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Abstract
This paper proposes a non-cooperative game of network formation in which creating
access to the network – for oneself and others – is a public good. Link formation there-
fore reflects a trade-off between the social value of links and their private cost. The
paper characterizes the architecture of strict Nash networks. Strict Nash equilibria are
either flat or hierarchical. Flat equilibria consist of a wheel (i.e., a directed cycle) that
may or may not encompass all agents. Hierarchical equilibria are trees in which some
agents act as intermediaries between otherwise disconnected groups. When the cost
of link formation is sufficiently low, the exhaustive wheel is the unique equilibrium
architecture and best-response dynamics converge to it with probability one. For inter-
mediate costs, multiple equilibrium architectures coexist and can be Pareto-ranked:
the exhaustive wheels dominate the non-exhaustive ones and the empty network, and
trees dominate the empty network.

Keywords Non-cooperative network formation · Intermediation · Non-empty
disconnected networks

JEL Classifications C72 · D85

1 Introduction

In many models of network formation, links are valuable because they provide access
to other individuals. Accordingly, agents decide which links to form by weighing the
private benefits of reaching others against the cost of establishing and maintaining
those links. This paper studies a different source of network value. Agents benefit not
only from accessing others, but also from the contributions their links make to others’
access. The paper asks how valuing this social dimension of one’s links changes
equilibrium network architectures.

This question relates to two strands of the literature. The first is the literature on
network formation with private network benefits, initiated by Bala and Goyal (2000)
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and Jackson and Wolinsky (1996), where links are valuable because they grant access
to other agents.1 The second considers intermediation as a source of rival benefits that
decrease with the number of intermediaries along a network connection (Goyal and
Vega-Redondo 2007; Manea 2018; Siedlarek 2025; Choi et al. 2017; Kleinberg et al.
2008). By contrast, the present paper studies non-rival intermediation benefits: agents
value their participation in network connections whenever they are essential to them.

This change in the source of network benefits, from private to social, has important
implications. Equilibrium networks need not be connected. In particular, they may be
nonempty and disconnected, with groups of agents that either do not interact at all or
interact asymmetrically, in the sense that one group can access the other but not vice
versa.

To study environments in which creating access is a public good, I develop the
following non-cooperative game of network formation. A set of homogeneous agents
simultaneously decideswhich costly links to form. Each link is paid for andmaintained
by the agent who initiates it. The resulting network determines not only whom each
agent can access, but also the extent to which each agent facilitates the access of others.

More precisely, agent i benefits from mediating the connection between agents j
and k whenever i is essential to that connection, that is, whenever every path from
j to k passes through i . The specification of network benefits is deliberately general
and may depend on network characteristics other than intermediation. For example,
contributing to the connections of well-connected individuals may yield some prestige
premium. Instead, agents may care about the relative number of connections they
control. Individual decisions generally reflect a trade-off between the social value of
links and the private cost of forming and maintaining them. The equilibrium concept
is the strict Nash equilibrium, so that every player has a unique best response to the
others’ strategies.

The analysis considers both directed and undirected links. The distinction is impor-
tant because it determines whether access created by a link is unilateral or reciprocal.
With directed links, a link formed by agent i with agent j allows i to access every
agent reachable from j , but it does not allow j to access the agents reachable from i .
By contrast, with undirected links, a link formed by i and paid for by i allows both
agents to access every individual reachable from either of them.

The paper completely characterizes the architecture of strict Nash networks. The
characterization differs sharply depending on whether links are directed or undirected.
With directed links, strict Nash networks are either flat or hierarchical. Flat architec-
tures consist of a wheel (i.e., a directed cycle) that may or may not encompass all
agents. In contrast, hierarchical architectures are trees of components in which only
the root component may contain several agents. Figure 2 illustrates both cases. With
undirected links, every nonempty strict Nash network is a center-sponsored star, illus-
trated on the right of Fig. 1.

1 Other models have extended (Bala and Goyal 2000)’s setup. E.g., Galeotti et al. (2006) allows for hetero-
geneous players vis-à-vis the benefits and costs of forming links; Feri (2007) and Hojman and Szeidl (2008)
analyze dynamic and static network formation, respectively; Olaizola and Valenciano (2018) proposes a
unified framework encompassing both (Bala and Goyal 2000) and Jackson and Wolinsky (1996). Recent
work has also studied endogenous network formation in collaborative R&D environments (Billand et al.
2026).
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Fig. 1 A wheel on the left, a star
on the right 1
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Fig. 2 Strict Nash networks: a non-exhaustive wheel on the left, a tree on the right

Three forces explain the architecture of strict Nash networks. The first two are
economic and reflect the incentives created by the payoff function, whereas the third
is purely a consequence of the strict Nash equilibrium refinement. First, in a Nash
network, every maintained link must be essential to at least one network connection
created by the agent who sponsors it. Otherwise, the agent could remove the link
without affecting access, thereby saving its cost. Second, every maintained link must
maximize the access it creates, given the rest of the network. Otherwise, the agent
could redirect the link toward another part of the network, increase the access they
provide to themselves and others, and thereby increase their payoff. Together, these
two incentives discipline the architecture of Nash networks around a small number
of essential intermediaries. Third, a strict Nash equilibrium requires every player to
have a unique best response. The refinement rules out architectures in which an agent
can replace one link with another without changing the set of network connections.
As such, it selects the architectures with the fewest links. Consequently, groups of
mutually connected agents form wheels under directed links and center-sponsored
stars under undirected links.

These forces also govern the relations between components. If two components are
not ordered hierarchically, one of them must be an isolated singleton. Otherwise, an
agent in the smaller component could profitably redirect one of their links toward the
larger component and thereby increase the access they provide. If two components are
ordered hierarchically and links are directed, an agentwhose component is accessed by
the other can profitably redirect one of their links toward the component that accesses
it. Doing so expands the access the agent provides and, consequently, their payoff.
The uniqueness requirement imposed by the strict Nash equilibrium further rules out
disconnected architectures in which an agent can replace one linkwith another without
affecting the resulting network. Together, these restrictions imply that every strict Nash
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network has one component that either does not access anyone or accesses everyone
outside it.

The characterization also yields simple existence conditions. In equilibrium, agents
who maintain links must not benefit from severing existing links, while agents outside
a component must not benefit from creating new links toward it. These conditions
almost completely characterize the ranges of link-formation costs for which each
equilibrium architecture exists.

The model applies to environments in which forming a well-connected group
through a network benefits each individual – that is, the network generates a pub-
lic good. Depending on the application, this public good may take the form of better
information, greater participation, or improved access to valuable interactions. Indi-
viduals, therefore, choose links that enable as many network connections as possible.

One application concerns group communication and, more generally, situations
in which individuals privately benefit from belonging to a well-informed group.
Each agent contributes to the group’s aggregate knowledge by collecting informa-
tion through their network connections and sharing it with the rest of the group. For
example, agents may be workers collaborating on a joint project, in which keeping
teammates informed improves collective performance. Likewise, lenders may share
information about borrowers’ credit records (Padilla and Pagano 2000). By improving
the information available to other lenders, such exchanges generate positive external-
ities by fostering better borrower discipline and reducing systemic risk.

Another application is diffusion auctions. Recent literature in computer science
studies auctions in which sellers rely on participants to spread information about a
sale to increase participation. Because informing additional buyers increases the auc-
tioneer’s expected revenue, it may be in the auctioneer’s interest to reward participants
for contributing to information diffusion. Li et al. (2022) propose an extension of the
Vickrey-Clarke-Groves mechanism that is individually rational, incentive compatible,
and efficient. Under that mechanism, each participant receives the increase in social
welfare generated by their diffusion activity. This paper examines the networks that
emerge when agents anticipate such diffusion rewards.

The remainder of the paper is organized as follows. Section 2 introduces the model
and relates it to the diffusion auction application. Section 3 characterizes strict Nash
networks and studies their dynamic stability. Section 4 extends the analysis to initial
networks and undirected links, and compares the model with the network formation
games of Bala and Goyal (2000) and Goyal and Vega-Redondo (2007). Section 5
concludes.

2 The environment

This section presents the model and discusses an application that motivates the payoff
specification.
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2.1 Themodel

A finite set of agents, N = {1, . . . , n}, forms a network by creating links with one
another. To rule out trivial cases, assume n ≥ 5. Network formation is modeled as
a non-cooperative game as follows. Agent i’s strategy, gi , is a set of agents toward
whom i forms links. Links are directed; j ∈ gi is equivalent to i → j , and means that
“i can access j and all individuals reachable from j”. The converse, however, is not
true. Since an agent can form or not form links with each of the other n − 1 agents,
the set of pure strategies of agent i is the power set of N \ {i}, Gi = P(N \ {i}). Let
G = �i∈NGi denote the space of pure strategy profiles. For simplicity, I consider
only pure strategies. I use g to denote both the strategy profile (g1, . . . , gn) and the
network formed by that profile. At times, a profile g is written as (gi , g−i ), where g−i

denotes (g1, . . . , gi−1, gi+1, . . . , gn).
Agent i’s payoff depends on the cost of forming and maintaining links and on the

benefits generated by their position in the network. If agent i chooses strategy gi ,
they incur cost C(|gi |), where |gi | is the number of links formed by i . I assume that
C(0) = 0, and that C is strictly increasing.

Agents benefit from their contribution to the reach of others. For any j ∈ N , agent
j’s reach is the number of individuals whom j can access in the network g. Agent j
can access agent k if either j ≡ k or there exists a path from j to k. A path from j
to k is a sequence of links, j → i1 . . . → ik , such that ik ≡ k, k ≥ 1, along which
all agents are distinct. I denote by r j (g) agent j’s reach in the network g; note that
r j (g) ∈ {1, . . . , n}.

For any (i, j) ∈ N × N , agent i’s contribution to agent j’s reach is defined as
the decrease in j’s reach when agent i leaves the network. Formally, the resulting
network – denoted by g̃i – is defined on the set of nodes N \ {i} and on the set of links
{a → b|a ∈ N \ {i}, b ∈ N \ {i}, b ∈ ga}. Agent i’s contribution to agent j’s reach
is denoted by �i j (g) and is given by:

�i j (g) = r j (g) − r j (g̃
i ).

For every i ∈ N , ri (g) = �i i (g). Define each agent’s payoff function ui : G → R as
additive-separable between benefits and costs:

ui (g) =
∑

j∈N
�(r j (g),�i j (g)) − C(|gi |). (1)

In the above, � is the benefit that agent i earns from their contribution to the
network. It satisfies the following properties.

Assumption 1 Consider the class of functions � : Z
2+ → R+, where Z+ denotes the

set of non-negative integers, and R+ the set of non-negative reals, such that:

1. �(., 0) = 0 and �(., y) > 0 for all y > 0.
2. �(x, y) < �(x, y + 1), for all x > y, for all y.
3. �(x + 1, y + 1) > �(x, y) for all x ≥ y.

123



N. Cabau

The first statement implies that an agent earns a benefit only if they make a positive
contribution to some individual’s reach. The second statement captures the value of
intermediation. The third statement implies that agents benefit from increases in others’
reach when those increases are entirely attributable to them.

I assume that agents choose their strategies simultaneously. A network g is Nash
if, for all i ∈ N and all hi ∈ Gi , ui (gi , g−i ) ≥ ui (hi , g−i ); each agent’s strategy is a
best response to the strategies of the others. A network g is strict Nash if, for all i ∈ N
and all hi ∈ Gi \ {gi }, ui (gi , g−i ) > ui (hi , g−i ); gi is the unique best response of i
to g−i .

Before undertaking the analysis of the model, it is useful to introduce some ter-
minology. A set A ⊆ N is called a component if, for every ordered pair of agents
(i, j) ∈ A × A, i can reach j and there is no strict superset A′ of A for which this is
true. A component A is a singleton if it has a unique element, i.e., |A| = 1. A compo-
nent A is minimally connected if A is no longer a component upon deletion of a link
i → j between two agents i and j in A. A component A forms awheelwhen the agents
in A can be arranged as {i1, . . . , ik} for some k ∈ {2, . . . , n}, i1 → i2 . . . → ik → i1,
and there are no other links between the agents in A. A network is connected if it has
one component. A network that is not connected is disconnected. The empty network
is the network with no links.

2.2 Diffusion auctions

The payoff specification introduced above admits several interpretations. This sub-
section presents a diffusion auction as a motivating example. The objective is not to
derive the equilibrium results that follow, but rather to illustrate an environment in
which agents benefit from making themselves and others accessible. The equilibrium
analysis in the remainder of the paper applies to any payoff satisfying Assumption 1.

Suppose that network formation precedes an auction in which the set N represents
potential buyers. Agents have independent private values for the item on sale, drawn
from the uniform distribution on the unit interval. The auctioneer cannot publicly
advertise the sale. Instead, she initially informs one randomly selected agent in the
network, called the information seed and denoted j0. Only the agents reachable from
j0 can learn about the sale and participate.
The key observation is that some agents are essential for information diffusion. By

maintaining links, these agents allow additional buyers to learn about the auction. A
sale mechanism may therefore reward agents according to the contribution they make
to others’ access. Consider the following extension of the Vickrey–Clarke–Groves
mechanism.

Every informed agent i decides to participate or not; if they do, they report some
t ′i = (v′

i , g
′
i ) to the auctioneer, where v′

i ∈ [0, 1] is the reported valuation and g′
i ∈ Gi

the reported links. The item is allocated to the participant with the highest reported
valuation. Let P( j0; g′) denote the set of participants when j0 is the information seed
and g′ is the reported network, and define the highest reported valuation as

v∗(g′) = max
j∈P( j0;g′)

v′
j .
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Fig. 3 A line network
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Agent i receives the transfer:

πi (t
′) =

{
0 if i /∈ P( j0; g′),
v∗(g′) − v∗(g̃′i ) if i ∈ P( j0; g′),

where g̃′i denotes the reported network after removing agent i and the links formed
by i . Thus, an agent is rewarded according to the reduction in welfare caused by their
removal. An agent receives a positive transfer only if their removal lowers the highest
valuation among the remaining participants. The transfer to agent i increases with the
highest valuation among the participants who are reachable only through i .

The mechanism is individually rational and incentive compatible (see Li et al.
(2022)). Figure 3 illustrates its working. Suppose that agent 1 is the information seed.
Agents 1 to 4 participate, whereas agent 5 remains uninformed because it is unreach-
able from agent 1. Agent 3 wins the auction since v3 = 0.8 is the highest reported
valuation among participants. Agents 1, 2, and 3 are all essential for connecting the
information seed to the winner. Removing agent 3 leaves agent 2 as the highest-valued
reachable participant, so agent 3 pays v2 = 0.3. Removing agent 2 would result in
allocating the item to agent 1, generating a welfare loss of v3 − v1 = 0.6. Finally,
removing agent 1 prevents the sale altogether, generating a welfare loss of v3 = 0.8.
Hence, agents 1 and 2 receive positive transfers because their participation enables
access to buyers with higher valuations.

Fix a network g. The interim expected payoff of agent i , after network formation
but before the information seed is chosen and transfers are realized, is:

ui (g) = 1

n

∑

j0∈N

(
r j0(g)

r j0(g) + 1
−

(
r j0(g) − �i j0(g)

r j0(g) − �i j0(g) + 1

))
− C(|gi |).

The interpretation is as follows. When j0 is the information seed, r j0(g) buyers
participate in the auction. Removing agent i reduces that number to r j0(g) − �i j0(g).
Since valuations are uniformly distributed on [0, 1], the expected highest valuation
amongm buyers ism/(m+1). The term in brackets, therefore, measures the expected
welfare loss generated by removing agent i . Averaging across all possible information
seeds yields agent i’s expected network benefit.

The diffusion auction thus provides one environment in which agents benefit from
their contribution to others’ access. It is established in Appendix A that the resulting
payoff satisfies Assumption 1. The Appendix also shows that introducing a reserve
price guarantees budget balance when the number of agents is finite.
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3 Equilibrium networks

The section features a tight characterization of equilibrium networks and provides
conditions for their existence. Unless stated otherwise, all proofs are relegated to the
Appendix.

3.1 Properties of Nash networks

The payoff specification rewards agents for their contribution to making the network
accessible to themselves and others. Consequently, a best response needs to satisfy two
properties. First, every maintained link must be essential to some network connection
created by the agent who sponsors it. Otherwise, the agent could remove the link
without affecting access, thereby saving its cost. Second, every maintained link must
maximize the access it creates, given the other links in the network. Otherwise, the
agent could redirect it toward another part of the network and obtain a strictly higher
payoff. Proposition 1 shows that these two incentives impose a strong restriction on
links pointing toward the same agent.

Proposition 1 If g is Nash and there are three distinct players i, j, k such that k ∈ gi
and k ∈ g j , then i, j and k belong to the same component. Also, all paths from i to j
pass through k, and symmetrically, all paths from j to i pass through k.

Proof In some network g, assume that there are three agents i, j and k such that
k ∈ gi , k ∈ g j , and they do not belong to the same component. Assume first that
i and j are in two different components. Without loss of generality, suppose i does
not have a path to j . Let i deviate to g′

i = (gi \ {k}) ∪ { j}: i cuts the link with k and
simultaneously adds a link towards j . Let g′ = (g′

i , g−i ) denote the resulting network.
The deviation preserves access to k via the link i → j while creating access to the
component of agent j . Thus, for any agent a ∈ N such that ra(g′) 
= ra(g), it holds
that ra(g′) − ra(g) = �ia(g′) − �ia(g) > 0. Such an agent a exists (as i is one of
them). Since |g′

i | = |gi |, we conclude that g′
i is a strictly profitable deviation for i .

Thus, g is not Nash.
Suppose instead that i, j are in the same component, A. Without loss of generality,

suppose there is a path from i to j that does not pass through k. Let i deviate to
g′
i = gi \ {k}, and let g′ = (g′

i , g−i ) be the resulting network. Agent i still has a
path to j in g′ (those that do not pass through k). Since j maintains the link j → k,
there is still a path from i to k in g′. Hence, the link i → k is made redundant by the
link j → k. Therefore, ra(g) = ra(g′) and �ia(g) = �ia(g′) for all a ∈ N . Since
|g′

i | < |gi |, g′
i is a strictly profitable deviation for i . Thus, g is not Nash. ��

Proposition 1 is the cornerstone of the equilibrium characterization. It implies that
whenever two agents form links toward the same individual, that individual must be
essential for their mutual connection. In equilibrium, links therefore cannot duplicate
existing paths through the network. Instead, they organize access around a small num-
ber of essential “bottlenecks” such as agent k in the Proposition. The remainder of this
section develops the structural implications of this observation.
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Fig. 4 A network that is not
Nash, where A = {i} and
B = { j, k,m}. Agent j could
strictly improve their payoff by
cutting the link with k and
adding a link with i

i

k

m j

Corollary 2 develops the implications on the pattern of access between components.
To illustrate this idea, I consider the relation ↪→ over the set of components of a
network: A ↪→ B when component A accesses B (i.e., all agents in A can reach all
agents in B). A is said to be maximal (minimal) if there is no component B 
= A such
that B ↪→ A (A ↪→ B). A is said to be isolated if it is both maximal and minimal.

Corollary 2 In a Nash network, (1) A component that is not maximal is a singleton,
(2) A component is either a singleton or it is minimally connected, (3) If components
A and B are maximal and A 
= B, A or B is an isolated singleton.

Each statement can be intuitively understood. For Statement 1, consider a network
with two components A and B such that A ↪→ B but not the other way around.
Graphically, there is a bridging link from A to B such as i → k in Fig. 4. If, unlike
stated in the Corollary, B has several agents, then one of them has a link with k (see j
in the Figure). This contradicts Proposition 1 as i and j are in different components.
For Statement 2, observe that a non-minimally connected component has two agents
connected by a redundant link. As previously mentioned, the agent who maintains it
could spare its cost and improve their payoff.

Statement 3 follows from the earlier observation that each link in a Nash network
must maximize the access created by that link, given the other links in the network.
Suppose, contrary to the statement, that there are two distinct maximal components,
A and B, neither of which is an isolated singleton. Since A is maximal, a deviation by
one of its members affects only the reach of the agents in A. Suppose that the agents
in B have a weakly higher reach than those in A. Then an agent in A can cut all their
existing links and instead form a single link to an agent in B. This deviation increases
the reach of every agent in A without affecting the reach of any agent outside A. Since
the deviating agent forms only one link, the deviation does not increase link costs,
while it strictly increases the agent’s network benefit. Hence, the deviation is strictly
profitable.

Corollary 2 provides sharp predictions about the overall structure of Nash networks.
Either they are flat, with no comparable components. The empty network is one of
them; the non-empty ones have a unique minimally connected component surrounded
by isolated singletons (Statement 3 in Corollary 2). Alternatively, a Nash network
can be hierarchical, with one component accessing all others. It may help to think
of hierarchical networks as trees of components. The root component is the greatest
element of ↪→, and it is either a singleton or minimally connected (by Statement 2 in
Corollary 2). The rest of the components are singletons (by Statement 1 in Corollary
2), and those without links are called leaves. Finally, a Nash network may combine
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flat and hierarchical features, with one tree of components surrounded by isolated
singletons (by Statement 3 in Corollary 2).

Statement 2 in Corollary 2 states that a component other than a singleton must
be minimally connected. Many architectures satisfy this property: the star network,
Dutch Windmills, and overlapping cycles are examples. Consequently, the Nash con-
cept alone leaves substantial indeterminacy regarding the architecture of equilibrium
components. The next section shows that, holding the set of network connections fixed,
the strict Nash refinement selects the architecture with the fewest links.

3.2 Characterization and existence of strict Nash networks

The strict Nash equilibrium further requires that each player has a unique best response
to the others’ equilibrium strategies. As shown below, every nonempty strict Nash
network has one wheel that either does not access anyone or accesses everyone outside
it. The argument proceeds in three steps.

First, in strict Nash networks, a component with several agents forms a wheel.
Indeed, by Proposition 1, two agents i and j who have a link with the same individual
k each have a payoff-equivalent strategy (e.g., i maintains all of their links, except for
cutting the link with k and adding one to j); see Figure 5 for an illustration.

Second, strict Nash networks are either flat or hierarchical and do not exhibit both
features. This is because a player in a tree who has initiated a link with a leaf would be
equally well off by cutting it and adding one to an isolated singleton. Such indifference
is incompatible with strictness.

Last, the root component of a hierarchical strict Nash network must encompass
several agents and, therefore, forms a wheel. To see why, consider a tree whose root
component is a singleton. Notice that the links initiated by the root do not confer it any
intermediation benefits, since the root is the only agent that uses them. Consider a leaf
of the tree; by forming a single link to the root, the former would also access the rest
of the tree. Furthermore, the leaf gains additional intermediation benefits from these
agents (if any) between them and the root. Together, these observations imply that
whenever the root prefers maintaining its links to cutting them, a leaf prefers linking
to the root. Therefore, the two agents cannot both play a strict best response, and the
network is not a strict Nash equilibrium.

Proposition 3 offers a categorization of strict Nash networks based on their archi-
tecture. Its content can be mostly recovered from the previous three observations: Flat
and nonempty strict Nash networks have one wheel that may or may not encompass
all individuals; Hierarchical strict Nash networks have a wheel as root component,
and the rest of the agents form “branches” that grant the wheel access to every agent
outside it. See Table 1 for definitions and further details.

Fig. 5 For agent 4, g4 = {1} and
g′
4 = {3} are payoff-equivalent

strategies

12

3

4 12

3

4
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Proposition 3 If g is a strict Nash network, then g has one of the following architec-
tures: (1) the empty network, (2) a non-exhaustive wheel, (3) an exhaustive wheel, (4)
a root-leaves tree, (5) a tree with intermediaries.

Proposition 4 provides necessary and sufficient conditions for the existence of the
first four architectures listed in Proposition 3. I exclude trees with intermediaries
because their heterogeneity makes it difficult to derive network-specific conditions.

The result is organized around three types of deviations from an agent’s current
strategy: exclusively adding links; exclusively cutting links; last, first rewiring the
existing links, then adding or removing links from that set. The Proposition compares
the payoff of each agent to that from their most profitable deviation, this, for each
architecture. For each agent in all architectures except the non-exhaustive wheels, the
most profitable deviations involve exclusively adding or cutting links. The case of
the non-exhaustive wheels is longer because, for a wheel member, the third type of
deviation may be the most profitable (cutting the link in the wheel, then adding links
to isolated singletons).

Proposition 4 (1) The empty network is strict Nash if and only if no agent wants
to form links: �(1, 1) > �(x + 1, x + 1) − C(x) for all x ∈ {1, . . . , n − 1}. (2)
An exhaustive wheel is strict Nash if and only if no agent wants to cut their link:∑n

k=1 �(n, k) −C(1) >
∑n

k=1 �(k, 1). (3) A non-exhaustive wheel with w agents is
strict Nash if and only if:

(3.a) No isolated singleton gains from forming one link to the wheel and either none
or some links to other isolated singletons: �(1, 1) > �(w + x, w + x) − C(x),
∀x ∈ {1, . . . , n − w}.

(3.b) No wheel member gains from:

(3.b.i) cutting their link in the wheel:
∑w

k=1 �(w, k) − C(1) >
∑w

k=1 �(k, 1),
(3.b.ii) cutting their link in the wheel and forming links to isolated singletons:∑w

k=1 �(w, k)−C(1) >
∑w+x

k=x+1 �(k, x +1)−C(x), ∀x ∈ {1, . . . , n−w},
(3.b.iii) maintaining their link in the wheel and adding some to isolated singletons:∑w

k=1 �(w, k)−C(1) >
∑w+x−1

k=x �(w+x−1, k)−C(x), ∀x ∈ {2, . . . , n−
w + 1}.

(4) A root-leaves tree g whose root component is denoted by A is strict Nash if and
only if:2

(4.a) A leaf does not gain from forming one link to a root member:�(1, 1) > �(n, n)−
C(1).

(4.b) Any root member i does not gain from:

(4.b.i) cutting all their links:
∑

j∈A �(n,�i j (g))−C(|gi |) >
∑

j∈A �(n−�i j (g)+
1, 1),

(4.b.ii) cutting links with some leaves (if |gi | > 1):
∑

j∈A �(n,�i j (g)) − C(|gi |) >∑
j∈A �(n − x,�i j (g) − x) − C(|gi | − x), ∀x ∈ {1, . . . , |gi | − 1}.

2 Note, if the root component consists of the agents indexed from 1 to w and the links between the root

members are 1 → 2 . . . → w → 1, �i j (g) = 1 j>i
∑ j−1

p=i |gp |+�1 j<i

(∑w
p=i |gp | + ∑ j−1

p=1 |gp |
)
, for

any i, j ∈ A.
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Endogenous network formation with diffusion incentives

The conditions in Proposition 4 highlight three incentives. First, some inequalities
rule out profitable link formation: agents should not gain from expanding access by
adding new links. Second, some inequalities rule out profitable link severance: the
contribution generated by existing links must exceed the savings from deleting them.
Finally, Condition (3.b.ii) rules out profitable “rewiring” deviations in non-exhaustive
wheels, whereby a wheel member cuts the link in the wheel and instead forms links
with isolated singletons. The Proposition focuses on the most profitable deviations
within each architecture. For example, Statements (3.a) and (4.a) are restricted to
strategies for a singleton that include a link to the wheel component of their network.
This is because such a link generates more access than a link to another singleton,
ceteris paribus. Similarly, in Statement (4.b.ii), a root member who wishes to cut a link
prefers to cut one with a leaf rather than one in the wheel. For non-exhaustive wheels,
additional deviations must be considered. In particular, Statement (3.b.ii) compares
a wheel member’s payoff with that obtained from cutting the link in the wheel and
forming links with isolated singletons, thereby transforming the wheel into a directed
tree.

The conditions in Proposition 4 imply a Pareto ranking of equilibrium architectures.
Architectures that generate more opportunities for access and intermediation remain
sustainable for higher linking costs and yield weakly higher payoffs whenever they
exist.

Corollary 5 (1) If a non-exhaustive wheel or a tree (root-leaves or with intermediaries)
is strict Nash, so are the exhaustive wheels and the empty network. (2) When a non-
exhaustive wheel is strict Nash, the exhaustive wheels payoff-dominate it. Also, when
a tree is strict Nash, the tree payoff dominates the empty network.

Corollary 5 can be summarized as follows. When the cost of link formation is
low so that forming no links is a strictly dominated strategy, the exhaustive wheel is
the unique strict Nash architecture. Conversely, when the cost is high so that a link
in an exhaustive wheel is not worth maintaining, the empty network is the unique
equilibrium. For intermediate values of the cost of link formation, non-exhaustive
wheels and trees may also arise in equilibrium. However, in such cases, exhaustive
wheels and trees payoff-dominate some of the other equilibria.

The intuition is that exhaustive wheels and trees generate more opportunities for
intermediation. In an exhaustive wheel, wheel members bear the same link costs as in
a non-exhaustive wheel but contribute to the reach of more agents. Likewise, even a
leaf without links in a tree benefits from being accessible to other agents, whereas an
agent in the empty network does not.

3.3 Dynamic stability

Given the extent of the coordination problem in this game, one may wonder whether
agents can reach an equilibrium through decentralized adjustments. The next result
addresses this question for sufficiently low link-formation costs, where the exhaustive
wheel is the unique strict Nash architecture.
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Fig. 6 Cycling of best response
dynamics
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I study a simple best-responsedynamic inwhich agents revise their linkingdecisions
sequentially over time. Consider a dynamic process in discrete time where the state at
time t is the prevailing network g(t) = (g1(t), . . . , gn(t)), for each t = 0, 1, . . .. In
each period t > 0, one player is randomly chosen and given the opportunity to play
a best response to the profile g−i (t) played by the others. If player i has several best
responses, each of them is assumed to be chosen with positive probability.

The next Proposition establishes that when the cost of link formation is low so that
forming no links is a weakly dominated strategy, the dynamic process converges to an
exhaustive wheel.

Proposition 6 If �(x + 1, x + 1) − C(x) ≥ �(1, 1) for some x ∈ {1, . . . , n − 1},
every strict Nash network is an exhaustive wheel, and the dynamic process converges
to an exhaustive wheel with probability 1.

Intuitively, the heart of the matter is to prove that the dynamics do not cycle.
Concretely, cycling may occur when the dynamic process reaches a Nash equilibrium
that is not strict and for which, whenever an agent has several best responses, all of
them preserve the architecture of the current network. An example of this is presented
in Fig. 6. The network satisfies Proposition 1, hence, it is a Nash candidate. However,
it is never strict Nash as agent 3 has several payoff-equivalent strategies: the current
one g3 = {1, 4, 5}, but also g′

3 = {1, 5, 6} and g′′
3 = {1, 4, 6}. Suppose the network

is Nash, agent 3’s best replies are those listed above, and each other player is playing
their unique best response. Then, all networks that subsequently occur with positive
probability have that architecture; only the identity of the leaves changes. E.g., there
is a positive probability that the leaves in g(t +1) are agents 5 and 6, and again, agents
4 and 5 in g(t + 2).

The condition on the cost of link formation implies that an agent without links
weakly gains from forming some. Therefore, any architecture with isolated agents,
such as in Fig. 6, cannot persist under the best-response dynamics, and the process
moves away from it with positive probability.

4 Discussions

This section provides two extensions of the game. The first accommodates the
existence of some original network; the second considers the case where links are
undirected. The last subsection compares the current model with two closely related
games by Bala and Goyal (2000) and Goyal and Vega-Redondo (2007).
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Endogenous network formation with diffusion incentives

4.1 Existence of an initial network

In the baseline model, the link formation game starts from the empty network. In
many applications, however, agents may inherit pre-existing relationships before the
link formation stage (Joshi et al. 2020). To capture this possibility, suppose that some
network g0 exists prior to the agents’ decisions. For simplicity, assume that g0 consists
of one component – denoted by A0 – with several agents, and a collection of isolated
singletons. The links in g0 cannot be severed. The strategy space and individual pay-
offs are otherwise unchanged, and the equilibrium concept remains the strict Nash
equilibrium.

The presence of the component A0 modifies the set of admissible equilibrium archi-
tectures, but the logic developed in Section 3.2 largely carries over. A key observation
is that in a strict Nash network, no agent outside A0 forms a link toward A0. Indeed,
linking to anymember of A0 grants access to the entire component, so links to different
members of A0 yield identical benefits. As a result, any agent outside A0 who forms
a link to a member of A0 has a payoff-equivalent strategy obtained by redirecting that
link to another member of A0, which is incompatible with strict Nash equilibrium.
Moreover, links between members of A0 generate no additional benefit, since these
agents are already connected through the initial network.

The equilibrium networks are close to those identified in the baselinemodel. Agents
outside A0 may form a wheel component among themselves. However, a wheel mem-
ber can always replace a link within the wheel with a link towards A0. Therefore, this
architecture is sustainable in a strict Nash equilibrium only if the wheel contains more
agents than A0, so that replacing a wheel link by a link towards A0 would reduce the
agent’s access and, consequently, the benefits generated by that link. Likewise, agents
may form a hierarchical architecture rooted at A0. Since no agent can link toward A0 in
a strict Nash equilibrium, the root component is fixed, and the remaining components
are singletons (by Corollary 2 Statement 1).

The next Proposition summarizes the possible strict Nash architectures in the pres-
ence of an initial network and uses the following terminology. An exhaustive tree
is a directed rooted tree of components that encompasses all agents; the root is A0,
and all other components are singletons. An augmented non-exhaustive wheel is a flat
network in which no two components are comparable via ↪→; one component is A0,
another component A1 forms a wheel with more agents than A0 (i.e., |A1| > |A0|),
and the remaining components are isolated singletons.

Proposition 7 Suppose that the link formation game begins from some initial network
g0, where g0 is a flat network with one component A0 containing several agents (i.e.,
|A0| ≥ 2) and the rest are isolated singletons. A network g is strict Nash only if it has
one of the following architectures: (1) g0, (2) an exhaustive tree, (3) an augmented
non-exhaustive wheel.

4.2 Undirected links

The baseline model assumes that links are directed: an agent who forms a link with
some individual gains access to the agents reachable from the latter, but the converse
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Fig. 7 Undirected cycle
i

j k

Fig. 8 Two consecutive links
formed by different players i j k

Fig. 9 A center-sponsored star
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need not hold. In many environments, however, access is reciprocal. This subsection,
therefore, considers the version of the game in which links are undirected. As will
become clear, equilibrium predictions differ markedly.Whereas directed links support
wheel and tree architectures, strict Nash equilibrium under undirected links is much
more restrictive and selects either a center-sponsored star or the empty network.

With undirected links, agent i can reach agent j if either i ≡ j or i 
= j and there
exists an undirected path i − i1 − . . . − ik such that ik = j , k ≥ 1, along which all
agents are distinct. Therefore, in this version of the game, the relation j ∈ gi reads as
“i forms a link with j , i pays for it; i can access all agents reachable from j and j can
access all agents reachable from i”. The strategy space is unchanged, and individual
payoffs are still given by (1).

The characterization of strict Nash networks proceeds in three steps.

1. First, a (strict) Nash network is acyclic. To illustrate the argument concretely,
consider the network in Fig. 7. Without loss of generality, suppose that agent i
pays for the link i − j . Whether this link is maintained or cut does not affect the
contribution that i makes to the others’ reach. Hence, i obtains the same benefit
in both cases. Since links are costly, i strictly prefers removing the link to save its
cost.

2. Second, strictNash equilibrium imposes amuch stronger requirement than acyclic-
ity. While every component must be a tree, no two consecutive links in that tree
can be sponsored by different agents.
To see why, suppose instead that there is a sequence of two consecutive links
initiated by different players, as shown in Figs. 8 and 9. For clarity, a dash lies near
the agent who paid for the link. Player k paid for the link with j , whereas j paid
for the link with i . Because links are undirected, k’s contribution to the others’
reach is the same regardless of whether k links to i or to j . Agent k therefore has
two payoff-equivalent strategies, so the network cannot be strict Nash.
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Endogenous network formation with diffusion incentives

It follows that the same agent must sponsor all links in a component. Therefore,
any component with several agents is a center-sponsored star.

3. Finally, a strict Nash network is either connected or empty.
The argument is twofold. First, there can be at most one center-sponsored star. If
two such stars existed, the center of either star would strictly benefit from replacing
one of its links to a peripheral agent by a link to an agent in the other star. The
former grants access to a single individual, whereas the latter grants access to an
entire component.
Second, a strict Nash network containing a center-sponsored star cannot contain
isolated singletons. From the center’s perspective, replacing a peripheral agent in
the star by an isolated singleton leaves the architecture unchanged: in both cases,
the center allows access to exactly one additional agent. The center, therefore, has
two payoff-equivalent strategies, so the network cannot be a strict Nash equilib-
rium.

In conclusion, a strict Nash network is either a center-sponsored star or the empty
network. The remaining question is for which ranges of cost can each architecture be
a strict Nash equilibrium. To answer this question, define

γ (x) = �(x + 1, x + 1) + x�(x + 1, x) − C(x),

for x ∈ {0, . . . , n − 1}. It may help the reader to think of γ (x) as the payoff to the
central agent of a center-sponsored star with (x + 1) agents.

The center-sponsored star and the empty network cannot co-exist in equilibrium.
Indeed, one obtains from the other through a unilateral deviation. From the empty
network, an agent can form links with all other agents and thereby create a center-
sponsored star; from a center-sponsored star, the center creates an empty network by
cutting all its links.

Proposition 8 Consider the function γ (x) defined above. (1) If γ (0) > γ (x) for
all x ∈ {1, . . . , n − 1}, the empty network is the unique strict Nash network. (2) If
γ (n−1) > γ (x) for all x ∈ {0, . . . , n−2}, a strict Nash network is a center-sponsored
star. (3) Otherwise, γ (0) ≤ γ (x) for some x > 0 and γ (n − 1) ≤ γ (x ′) for some
x ′ < n − 1, and there are no strict Nash networks.

Unlike in the directed model, strict Nash equilibria need not exist under undirected
links. Since the only candidate strict Nash architectures are the empty network and
the center-sponsored star, a strict Nash equilibrium exists only if either 0 or n − 1
is the unique global maximizer of γ . Whenever this condition fails, no strict Nash
equilibrium exists.

4.3 Related network formation games

This section compares the equilibrium predictions of the current game with those
of Bala and Goyal (2000) and Goyal and Vega-Redondo (2007). The key difference
between the currentmodel and the game ofBala andGoyal (2000) is that agents in their
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model evaluate links solely through their effect on their own reach. In contrast, agents
in the present model also value the contribution their links make to others’ reach. As
shown below, this distinction has important implications for the set of equilibrium
architectures.

In Bala and Goyal (2000), individual decisions in link formation depend on the
trade-off between the private benefit of links, measured by reach, and the cost of link
formation. For any agent i ∈ N , Bala and Goyal (2000)’s payoff function is

ui (g) = �(ri (g), |gi |),

where ri (g) is agent i’s reach in network g, and |gi | is the number of links formed by
i . The function � is increasing in reach and decreasing in the number of links formed.
To ease the comparison between the two models, consider the following specification
of the above payoff:

ui (g) = �(ri (g), ri (g)) − C(|gi |). (2)

Recall that, for any network g and any agent i , �i i (g) = ri (g).
Fixing the network formed by the other players, the best-response set of a player

may differ across the two games. The reason is that agents in Bala and Goyal (2000)’s
model do not internalize the positive externalities that their links generate for others.
To illustrate the difference, consider the non-exhaustive wheel in Fig. 10.

In Bala and Goyal (2000)’s game, agent 5 can tap higher benefits than any wheel
member by mimicking their strategy. Indeed, if agent 5 adds a link to agent 1, the
payoff from the deviation is �(5, 5) − C(1), which exceeds agent 3’s current payoff
of�(4, 4)−C(1). If agent 3 cuts the link with agent 1, the payoff from the deviation is
�(1, 1), which is precisely agent 5’s current payoff. Therefore, agents 3 and 5 cannot
simultaneously be playing best responses.

The crucial difference in the current game is that agent 3’s link generates value not
only through the access it provides to agent 3, but also through the access it provides
to the other members of the wheel. These intermediation benefits are absent from Bala
and Goyal (2000)’s game. As a result, agents 3 and 5 may simultaneously be playing
best responses in the current model. The same logic extends to trees. In Bala and
Goyal (2000)’s game, a leaf can mimic the strategy of a root member and obtain the
same reach, therefore, the same payoff. In contrast, root members in the current game
receive additional intermediation benefits that may not be available to leaves.

Fig. 10 A non-exhaustive wheel
1

23

4

5 6
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Endogenous network formation with diffusion incentives

More generally, link formation in the current game reflects a trade-off between the
social value of links and their private cost, whereas in Bala and Goyal (2000)’s model
the trade-off is between the private value of links and their cost. Since the social value
of a link weakly exceeds its private value, non-empty networks are equilibria for a
wider range of costs in the current game. This also explains why the condition for the
empty network coincides across the two games under specification (2): starting from
the empty network, the social value and the private value of a newly formed link are
identical.

The discussion above implies that the set of equilibrium architectures is larger in the
current game. The following Corollary summarizes the comparison for directed links.
Bala and Goyal (2000) show that a strict Nash network is either an exhaustive wheel
or the empty network. By contrast, the current game admits additional equilibrium
architectures, namely non-exhaustive wheels and trees.

Corollary 9 (See Proposition 3.2 pp. 1195 in Bala and Goyal (2000).) Consider the
payoffs in (2) and (1). (1) If �(n, n) − C(1) > �(1, 1), the exhaustive wheels are
strict Nash in both games. (2) Otherwise, the empty network is the unique strict Nash
network in Bala and Goyal (2000)’s game. In contrast, some architectures among the
exhaustive wheels, the non-exhaustive wheels and the trees may be strict Nash in this
game.

Equilibrium predictions converge under undirected links. The arguments developed
in Section 4.2 continue to apply because they do not depend on whether agents value
the contribution that their links make to the reach of others. The underlying reason is
the inherent symmetry in access afforded by undirected links: once an agent connects
to a component, the particular individual through whom access is obtained becomes
irrelevant. Consequently, both games admit the same strict Nash architectures under
undirected links, namely the empty network and the center-sponsored star. The ques-
tion of existence, therefore, drives the comparison. In the empty network, an agent
who deviates and forms links becomes, in effect, the center of a center-sponsored star.
Since links in a star generate positive externalities, the social value of a link exceeds
its private value. Consequently, agents have a stronger incentive to form stars in the
current game than in Bala and Goyal (2000)’s model. The empty network is therefore
a strict Nash equilibrium for a wider range of costs in Bala and Goyal’s game.

Corollary 10 (See Proposition 4.2 pp. 1204 in Bala and Goyal (2000).) Consider the
payoffs in (2) and (1). (1) If �(n, n) − C(n − 1) > �(x + 1, x + 1) − C(x) for all
x ∈ {0, . . . , n − 2}, a center-sponsored star is the unique strict Nash network in both
games. (2) Otherwise, and if for some x ∈ {1, . . . , n − 1},

�(x + 1, x + 1) + x�(x + 1, x) − C(x) > �(1, 1),

a strict Nash network is a center-sponsored star in this game, and it is the empty
network in Bala and Goyal (2000)’s game. (3) If �(1, 1) > �(x + 1, x + 1) +
x�(x +1, x)−C(x) for all x ∈ {1, . . . , n−1}, the empty network is the unique strict
Nash network in both games.
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Another closely related game is the bilateral trade model of Goyal and Vega-
Redondo (2007). The comparison with their model can be viewed as a comparative-
statics exercise on the nature of intermediation benefits. To isolate this dimension,
I adopt the link-formation protocol and equilibrium concept of Goyal and Vega-
Redondo (2007). Namely, links form cooperatively, benefits flow symmetrically
between connected agents (i.e., links are undirected), and the equilibrium concept
is strict bilateral equilibrium.

This way, the difference between the two models reduces to the nature of the
benefits. In Goyal and Vega-Redondo (2007), intermediation benefits are rival: the
value generated by a network connection is shared among all agents who are essential
for it. In the current model, benefits are non-rival: an agent’s reward from being
essential in a connection does not depend on the number of other essential agents. The
remainder discusses how the incentive to form links then changes, and whether the
difference alters the set of equilibrium architectures.

As shown below, the answer is largely negative. When the number of agents is suf-
ficiently large, both models select the same equilibrium architectures, namely the star
network and the empty network. The forces sustaining these architectures, however,
differ markedly.

I will first formally introduce a few key notions and notations of Goyal and Vega-
Redondo (2007). A strategy for player i is a set si of agents with whom i would like
to link. Hence, j ∈ si reads as agent i intends to form a link with j , and j /∈ si reads
as agent i does not intend to form a link with j . The set of all pure strategies of agent
i is Si . A strategy profile s = (s1, . . . , sn) maps to an (undirected) network g(s) in
the following way. A link i − j exists in some network if, and only if, the link was
mutually intended, i ∈ s j and j ∈ si . The agents with whom i has links in the network
g(s) is referred to as gi (s).

In any network, each unordered pair of connected agents generates a unit surplus.
This surplus is then divided equally among the agents essential to the connection.
Specifically, an agent k is crucial for connecting i and j if all paths between i and
j pass through k. For any unordered pair (i, j), E(i, j; g) is the set of agents who
are crucial for connecting i and j in the network g; let e(i, j; g) = |E(i, j; g)| be
the cardinality of that set. In Goyal and Vega-Redondo (2007), individual payoffs are
given by:

ui (s) =
∑

j∈N\{i}

1

e(i, j; g(s)) + 2
+

∑

( j,k)∈(N\{i})×(N\{i})

�1i∈E( j,k;g(s))
e( j, k; g(s)) + 2

− c|gi (s)|,

(3)

where c > 0 is the marginal cost of a link. Let me contrast the above payoff with the
following linear specification of the current payoff in (1):

ui (s) = (�i i (g(s)) − 1) +
∑

j∈N\{i}

(�i j (g(s)) − 1)

2
− c|gi (s)|. (4)

so that an agent earns 1 every time they are essential in a connection.

123



Endogenous network formation with diffusion incentives

The equilibrium concept is the strict bilateral equilibrium (SBE). A strategy profile
s is an SBE if, and only if,

• For each i ∈ N , for every strategy s′
i ∈ Si such that g(s′

i , s−i ) 
= g(s), it holds
that ui (s) > ui (s′

i , s−i ).
• For any pair of agents i, j ∈ N and every strategy pair (s′

i , s
′
j ) ∈ Si × S j such

that g(s′
i , s

′
j , s−i− j ) 
= g(s), ui (s′

i , s
′
j , s−i− j ) ≥ ui (s) implies u j (s′

i , s
′
j , s−i− j ) <

u j (s).

Despite the different nature of benefits, equilibrium predictions converge when
the number of players is sufficiently large: an SBE is either a star network or the
empty network. The reasons, however, differ from those in Goyal and Vega-Redondo
(2007). With rival benefits, there is an additional incentive to form links: to reduce
dependence on intermediaries. However, when the set of agents is sufficiently large,
a significant reduction of dependence is too costly, so that the players coordinate on
the centralized architecture of a star. The following observations apply to the current
model and explain why the star network remains an SBEwhen intermediation benefits
are non-rival.

1. First, an SBE is acyclic. Indeed, the value of a link in a cycle is to decrease the
number of other crucial agents. However, the non-rival nature of benefits renders
such links worthless to the agents who maintain them. Therefore, these agents
would strictly improve their payoffs by cutting them.

2. Second, a non-empty SBE is connected. If the network has two acyclic components
A and B that each encompass several individuals, two agents with a link to a leaf
in their respective components would do better by cutting those links and then
forming one link between them. The deviation keeps the number of links paid for
by the two agents constant; however, it yields the same or higher benefits for both.
Next, consider a networkwith one acyclic component and some isolated singletons.
Note that an agent i in the acyclic component who maintains a link with a leaf j
has a payoff-equivalent deviation, which is first to remove the link with j and then
add a link with k. If k accepts the link proposal, the latter taps the same payoff as
the leaf j in the original network. Hence, if the leaf j prefers not to cut the link
with i in the original network, k should accept i’s link proposal. It follows that the
original network is not an SBE.

3. Last, a non-empty SBE is a star network (see Appendix H for a formal proof). To
illustrate the argument concretely, consider the network on the left in Fig. 11. If
the network is an SBE, the leaf agent 4 must prefer not to cut the link with agent
1 – i.e., c < 4. Let agent 3, who is relatively more central than agent 4, first cut
their link with agent 1 and offer simultaneously to agent 4 to form a link. If agent
4 accepts, the network will be as shown on the right in Fig. 11. Because agent
1 remains reachable from agent 3, the deviation is payoff-equivalent to the latter.
Accepting the link would increase agent 4’s centrality. Its marginal benefit is 4 – as
agent 4 is now crucial for connecting agents 2 and 1 to agents 3 and 5. Therefore,
the network is an SBE only if agent 4 prefers not to accept agent 3’s link proposal,
or c > 4. Recall that for such values of the cost, agent 4 prefers to cut their link
with agent 1. Thus, the network is not an SBE.
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Fig. 11 Profitable deviations in
this game
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Fig. 12 A star network on the
left; on the right, a deviation by
agents 4 and 5
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The conditions under which a star network is an SBEmarkedly differ across the two
models. In Goyal and Vega-Redondo (2007), the most profitable deviations exploit the
additional incentive created by rival benefits,which is to forma link between peripheral
agents in order to decrease their dependence on the central agent. As argued in point 1
above, this incentive is absentwith non-rival benefits and therefore does not threaten the
existence of stars as equilibria. However, as explained in point 3 above, two peripheral
agents in a star can team up to improve the centrality of one of them and the associated
intermediation benefits, as illustrated in Fig. 12. Whether the star is an SBE, hence,
depends on the profitability of these deviations.

The following Corollary summarizes the difference in results between this game
and Goyal and Vega-Redondo (2007)’s.

Corollary 11 (See Theorem 1 pp. 468 in Goyal and Vega-Redondo (2007).) Consider
the payoffs in (3) and (4), and suppose that n is sufficiently large. (1) An SBE is either
a star network or the empty network. (2) In Goyal and Vega-Redondo (2007)’s game,
if c > 1

6 , a star network is the unique non-empty SBE. The empty network is an SBE
if, and only if, c > 1

2 . (3) In this game, if c > n − 2, the star is the unique non-empty
SBE. The empty network is an SBE if, and only if, c > 1.

5 Conclusion

This paper studies a non-cooperative game of network formation inwhich agents value
not only their own access to the network, but also the contribution their links make
to others’ access. Link formation, therefore, reflects a trade-off between the social
value of links and the private cost of forming them. I characterize the architecture
of strict Nash networks and the conditions under which those architectures arise in
equilibrium.

Under directed links, strict Nash networks may be either flat or hierarchical. Flat
equilibria consist of a wheel that may or may not encompass all agents, whereas
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hierarchical equilibria are trees in which some agents act as intermediaries between
otherwise disconnected groups. For sufficiently low link-formation costs, exhaustive
wheels are the unique equilibrium architecture, and best-response dynamics converge
to themwith probability one. For intermediate costs, multiple strict Nash architectures
may coexist, although exhaustive wheels and trees Pareto-dominate some alternative
equilibrium architectures.

These findings contrast with the seminal model of Bala and Goyal (2000), where
agents value their links solely for the private benefit of reaching others. Because
intermediation does not generate benefits in their model, a non-empty equilibrium
network must be connected. In the present game, by contrast, agents may benefit
from occupying positions that facilitate access for others. As a result, equilibrium
networks may be disconnected, and non-empty networks arise for a wider range of
link-formation costs.

The comparison with Goyal and Vega-Redondo (2007) highlights a different mech-
anism. In their model, intermediation benefits are rival: agents have incentives to form
links that bypass existing intermediaries, thereby reducing others’ intermediation ben-
efits. In the present game, these benefits are non-rival, so there are no such incentives.
Nevertheless, when links are undirected, both models select star architectures in equi-
librium.However, the conditions underwhich the star is an equilibriumdiffer across the
two environments. In Goyal and Vega-Redondo (2007), equilibrium requires periph-
eral agents not to gain from forming a link that bypasses the center. Here, equilibrium
requires that peripheral agents cannot profitably rearrange links to increase their own
centrality and the associated intermediation benefits.

Finally, the paper’s predictions are robust to alternative specifications of non-rival
intermediation benefits. In particular, the same equilibrium architectures arise when
network benefits are defined purely in terms of intermediation, so that agents derive
no direct benefit from accessing or being accessible to others. This suggests that the
architecture of equilibrium networks is driven less by the precise specification of non-
rival benefits than by the broader distinction between social and private incentives in
link formation.
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Appendix A diffusion auction

The reader may have noticed that the mechanism presented in Section 2.2 is not gener-
ally budget balanced. To address this issue, suppose that the auctioneer sets a reserve
price, γ ∈ [0, 1). Themechanism remains incentive compatible and individually ratio-
nal. The mechanism remains incentive compatible and individually rational. Hence,
agents report the network truthfully and every informed agent participates. Therefore,
given an information seed j0 ∈ N , the set of participants coincides with the set of
agents whom j0 can reach, denoted R( j0; g).

The purpose of this appendix is threefold. First, I derive the interim expected payoff
generated by the mechanism with reserve price γ . Second, I verify that the resulting
payoff satisfies Assumption 1. Third, I show that an appropriate reserve price guaran-
tees budget balance when the number of agents is finite.

To derive the expected payoff generated by the mechanism, fix an information seed
j0 ∈ N and a network g. All variables defined below are conditional on this choice of
j0 and g. For any i ∈ R( j0; g), agent i’s utility from the mechanism is:

πi (t) = v∗
(g) − max{γ, v∗

(g̃i )},

where
v∗
(g):= max

j∈R( j0;g)
v j

and
v∗
(g̃i ):= max

j∈R( j0;g̃i )
v j .

Interim Expected Utility from the Mechanism with Reserve Price γ

To derive the expected payoff generated by the mechanism, fix an information
seed j0 ∈ N and a network g. It is useful to partition the agents reachable from j0
into two sets: those who remain reachable when agent i is removed and those whose
participation depends on agent i . Agent i’s transfer depends on the highest valuations
in these two disjoint sets.

For each i ∈ R( j0; g), define:
• The highest valuation among the agents who can be reached from j0 only through
agent i ,

V (i) = max
j∈R( j0;g)\R( j0;g̃i )

v j .

• The highest valuation among the agents who remain reachable when agent i and
their links are removed,

V (−i) = max
j∈R( j0;g̃i )

v j .

• Let
U+:={V (i) ≥ V (−i) and V (i) > γ }.

Agent i receives a positive transfer only if the winner belongs to the set of agents
whose participation depends on i and the winning valuation exceeds the reserve
price. The event U+ captures precisely these circumstances.
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To simplify notation, I suppress the dependence of r j0 and �i j0 on the network g.
Recall that

�i j0 = |R( j0; g) \ R( j0; g̃i )|
and

r j0 − �i j0 = |R( j0; g̃i )|.
The probability of the event U+ is

P(U+) = �i j0

r j0

(
1 − γ r j0

)
.

The first term is the probability that the highest valuation among the reachable
agents belongs to an agent whose participation depends on i . The second term is the
probability that this valuation exceeds the reserve price.

An expression for the interim expected utility of agent i is therefore:

∑

j0∈N

1

n
× P(U+)

(
E[V (i)|U+] − P(V (−i) ≤ γ |U+) × γ

− P(V (−i) > γ |U+) × E[V (−i)|U+, V (−i) > γ ]
)

.

The first term gives the expected welfare generated when the winner belongs to the
set of agents whose participation depends on i . The second term corresponds to the
case in which all agents who remain reachable without i have valuations below the
reserve price. In that case, the welfare would have been γ . The last term corresponds
to the case in which some agent remains reachable without i and has a valuation
exceeding the reserve price. The transfer to i then depends on the expected value of
the highest such valuation.

The derivation proceeds by evaluating the three objects that appear in the expression
above.

1. Computing E[V (i) | U+].
Conditional onU+, thewinner is the agentwith the highest valuation among the r j0
reachable agents and this valuation exceeds the reserve price. HenceE[V (i) | U+]
coincides with the expected maximum valuation among r j0 independent draws
from the uniform distribution conditional on exceeding γ :

E[V (i)|U+] = E

[
max

j∈R( j0;g)
v j

∣∣∣∣ max
j∈R( j0;g)

v j > γ

]
.

The conditional density of the maximum is

f(1)|γ (x) = r j0x
r j0−1

∫ 1
γ
r j0x

r j0−1dx
= r j0x

r j0−1

1 − γ r j0
.

Therefore,
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E[V (i)|U+] =
∫ 1

γ

x f(1)|γ (x)dx

= r j0
1 − γ r j0

∫ 1

γ

xr j0 dx

=
(

r j0
r j0 + 1

)(
1 − γ r j0+1

1 − γ r j0

)
.

2. Computing P(V (−i) ≤ γ |U+).
This is the probability that all agents who remain reachable without i have valua-
tions below the reserve price, conditional on U+:

P(V (−i) ≤ γ |U+) = P(V (−i) ≤ γ,U+)

P(U+)
= P(V (−i) ≤ γ < V (i))

P(U+)
.

Since there are (r j0 − �i j0) agents reachable without i and �i j0 agents whose
participation depends on i ,

P(V (−i) ≤ γ |U+) = γ r j0−�i j0 (1 − γ �i j0 )

P(U+)
.

3. Computing P(V (−i) > γ |U+)E[V (−i)|U+, V (−i) > γ ].
This term corresponds to the case in which some agent remains reachable without
i and has a valuation exceeding the reserve price.

P(V (−i) > γ |U+) × E[V (−i)|U+, V (−i) > γ ]

= P(V (i) ≥ V (−i) > γ )

P(U+)
×

∫ 1

γ

x d

(
P(V (−i) ≤ x, V (i) ≥ V (−i) > γ )

P(V (i) ≥ V (−i) > γ )

)

= 1

P(U+)

∫ 1

γ

x(r j0 − �i j0)x
r j0−�i j0−1(1 − x�i j0 )dx

= 1

P(U+)

[(
r j0 − �i j0

r j0 − �i j0 + 1

)
(1 − γ r j0−�i j0+1) −

(
r j0 − �i j0

r j0 + 1

)
(1 − γ r j0+1)

]
.

Replacing the three expressions above into the interim utility yields:

1

n

∑

j0∈N

(
�i j0

(r j0 + 1)
(1 − γ r j0+1) − (γ r j0−�i j0+1 − γ r j0+1)

−
(

r j0 − �i j0

r j0 − �i j0 + 1

)
(1 − γ r j0−�i j0+1) +

(
r j0 − �i j0

r j0 + 1

)
(1 − γ r j0+1)

)
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The above can be re-arranged as:

1

n

∑

j0∈N

( (
r j0 + γ r j0+1

r j0 + 1

)
−

(
r j0 − �i j0 + γ r j0−�i j0+1

r j0 − �i j0 + 1

))

This expression depends on the reach of the information seed and on agent i’s contri-
bution to it, as in the reduced-form payoff introduced in Section 2.1.

Assumption 1

To verify Assumption 1, it is sufficient to show that h(z) is strictly increasing, where

h(z) = z+γ z+1

z+1 for z ∈ Z+.

h(z + 1) − h(z) = 1 + γ z+2(z + 1) − γ z+1(z + 2)

(z + 1)(z + 2)
>

∣∣∣∣
γ=1

0.

The strict inequality owes to the fact that the ratio is decreasing in the value of γ and
γ ∈ [0, 1).

Budget Balance

I show that introducing a sufficiently high reserve price guarantees budget balance
when the number of agents is finite. The argument proceeds by deriving a lower bound
on the auctioneer’s net revenue that holds for every realization of valuations. This lower
bound depends only on the reserve price and the number of agents. It follows that,
when the reserve price is sufficiently high, the auctioneer’s net revenue is non-negative
regardless of the network structure or the realized valuations.

Fix an information seed j0 and a network g. If no participant reports a valuation
above the reserve price γ , the item is not sold and the auctioneer’s net revenue is equal
to zero. Suppose instead that the item is sold, and let w denote the winner.

By construction of the mechanism, the winner pays at least γ to the auctioneer.
Consider now the transfers paid to the remaining participants. For any participant
i 
= w, the transfer received by i is equal to the welfare loss that would result from
removing i and their links. Since

πi = vw − max{γ, v∗
(g̃i )} and max{γ, v∗

(g̃i )} ≥ γ,

it follows that
πi ≤ vw − γ ≤ 1 − γ.

Since there are at most n − 1 participants other than the winner, the auctioneer’s
net revenue is bounded below by

γ − (n − 1)(1 − γ ).

This lower bound is non-negative whenever

γ ≥ n − 1

n
.
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Since the number of agents is finite, (n − 1)/n < 1. Therefore, there exists a
reserve price γ ∈ [0, 1) such that the auctioneer’s net revenue is non-negative for
every realization of valuations.

Consequently, for any finite number of agents, a sufficiently high reserve price
guarantees budget balance.

Appendix B Proof of Corollary 2

Statement 1: Consider a network g with a component A that is not a maximal
element of ↪→ and is not a singleton. Because A is not maximal, there exists B,
another component in g, such that B ↪→ A. Since A is not a singleton, |A| ≥ 2. Since
B ↪→ A and A is not a singleton, there exist i ∈ B and distinct agents j, k ∈ A
such that j ∈ gi and j ∈ gk . Since i and k do not belong to the same component, we
conclude from Proposition 1 that g is not Nash.
Statement 2. Suppose that some network g admits a component A such that |A| > 1
and A is not minimally connected. Then there exist distinct agents i, k ∈ A such that
k ∈ gi and A remains a component in the network g′ = (g′

i , g−i ), where g′
i = gi \{k}.

Because A is a component and |A| > 1, there exists an agent j ∈ A, distinct from i and
k, such that k ∈ g j . Moreover, since deleting i → k does not disrupt the component
A, agent i still has a path to j in g′; equivalently, in g, there is a path from i to j
that does not pass through k. Yet k ∈ gi and k ∈ g j . This contradicts Proposition 1.
Therefore, g is not Nash.
Statement 3. Let A and B be two distinct maximal components in some network
g. The proof is by contradiction. Suppose that g is Nash and neither A nor B is an
isolated singleton.

Take any agents a ∈ A and b ∈ B. Since A and B are maximal, a deviation by an
agent in A (respectively, B) can only affect the reach of agents in A (respectively, B).
Moreover, Proposition 1 implies that A and B cannot access a common component.
Therefore, the sets of agents reachable from a and b are disjoint. Denote these sets by
Na(g) and Nb(g), respectively.Without loss of generality, suppose that ra(g) ≥ rb(g).

Consider the following deviation by agent b. Let g′
b = {a} and let g′ = (g′

b, g−b).
The deviation replaces b’s existing links with a single link to agent a. Since B is not
an isolated singleton, |gb| ≥ 1, and therefore

|g′
b| ≤ |gb|.

It remains to show that agent b’s network benefit strictly increases.

• For agent b,
rb(g

′) = ra(g) + 1 > rb(g).

Indeed, agent b can access all agents reachable from a and agent b. Since rb(.) =
�bb(.) in every network, it follows from Assumption 1 that

�(rb(g
′),�bb(g

′)) > �(rb(g),�bb(g)).
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The proof is complete if B = {b}. Suppose instead that B contains another agent.

• Consider any i ∈ B \ {b}. Since i can still reach b in the network g′, it holds that

ri (g) = ri (g̃
b) + �bi (g)

and
ri (g

′) = ri (g̃
b) + �bi (g

′).

Hence,

�
(
ri (g

′),�bi (g
′)
) = �

(
ri (g) + (

�bi (g
′) − �bi (g)

)
, �bi (g) + (

�bi (g
′) − �bi (g)

))
.

By Assumption 1, this expression is strictly greater than

�(ri (g),�bi (g))

whenever
�bi (g

′) − �bi (g) > 0.

To verify this inequality, first note that

�bi (g
′) ≥ ra(g) + 1,

because in g′ agent b is essential to agent i for reaching both agent b and all agents
in Na(g).
Second, since i and b belong to the same component in g,

ri (g) = rb(g).

Moreover, agent b is never essential to agent i for reaching agent i when i 
= b.
Hence,

�bi (g) ≤ rb(g) − 1.

Combining these inequalities with the assumption that ra(g) ≥ rb(g) yields

�bi (g
′) − �bi (g) ≥ ra(g) + 1 − rb(g) + 1 = ra(g) − rb(g) + 2 > 0.

Therefore,
�(ri (g

′),�bi (g
′)) > �(ri (g),�bi (g))

for every i ∈ B \ {b}.
Consequently, agent b’s deviation is strictly profitable. This contradicts that g is

Nash.
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Appendix C Proof of Proposition 3

Observation 1 In a strict Nash network, a component with several agents forms a
wheel.

By Corollary 2 Statement 2, a component A with several agents is minimally con-
nected if the network g is Nash. If A does not form a wheel, ∃i, j, k ∈ A such that
i 
= j 
= k and k ∈ gi , k ∈ g j . Note, agent i has a payoff-equivalent strategy:
g′
i = (gi \ {k}) ∪ { j}. Thus g is not strict Nash.

Observation 2 If g is strict Nash and there exists a component A that is maximal and
not minimal, then (a) |A| > 1 and (b) A is the greatest element of ↪→ (i.e., A ↪→ B
for all components B).

Statement (a): Let g be a network with a component A = {a} that is maximal
and not minimal. Thus, |ga| ≥ 1. Also, there exists a component B that is minimal
and not maximal (in particular, A ↪→ B). If g is Nash, B = {b} (by Corollary 2
Statement 1). Thus, |gb| = 0. Because A is maximal, not minimal and A = {a},
ua(g) = �(k, k) − C(|ga|) for some k ∈ {2, . . . , n}. If g is strict Nash, a must incur
a loss if they cut all their links: ua(g) = �(k, k) − C(|ga|) > �(1, 1) = ua(g′

a =
∅, g−a). Because the cost function C is increasing and |ga| ≥ 1, C(|ga|) ≥ C(1).
Thus, a necessary condition for g to be strict Nash is:

C(1) < �(k, k) − �(1, 1). (C1)

Consider now agent b; let them deviate to g′
b = {a}, and let g′ be the resulting network.

Note, if ri (g′) 
= ri (g) for some i ∈ N, then i can reach b in g and ri (g′) ≥ ri (g) and
the inequality is strict for at least one agent (namely, b). Also, �bi (g′) − �bi (g) =
ri (g′) − ri (g) for all i ∈ N. Assumption 1 part 3 allows us to conclude that ub(g′) −
ub(g) ≥ �(k, k) − �(1, 1) − C(1). If g is strict Nash, b’s deviation must decrease
their payoff. This is the case only if:

C(1) > �(k, k) − �(1, 1). (C2)

The two necessary conditions in (C1) and (C2) cannot hold simultaneously. Hence, g
is not strict Nash.

Statement (b): Suppose some network g has some, but not all, components com-
parable via ↪→. Then, there are two components B and B ′ such that B is minimal,
not maximal; B ′ is maximal and minimal. If g is Nash, B is a singleton and B ′ is an
isolated singleton (by Corollary 2 Statements 1 and 3). Set B = {b} and B ′ = {b′}.
By Proposition 1, there is a unique link that points towards b; let i be the agent who
maintains it. Clearly, agent i has a payoff-equivalent strategy, g′

i = (gi \ {b}) ∪ {b′}.
Thus, g is not strict Nash.

Observation 3 In a strict Nash network in which no two components are comparable
via ↪→, a wheel component encompasses at least three agents.

Consider a network with a wheel component, and that has no two components
comparable via ↪→. If g is Nash, each component other than the wheel component is
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an isolated singleton (by Corollary 2 Statement 3). Suppose there are only two agents
in the wheel, i and j . The payoff to either agent is:

�(2, 2) + �(2, 1) − C(1).

Let agent i deviate as follows: i cuts his link with j and simultaneously adds a link
with some isolated singleton k. The resulting network has a chain, j → i → k. i ’s
payoff after deviating is:

�(3, 2) + �(2, 2) − C(1).

The deviation is strictly profitable since, by Assumption 1 part 3, �(3, 2) > �(2, 1).
Hence g is not strict Nash.

Proposition 3 follows directly from these three observations:

• If g is strict Nash and g has one component, g is an exhaustive wheel (by Obser-
vation 1).

• If g is strict Nash, no two components of g are comparable via ↪→, g is either the
empty network or a non-exhaustive wheel (by Observations 1 and 3, by Corollary
2 Statement 3).

• If g is strict Nash and there are some distinct components comparable via ↪→,
then g is either a root-leaves tree or a tree with intermediaries (by Observations
1 and 2, by Corollary 2).

Appendix D Proof of Proposition 4

For each architecture, the proof identifies the most profitable deviations. Any deviation
not listed in Proposition 4 is payoff inferior to one of the deviations considered below
and therefore cannot be a best response.

The statement for the empty network can be directly verified. Let g be an exhaustive
wheel. In Proposition 4 Statement (2), the deviations g′

i such that |g′
i | ≥ |gi | have not

been considered (for any i ∈ N). This is because they are never best responses. To
see why, consider a line network defined by the sequence of links 1 → 2 . . . → n. Let
agent n play some strategy g′

n that prescribes forming a link with some agent i 
= 1.
In the resulting network g′, there are two links towards i (the one maintained by i − 1
and n’s). Also, either i − 1 and n are in different components or there is a path from
n to i − 1 that does not go through i . From there, similar steps as in the proof of
Proposition 1 can be followed to show that g′

n is not a best response for n.
Consider a non-exhaustive wheel g with w ∈ {3, . . . , n − 1} agents. Throughout,

A refers to the wheel component. Let i be an isolated singleton; let them deviate and
form links with some set of agents g′

i . Deviations such that:

• g′
i∩A = ∅ are never best responses, as they yield a lower payoff than the deviations

that have one link with a wheel member and |g′
i |− 1 links towards isolated agents

(same cost of link formation, strictly higher benefit because w > 1).
• |g′

i ∩ A| > 1 are never best responses, as they yield a lower payoff than the
deviations that have one single link towards the wheel and the same number of
links with isolated agents (lower cost of link formation, same benefit).
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It is for this reason that the deviations presented in Proposition 4 statement (3.a) are
of the form g′

i = {a} ∪ L, where a ∈ A and L ∩ A = ∅. I.e., there is one link towards
the wheel; if |g′

i | > 1, the rest of the links are all towards isolated agents.
Next, let i be awheelmember. The deviations (denoted by g′

i ) that are not considered
in Proposition 4 are all such that: ∃a ∈ g′

i such that a /∈ gi , a ∈ A. Let g′ be the
resulting network. In g′, there are two links pointing towards a: one maintained by i ,
the other by the player j ∈ A for whom g j = {a}. Note that in g′, either i and j are
in two different components, or there is a path from i to j that does not go through a.
From there, similar steps as in the proof of Proposition 1 can be followed to show that
g′
i is not a best response for i .
Let g be a root-leaves tree. A denotes the root (wheel) component; consider any

i ∈ A. The deviations of i (denoted by g′
i ) that are not considered in Proposition 4

Statement (4.b) satisfy one of the following:

• |g′
i | > |gi |.

• |g′
i | ≤ |gi |, |gi | ≥ 1 and g′

i � gi .

Let g′ be the network defined by the strategy profile (g′
i , g−i ), assuming that g′

i satisfies
one of the above properties. In g′, ∃ j ∈ g′

i such that j has two links pointing towards
them and one is maintained by i , the other by the agent k for whom j ∈ gk; and the
conclusion of Proposition 1 is violated. As such, one can use the proof of Proposition
1 to reach the desired conclusion.

Last, consider a leaf i in g. A deviation g′
i consists in forming links. Observe that

only the agents in the root can access i , and r j (g) = n for each j ∈ A. Hence,
for g′ the network that results when leaf i deviates to some g′

i , �i j (g′) − �i j (g) =
r j (g′) − r j (g) = 0 for all j 
= i . The maximum gain in payoff that i can earn by
deviating is then �(n, n)−C(1)−�(1, 1); this is the gain to i from forming one link
with any agent in A.

Appendix E Proof of Corollary 5

Statement 1 follows from the following observations.

Observation 1 If a non-exhaustive wheel is strict Nash, so are the exhaustive wheels.
For w ∈ {3, . . . , n}, consider a flat network gw that has one wheel component with

w agents and the rest of the components are isolated singletons. An exhaustive wheel
has w = n; a non-exhaustive wheel has w ∈ {3, . . . , n − 1}. For any given w in the
appropriate range, gw is strict Nash only if no agent in the wheel component wants to
cut their link. Mathematically,

C(1) <

w−1∑

k=1

(�(w,w − k + 1) − �(k, 1)) .
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When w = n, the above is both necessary and sufficient. Therefore, it suffices to show
that the right side of the above inequality is increasing in w. Indeed,

w∑

k=1

(�(w + 1, w − k + 2) − �(k, 1)) −
w−1∑

k=1

(�(w,w − k + 1) − �(k, 1))

= �(w + 1, 2) − �(w, 1) +
w−1∑

k=1

(�(w + 1, w − k + 2) − �(w,w − k + 1))

Each term in this sum is positive by Assumption 1 part 3. This finishes the proof.

Observation 2 If a non-exhaustive wheel is strict Nash, so is the empty network.
The empty network is strict Nash if, and only if, for all x ∈ {1, . . . , n − 1},

�(1, 1) > �(x + 1, x + 1) − C(x). (E3)

A non-exhaustive wheel is strict Nash only if for all x ∈ {1, . . . , n − w},

�(1, 1) > �(w + x, w + x) − C(x). (E4)

For all x ∈ {1, . . . , n − w}, the right side of (E3) is strictly lower than the right
side of (E4), since w > 1. For x ∈ {n − w + 1, . . . , n − 1}, an isolated singleton
in a non-exhaustive wheel cannot form links to more than the n − w agents outside
the wheel once they have formed a link to the wheel. The most profitable deviation is
therefore the one in which the isolated singleton links to the wheel and to all other
isolated singletons, yielding payoff �(n, n) −C(n − w). By Assumption 1 part 3 and
the monotonicity of C, this payoff is strictly higher than �(x + 1, x + 1) − C(x).
Therefore, if (E4) holds, so does (E3).

Observation 3 If a tree (root-leaves or with intermediaries) is strict Nash, so is an
exhaustive wheel.

Consider some strict Nash tree g. In g, let A denote the root component, and let
B = {b ∈ N : gb 
= ∅, b /∈ A} be the set of intermediaries. Recall, A forms a wheel.

Construct an exhaustive wheel g′ as follows. Start from the wheel formed by the
root A. For each agent a ∈ A with links with agents in B, replace the link from a
to the next agent a′ ∈ A by a path that visits all branches originating from a. More
precisely, if the branches originating from a are

a → a11 → · · · → a1m1
, . . . , a → a	

1 → · · · → a	
m	

,

then replace the link from a to the next wheel member a′ by

a → a11 → · · · → a1m1
→ a21 → · · · → a2m2

→ · · · → a	
1 → · · · → a	

m	
→ a′.

Repeating this operation for every root member in A yields an exhaustive wheel. By
construction, every agent who is essential for some connection in g remains essential
for that connection in g′.
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If the tree g is strict Nash, no i ∈ A ∪ B wants to cut all their links. Notice that (1)
in the tree g, |gi | ≥ 1 for each i ∈ A ∪ B; furthermore, (2) the set of connections for
which i is essential in g is a subset of the set of connections for which i is essential in
g′, for all i ∈ A ∪ B. Therefore, for each i ∈ A ∪ B,

ui (g) − ui (gi = ∅, g−i ) ≤ ui (g
′) − ui (gi = ∅, g′−i ).

The tree g is strict Nash only if the expression on the left hand side of the above
inequality is strictly positive: no agent with links in the tree must gain from cutting all
their links. If such is the case, ui (g′) − ui (gi = ∅, g′−i ) > 0 which is equivalent to g′
being strict Nash (by Proposition 4 statement 2).

Observation 4 If a tree (root-leaves or with intermediaries) is strict Nash, so is the
empty network.

A tree is strict Nash only if no leaf wants to formone link towards the root component
of their network. Aminimumon the payoff difference from such a deviation is�(n, n)−
�(1, 1)−C(1). Thus, a necessary condition for a tree to be strict Nash is that�(n, n)−
C(1) < �(1, 1). Assume this holds; we will show that no deviation is then profitable
in the empty network. Indeed, if any i ∈ N forms links in the empty network, their
payoff is: �(x + 1, x + 1) −C(x) for some x ∈ {1, . . . , n − 1}. Because C is strictly
increasing, �(x + 1, x + 1) − C(x) ≤ �(x + 1, x + 1) − C(1). Assumption 1 part
3 establishes that �(x + 1, x + 1) − C(1) ≤ �(n, n) − C(1). Given the necessary
condition on C(1) tied to the trees, �(n, n) − C(1) < �(1, 1). Gathering, we have
�(x + 1, x + 1) − C(x) < �(1, 1) for any x ∈ {1, . . . , n − 1} (recall that �(1, 1)
is the payoff of any agent in the empty network). It follows that the empty network is
strict Nash.

Statement 2: It can be verified that the benefit an agent taps in a wheel component
increases with its size. The remainder shows that the payoff to an isolated singleton,
�(1, 1), is strictly less than the payoff in an exhaustive wheel when it is strict Nash.
Indeed, an exhaustive is strict Nash if, and only if,

n∑

k=1

�(n, k) − C(1) >

n∑

k=1

�(k, 1).

The result follows from the observation that n > 1 and by Assumption 1 part 1,
�(k, 1) > 0 for each k from 2 to n.

Statement 3. In a strict Nash tree, every agent with links strictly prefers their
equilibrium strategy to cutting all links. The payoff from cutting all links is at least
�(1, 1), which implies that each agent with links earns strictly more than in the empty
network. Moreover, each leaf earns more than �(1, 1), since they further benefit from
being accessible to other agents. Hence every agent is strictly better off in the tree than
in the empty network. Therefore, the tree payoff-dominates the empty network.
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Appendix F Proof of Proposition 6

The proof proceeds in two steps. First, I assume that some agent reaches the entire
population, and I show that there exists a sequence of best responses that leads to an
exhaustive wheel. Second, I show that this assumption is without loss of generality.

Consider any initial network g(0). Assume first that ri (g(0)) = n for some i ∈ N .

The proof proceeds by induction; it may help to think about agent i as i ≡ i0.
In period s = 1, select an agent with the following property:

i1 ∈ argmax
j∈N d(i, j; g(0))

where d(i, j; g(0)) refers to the geodesic distance (number of links along the shortest
path) from i to j . Notice that by the definition of i1, agent i’s reach is independent
from i1’s strategy, holding g−i1(0) fixed.

It is now established that gi1 = {i} is a best response for i1 to g−i1(0). First, it
is shown that this strategy yields a weakly higher payoff than any strategy with at
least one link. For conciseness, let g = {gi1 = {i}, g−i1(0)}. Consider the network
g′ = (g′

i1
, g−i1(0)) for any g′

i1
∈ Gi1 . Let N (i1; g(0)) be the set of agents who can

reach i1 in g(0). Observe that:

ui1 (g) =
∑

j∈N (i1;g(0))
�

(
n, n − r j (g(0)) + �i1 j (g(0))

) − C(1)

=
∑

j∈N (i1;g(0))
�

(
r j (g

′) + [n − r j (g
′)], [�i1 j (g(0)) + r j (g

′) − r j (g(0))] + [n − r j (g
′)]) − C(1)

=
∑

j∈N (i1;g(0))
�

(
r j (g

′) + [n − r j (g
′)],�i1 j (g

′) + [n − r j (g
′)]) − C(1)

≥
∑

j∈N (i1;g(0))
�

(
r j (g

′), �i1 j (g
′)

) − C(1)

≥
∑

j∈N (i1;g(0))
�

(
r j (g

′), �i1 j (g
′)

) − C(|g′
i1

|) = ui1 (g
′)

The first equality owes to our previous argument that i’s reach is independent from
i1’s strategy, thus, ri (g) = n. Thus, after that i1 plays {i}, all agents in N (i1; g(0)) can
reach i and, therefore, have a reach of n. Any other agent’s reach is not affected since
they cannot reach i1. The right side of the second and third equalities are equivalent to
the first line (indeed, �i1 j (g

′) = �i1 j (g(0)) + r j (g′) − r j (g(0)) for all j ∈ N ). On
the fourth line, the sum is a generic expression for the benefit that accrues to i1 from
any of their strategy in Gi1 , holding the others’ strategies g−i1(0) fixed. Assumption 1
part 3 permits to establish the first weak inequality on the fourth line. The second weak
inequality owes to the fact that we are currently restricting our attention to strategies
with links (so that |g′

i1
| ≥ 1), and C is increasing.

Second, it is shown that gi1 = {i} yields a weakly higher payoff than the strategy
of no links. This is immediate from the condition on the cost in Proposition 6, which
states that having no links at all is a weakly dominated strategy.

This finishes to prove that forming one link to i is a best response for i1 to g−i1(0).
Before moving on to the next period, it is useful to remind ourselves that agent i’s
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reach is still equal to n in the network g(1) = (gi1 = {i}, g−i1(0)) that is reached at
the end of period 0.

In any subsequent period s such that 2 ≤ s ≤ n − 1, let g(s − 1) be the following
network: there are s−1distinct agents i1, . . . , is−1 such that, for anyq ∈ {1, . . . , s−1},
giq (s) = {iq−1}; also, i ≡ i0 and gi1(s − 1) = {i}. Choose is such that:

is ∈ arg max
j∈N\{i1,...,is−1}

d(i, j; g(s)).

Note that in g(s−1), each agent in i, i1, . . . , is−1 can reach all n agents, and their reach
is independent from is’s strategy. To see why, note that for any q ∈ {i1, . . . , is−1}:
(1) iq reaches i, i1, . . . , iq−1 via the link iq → iq−1; (2) iq reaches the agents in
N \{i, i1, . . . , iq−1} via agent i , whose reach is independent from is’s strategy (since is
is the furthest away from i and i already reaches the whole population). Consequently,
similar reasoning as for period s = 1 applies to show that gis = {is−1} is a best
response for agent is to g−is (s − 1). The induction continues until in−1 chooses a best
response in the above manner. Hence, at the end of period s = n − 1, agent i ≡ i0
is the only agent with (eventually) more than one link. In the next period, let agent i
move and play the following best response, gi = {in−1}. The resulting network is then
an exhaustive wheel. By Proposition 4, an exhaustive wheel is strict Nash for the cost
considered and therefore absorbing under best-response dynamics.

It remains to prove that assuming ri (g(0)) = n for some i ∈ N is without loss of
generality. In period s = 1, select an agent with the following property:

i1 ∈ argmax
j∈N r j (g(0)).

By construction, the component to which i1 belongs, referred to as A1 below, is a
maximal element of ↪→ given g(0). Let i1 play a best response to g−i1(0), and let
g(1) be the resulting network. Note that we can consider that |gi1(1)| ≥ 1, since the
condition on the cost in Proposition 6 entails that having no link at all is a weakly
dominated strategy.

Let i∗1 be an agent among those with the highest reach in g(1). By the definition of
i1, i∗1 ∈ A1. Let R(i∗1 ; g(1)) be the set of agents whom i∗1 can reach in g(1). If this set
is N , we are done. Otherwise, we move on to the next period.

In period 2, select agent i2 according to the following:

i2 ∈ arg max
j /∈R(i∗1 ;g(1))

r j (g(1)).

By construction, i2 belongs to some component, called A2 below, that is a maximal
element of ↪→ given g(1). Moreover, the constraint that i2 /∈ R(i∗1 ; g(1)) entails that
the strategy played by i2 is irrelevant to i∗1 ’s reach. As such, each agent in A2 can reach
at least ri∗1 (g(1)) + 1 agents if i2 forms a link with i∗1 .

Let i2 play a best response to g−i2(1), and let g(2) be the resulting network. As
argued in the previous period, it is without loss of generality that we can suppose
that |gi2(2)| ≥ 1. Also, the claim established below is that, for i∗2 an agent with the
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highest reach in g(2), ri∗2 (g(2)) > ri∗1 (g(1)). To see why, assume by contradiction
that ri∗2 (g(2)) ≤ ri∗1 (g(1)). Hence, for each j ∈ A2, r j (g(2)) ≤ ri∗1 (g(1)). Note that
the change in i2’s strategy between the two periods has only affected the reach of the
agents in A2. Because r j (g(1)) + [�i2 j (g(2)) − �i2 j (g(1))] = r j (g(2)) ≤ ri∗1 (g(1))
and r j (g(1)) = ri2(g(1)), it follows that:

δ
i2
j :=�i2 j (g(2)) − �i2 j (g(1)) ≤ ri∗1 (g(1)) − ri2(g(1)):=δ∗. (F5)

We will show that the strategy gi2 = {i∗1 } would have given a strictly higher payoff
to i2 than gi2(2), which will imply the desired contradiction. To ease notations, set
g = (gi2 = {i∗1 }, g−i2(1)).

ui2 (g(2)) =
∑

j∈A2

�(r j (g(2)), �i2 j (g(2))) − C(|gi2 (2)|)

=
∑

j∈A2

�(r j (g(1)) + δ
i2
j , �i2 j (g(1)) + δ

i2
j ) − C(|gi2 (2)|)

<
∑

j∈A2

�(r j (g(1)) + δ∗ + 1, �i2 j (g(1)) + δ∗ + 1) − C(1)

≤
∑

j∈A2

�(r j (g(1)) + [�i2 j (g) − �i2 j (g(1))], �i2 j (g(1)) + [�i2 j (g) − �i2 j (g(1))]) − C(1)

= ui2 (g).

The strict inequality owes to (F5),Assumption1part 3, |gi2(2)| ≥ 1 and the assumption
that C is increasing. The argument that supports the weak inequality is as follows. In
g, agent i2 earns a benefit from the agents in A2 only, and for any j ∈ A2, this benefit
can be written as:

�(r j (g), �i2 j (g)) = �(r j (g(1)) + [�i2 j (g) − �i2 j (g(1))], �i2 j (g(1)) + [�i2 j (g) − �i2 j (g(1))]).

Notice that, for each j ∈ A2,�i2 j (g) = ri∗1 (g(1))+1 because both i2 and j belong to
the same component B in g(1)while i∗1 does not belong to B in g(1); further, in g, gi2 =
{i∗1 }. Also, �i2 j (g(1)) ≤ ri2(g(1)) because by construction, �i2 j (g(1)) ≤ r j (g(1))
and since i2, j belong to the same component B in g(1), r j (g(1)) = ri2(g(1)). Thus,
�i2 j (g) − �i2 j (g(1)) ≥ δ∗ + 1. It follows from Assumption 1 part 3 that:

�(r j (g),�i2 j (g)) ≥ �(r j (g(1)) + δ∗ + 1,�i2 j (g(1)) + δ∗ + 1) ∀ j ∈ A2.

Since the set of networks is finite and every best response is selected with positive
probability, the finite paths constructed above occur with positive probability after any
history. Hence no set of networks other than the exhaustive wheels can constitute a
recurrent class of the dynamic process. Exhaustivewheels are absorbing states because,
given the condition on the cost in Proposition 6, they are strict Nash. Therefore, the
dynamic process converges to an exhaustive wheel with probability 1.
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Appendix G Proof of Proposition 7

Consider a network g in which a link was formed by some agent i towards some other
agent j , i, j ∈ A0, and the link does not exist in g0. Agent i has a strictly profitable
deviation in cutting the link with j . This is because A0 remains a component after the
link is cut. Hence, the marginal benefit of the link i → j is null, while it is costly to
form and maintain. Thus, if some network g is strict Nash, all links in g between the
agents in A0 must exist in g0.

Consider a network g in which there is a link i → j , where i /∈ A0 and j ∈ A0.
Since |A0| ≥ 2, there is an agent k ∈ A0 such that k 
= j . If k /∈ gi , the deviation for
player i , g′

i = (gi \ { j}) ∪ {k}, is payoff-equivalent to agent i’s current strategy in g.
If k ∈ gi , the deviation g′

i = gi \ {k} is strictly profitable (same benefit, lower cost of
link formation). Therefore, g is not strict Nash.

The previous argument establishes that A0 remains a component in any strict Nash
network. Then there are two cases worth distinguishing:

• Case 1: A0 is both a maximal and minimal element of ↪→.
• Case 2: A0 is maximal, not minimal.

Case 1: Consider the links formed by the agents outside A0: L(g) = {i → j |i /∈
A0}. By the previous argument, if g is strict Nash, j /∈ A0 for all links i → j ∈ L(g).
We can use the previous analysis in Proposition 3. If g is strict Nash, the sub-network
g \ A0 whose set of nodes is N \ A0 and whose set of links is L(g) must have one
of the following architectures: (1) the empty network, (2) an exhaustive wheel, (3) a
non-exhaustive wheel, (4) an exhaustive tree, either with intermediaries or root-leaves.

First, I show that if g is strict Nash, the sub-network g\A0 cannot be a tree. Suppose
instead that the agents in g \ A0 form a tree. Hence, some agent i ∈ N \ A0 currently
has a link with some leaf j in the tree. The benefit from that link is to provide some
agents in the tree access to leaf j . Let i deviate by cutting the link with j and adding
a link with any agent k ∈ A0. It is immediate from |A0| ≥ 2 and the fact that A0
and the tree are not comparable via ↪→ that the deviation is strictly profitable. Indeed,
the deviation entails the same cost of link formation, and it yields a strictly higher
network benefit to agent i : agent i provides the same set of agents (namely, those who
can reach i in the tree) access to strictly more individuals (from 1 agent, the leaf, to
|A0| agents). Thus, g is not strict Nash.

It remains to show that if the sub-network g \ A0 admits a wheel component A1,
|A1| > |A0| if g is strict Nash. Consider instead the case where |A1| ≤ |A0|. Consider
a deviation for any agent i ∈ A1 that consists of cutting the link in the wheel and
simultaneously adding a link towards any agent k ∈ A0. The same logic as above
applies. Because |A0| ≥ |A1|, and A0 and A1 are not comparable via ↪→, the deviation
by the wheel member allows the same set of agents (A1) to access strictly more
individuals. Therefore, the deviation strictly increases the wheel member’s benefit
and maintains their cost of links formation. The deviation is then strictly profitable,
hence the network is not strict Nash.

Case 2: Fix any network g in which A0 is maximal, not minimal. If g is strict Nash,
then:

1. Any component A such that A0 ↪→ A is a singleton (by Corollary 2 Statement 1),
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2. And any component A such that A0 
↪→ A is an isolated singleton (by Corollary 2
Statement 3 and the assumption that A0 is maximal).

I show here that the configuration in 2 above cannot occur in a strict Nash network.
This is because an agent who maintains a link with a leaf in g has a payoff-equivalent
deviation: to cut the link with the leaf and simultaneously add a link to an isolated
singleton, which exists by configuration 2 above. Thus, in Case 2, a strict Nash network
is an exhaustive tree whose root component is A0.

Appendix H Proof of Corollary 11

Consider the version of the current game where link formation is cooperative as
explained in Section 4.3, and the individual payoffs are given by (4). It was estab-
lished in the discussion preceding the Corollary that an SBE is connected acyclic or
the empty network.

The first part of the proof shows that a star network is the unique connected acyclic
SBE. It is worthwhile remembering that by assumption, n ≥ 5. See the Model Section
2.1. Consider any connected acyclic network g other than a star. Then, there always
exist i, j , that satisfy the following five conditions:

1. i 
= j ,
2. i is a leaf in g (i.e., |gi | = 1)
3. j is not a leaf in g (i.e., |g j | ≥ 2),
4. there is no link between i and j in g,
5. For gi = {k}, there exists l ∈ gk such that l /∈ {i, j}. Meaning, if k is the agent

with whom i has a link in g, agent k has a link with an agent other than i and j .

A few comments are in order. About conditions 3 and 4: since g is not a star, g is
connected, the diameter of g (i.e., the length of the longest path in g) is at least 3.
Hence, it is always possible to find an agent j two-links away from a leaf i . About
condition 5: this condition is not satisfied if, and only if, gk = {i, j}. Suppose this is
the case; thus, in g, there is the following sequence of links: j − k− i . Because n ≥ 5,
j is not a leaf and g is acyclic, there exists m ∈ g j such that m 
= i, j, k. Hence, the
following sequence of links exists in g: m − j − k − i . Since n ≥ 5 and g is acyclic,
either m is not leaf or j has a link with some agent p s.t. p /∈ {m, k, j, i}. If m is not a
leaf, the pair (i,m) satisfies all conditions 1 to 5 (i.e., in the conditions, replace j by
m). If m is a leaf, agent j has a link with some agent p s.t. p /∈ {i,m, k, j} (because
n ≥ 5). Here, the pair (m, k) satisfies all five conditions (in the statements, replace i
by m, j by k).

Given two agents i, j that satisfy all conditions in 1 to 5, consider the following
deviation: form ∈ g j such thatm is crucial for connecting i and j in g, let j deviate by
cutting the link with m and adding simultaneously a link with i . The deviation keeps
the number of j’s links constant, and it grants the same benefit to j . Indeed, if the path
between i and j was j − a1 − . . . − ap where a1 ≡ m, ap ≡ i , the following path
exists in the network after the deviation: j − i − ap−1 − . . . − a1. Thus, the deviation
is payoff-equivalent to j . It remains to verify whether i accepts the link proposal. For
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agent i , accepting the link increases the cost of link formation by c. In the original
network g, let:

• K be the set of agents who can no longer reach j if j cuts the link with m. Let
κ = |K | be the cardinality of that set. Note that {a1, . . . , ap−1, i} ⊆ K where
a1 ≡ m.

• Z be the set of agents who can no longer reach j if j cuts all of his links with
the agents in g j \ {m}. Let z = |Z | be the cardinality of that set. Note that
Z = N \ (K ∪ { j}).

In the resulting network, agent i is crucial for connecting each agent in K \ {i} to the
agents in Z ∪ { j}. The incremental benefit to agent i from accepting j’s link proposal
merely amounts to the cardinality of (K \ {i}) × (Z ∪ { j}), which is:

(κ − 1) × (z + 1).

Therefore, i rejects the link proposal only if c ≥ (κ − 1)(z + 1).
Going back to the original network g, consider the deviation for leaf i whereby i

cuts his link. This deviation is not profitable only if c ≤ n − 1.
Gathering, none of the two deviations studied are profitable to agent i only if:

n − 1 ≥ c ≥ (κ − 1) × (z + 1).

These two inequalities cannot hold simultaneously. First, notice that z + κ = n − 1.
Second, z ≥ 1. This is because j is not a leaf. Thus, j has a link with an agent other
than m. Third, κ ≥ 3; the reason is as follows. Since i /∈ g j and m 
= i, j , one
concludes that κ ≥ 2. If κ = 2, so that K = {m, i}, condition 5 for the construction
of the pair (i, j) is violated, as K = {m, i} implies that gm = {i, j} (in condition 5,
replace k by m). One can thus conclude that an acyclic connected SBE network is a
star network.

In this modified version of the game where the payoffs are given by (4), an SBE is
either a star network or the empty network. In the empty network, the marginal benefit
of forming a link is 1. This network is an SBE if, and only if, c > 1.

Consider a star network. To mirror Goyal and Vega-Redondo (2007)’s Theorem 1,
I seek to determine values for the cost of a link, c, for which no agents in a star want
to form a link. Two leaves cannot gain from a deviation that adds a link between them.
Also, two leaves cannot gain from cutting their link with the center and adding a link
between them. Thus, the remaining deviations have two leaves forming a link between
them, and one of them cuts the link with the center. Thus, take a leaf in a star, i . Let i
cut the link with the center and add a link with another leaf, j . As argued in the first
part of the proof, the deviation is payoff-equivalent for agent i . Consider agent j ; if
he accepts, j has to pay c to establish the link with i . The incremental benefit to agent
j from the link with i is n − 2, as j is now crucial to all other individuals for reaching
i . It follows that the link i − j strictly decreases j’s payoff if, and only if, c > n − 2.
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