We say that X € F is a stationary (critical) point to (GMOP) if
R(JF(X) n (-R}) = @, where R(-) denotes the image set of the
considered mapping (in this case, the Jacobian of F at X). Hence,
X € F is stationary to (GMOP) if and only if for all v € R” we have
JFX)v £ 0, that is for every v € R” there exists a j = j(v) such that

(JFEW); = VF,®)Tv >0,
and this implies

max VFJ-(X)TV >0 Vv e R".
m

i=1,...,

One can note that every stationary point to (GM OP) is substationary
to it, too.

Definition 2.1. We say that x* € F is a

+ weakly Pareto efficient solution to (GM OP) if no feasible solution
x € F exists satisfying F(x) < F(x*);

* Pareto efficient solution to (GM OP) if no feasible solution x € F
exists satisfying F(x) < F(x*).

Pareto solutions to (GM O P) are also weakly Pareto ones to it, while
the opposite implication does not hold in general. For a discussion
on how to guarantee the latter, see Bonnel et al. (2005, Section 4).
Since 1952, several methods have been proposed for finding one of the
(weakly) Pareto efficient solutions to (GM O P). Markowitz considered
the following weighted optimization problem

minw’ F(x)

} (WOP(w)),
xeF

where w € S,,. The next statement shows that (W OP(w)) can be used
for determining weakly Pareto efficient solutions to (GM OP), see Bot
et al. (2009), Eichfelder (2008), Luc (1989) and Miettinen (1999).

Theorem 2.1. Let (GMOP) and the corresponding (W O P(w)) be given
for aw € S,,. Assume that x* € F is an optimal solution to (W OP(w)),
then x* is a weakly Pareto efficient solution to (GM OP).

For the completeness of the discussion we mention the following
theorem, which shows that in the convex case each Pareto efficient
solution to (GM OP) can be determined by solving (W OP(w)) defined
by means of a suitable weights vector w € S,, N R}, see Luc (1989) and
Miettinen (1999).

Theorem 2.2. Let (GMOP) be a convex MOP, and assume that x* € F
is a Pareto efficient solution to (GMOP). Then there is a weight vector
w € S,, NRY and corresponding (W O P(w)) whose optimal solution is x*.

Remark 1. A point X € F is substationary to (GMOP) if and only
if there exists a w € S,, such that w/ VF(X) = 0. This is a necessary
condition for the local optimality of x to (WOP(w)) and becomes
sufficient for its (global) optimality when F is convex (on F) and
F is convex. Hence, by Theorem 2.1, when (GMOP) is convey, its
(sub)stationary points are also weakly Pareto efficient.

Now we present the definition of joint decreasing directions which
will be used in this paper. This definition is based on the ideas given
in Illés and Lovics (2018). For earlier discussions on joint decreasing
directions see Schiffler et al. (2002).

Definition 2.2. Given (GMOP) and a feasible point x € F, a vector
v e R"\ {0} is said to be a
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« joint decreasing direction of F at point x if there exists #; > 0, such
that, for every h € (0, ;] one has F(x + hv) < F(x);

« feasible joint decreasing direction of F if it is a joint decreasing
direction of F at x and there exists 4, > 0, such that, for every
h € (0, hy], x + hv € F holds as well.

Remark 2. A vector v € R” is a joint decreasing direction of F if and
only if JF(x)v < 0.

Let Dp(x) = {v € R” JF(x)v < 0} be the set of all joint
decreasing directions of F at x. A method for determining them relies
on employing the quadratic programming problem

;215;:” W (JTFJIFX) )W (00Px)).

Theorem 2.3 (cf. Schdffler et al. (2002), See Illés and Lovics (2018) for
a more direct proof). Let (GMOP), a point x € R", and the associated
(QOP(x)) be given. Let F : R" — R™ be a continuously differentiable
(and convex) vector function, and w* € R™ denote the optimal solution
to (QOP(x)). We define the vector q = J F(x)"w* € R". If q = 0, then x is
a substationary (weakly Pareto efficient) point to (GM OP), otherwise —q
is a joint decreasing direction of F at point x.

A similar outcome can be reached by introducing, for x € R”, the
following linear programming problem

max
(q,q0)ER"XR o
JF(x)q + q(e<0

0< q0 <l1

(LP(x)).

Theorem 2.4 (cf. Iliés and Lovics (2018)). Let (GM OP), a point x € R"
and the associated (L P(x)) be given. Let F : R" — R™ be a continuously
differentiable (and convex) vector function. Then (LP(x)) always has an
optimal solution (q*,q;). There are two cases for the optimal value of
(LP(x)), either g, = 0 when x is a substationary (weakly Pareto efficient)
point to (GMOP), or q, = 1 in which case q* is a joint decreasing direction
of F at x.

Remark 3. One might ask what is the role of the constraint 0 < g, < 1
in the linear programming problem (LP(x)). As Theorem 2.4 reveals,
when ¢, = 0, a substationary (or weakly Pareto efficient in the convex
case) solution to (GM OP) is found, while the situation g, = 1 delivers
a joint decreasing direction of F at x. The constraint 0 < g, < 1 ensures
the finiteness of the optimal solution to (L P(x)). This, together with the
feasibility of the considered linear programming subproblem and the
fact that the latter is a maximization problem ensures its solvability.
That is why the upper bound on ¢, is necessary.

3. Generic scheme for solving general multiobjective optimization
problems

Based on the above discussion, we propose in Algorithm 3.1 a
generic scheme for solving GMOPs that makes use of joint decreasing
directions. When 7 = R”, in Step 2 one needs to determine a joint
decreasing direction.

Let us briefly go through the steps of Algorithm 3.1. After the
initialization, the method checks whether there are (feasible) joint
decreasing directions of F at the current iterate x*. In case there are
not, the stopping criterion is activated, as x* is a substationary solution
to (GMOP). Otherwise, a (feasible) joint decreasing direction of F
is determined (based on Theorem 2.4 as we explain later), and u* is
computed. The next step provides an iterative procedure to determine
the stepsize ¢, (involving u¥), while the final step gives the next iterate
x¥*1 and returns the algorithm to the verification step.
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Algorithm 3.1 Generic scheme for solving GMOPs

Algorithm 3.3 Conjugate gradient algorithm

[Step 1] take x' € F CR", 0 < f < 1, k = 0, J:{zln :neN}
[Step 2] if Dp(x*) = @ then STOP (x* is a substationary solution to
(GMOP));
otherwise select a feasible joint decreasing direction v* € D (x*)
and compute u* = J F(x¥) vk
[Step 3] choose t, as the largest t € J s.t. F(x* +tvK) £ F(x¥) + pru¥
[Step 4] let x**! = x¥ 41, vF and k < k + 1; go to Step 2

Both for reader’s convenience and for illustrative purposes, we recall
in the following subsections several full algorithms from the literature
for solving GMOPs. They seem to be similar and the generic scheme for
solving GMOPs Algorithm 3.1 presented above looks similar to them,
too, however, the key difference between these methods can be found
in the way the descent directions are computed (the second step of
Algorithm 3.1 and its counterparts recalled in the following). Below,
we point out in each case what is this step and how it differs from the
one in Algorithm 3.1.

3.1. Algorithms for solving unconstrained multiobjective optimization prob-
lems

First, we present an overview on the algorithms for solving un-
constrained MOPs proposed in the literature, see also Fukuda and
Grafia-Drummond (2014).

Steepest descent algorithm

We begin with the steepest descent algorithm introduced in Fliege
and Svaiter (2000). It is proven that the method converges to a critical
point to (GM OP). In Grana-Drummond and Svaiter (2005), the algo-
rithm is refined in order to solve smooth unconstrained MOPs, where
the vector-minimization is considered with respect to a closed convex
ordering cone. The authors proved that every accumulation point of
the generated sequence is critical. The sketch of the steepest descent
algorithm used in these papers is presented in Algorithm 3.2.

Algorithm 3.2 Steepest descent algorithm

[Step 1] take X' € F = R", 0 < f < 1, k = 0, J={2l,, :neN}
[Step 2] direction vF =
argmin,cgn {(pxk(v) + %Ilvllz} and 6, = @u(v®) + %llv"||2, where
@ (V) = .nllax VFj(X)TV; if 6, =0 : STOP

Jj=L..., m
[Step 3] choose 1, as the largest t € J s.t. F(x* + k) £ F(xF) +
ptJ F(x*)vk
[Step 4] let x**! = x¥ +1,v¥ and k « k + 1; go to Step 2

determine the steepest descent

Step 2 of Algorithm 3.1 and its counterpart in Algorithm 3.2 are
different, as the first one delivers a joint decreasing direction, while
the other a steepest descent direction obtained by solving the minimax
quadratic optimization problem mincpgn {q)xk )+ %llvllz}. Moreover,
Algorithm 3.2 requires the additional computation of 6,, k > 0. Last
but not least, the stopping criteria of the two algorithms differ as well.

Conjugate gradient algorithm

In Lucambio Pérez and Prudente (2018) one can find nonlinear con-
jugate gradient methods for finding critical points of vector functions
with respect to a partial ordering induced by a closed convex pointed
cone with nonempty interior. No convexity assumption is imposed on
the objective vector function. Under inexact line search, the authors
proved that the sequences generated by the method find critical points
to (GMOP). The sketch of their basic algorithm is given in Algorithm
3.3, particularized for the framework considered in our paper.

Comparing Algorithms 3.1 and 3.3, the key difference can be found
in Step 2, where the descent direction is computed in each case in

[Step 1] take X € F = R, 0 < f < 1, 0; > 0,j € N, k = 0,

J = {% IneE N}

[Step 2] determine  the descent direction V¥ =

argminveRn{(pxk(v)+%||v||2}, where ¢, (v) = _max VFj(x)Tv; if
j=1,...m

vk =0 : STOP; define d* = d*~! + o, v¥ (d° = V%)

[Step 3] choose t, as the largest t € J s.t. F(x* +td¥) £ F(x*) +
ptJ F(xF)d*

[Step 4] let x**! = x* +1,d* and k < k + 1; go to Step 2

a specific way. Furthermore, Algorithm 3.3 requires an additional
parameter sequence (o;), > 0, and the stopping criteria of the two
iterative methods differ as well. As it can be seen, Step 2 in the al-
gorithm from Lucambio Pérez and Prudente (2018) uses a complicated
and sophisticated minmax problem to find the next joint decreasing
direction. In the minimization part, the regularization term ensures the
uniqueness of vk, However, from a computational point of view, such
nonlinear optimization problem can be solved only up to e-optimality,
that may cause some practical issues.

Note that all the methods introduced for constrained optimization
listed in the next subsection work for the unconstrained case, too.

3.2. Algorithms for solving constrained multiobjective optimization prob-
lems

Further, we recall the iterative methods proposed in the literature
for solving constrained MOPs.

Newton’s method

The extension of Newton’s method proposed in Fliege et al. (2009)
for solving GMOPs follows. The objective vector functions are supposed
to be twice continuously differentiable and locally strongly convex,
while the feasible set F is taken convex. Under these hypotheses the
method is locally superlinearly convergent to Pareto efficient points
when the objective vector function is cone-convex. Moreover, in Grafa-
Drummond et al. (2014) an improvement is proposed, where quadratic
convergence of the generated sequence is achieved. Below we present
the scheme of multiobjective Newton’s method in Algorithm 3.4.

Algorithm 3.4 Newton’s method

[Step 1] take x' € F CR", 0 < f < 1, k = 0, J={2Ln : neN}
[Step 2] determine the Newton direction sF =
argmin,z, max {VF.(xk)Ts + lsTsz.(xk)s}
j=l,...m J 2 J
and 0, = inf max {VF(X“)TS + lsTsz.(xk)s}; if 9, = 0 : STOP
sER? j=1,...m J 2 J
[Step 3] choose 1, as the
xk+sker
Fi(xk +1s%) < F;(xF) + pt6,, j=1,....m
[Step 4] let x**! = x¥ +1,s* and k « k + 1; go to Step 2

largest ¢ S J st

Even though Newton’s algorithm is a second order method, while
the other ones considered in this paper are first order ones, its general
scheme is consistent with the others. Of course, Step 2 in Algorithm
3.4 is not the one in Algorithm 3.1 since Newton’s direction is obtained
by minimizing the max-ordering scalarization of the variations on the
quadratic approximation of the objective vector function. Furthermore,
Step 3 and the stopping criteria differ in this case, too, and, as men-
tioned above, Newton’s method requires stronger hypotheses imposed
on the objective vector function.

Projected gradient method

A projected gradient algorithm for solving smooth MOPs consisting
in vector-minimizing over a closed convex set F C R” a vector function
F : F — R™ with respect to the partial ordering induced by a closed
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convex cone was proposed in Grana-Drummond and Iusem (2004).
They showed that any accumulation point of the sequence generated by
this method converges to a stationary point to the considered problem.
In the convex case and under some mild assumptions they also show
convergence of the sequence generated by the algorithm to a weakly
Pareto efficient solution to the considered problem. Improvements
and extensions of the method were proposed in Fukuda and Grana-
Drummond (2011, 2013). The sketch of the method adapted to the
present framework is presented in Algorithm 3.5.

Algorithm 3.5 Projected gradient algorithm

[Step 1] takex’ e FCR", 0<f<1,6>0, k=0, J={2ln : neN}
[Step 2] direction  v¥ =
argmin,cr_ .« {G(ﬂxk(V)+ %||V||2} and 6, = @u(Vv5) + %llv"llz, where
P (V) = jmax VF;(x)Tv; if 6, =0 : STOP

determine  the  descent

[Step 3] choose 7, as the largest t € J s.t. F(x¥ + k) < F(x*) +
ptJ F(xF)vk
[Step 4] let x**! = x¥ + 1, vk and k « k + 1; go to Step 2

The differences between Algorithms 3.1 and 3.5 are basically the
same like between the first one and Algorithm 3.2, with the additional
difficulty that the steepest descent direction in Step 2 of Algorithm 3.5
is chosen so that the new iterate is feasible, and Algorithm 3.5 also uses
a parameter o.

Conditional gradient method

When the feasible set ¥ C R” is taken to be convex and compact,
several algorithms for solving (G M O P) that contain simpler intermedi-
ate subproblems (i.e. scalar optimization problems to be solved in Step
2) than the one considered in Step 2 of Algorithm 3.5 were proposed
in Assuncdo et al. (2021), Mukai (1980) and W. Chen et al. (2023). We
recall below as Algorithm 3.6 the conditional gradient (Frank-Wolfe)
method introduced in Assuncao et al. (2021) (and extended in W. Chen
et al. (2023) for vector-minimization with respect to a closed convex
ordering cone).

Algorithm 3.6 Conditional gradient algorithm

[Step 1] take X' € F CR", 0 < f < 1, k =0, J={2l,, :neN}
[Step 2] determine the descent direction v* € -k +
argmingey max;_; _,, VF;(x*)7(d - x*);

[Step 3] choose t, as the largest t € J s.t. F(x¥ + k) < F(xb) +
ptJ F(x*)vk
[Step 4] let x**1 = x¥ + 1, vk and k « k + 1; go to Step 2

The differences between Algorithms 3.1 and 3.6 seem to be more
subtle than the ones between the first one and the previously recalled
iterative methods, however, one can note at least two fundamental
ones. While the compactness of the feasible set is crucial for ensur-
ing the solvability of the subproblems employed in Algorithm 3.6,
Algorithm 3.1 requires no such restrictive hypotheses. Moreover, in
Assuncao et al. (2021) it is indicated that in order to use a “linear
optimization oracle” for solving these subproblems transformed into
linear programming ones, the feasible sets of the latter need to be
polyhedral compact, i.e. polytopes. The approach we propose does not
require adding such additional hypotheses in order to determine the
feasible joint decreasing directions.

Remark 4. The algorithms for solving MOPs recalled in this section
deliver one critical or weakly Pareto efficient solution to the consid-
ered problem in each run. In general, most of the algorithms starting
from one feasible solution find one (weakly) Pareto efficient solution.
Regarding how to go from one such solution to the whole (weakly)
Pareto frontier, one can identify in the literature mainly two views,
leading to inner and outer approximations of (weakly) Pareto efficient
sets.
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The inner approximations are based on the idea that one starts some
algorithm from multiple feasible solutions and ends up with multiple
(weakly) Pareto efficient solutions. Up to our best knowledge, in these
inner approximations, there is no control on what type of (weakly)
Pareto efficient solutions would be found. A further weakness of this
approach is that it leads to finitely many Pareto efficient solutions with
extremely large computational effort.

The outer approximations are described in the paper of Illés and
Lovics (2018), where the authors have also provided an iterative al-
gorithm to find e-approximations of the (weakly) Pareto efficient set
of the considered MOPs. The advantage of the method is that such
e-approximations for smaller-sized, convex MOPs can be computed.
The disadvantage is that this approach needs an unpredictably large
number of starting feasible solutions during the approximation process.
Therefore, good outer e-approximations of (weakly) Pareto optimal
efficient sets for small ¢ > 0 and large, convex MOPs currently are
unlikely to be obtained in practice.

To sum up, the algorithms presented in this section show that
the determination of the descent directions and the solutions of the
subproblems appearing in Step 2 (in each case) plays a crucial role in
these methods. However, out of the previously mentioned papers only
in few cases one can read about numerical results or implementation
techniques, and, in those cases, inexact versions of these methods
were considered. Not even unconstrained MOPs can be computationally
solved via these methods without resorting to advanced numerical
external solvers, and the constrained case further complicates things
(as additional restrictive hypotheses, such as compactness, or poten-
tially difficult projections are required). In particular, guaranteeing
the feasibility of the iterates is a cumbersome task in the constrained
case, that can overcomplicate the subproblems, in particular when
the current iterate lies on the boundary of the feasible set. As none
of the previously proposed algorithms for solving constrained MOPs
took into consideration the structure of the corresponding feasible sets,
these iterative methods are not practical from a computational point
of view. Our aim is to introduce new algorithms based on Algorithm
3.1 where the subproblems are easily solvable in an efficient and exact
manner. In the following section we propose a new algorithm for
solving unconstrained MOPs. After that, we present other variants of
the new algorithm for solving smooth MOPs with sign constraints and
linear constraints, respectively. Different to the mentioned methods,
our approach does not involve additional efforts or costs when dealing
with constraints when the (feasible) joint decreasing directions are
determined. Consequently, the algorithms we propose are always fully
implementable for computationally solving both unconstrained and
constrained MOPs, even for large scale problems, by exploiting the
well-developed apparatus of linear programming.

4. New algorithm for solving unconstrained multiobjective opti-
mization problems

In this section we present the new algorithm we propose for solving
unconstrained MOPs which involves linear programming subproblems.
The main steps of the method are given in Algorithm 4.1. While
Algorithm 3.1 is a generic algorithmic scheme, Algorithm 4.1 is a
concrete iterative method for solving unconstrained MOPs.

Following the result from Illés and Lovics (2018) we examine the
case (using notations from Step 2 of Algorithm 4.1)

JF(x)q + qpe<0, go > 0. 2)

If system (2) has a solution (q, g,), then ((1 /40)4; l) solves it, too, so the
optimal value of the objective function in Step 2 of Algorithm 4.1 is 1,
in which case ¢, = 1 in Step 3. This means that

JF(x)q< —e

so q is a joint decreasing direction of the vector function F.
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Algorithm 4.1 New algorithm for solving unconstrained MOPs

[Step 1] take x' € F =R, 0 < f < 1, k = 0, J:{zln :neN}
[Step 2] determine the joint decreasing direction q € R" by solving

4o (€H)

max
(q,q0)ER"XR
0
1

JF(xF)q+qpe

IANNIA

0<qp

[Step 3] if gy = 0 then STOP (x* is a substationary solution to (GM OP));
otherwise v* := q;

[Step 4] choose ¢, as the largest t € J s.t. F(x* +1vK) < F(x%) +

Bt JF(xk)vk

[Step 5] let x**! = x¥ + 1, vF and k < k + 1; go to Step 2

Remark 5. In practice, one needs not determine (computationally) an
optimal solution to the problem (1) as it is enough to reach a single
iteration where ¢, > ¢, with { € (0.1, 1) and q # 0 in order to decide that
the stopping criterion of Algorithm 4.1 is not activated and the linear
programming solver can be stopped, as (2) is solvable, and ((1/g9)q, 1)
is a joint decreasing direction that can be used for constructing the next
iterate.

This observation opens possibilities for accelerating the computa-
tions when implementing Algorithm 4.1, however, such investigations
are beyond the scope of this paper, since our aim is to propose an
efficiently implementable class of algorithms for solving MOPs. In
Section 7 we actually show the validity of our claim. How can these
algorithms be optimized is surely a relevant question that can be
addressed in subsequent studies.

If system (2) has no solution, then the optimal value of the objective
function of (1) is 0 (as (0, 0) is feasible to the considered linear program-
ming problem), and from a variant of the Farkas Lemma (see Illés and
Lovics (2018)) we know that there exists a w € R™ which satisfies the
following linear inequality system

wlJFx)=0, efw=1, w>0. 3)

This means that if the optimal value of the problem (L P(x)) is 0, then
X is a substationary point to (GM OP).

Lemma 4.1. Let (GMOP) be given with F = R" and the vector function
F : R" - R™ continuously differentiable. Assumming that Algorithm 4.1
starting at x° € F produces for 0 < f§ < 1 the sequence of points {x*} C R",
then

Fxh < F(xb, Vk> 0. &)

Proof. Let k > 0. Since v¥ is a joint decreasing direction computed in
Step 3 of Algorithm 4.1, we have J F(x*) v*< — e. Therefore, in Step 4,
choose 7, as the largest t € J such that

FF +1vF) £ F(x*) + pr JF(xFwE < F(xb) - pre,

where ¢ > 0. Selecting 7, and restructuring the previous inequality, we
get

Fx - FxM< - prie < 0, (5)

where x**! = x* + ¢, vk from Step 5 of Algorithm 4.1. Thus we proved

@®. 0O

In the following statement we show that the objective vector func-
tion values sequence {F(xX)} generated by Algorithm 4.1 is
R -decreasing.
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Theorem 4.2. Let (GM OP) be given with F = R", and the vector function
F : R" —» R” continuously differentiable (and convex). Assume that
Algorithm 4.1 starting at x° € F produces for 0 < f < 1 the sequence
of points {x¥} C R". Then, every accumulation point of {x*}, if any, is a
substationary (weakly Pareto efficient) point to (GM OP).

Proof. Let X be an accumulation point of the sequence {x*}. We should
consider now a convergent subsequence of {x*}, but for simplicity we
identify it with the whole sequence. Let k > 0. We have

Jim (F (x*1) - F (x')) = F®) - F(®) =0 (6)
and from (5) we get

F (xk) - F (xk“) >pt,e> 0. ()]
From (6) and (7) follows that

1}1:20 1, =0. ®
On the other hand,

0= lim ||x**! —x*|| = lim ||x* 47, vF —x¥|| = Lim ||z, v¥|. 9)
k—o0 k—o0 k—o0

From (8) and (9) it follows that {v¥} is bounded. Hence, there exists

an accumulation point v € R” of the sequence of joint decreasing

directions {v¥} generated by Algorithm 4.1. Therefore, there exists a

subsequence {vki} such that

lim v¥/ =¥, and lim ty, = 0.

jo® joo®

This means that for a fixed quite large j,€ N there exists a positive
integer y > 1 such that for all j > j, we have

1
tkj < 2—7, (10)

which means that the inequality in Step 4 of the Algorithm 4.1 is not
1

satisfied for ¢ = 7 hence
k | k; B ki) ok
F(x1+2—yv1)§F(x1)+5.ll~"(x1)v1. a1
Thus, for each j> j, there exists i = i(k;) € {1,...,m} such that
F (x4 + iv"/) > F (x9) + ZvE (x5)7 v a2
i 27 i or i .

Because the indices in {I,...,m} are finitely many, in the infinite
sequence {k;} at least one of them, say i, should appear infinitely many
times. The occurrence of i, € {1,2, ..., m} defines the subsequence {k 0 1.
Then, for all / = 1,2, ... we have

T
F, (xkfl + %kal) > F, <ka1 ) + ;%VF,-O (xkfl) vhir 13)
We take the limit / — co and we get

= 1 _ - ﬂ =T =
F, (x + 2—yv> > F, (0 + 2 VE, ® V. (14)
This inequality holds for the positive integer y defined by (10), and for
iy, hence JF(X)V £ 0, and it follows that

“max VE®&TV>0. 15)

i=1,....m

From (15) follows that there exists w € R™ that solves (3) for the given
X. Using Theorem 2.4 we get that X is a substationary point to (GM OP).
Finally, in the convex case Remark 1 yields the assertion. []

In the following section we introduce a similar algorithm for solving
MOPs with sign constraints.

5. Multiobjective optimization problems with sign constraints

Consider now the following MOPs with sign constraints
Min F(x)

x20

} (SMOP).
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Let the vector x= (xy,...,%,)’ 20 be given. Then, we can define the
following two sets of indices
I,(x)={ie{l,...,n} 1 x; >0},

and Iy(x)={ie {l,....n} : x; =0},

(16)
denoted simpler by I, and I, respectively, when it is clear to which
vector we refer. Using them we partition the columns of the matrix

JF(x) into two parts denoted by JF(x) I and J F(x) I Consider the
linear programming problem

max
(@aneinxe 0
JF(X)I+11+ JF(x)10z+q0e <0

0<qy <1, 220,

(LPS(x))

where q7 = (u”,z"). The following statement is the counterpart of
Theorem 2.4 for MOPs with sign constraints, exhibiting the connection
between (LPS(x)) and the substationarity of x € Rg, to (SMOP) or the
determination of a feasible joint decreasing direction of F on Rg,.

Theorem 5.1 (cf. Illés and Lovics (2018)). Let (SMOP), x20 a feasible
point of it and the associated (L P.S(x)) be given. Let the vector function F :
R" — R™ be continuously differentiable (and convex) on F = Rg. Then,
(LPS(x)) always has an optimal solution with q(’; and q = @7, z*7).
There are two possibilities for the optimal value of (LPS(x)), either qo =0
which means that x is a substationary (weakly Pareto efficient) point to
(SMOP), or qg = 1 in which case q7 = w7,z is a feasible joint
decreasing direction of the vector function F on Rg,.

The new method for solving (SMOP) is given in Algorithm 5.1.
As mentioned later in Remark 8, we opted to construct the proposed
algorithms gradually, instead of formulating first the one for the most
complicate problem and then recovering those for simpler problems by
removing constraints, to aid a better understanding of them.

Algorithm 5.1 Algorithm for solving sign constrained MOPs
‘ne N}

[Step 1] take x' € F=R%, 0< f <1, k=0, J = {—

n

[Step 2] determine the (feasible) joint decreasing direction q = < 111* > =
4, -..-q,)7 €R" from

max
(9,q0)ER"XR o

JF(")y, u+ JF(x")p 2 + g e0
0<qy <1, z20.
[Step 3] if gy = 0 then STOP (x* isa substatlonary solution to (S MOP));
otherwise compute ¢ = rrun{ -4 :¢;<0andiel.};

if 6 > 1 then v* :_q,
otherwise v¥ :=oq
[Step 4] choose 7, as the largest t € J s.t.

F(x* +1v5) < F(x*) + pr J F(xF)v¥

[Step 5] let x**! = x* 4+ ¢, vk and k « k + 1; go to Step 2

Lemma 5.2. Let (SMOP) be given with F = Ry and the vector function
F : R" - R" be continuously differentiable on F. Assume that Algorithm
5.1 starting at x° € F produces the sequence of points {x*} C Rg. Then

FM < F(xb, Vk> 0. a7

Proof. Since v* is a feasible joint decreasing direction computed in Step
2 of Algorithm 5.1, we have

JE(XM) u* + JF(x") 2" = JF(x*)vF<—e, and z°20.
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Therefore, in Step 4 of Algorithm 5.1 choose 7, as the largest r € J =

{2]7 : neN} such that

F&F +1vF) £ F(x*) + pr JFxFWE < F(xb) — pre,

and x* +1v¥>0, where ¢ > 0. Selecting t, and restructuring the previous
inequality, we get

F(x* - FxM)Z - prie < 0, 18)

where x**! = x¥ + 1, vk. Thus we proved (17). [J

Theorem 5.3. Let (SMOP) be given with F = Rga’ and the vector
function F : R" — R™ continuously differentiable (and convex) on F.
Assume that Algorithm 5.1 starting at x° € F produces the sequence of
points {x*} C Rg. Then, every accumulation point of {(xK}, if any, is a
substationary (weakly Pareto efficient) point to (SMOP).

Proof. Let x be an accumulation point of the sequence {x*}. The proof

goes along the lines of the one of Theorem 4.2, one only needs to use

Lemma 5.2 instead of Lemma 4.1, and then all the steps (6)—(13) hold.
Summarizing, the occurrence of iy € {1,2,...,m} defines the subse-

quence {k;, }. Then, for all / = 1,2, ... we have

F, (xkfl + 21 v fl) > F, (x it ) + ZEVF (x"/’z)T vEir,

with the additional information that

T T T
VF, (xkft> vEir = [VF (xkfl)] ubir + [VF,- (xkﬂ )] z"fl,
0 I 0 Iy

+

where

I= I+(xkfl) U Io(xkfl), vEil |,+ =ub and vMi |, =75, 7 20.

In the infinite sequence of points {x"/ } generated by Algorithm 5.1,
there should be a partition (I, f,) of I that occurs infinitely many
times. This is due to the fact that there are only finitely many possible
different partitions of the index set I. Let us define the infinite index
sequence (/) as a subsequence of k 0 where the partition (f - fO) occurs.
For xO+1 = x! 4 1/27)w'®, we have

T T
Fy (xO) > F (x0)+ zﬂ <[VF (x t(l))]i uz<1>+[wt_0 (xm)]jo z:(z))y
+

and z'>0 for all indices i(/). We take the limit / — oo obtaining

= lim x®, v=1im v, @ = limu®, 7= ]lim 2O with
1 ﬁ T T

F, (x + —v) W+ 2 [VF,. ()‘()] o+ [VF,. ()‘()] 7)., 19
27 0 I, 0 Iy

and z20. Inequality (19) holds for the positive integer y defined by (10),
and for i, hence

JFX)V = JF()_()I+I_1 + JF()_()IOi £0, and z20.

Therefore, the system of linear inequalities in (u”,z”)" € R”
JF()'{),+u +JFX),z <0, and z20

has no solution for the given feasible solution x>0. Applying Theorem
5.1, we get that X is a substationary (weakly Pareto efficient) point to
SMoprP). I

6. Linearly constrained multiobjective optimization problem

In this section we consider linearly constrained MOPs of the form
Min F(x)
Ax=Db
x>0

(LMOP),



S.-M. Grad et al.

where A € R™" is a matrix of rank m (m < n) and b € R™. Denote the
feasible set of (LM OP) by

P={xeRgy: Ax=b}

and assume it nonempty. Like in Section 5, given x>0, we define the
index sets I, (x) and I(x) exactly in the same way as in (16), used for
partitioning the columns of the matrix JF(x) into two parts denoted
by JF(x) I and J F(x) I, respectively. Using them, we define a linear
programming problem that will be employed for deriving feasible joint
decreasing directions to a generalized linearly constrained MOP at a
point x € P, namely

max g,
(@a0)ER"XR

JF(X),+u+JF(x),02+q0e§0 (LPL(x))

Aju+Apz=0,

0<q <1, 220.

When x € P, the first constraint of (LPL(x)) guarantees that a
solution (u”,z")T € R” defines in case g, = 1 a joint decreasing direc-
tion at x for the objective vector function F. The second and the third
constraints of (L P L(x)) guarantee the feasibility of the joint decreasing
direction at x for problem (LM OP). The following statement is the
counterpart of Theorems 2.4 and 5.1 for MOPs with linear constraints,
and, since it contains several modifications with respect to them, we
provide its proof as well. The first occurrence of a similar result has
been published in Illés and Lovics (2018), however, the proof given
below slightly differs from the one available there.

Theorem 6.1. Let (LM OP) with a feasible point x € P and the associated
(LPL(x)) be given. Let the vector function F : R" — R™ be continuously
differentiable (and convex) on F = P. Assume that P is bounded. Then,
(LPL(x)) always has an optimal solution with ¢} and q = (T, 2T).
There are two possibilities for the optimal value of (LP L(x)), either ‘76 =0
which means that x is a substationary (weakly Pareto efficient) point to
(LMOP), or g5 = 1 which means that q" = (w”,2*) is a feasible joint
decreasing direction of the vector function F on P.

z

Proof. Note that u = 0, z = 0 and ¢, = 0 form a feasible solution
to (LPL(x)). Therefore, (LPL(x)) has optimal solutions since it has
feasible solutions and its objective function is bounded from above by
1.

Let us examine the case when the optimal objective function value
of (LPL(x)) is positive, namely g, > 0, thus the linear system of
inequalities
JF(x),+u+JF(x),Oz+q0e§0

AL u+Az=0 &)
220, g5 >0

has solutions. This means that the system

JF(x),+u+JF(x),0z§—e
(€5))
A u+Apz=0, 220 I

has solutions as well. Any solution of (&) is a feasible joint decreasing
direction to (LM OP).

In case when the optimal objective function value of (LPL(x)) is
zero, namely ¢, = 0, then (81’ ) has no solution, likewise (&£;) has no
solution, either. According to the Farkas Lemma, the linear system of
inequalities
wiITFx),, —viA;, =0

W/ TF(x);, = v A 20 (&)

efw=1, w20
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has solutions. Let us analyze the weighted scalar optimization problem
associated to (LM OP), given as follows
min w! F(x)
Ax=Db
x20

(LMOP,),

with the weight w € S, that is part of a solution of (&,). As P is
nonempty, (LM OP,) has optimal solutions, that can be characterized
by the KKT-conditions corresponding to (LM OP,,), which are described
in (&,). Thus, any solution of (&,) is a certificate that x is a substationary
point to (LMOP). [

The new iterative method we propose for solving (LM OP) is given
in Algorithm 6.1.

Algorithm 6.1 Algorithm for solving linearly constrained MOPs

u*
. (S
z*

[Step 1] takexoeF:P,0<ﬁ<1,k:O,J:{ZLn:neN}

[Step 2] determine the (feasible) joint decreasing direction q = <

R” from

max g,
(@.a0)ERMXR "

k k
JF(x ),+u+ JF(x )loz+q0e§0
A utApz=0
0<qy<1,z20
[Step 3] if gy = 0 then STOP (x* is a substationary solution to (LM OP));
k
otherwise compute ¢ = min{ f—; 1g;<0andiel,};
if 6 > 1 then v* :=q;
otherwise v := o q;
[Step 4] choose 7, as the largest t € J s.t.

F(x* +1vF) £ F(x¥) + pr J F(x*)vk

[Step 5] let x**! = x* 4+ ¢, vk and k « k + 1; go to Step 2

Remark 6. The sequence {x*} generated in Algorithm 6.1 is feasible
to (LMOP) because x° € P and, given k € N, when x* € P one
has, by construction, x**! € Rg (due to scaling the joint decreasing
direction with ¢ in Step 3) and Ax**! = Ax* + 1, Av¥ =b+ 0 =b. From
a practical point of view, finding initial starting points for the linear
subproblems of Algorithm 6.1 was intensively discussed in the theory
and applications of linear programming (see, for instance, Maros, 2003;
Murty, 1976; Roos et al., 2005). For portfolio optimization problems,
we used the modeling language MostL in FICO Xpress OPTIMIZER to
implement Algorithm 6.1 and took all the advantages of this state-
of-the-art solver in our implementation, like determining extremely
fast optimal solutions to the linear programming subproblems (see
Section 7).

In the following statement we prove that the objective vector func-
tion values sequence { F(x¥)} is Rg-decreasing.

Lemma 6.2. Let (LMOP) be given with F = P # @ and P is assumed
to be bounded. Furthermore, let the vector function F : R" — R™ be
continuously differentiable on F. Assuming that Algorithm 6.1 starting at
x" € F produces the sequence of points {x*}, then

FxMY < F(xb), Vk> 0. (20)

Proof. Since v* is a feasible joint decreasing direction computed in Step
2 of Algorithm 6.1 using the linear programming problem (L P L(x¥)),
the proof goes along the same lines as the one of Lemma 5.2. []
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Theorem 6.3. Let (LM OP) be given with F = P such that P # @ and it
is bounded. Furthermore, the vector function F : R" — R" is continuously
differentiable (and convex) on F. Assume that Algorithm 6.1 starting at
x € F produces the sequence of points {x*}. Then, every accumulation
point of (x*}, if any, is a substationary (weakly Pareto efficient) point to
(LMOP).

Proof. Let X be an accumulation point of the sequence {x*}. The
proof goes along the same lines as the one of Theorem 5.3, as the
difference in the linear programming problems considered in Step 2
of the corresponding algorithms does not affect its flow, since the
additional constraint only ensures the feasibility of the new iterates
after applying the computed joint decreasing direction. Only at the very
end of the proof we need to handle the question of the properties of x.

Like in the proof of Theorem 5.3, the system of linear inequalities
in (u,z) € R"

JF(i),+u +JF®)z < 0, and z>0

has no solution for the given feasible solution X € P. Therefore, the
linear system of inequalities (£;) has no solution, either. Exactly the
same steps as in the proof of Theorem 6.1 lead to the same conclusion,
that X € P is a substationary (weakly Pareto efficient) point to
(LMOP). O

Remark 7. The fact that P is assumed to be bounded was not used
directly in the proof of Theorem 6.1 and in the one of Theorem 6.3. In
both cases, we imposed this assumption to guarantee that (LM OP,,) has
optimal solutions. This can be ensured with different assumptions as
well, that would be discussed in a subsequent work. In particular, when
F is convex on P, (LMOP,) is a convex optimization problem and
thus each solution of (&,) (their existence is guaranteed by the Farkas
Lemma whenever Algorithm 6.1 stops) delivers an optimal solution
to (LMOP,), making thus the assumption of boundedness on P not
necessary.

Remark 8. Algorithm 4.1 can be derived as a special case of Algorithm
5.1, which itself is a particular instance of Algorithm 6.1. However,
presenting each of them in the appropriate framework allows one note
how adding constraints (that complicate the considered problem) to the
initial unconstrained MOP (first sign ones, then also linear ones) leads
to corresponding modifications in the algorithms, too.

7. Numerical results

We implemented Algorithms 4.1 and 6.1 in matLAB in order to
showcase the practical usage of the iterative methods we propose in
this work. We did all the computations on a desktop computer with
Intel(R) Core(TM) i5-8250U CPU, 1.60 GHz processor and 8 GB RAM.
For the larger size portfolio optimization problems with real life data,
Algorithm 6.1 has been implemented in the modeling language MoseL
in the state-of-the-art commercial solver FICO Xpress OPTIMIZER.

Except for the conditional gradient method proposed in Assuncao
et al. (2021) and W. Chen et al. (2023) that is only able to solve
MOPs with compact constraint sets, none of the algorithms known so
far for solving MOPs (see Section 3) is fully implementable without
resorting to advanced external numerical solvers in order to deal with
the intermediate subproblems they contain. By efficient advanced solvers
we mean software products which are as efficient and precise as they
could be from a numerical point of view. None of the MATLAB-based
solvers (e.g. FMiNcON) is actually efficient in this sense. For numerical
problems of medium and large size, MATLAB is not really a good
option, and state-of-the-art advanced optimization solvers need to be
used for solving instances of the well-known portfolio optimization
problems, formulated as MOPs. A representative of such solvers is FICO
Xeress Optivizer, that we employ for solving a portfolio MOP. The im-
plementations are made in (the programming language) MoskL, and the
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joint decreasing direction subproblems (which are linear) were solved
by the linear programming solver of FICO Xpress Optivizer. However,
as one can see below, for small size test problems, the algorithms we
propose perform well even in MATLAB, unlike their counterparts from
the literature, that rely on employing functions defined in MATLAB.
It is clear that implementations of algorithms for MOPs in MATLAB
are much slower for medium and large size problem than those using
state-of-the-art solvers like FICO Xpress OPTIMIZER.

As already mentioned, in case of constrained MOPs, for the iterative
methods from the literature (Algorithms 3.5 and 3.6) it is not a trivial
task to find feasible descent directions, since projections onto feasible
solution sets are incorporated in the computation of feasible descent
directions. On the other hand, the feasibility of the joint decreas-
ing directions generated in Algorithms 5.1 and 6.1 is automatically
guaranteed by construction.

In Section 7.1 our goal is to solve small-sized test MOPs where we
can illustrate the progress of the computational procedures. In Example
2 we modify Example 1 by adding linear constraints to show their
effect on the Pareto optimal solution set. In Section 7.2 we deal with
portfolio optimization problems taking into consideration up to 50
shares from Euro Stoxx 50 given in Voros et al. (2026), Voros and
Rappai (2025), where the authors considered data from the period
01.01.2024-01.01.2025 and computed the covariance matrix of the
shares and the coefficients of the expected value function (that is
linear). Using these data, we build several test problems for which we
show the fast computational performance of Algorithm 6.1.

Direct comparisons of the performance of the algorithms we propose
with others from the literature are beyond the scope of this work, while
full and efficient implementations of our methods (e.g. in the sense
suggested in Remark 5) will be the object of subsequent investigations.

7.1. Different aspects of MOPs

The main scope of the numerical experiments presented below is to
show that the methods we propose are indeed implementable and de-
liver what they are expected to, namely substationary or weakly Pareto
efficient points to the considered test MOPs. In maTLAB we used the built-
in function uinerog for solving the intermediate linear programming
problems, while FICO Xpress Oprimizer has its own incorporated linear
programming solver. Note that we always have a starting feasible
solution for the linear programming problems defined in Step 2 of
the considered algorithms, e.g. (0,0), and, as mentioned in Remark
5, whenever g, > ¢ with ¢ € (0.1,1), and q # 0 we can stop the
linear programming solver, as a joint decreasing direction has been
generated. From the test examples available in the literature (see, for
instance, Ansary and Panda (2015)) we chose a convex unconstrained
MOP to show how our algorithm performs. After that, we modified
the selected test problem by adding linear constraints in such a way,
that some of the weakly Pareto efficient points became infeasible for
the constrained problem. Our numerical experiments using different
starting points show the effect of having linear constraints, as well, see
Figs. 4-6.

Example 1. Let F;, F,, F; : R? > R be defined as follows

1 X1+X2
A& = (Gep =D 420 - 2%, B =e 2 +x3+x%,
F3(x) = é (e™1 +2e7%2)
and let F : R? - R3, F(x) = (F|(x), F,(x), F5(x))T. We want to solve the

following convex unconstrained MOP
Min F(x)
x € R%.
We used two types of stopping criteria in our implementation,
namely we ran the algorithm until
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i lIiteqll < eorgy<e, or
ii. 1y <eorgqy<e,

where 1, is the stepsize and (q, q;) is the derived optimal solution to
the linear programming problem from Step 2 of Algorithm 4.1. While
the stopping criterion ¢, < e is an obvious choice from a numerical
point of view, e.g. when ¢ € (0,1075), the other two criteria (namely
lltqll < e and 7, < ¢) are justified by computational reasons. Both of
them ensure that the iterative process stops when the advances become
insignificant. Furthermore, we also stopped the algorithm when the
number of iterations reached 500. In Figs. 1 and 2 we can see the
obtained results with different values of ¢ > 0 by considering the
starting point (—1,2)" and (0,3)7, respectively. In the first two cases
we used the stopping criterion i., while in the third one we applied the
stopping criterion ii. The obtained weakly Pareto efficient points are the
same within the limits of numerical errors. From the obtained numbers
of iterations we can see that the algorithm is sensitive to the employed
stopping criterion and to the admissible error € > 0. Note that we used
in our computational experiments various values of the parameter g €
(0, 1), as “indicated” by the performance of the employed algorithms in
order to optimize their performance. For instance, the value f = 0.1 was
chosen both because of “historical” reasons (as the similar algorithms
in the literature use it) and also to provide additional flexibility to our
methods. It is known from the nonlinear optimization literature that
B, known as the Armijo parameter, cannot be dropped, however, its
optimal value is not known in general. Taking this into consideration,
we even did an experiment to evaluate the effect of the value of § on
the efficiency of the solution process for given portfolio optimization
MOPs. However, there is no evidence of a certain “monotonicity” of
the elapsed time as f increases and the computational results do not
indicate anything in this sense.

In order to get an idea about (a subset of) the whole set of weakly
Pareto efficient points of the considered MOP, we provide a so-called
inner approximation of it, that comprises the outcomes of starting the
proposed algorithm from as many as possible points (not to be confused
with the outer approximation of a solution set of a MOP, for which other
methods are available, see Illés and Lovics (2018), also Wu and Yang
(2025) for a branch and bound approach). To proceed, we divided
the rectangle 7 = [-2,8] x [-2,8] into 10 X 10 unit squares and we
generated 5 points in each square. In this way, we obtained 500 starting
points in 7. We ran Algorithm 4.1 with these starting points with
e = 107 and by using the stopping criterion i. In Fig. 3 we can see
the obtained weakly Pareto efficient points after running the algorithm
500 times with these starting points. Hence, Fig. 3 shows how a portion
of the the set of weakly Pareto efficient points looks like in case of
Example 1. Moreover, this experiment shows that different starting
points lead to different weakly Pareto efficient points. Understanding
the way inputs and outcomes of our algorithm are connected could be
the topic of a subsequent paper.

We also tested our new method on a linearly constrained MOP.

Example 2. Consider the following problem

Min F(x)
Ax < b
Z X,
10 8
where F is the function given in Example 1, A = 0 1, b=]15
-1 -1 0
N -2
and X = 5

Note that this problem is slightly different to (LM OP) in the sense
that instead of Ax = b we have Ax < b and also a different lower
bound imposed on the vector x. To accommodate this situation, in
our numerical computations we modified Step 2 of Algorithm 5.1. The
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Fig. 1. Results with starting point (—1,2)". The level sets of the used objective
functions F,;, F, and F; are plotted in red, green and blue, respectively. The
blue dots represent the iterates, i.e. the values of {x*} until the stopping
criterion is activated. Here, “stop i” or “stop ii” represents the stopping
criterion i or ii, while “iter” is the number of performed iterations before the
activation of the stopping criterion. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 2. Results with starting point (0,3)”. The level sets of the used objective
functions F,, F, and F; are plotted in red, green and blue, respectively. The
blue dots represent the iterates, i.e. the values of {x*} until the stopping
criterion is activated. Here, “stop i” or “stop ii” represents the stopping
criterion i or ii, while “iter” is the number of performed iterations before the
activation of the stopping criterion. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 3. The approximation of the set of weakly Pareto efficient points obtained
by means of 500 random starting points in [-2, 8] X [-2, 8].

obtained results can be seen in Figs. 4 and 5, where we compared the
results with the unconstrained case. In all these cases we used g = 0.1,
€ = 1073 and stopping criterion i. In the captions of the figures we can
see the obtained weakly Pareto efficient point within the limits of the
numerical calculation errors and the necessary numbers of iterations.
From Figs. 4 and 5 we can see the effect of the linear constraints on
the solution. In Fig. 4, when we have linear constraints, the algorithm
stops with g, becoming less than ¢. We can see that the obtained
weakly Pareto efficient point and the trajectory also differs from the
unconstrained case, because the point X, obtained in the unconstrained
case is not feasible to the constrained problem. In Fig. 5, when we have
linear constraints, the obtained weakly Pareto efficient point is on the
boundary of the feasible polyhedron, and the followed trajectory is also
different than in the unconstrained case. In both cases the numbers of
iterations are also different, because the obtained point %, is not feasible
to the constrained problem. Moreover, Fig. 5 helps us to understand
that starting from any feasible point our algorithm delivers a weakly
Pareto efficient point that may differ from the corresponding outcome
in the unconstrained case, even if the latter is feasible to the considered
constrained MOP.

Let us define the rectangle 7 = [-2, 1] x[-1, 5], such that it contains
the feasible solution set of the problem. We divided 7 into 10 x 10 unit
squares and we intersected the squares with the polyhedron obtained
from the linear constraints coming from Example 2. We generated
10 points in each obtained square. We ran Algorithm 6.1 with these
feasible starting points with # = 0.1, ¢ = 10~ and by using the stopping
criterion i. In Fig. 6 we can see the obtained weakly Pareto efficient
points in each case. We can see that in many cases the algorithm
stopped at the boundary of the polyhedron, which are weakly Pareto
efficient points for the constrained case. Based on our observation, the
running time in this case was 399 s, because we have less starting points
and the linear constraints, as well.

7.2. Portfolio optimization problems

In the following we report on employing Algorithm 6.1 for solving
portfolio optimization problems using real stock market data. The
EURO Stoxx 50 shares data for the period of 01.01.2024. — 01.01.2025
have been collected in Vords et al. (2026), Voros and Rappai (2025),
who computed the expected value coefficients for each share, and the
corresponding covariance matrix as well.
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Fig. 4. Results with starting point (—1,2)” without constraints and with linear
constraints. The lines representing the linear constraints are plotted in black.
The blue dots represent the iterates, i.e. the values of {x*} until the stopping
criterion is activated. Here, X, and X, represent the obtained weakly Pareto
efficient points within the numerical tolerance, and “iter” is the number of
performed iterations before the activation of the stopping criterion. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Example 3. Consider the portfolio optimization problem (see
Markowitz (1952, 1959))

—xTu
Mi
1n< x'Vx >

x€eF,

(POP)

with F = {x e RY, : Y% x; =1}, whereue R? and V€ R¥ is a

symmetric positive semidefinite matrix.

In portfolio optimization, x represents the portfolio vector for d
given assets (i.e. the proportions of the assets in the whole portfolio),
where the short sales are excluded, the first component of the objective
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Fig. 5. Results with starting point (0,3)” without constraints and with linear
constraints. The lines representing the linear constraints are plotted in black.
The blue dots represent the iterates, i.e. the values of {x*} until the stopping
criterion is activated. Here, X, and X, represent the obtained weakly Pareto
efficient points within the numerical tolerance, and “iter” is the number of
performed iterations before the activation of the stopping criterion. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

vector function is the negative of the expected return, and the second
one is the variance of the portfolio, that quantifies the risk associated
to the considered portfolio.

From the EURO Stoxx 50 shares data provided in Vords et al.
(2026), Voros and Rappai (2025), by selecting the first 7, 14, 28 and
the whole set of 50 shares (i.e. d = 7,14,28,50), we built portfolio
optimization problems of different dimensions, aiming to analyze the
effect of the problem size on the running time of our algorithm. For
each such portfolio optimization problem, we employed 10 different
starting portfolios to find out how these influence the solution speed to
a weakly Pareto efficient solution.

We implemented our Algorithm 6.1 for solving portfolio optimiza-
tion problems in the Moser modeling language in the FICO Xpress
Orptivizer solver (FICO, 2025). From a practical point of view, we had
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Fig. 6. The approximation of the set of weakly Pareto efficient points obtained
by means of 1000 random starting points in [-2,1] X [-1,5].

Table 1

LP - number of linear programming problems solved to find feasible joint
decreasing directions, I,,;,, 1,,,, - minimum and maximum number of iterations
for a given feasible joint decreasing direction to find the proper step length
in Step 4, I,, - total number of iterations for all feasible joint decreasing
directions to find the proper step lengths in Step 4, time (s) - the total

execution time of the algorithm in seconds, for g = 0.99.

Point LP 1 I 1, Time (s)
P 24 2 17 310 0.175
P, 1 29 29 29 0.029
Py 1 30 30 30 0.040
P, 1 29 29 29 0.033
Py 1 25 25 25 0.044
Py 3 3 18 24 0.043
P, 1 28 28 28 0.072
Py 4 4 24 38 0.040
P, 19 3 21 325 0.255
Py 26 4 21 432 0.126

to modify the stopping criteria in two ways. If 7, < ¢, then we used the
most recently determined portfolio to find a new joint decreasing direc-
tion, and only in case the #,-norm distance between two consecutive
computed portfolios is small enough, then we stopped the computation,
declaring that we found an approximate weakly Pareto efficient point
to the considered portfolio optimization problem.

Let us show first the computational results related to the portfolio
optimization problem with d = 14, started from 10 different portfolios
(see Table 1). In these experiments we used f = 0.99 (see Algorithm
6.1).

These tests (see Table 1) show that the starting portfolio influences:
(i) how many times we need to compute joint decreasing directions
(how many linear programming problems we need to solve), (ii) how
many times we need to compute step length. Clearly, the running time
of our algorithm depends on (i) and (ii). Starting portfolios P;, P, and
P, show that the necessary number of linear programming problems to
find an approximate weakly Pareto efficient solution deeply influences
the running time of our algorithm. Therefore, it is very important to
use solvers which solve linear programming problems very efficiently.

Algorithm 6.1 contains the important parameter g € (0, 1). It is clear
that the chosen value of f has influence on the step length #,, namely a
larger value of # may shorten, many times, the step length values. This
could have a great impact on the performance of the Algorithm 6.1. For
this reason we tested how the selected values of g (0.99, 0.75, 0.4, 0.1,
0.01) affect the solutions of different test problems (P;, Py and P,y).
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Table 2

This table shows for three portfolios P, P, and P,0 the effect of choosing dif-
ferent values for parameter g € (0, 1). These influence not only the steplength
at different joint dcreasing directions, but the corresponding number of linear
programming subproblems that need to be solved, too. In both ways, g affects
the total computational time of the Algorithm 6.1, as it is expected.

£ =099

Point LP 1., I I, Time (s)

P 24 2 17 310 0.175

Py 19 3 21 325 0.255

Py 26 4 21 432 0.126

p=075

Point LP 1, . 1, Time (s)

P 3 2 24 28 0.045

Py 5 3 24 50 0.043

Py 2 3 31 34 0.042

=04

Point LP 1., . I, Time (s)

P 2 1 40 41 0.044

Py 3 3 31 39 0.068

Py 2 3 31 34 0.068

=01

Point LP L, Lyox I, Time (s)

P 2 1 40 41 0.032

Py 2 2 34 36 0.042

Py 2 3 32 35 0.034

£ =001

Point LP Lin Lyax Iy Time (s)

P 2 1 40 41 0.058

Py 2 2 34 36 0.043

Py 2 3 32 35 0.044
Table 3

d-number of portfolios, f-parameter used in Step 4, LP, - average number
of solved linear programming problems in 10 runs, a,,,, @, - average of
minimum and maximum number of iterations in 10 runs to find the proper
step length in Step 4, g, - average of total computations of step lengths in 10
runs, t,(s)- average time of 10 runs in seconds.

d B LP, in max o1 1, ()

7 0.75 9.2 5.6 22.4 132.6 0.068
14 0.99 8.1 15.7 24.2 127 0.086
28 0.1 3 4.5 30.1 44.6 0.053
50 0.4 14.9 1.3 26.4 313.2 0.185

From the computations it is clear that for smaller values of g fewer
linear programming problems need to be solved (see Table 2). How-
ever, the running time does not only depend on the number of linear
programming programming subproblems, because it could happen that
decreasing f, the computation of the step length increases the total
running time of the Algorithm 6.1. Finally, let us present in a single
table (see Table 3) all 40 runs. This table displays the effect of the
number of shares, the number of linear programming problems need to
be solved, the number of times the step length needs to be computed
and the selected value of g.

We may finalize our observations as follows: starting portfolios,
number of shares in the portfolio, and selected value of g have great ef-
fect on the running time of our algorithm. Clearly, the major advantage
of our algorithm is that for finding a (feasible) joint decreasing direction
we need to solve (only) a linear programming problem. Both from
theoretical and computational points of view it is known that solving
linear programming problems is more efficient than solving convex
nonlinear ones (Glineur, 2001; Maros, 2003; Nesterov, 2018; Roos
et al.,, 2005). In the case of a large number of shares, this advantage
of our algorithm would be even more conspicuous. Thus, working in
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an environment that ensures fast solvability of linear programming
problems (like FICO Xpress Oprtivizer, see FICO (2025)) is crucial for
efficiently implementing Algorithms 4.1, 5.1, and 6.1.

8. Conclusions and further research plans

We proposed a generic scheme for solving MOPs that can be used
for large-scale problems. In particular, we derived new algorithms
for solving unconstrained, sign constrained and linearly constrained
MOPs, where we computed the feasible joint decreasing direction using
suitably defined linear programming problems. In all the cases we
showed that the objective vector function values sequence is decreasing
with respect to the considered orthant. We proved that every accu-
mulation point of the sequence generated by the algorithms, if any,
is a substationary point to the considered MOPs. When the objective
vector function of the considered MOP is convex with respect to the
corresponding nonnegative orthant or linear constraints, each accumu-
lation point of the mentioned sequence turns out to be weakly Pareto
efficient. Different to their existing counterparts from the literature, a
novelty of these algorithms is that the decreasing directions are easily
computable via linear programming, enabling our approach to solve
larger-scaled problems. Moreover, while the existing algorithms require
determining the unique optimal solution to a (constrained) minimax
quadratic problem, our approach relies on solving dual degenerate
linear programming problems having infinitely many optimal solu-
tions, each of them delivering an associated joint decreasing direction.
When the considered MOP is constrained, no additional difficulties
appear while using the algorithms we propose (as the feasibility is
guaranteed during the procedure of selecting joint decreasing directions
without additional costs), while their counterparts from the literature
require (usually cost-intensive from a computational point of view)
projections on the feasible sets, solving constrained minimax quadratic
optimization problems, and/or additional strong hypotheses (such as
the compactness of the feasible set). Last but not least, the previously
known algorithms for solving MOPs require high precision solvers,
especially when the current iterate lies on the boundary (or near the
boundary) of the feasible set in order not to lose the feasibility. Our
approach does not rely on the necessity of very accurate computational
precision due to the fact that a joint decreasing direction is chosen from
a cone (instead of being determined by the unique optimal solution of a
more complex optimization problem as it is the case for its counterparts
from the literature), making thus our approach more robust to external
interferences. Numerical experiments on convex unconstrained and
convex linearly constrained test MOPs as well on portfolio optimization
problems including real stock market data show the applicability and
the efficiency (see Tables 1, 2, 3) of the proposed algorithms.

As further research we plan to consider other choices of stepsizes
in the proposed iterative methods and to introduce algorithms where
quadratic programming problems are used for determining the joint
decreasing directions (following Schiffler et al., 2002). In Fliege et al.
(2019) an interesting complexity analysis for the steepest descent Al-
gorithm 3.2 is provided for unconstrained MOPs. An investigation of
the complexity of the algorithms proposed in this paper is planned as
a future research. We also plan to study accelerations of the proposed
algorithms (e.g. exploiting Remark 5). It would be also interesting to
give a subdivision framework (like in Illés and Lovics (2018)) for all
these types of MOPs in order to efficiently approximate their entire
weak Pareto frontiers.
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