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Abstract

The Monte Carlo approximation of the Shapley value in cooperative games was
first proposed by Mann and Shapley (1960), who introduced several heuristic tech-
niques to reduce estimation error. Since then, classical variance reduction methods
from the statistical literature have been adapted to improve the efficiency of Shapley
value estimators. In this paper, we demonstrate that the antithetic variates method
can be successfully applied to the Monte Carlo estimation of the Shapley value.
We propose an algorithm that generates pairs of negatively correlated samples,
leading to a variance reduction by producing dependent observations that satisfy
the Strong Law of Large Numbers, which motivates the term ergodic sampling.
The main contribution of the paper is to establish the existence of practical, algo-
rithmic ergodic sampling schemes for Shapley value estimation. In contrast to the
heuristic approaches of Shapley and Mann, our method is data—driven: a relatively
small pilot sample is used to learn an effective ergodic transformation tailored to
the given game. Through numerical experiments on eight structurally diverse coop-
erative games, we show that the proposed approach achieves estimation accuracy
comparable to other variance reduction techniques in the literature, and in several
cases yields substantial variance reductions relative to independent Monte Carlo
sampling.
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1 Introduction

Since its introduction by Lloyd Shapley in 1953 (Shapley 1953), the Shapley value
has become a fundamental solution concept in cooperative games with transferable
utility (TU games). In such games, a group of players—called the grand coalition—can
freely form subsets, or coalitions, to pursue joint outcomes, and the total value (util-
ity) generated by any coalition is assumed to be transferable and divisible among its
members. The central question addressed by the Shapley value is: How should the
total value generated by the grand coalition be fairly divided among the individual
players?

The Shapley value provides a principled answer by assigning each player their
expected marginal contribution across all possible coalition formation orders. Spe-
cifically, the marginal contribution of a player to a coalition is the increase in the
coalition’s value when the player joins. The Shapley value takes an average of these
contributions over all possible permutations of players, yielding a unique allocation
rule that satisfies a compelling set of axioms—efficiency, equal treatment property,
additivity, and the null player property Shapley (1953). This axiomatic characteriza-
tion not only explains its intuitive appeal and fairness, but also underpins its wide-
spread application and popularity in various domains like economics and finance
(Shapley and Shubik 1969; Amihud and Barnea 1974; Csdka et al. 2009; Colini-
Baldeschi et al. 2018), operations research, law (Dehez and Ferey 2013; Ferey and
Dehez 2016), and, more recently, in data science and explainable machine learning
(Pintér 2011; Lundberg et al. 2017; Ancona et al. 2019).

Computing the Shapley value is computationally challenging. By definition, it is
obtained by averaging a player’s marginal contribution over all n! permutations of
the players, where n is the number of players. Evaluating this expression directly
therefore requires a number of operations that grows superpolynomially in 7, mak-
ing naive computation impractical for large games. This computational difficulty has
motivated two main lines of research on the computation of the Shapley value.

One line focuses on structured classes of games that admit compact representa-
tions via parameter sets of polynomial size (e.g., Driessen 1988; Ieong and Shoham
2005). In this setting, the computational complexity of calculating the exact Shapley
value as a function of these parameters is a meaningful question. Research leads to
both positive results for specific classes of games (e.g., Megiddo 1978; Granot et al.
2002; Castro et al. 2008) and hardness results (e.g., Deng and Papadimitriou 1994;
Faigle and Kern 1992; Wooldridge and Dunne 2006; Bachrach and Rosenschein
2008; Csoka et al. 2022) showing intractability in general.

A second line of research considers representation—free models, in which the game
is accessed through an oracle that provides the value of any coalition on request.
Here, approximation algorithms, typically based on randomized sampling ( Mann
and Shapley 1960; Castro et al. 2009; Benati et al. 2019; Armijos-Toro et al. 2024;
Touati et al. 2021; Maleki et al. 2014; Castro et al. 2017; Okhrati and Lipani 2021),
are used to estimate the Shapley value. In this framework, the quality of the estimator
is largely determined by its variance.

This paper contributes to the representation—free approximation line by adapt-
ing antithetic variates—a classical but previously unused tool in the Shapley context.
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Estimation of the Shapley value by ergodic sampling

Antithetic sampling reduces variance by generating negatively correlated observa-
tions through a measure—preserving transformation. For the Shapley value such an
approach has been missing, because the permutation space lacks a natural reflection
operator and naive transformations may increase variance.

More recently, related works have begun to investigate antithetic constructions for
cooperative game values. In particular, Staudacher and Pollmann (2023) and Mitchell
et al. (2022) analyze antithetic sampling schemes for Shapley-type estimators, build-
ing on ideas introduced in earlier circulated versions of our work. These approaches
rely on heuristic or predefined transformations. In contrast, the present paper devel-
ops a general data-driven framework in which the transformation is learned from
data, yielding an ergodic sampling scheme based on theoretical considerations.

Prior studies have shown that other statistical ideas to reduce variance like con-
ditional sampling and stratified sampling can lead to substantial improvements in
estimation accuracy (Maleki et al. 2014; Castro et al. 2017). In contrast to these
approaches, which rely on independence across samples, our proposed method
exploits dependence between paired permutations. This paper shows that the anti-
thetic variates idea can be made operational in the Shapley context.

Building on the idea of antithetic variates, we propose an estimator that constructs
such a transformation from data and uses it to generate correlated samples under
the same computational budget as standard Monte Carlo. The resulting estimator
remains unbiased and consistent, and in many classes of games it yields substantial
variance reductions. Moreover, the method is complementary to existing techniques:
when combined with conditioning or stratification, the hybrid estimators preserve the
advantages of each approach and provide a practically useful default even when the
dominant source of variance is unknown ex—ante.

To implement antithetic sampling on the permutation space, we generate an ergo-
dic sequence of player orders based on a learned bijective transformation. Although
the observations are dependent, ergodicity ensures consistency, and negative correla-
tion between paired marginal contributions leads to variance reduction. The trans-
formation is obtained in a pilot stage from a small sample and then used in the main
estimation phase.

Extensive experiments on eight benchmark games demonstrate that the ergodic
method performs well in diverse environments. At the same time, the approach is not
universally beneficial: in games with highly symmetric or binary marginal—contribu-
tion structures the attainable correlation may remain non—negative, in which case
the method reverts to the performance of standard Monte Carlo. The effectiveness of
each individual variance reduction channel-conditioning, stratification, and ergodic
sampling—varies across games, yet the hybrid procedures remain close to the best
available technique in all cases. Importantly, these hybrids do not create artificial syn-
ergies: the channels remain conceptually independent and their effects are not addi-
tive, but they act as true complements by preserving the strengths of each component.

The remainder of the paper is organized as follows. Section 2 reviews cooperative
games, the Shapley value, and classical variance—reduction techniques. Section 3
establishes the ergodic foundation of the ergodic estimator. Section 4 presents the
proposed two—stage algorithm, and Section 5 analyzes the impact of its parameters
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on variance. Section 6 reports numerical experiments and comparisons with existing
methods. Section 7 concludes.

2 Preliminaries

This section introduces the notation and basic concepts used throughout the paper.
We briefly review cooperative games with transferable utility and the definition of the
Shapley value, and then summarize standard variance reduction techniques from the
statistical literature that are relevant to our approach. All concepts presented here are
well established and included solely for completeness and clarity.

2.1 Cooperative games and the Shapley value

A cooperative game with transferable utility (TU game) in characteristic function
form is defined as a pair (IV,v), where N is a finite set of players, and the character-
istic function v : 2V — R assigns a real number to each subset (called a coalition) of
players, such that v(@)) = 0. The number of players is denoted by |N| = n, and the
number of coalitions is 2™.

The Shapley value assigns to each player a unique payoff that reflects their average
contribution. To define it formally, let O denote the set of all possible orders of the
players in N:

Oy ={o: N +—{1,2,...,n} bijective function} .

For any order o € Oy and player ¢ € N, the value o(i) = j indicates that player 7 is
in position j in order o. The total number of such orders is |On| = |N|! = n!l. For
each order o € Oy and playeri € N, let

Pre,(i) = {j € N|o(j) < o(i)}

denote the set of players that precede ¢ in the order o. The marginal contribution of
player 4 in order o is defined as

M,(i) = v(Preo(i) U{i}) — v (Prey(i)).

The Shapley value of player i is the average of its marginal contributions over all
possible orders:

Definition 1 (Shapley Value)

Shii) = = 37 M), n

" o€e0nN
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Estimation of the Shapley value by ergodic sampling

The Shapley value is uniquely characterized by the following four axioms Shapley
(1953), which are commonly interpreted as desirable fairness properties for alloca-
tion rules:

Efficiency: the total value of the grand coalition is fully distributed among all
players:

> Sh(i) = v(N).

iEN

Equal Treatment Property:if two players i and j contribute equally to every coali-
tion they can join, then they receive the same payoft:

v (SU{i}) = (S U{j}) ¥S € N\{i, j} = Sh(i) = Sh()).

Null Player Property: if a player ¢ € N adds no value to any coalition it joins,
then its payoff is zero:

v(SU{i}) = v (S) VS C N\{i} = Sh(i) = 0.

Additivity: For any two games with characteristic functions v and w, the Shapley
value satisfies equation

Shy, (Z) + Shy (Z) = Sh'u-&-w(i)'

An equivalent and often more computationally tractable form of Eq. (1) is obtained
by grouping orders according to the set of players that precede player. Since the mar-
ginal contribution M, (7) depends only on Pre, (i), we can express the Shapley value
as a sum over subsets as follows.

sy = 3 Bl ISIZ L) (v(sU ) —v(S)). @

n:
SCN\{i}

This form reduces the number of terms from n! to 27!, which still remains exponen-
tial in n, making exact computation intractable for large games.

The Shapley value admits an equivalent probabilistic interpretation. In particular,
Eq. (1) can be viewed as the expected value of the marginal contribution of player
1, interpreted as a random variable on a discrete (but very large) probability space
induced by all possible orders in which players may join a coalition. This perspec-
tive makes explicit that the Shapley value is an expectation, and therefore it can be
approximated by Monte Carlo simulation by sampling from this space and averag-
ing the corresponding marginal contributions (for more details see, e.g., Castro et al.
2009). When the Shapley value is estimated via a randomized procedure, the defining
axioms of the Shapley value are generally satisfied only in expectation rather than
deterministically. Null player property holds numerically, as a player with identi-
cally zero marginal contribution yields an estimated Shapley value equal to zero. In
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contrast, the efficiency axiom is not satisfied for a finite sample, but this violation can
be corrected while preserving unbiasedness by simply subtracting the average Shap-
ley value and adding v(N)/nv to each component.! Additivity and equal treatment
property cannot be satisfied simultaneously; indeed, by the uniqueness of the Shapley
value, no estimation procedure can satisfy all four axioms unless it coincides with the
exact Shapley value.

According to the Central Limit Theorem, the distribution of a Monte Carlo estima-
tor of an expected value converges to normality, with its variance fully characterizing
the estimator’s accuracy. As a result, variance reduction is the central concern in the
literature on Monte Carlo methods.

2.2 Variance reduction techniques

Variance reduction techniques are standard tools in Monte Carlo simulation that aim
to reduce estimator variance without increasing computational cost. Such improve-
ments are only possible by exploiting additional structure or information about the
data—generating process beyond that used by independent sampling. Starting from an
unbiased estimator, these methods modify the sampling scheme—through condition-
ing, stratification, or dependence between samples—while preserving unbiasedness
and consistency.

Conditional sampling exploits the fact that the distribution of a player’s mar-
ginal contribution depends strongly on the player’s position in the order. Let
Ci(0) € {1,...,n} denote the position of playeri in order o. Based on the Law of
Total Expectation, the Shapley value can then be written as

Sh; = ip(ci = K)E[M(i)| C; = k].
k=1

The conditional Monte Carlo estimator draws orders independently, groups the
observations according to the realized position of player 4, and combines the esti-
mated conditional means using the true probabilities P(C; = k) = 1/n rather than
the empirical frequencies observed in the sample.

The effectiveness of this approach relies on heterogeneity across positions: if the
conditional means E[M (i) | C; = k] differ substantially, conditioning can reduce
variance relative to simple random sampling. This idea already appears in the early
work of Mann and Shapley (1960). However, conditional sampling remains an inde-
pendent—sampling technique and does not exploit potential negative dependence
between observations.

Stratified sampling builds on conditional Monte Carlo by actively allocating the
simulation budget across positions. Let stratum k consist of orders in which player ¢
occupies position k.

I'This correction is not necessarily optimal, but unbiased because of its linearity. Rescaling the vector of
estimated Shapley values introduces bias.
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The distinctive feature of stratification is that the subsample sizes my, are chosen
optimally according to the heterogeneity across positions. Classical theory (Neyman
allocation) suggests allocating observations proportionally to the conditional stan-
dard deviations o, = /Var(M (i) | C; = k), so that more effort is devoted to strata
with higher variability. Maleki et al. (2014) propose an allocation rule derived from
theoretical considerations, leading to subsample sizes proportional to k£2/3. Castro
et al. (2017) introduce a two—stage procedures in which a preliminary sample is used
to estimate these heterogeneities and the remaining budget is distributed accordingly.

To illustrate the idea of antithetic variates, consider the estimation of E[f(U)] for
a uniform variable U ~ U(0,1). A simple Monte Carlo estimator uses independent
draws Uy, ..., U,,. Instead, one may generate paired observations (U,1 — U) and
average (f(U) + f(1 — U)). When f is monotone, the two evaluations f(U) and
f(1 = U) tend to move in opposite directions, leading to a substantial reduction in
variance.

The transformation T'(U) = 1 — U is therefore a convenient heuristic, but its suc-
cess is not universal. If the function f is not monotone, the pairing (U, 1 — U) may
produce positive rather than negative correlation and can even increase the variance.
Effective antithetic sampling thus requires a transformation adapted to the problem
at hand.

Applying this principle to the Shapley value is particularly challenging. Naive
transformations on orders may increase rather than decrease variance, and negative
correlation between marginal contributions is not guaranteed. The central task of
this paper is therefore to construct a data—driven, measure—preserving transforma-
tion on the orders space that generates effective antithetic pairs. Section 3 develops
such a transformation using an ergodic sampling scheme and analyzes the resulting
estimator.

3 Theoretical background of the ergodic sampling

In this section, we recall the concept of ergodicity and introduce the construction of
an ergodic seqence that forms the theoretical foundation of our proposed sampling
method.

Definition 2 (Ergodicity) An infinite sequence of identically distributed random vari-
ables X1, X, ... with finite expected value y is said to be ergodic,? if their sample
mean converges to the expected value with probability 1:

X,
}P’(limz L:,u):l.
n—o00 n

Ergodicity implies that the sample mean provides a consistent estimate of the expected
value. According to the Strong Law of Large Numbers, an i.i.d. sequence is always

2 Strictly speaking mean ergodic but we consider only this type of ergodicity throughout the paper.

@ Springer



F. lllés, P. Kerényi

ergodic. However, ergodicity can also arise in certain non—independent sequences,
which is the key idea behind our method. To construct such an ergodic sequence, let
(€1, A1, P1) be a classical finite probability space, where |Q;| < 0o, A; = 21, and

the probability measure is defined as P (F) = % forall E C Q. LetX : Q1 - R

be a random variable with finite expectation p = E[X]. Let (€2, A, P) be the count-
able infinite power of (€2;) by the usual construction of the (infinite) product of mea-
sure spaces. Elements of ) are infinite sequences w = (w1,ws,...), and for each
J € N, denote the coordinate random variable X; (w) = X (w;). By construction, the
sequence X; consists of i.i.d. copies of X. Let ¢ : 2; — 2, be a bijective transfor-
mation, and let 7" : 2 — € be its pointwise extension to €2, defined by

T(w) = T(w1,ws,...) = (t(wr), t(wa),...).

Fix an integer parameter K € N and define the following sequence of random
variables:

e Foralll >1,setY;; = Xj;
o For2 <k < Kandl > 1, define recursively:

Yii =Y 10T =Y 0ToT 0T =Y, 0T+ 1,
) ) AR , ;
k—1

where o denotes function composition and 7%~ ! is the (k — 1)-fold composition of
T.

e Define the sequence Y by enumerating the variables Y}, ; in a column-wise order:
Yii,You,.. . Yr1,Y12,Y22,..., YKo, Y13, Y23,...

Throughout the rest of the paper, we will use both single and double indices inter-

changeably, depending on which is more convenient. Specifically, Y; =Y, if

j=K-(i-1)+l,forl1<]I<K.
Our algorithm relies on the following key results:

Theorem 1 For every integer K > 2 and bijective transformation t : {2; «— (2,
the sequence Y; is ergodic.

Theorem 2 For every integer K > 2, every bijective transformation t and every
positive integer m

2 Y

m

E

=p
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Theorem 3 Even for K = 2 3t : {2; <— (2; transformation, such that X and X o t
are negatively correlated, if the distribution of X is not degenerate.

Theorems 1 and 2 establish two desirable statistical properties of the proposed
estimator: consistency and unbiasedness. Theorem 3 asserts the existence of a trans-
formation under which the algorithm yields an estimator with reduced variance com-
pared to independent random sampling.’ In the subsequent sections, we show that
such a transformation can be algorithmically constructed or approximated using lim-
ited information about a TU—game. The proofs of Theorems 1 and 3 are provided in
Appendix A. Since expectation is a linear operator and is unaffected by correlation
between random variables, Theorem 2 follows immediately and its proof is therefore
omitted.

In the subsequent sections the base space {21 will be the set of orders Oy, the
random variable X will correspond to the marginal contribution M, (i), and the trans-
formation ¢ will be a bijection on orders. Guided by Theorem 3, the remainder of the
paper focuses on the practically most relevant case K = 2, where each draw is paired
with a single antithetic counterpart. Section 4 develops a data—driven procedure for
constructing such a transformation and analyzes the resulting estimator.

4 Implementation of the algorithm
4.1 Two-stage algorithm

Although the statement of Theorem 1 is abstract, generating samples from the
sequence Y; is easy in practice. We set {2 = Oy, the set of orders of players as
defined in Sect. 2, over which we need a bijective transformation ¢. The algorithm
has a two—stage structure: in the second stage, a sample is generated by applying
transformation ¢, while the first stage is devoted to the algorithmic construction of
this transformation. Since the sampling procedure itself is straightforward once the
transformation is available, we begin by describing the second stage. We then turn to
the first stage, which addresses the nontrivial task of identifying a transformation that
induces the required sampling structure.

Stage 2

As discussed in the previous section, we present the algorithm for the case of
K = 2, which simplifies the notation. A high—level heuristic description is presented
below.

Let my be a positive integer.

Generate an initial random player order 0 ~ Uniform(Oy).

Transform it into a new order o2 = t(01) € On

Compute and store the marginal contributions of player ¢ for both orders
Y1 = M,, (i) and Y2 = M,, (7).

Ealb ol

3The variance reduction follows from the presence of negative correlation between sampled terms, as
opposed to the independent sampling case.
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5. Repeat the process my times.*

6. Compute the mean of the entire sample.

A pseudo—code of this algorithm ErgodicSampling is presented in Appendix B. It
uses subroutines transformation ¢ and the marginal contribution function over player
set {1,2,...,n}, which represents the game as an oracle as discussed in Sect. 1.

Stage 1

Based on Theorems 1 and 2 the sampling algorithm ErgodicSampling always
provides a consistent and unbiased estimator. However, its practical utility crucially
relies on transformation ¢. Since the variance of the sample mean decreases under
negative correlation, ErgodicSampling improves estimation accuracy if and only if
t induces negative correlation between the generated samples. In this section, we
provide a general algorithm to construct a suitable transformation that is applicable
across game classes. While tailored heuristics can significantly improve the perfor-
mance, our goal here is to test the theoretical feasibility of ergodic sampling through
a generic procedure. Developing game—specific transformations is a task for future
research and practical implementation.

The algorithm, called GreedyK?2, attempts to find pairs (01,02) € On x Oy of
player orders such that the marginal contributions M,, () and M,, (i) for player i are
as negatively correlated as possible. Let

Sp={m:{1,2,...,n} +— {1,2,...,n} bijection }

denote the symmetric group of order n. For any o € Oy and 7w € S,, (m00) € Oy
. For a fixed permutation 7 € S,,, the transformation ¢, : Oy — Op for which
t=(0) = 7 o o satisfies the assumptions of Theorem 1.

A permutation m € S,, of order 2 (meaning that 72 = id € S,,) is a product of
disjoint transpositions. Denote by (a,b) € S,, the transposition swapping elements
a,b € {1,2,...,n}. The algorithm proceeds as follows:

1. Choose a suitable sample size m; € N,

2. Generate m; i.1.d. player orders 01, 02, ... 0y, , With replacement. Let O denote

this sample of orders.

Foreacha <be€ {1,2,...,n}, define O, = {{(a,b) 0 0;]0; € O}.

4. For each such pair, compute the empirical covariance ¢, between the samples
{M,(i)] o € O} and {M, (i) |o € Oup}

5. Sortall ¢, 1, in ascending order: cq, b, < Cay by < -+ < Cqp b, - The length of this

. n
sequence 1S ( 2 >

6. Initialize an empty list E,,. Iteratively select the lowest covariance pair (ax, bx)
that does not overlap with already chosen indices, and add it to ).

7. Definer = [ (4,4),andlett(0) =mooforall o € Oy.
(4,5)€Eop

w

“mag denotes half of the sample size in the second stage of the algorithm.
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This procedure is equivalent to building a complete weighted graph on n nodes, with
edge weights c, 1, and finding a greedy minimum—weight matching. Step 6 describes
the greedy algorithm: We sort the edges in ascending order by their weights and
always choose the next independent edge. The last three steps of the algorithm can be
rephrased as follows. Let C be a matrix of the covariances calculated in the first four
steps, containing the variance of the sequence M, (7) in the diagonal. Let a1 and by
be the row and the column of the minimum of the matrix. Record the pair (a1, b;) and
delete rows and columns a; and b; from the matrix (both rows and columns, because
the matrix is symmetric). Now apply the same step to the smaller matrix until the
matrix has no rows and columns to get a sequence of pairs (a;, b;). Define ¢, as the
transformation that swaps numbers a; and b;. The pseudo—code of this algorithm is
presented in Appendix B.

The role of the algorithm parameters m, and mo is examined in the subsequent
sections: Sect. 4.3 discusses their implications for computational complexity, while
Sect. 5 analyzes how the choice of m, affects the variance of the final estimator.
Before that, we illustrate the algorithm on a simple example.

4.2 lllustration of the ergodic sampling algorithm

The final algorithm OptK2Shapley is simply a combination of Stage 1, algorithm
GreedyK?2 and Stage 2, ErgodicSampling, which is straightforward: first we construct
a suitable transformation ¢ in Stage 1 and then use it in the sampling process in Stage
2. As the entire algorithm is very nontrivial, let us illustrate how it works using a
numeric example.

Consider a four—player game with players 4, B, C, and D. The value of any three—
player coalition is 2, the grand coalition is worth 12, and all other coalitions have a
value of 0. Our goal is to estimate the Shapley value of player 4.

Stage 1

Table 1 Illustration of Algorithm OptK2Shapley

Orderg Mo Orders 4 M3 4 Mo 4 Mo 3 My 2 My 3 Myg4 M
CBAD 2 CBDA 10 2 0 2 0 2 0
DABC 0 DACB 0 10 2 0 0 10
BDAC 2 BDCA 10 2 0 2 0 2 0
BACD 0 BADC 0 10 2 0 0 0 10
ABDC 0 ABCD 0 0 0 0 2 10 2
BADC 0 BACD 0 10 2 0 0 0 10
DCBA 10 DCAB 0 0 10 10 10 0 0
BCAD 2 BCDA 10 2 0 2 0 2 0
ABCD 0 ABDC 0 0 0 0 2 10 2
DBCA 10 DBAC 2 0 10 10 10 0 0

Column M contains the marginal contributions of player 4 in order in column 1. Column M ; contains
marginal contributions of orders if we swap players in positions j and . Column M; is the marginal
contributions of orders after swapping all pairs found by the algorithm
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1. The algorithm begins by randomly generating m; = 10 player orders. The first
column of Table 1 lists these initial orders, while the second column displays the
corresponding marginal contributions of player 4.

2. Next, the algorithm generates a new set of orders by swapping the third and fourth
players in each of the original orders. These new orders and their corresponding
marginal contributions are shown in the third and fourth columns of the Table 1.

3. The algorithm proceeds similarly by performing all possible pairwise swaps, i.e.,
for each pair (¢,7) with 1 <7 < j <mn, it swaps the ith and jth players in the

original orders, generating < g ) new order sets. For the sake of simplicity, we

do not list all of these in Table 1, but their corresponding marginal contributions
are included in subsequent columns (from the fifth onward).’

4. Once all marginal contributions are computed, the algorithm constructs a graph
with nodes labeled {1,2,...,n}, where edge weights represent the covariances
between the original column Mj and each transformed column M; ; in Table 1.
This graph is visualized in Fig. 1.

5. The algorithm then finds a minimum—weight matching in the graph using a greedy
procedure. In this example, it first selects the pair (2, 4), then (1, 3). The resulting
transformation is:

which is the output of algorithm GreedyK2. Notably, this transformation tends
to flip positive marginal contributions to zero and vice versa, creating a negative
correlation between the marginal contributions on the original and on the trans-
formed samples. This effect is evident in Table 1, where the final column lists the
transformed marginal contributions. The correlation between the original col-
umn M and the transformed column M, is —53%, indicating effective variance

Fig. 1 Weighted graph for Algorithm GreedyK2. Edges
of the matching (solid lines) indicate that the algorithm
suggests swapping the second and the fourth players

as well as the first and third ones to generate correlated
samples

3For instance, to compute the fourth entry in column Mx 3, we take the fourth original order, BACD, swap
the second and third players to obtain BCAD, and calculate the marginal contribution of player 4 to the
coalition {B, C}
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reduction. This example also illustrates that the transformation is player—specific;
a different player would yield a different matching.Stage 2

1. The algorithm generates ms new random player orders independently and applies
the transformation to each of them to obtain another mo orders. For example,
starting from order ACDB, the marginal contribution of player 4 is 0. Applying
the transformation (swapping the second and fourth players, and then the first and
third), we obtain order DBAC, where the marginal contribution of 4 is 2.

2. Finally the algorithm calculates the marginal contribution of player ¢ for all of the
2ms orders and returns their mean.

4.3 Computational complexity of the ergodic sampling algorithm

Algorithm OptK2Shapley consists of two main stages. First, it uses a portion of the
available computational budget to constract a transformation that produces nega-
tively correlated sample pairs (pilot phase). Then, in the second stage, it generates
those correlated samples and uses them to estimate the Shapley value (ergodic sam-
pling phase). Let m; denote the size of sample used in the first stage, let 2mo denote
the size of the pair of samples generated in the second stage and let GG, denote the
complexity of a game with n players, that is, the evaluation of the characteristic func-
tion. The number of elementary operations of the entire algorithm OptK2Shapley is

2
ma < 5 ) G+ 2m G~ -G+ 2ma G, 3)

if G, is at least linear in n. The complexity expression 3 is based on measuring
the computational cost in terms of oracle evaluations. This is appropriate when the
cost of evaluating the game G, is at least linear in the number of players, in which
case oracle evaluations dominate the overall runtime and the number of elementary
operations is of the same order. This condition is satisfied for all games considered
in our experiments (see Sect. 6.1), and is generally a realistic assumption in practical
cooperative—game applications.

Under this assumption, comparing methods under an identical number of oracle
evaluations yields a fair assessment of computational complexity. When oracle
evaluations are relatively cheap, however, algorithmic overhead (e.g. sorting, matrix
operations, generating random values, etc.) may become non-negligible, and alterna-
tive methods with lower overhead could exploit a larger effective sample size under a
fixed time budget. We therefore interpret our comparisons within the standard fixed-
sample-budget framework.

Note that swapping the ath and bth players in an order o only affects player i’s
marginal contribution if the swap results in a new coalition being formed—that is, if
a<o(i) <borb<o(i) <a.If both a and b are either strictly less than or strictly
greater than o(4), then M, (i) remains unchanged, and re—evaluating the characteris-
tic function is unnecessary. This change in the marginal contribution occurs only with
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probability approximately %, allowing us to effectively divide the expected running
time of the Stage 1, GreedyK?2 by a factor of 3 and obtain

n2
mi FGn + 2moG,,

for the exptected running time of the entire algorithm OptK2Shapley. We choose my
and mo so that the total computational complexity of the algorithm matches that of
generating an independent sample of size m, which leads to equation

n2 2

mG,, = 2msG,, + EmlGn = m = 2ms + %ml.

If Stage 1 tries to use a sample of size m; > 6m/n?, when my becomes negative,
then the complexity of Stage 1 alone is higher than the complexity of the benchmark
(a simple random sample of size m), therefore

my < 6m/n2

is a global upper bound for the sample size we can use in Stage 1, so that a positive
sample size remains for Stage 2.

As a conclusion, for any positive integer m, if algorithm OptK2Shapley generates
a sample of size

my < 6m/n? )
in Stage 1, and
2
2mg =m — %ml (5)

in Stage 2, then the total expected running time—including transformation construc-
tion—matches the complexity of simple random sampling with sample size m.

5 Parameter choice and the performance of the ergodic sampling
Building on the algorithmic framework developed in Sect. 4, this section analyzes
how the allocation of the computational budget between the pilot phase (1) and the

main ergodic sampling phase (m2) determines the variance of the ergodic estimator.
For a given m, the variance of the simple random sampling estimator reads as

oR = ——, ()
\/ﬁ
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where o is the theoretical standard deviation of the marginal contribution as a random
variable.
As we saw in the Sect. 4.3, for given m and m, the computational budget of the

ergodic sampling and simple random sampling will be equal if 2mg = m — %ml.
The algorithm OptK2Shapley generates a sample of independent and identically joint

distributed pairs
(Yl,la Y2,1)7 (Yl,Za YQ,Q); ceey (Yl,m27 YQ,mz)

where each two—dimensional pair (Y7 ;,Y> ;) consists of correlated variables. In
Stage 1, the algorithm GreedyK2 seeks to minimize the correlation between these
variables:

p = corr(Yy ;,Y2 ;).

After Stage 1, the transformation ¢ and therefore the correlation p are fixed. Then the
variance of the overall ergodic estimator, calculated in Stage 2 can be written as a
function of the learned correlation, specifically,

Var (Yl»l, +Yo 1+ Yo+ Yoo+ -+ Vi, + Y2,m2)

2m2
Yy 1+Ys, Yi04Yo, Y1,mo+Y2,m
~ Var 1,1221_|_ 122 22 4 L4 1 222 2
ma
= var (Yt Yan
m3 2 2
11
= m721 (Var (Yl,l) + Var (}/271) —+ 2COV(Y1’17Y2’1))
L (0% 40+ 2000) = T (2014 0)) = S (1 4)
= — \O g g = - - .
4mo op 4mo 7 r 2ma P

Taking the square root, we find that the standard deviation of the ergodic estimator,

(7}_7;:L (1+p)
\/2m2

is analogous in form to the standard deviation of simple random sampling (Eq. 6),
but with an adjustment factor /1 + p and a smaller effective sample size (2m2
vs.m), since my part of the computation budget is allocated to construct the ergodic
transformation.

We measure the performance as the ratio of the standard deviations of ergodic and
simple random estimators using the same computational budget, and refer to that as
the improvement ratio, which is given by
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% _Am T [T ™
OR ﬁ QTTLQ

m
2mo

If mq is fixed and m — oo, then
becomes

— 1, the asymptotic improvement ratio

lim U—E:\/ler. (8)

m— o0 G'R

Ergodic sampling outperforms simple random sampling (i.e., has a lower standard
deviation) if and only if the improvement ratio is less than 1:

m m
2—%(1+p)§1<:>m(1+p)§2m2<:>m1S—GpE. )

Condition 9 does not imply a practical rule for parameter choice—since p, as the
correlation of random variables, is unknown—but it does characterize the theoretical
boundary under which ergodic sampling can, in principle, dominate simple random
sampling.

We note that the correlation coefficient p can depend on m;. Since algorithm
GreedyK?2 is more likely to identify (or learn) an accurate transformation when more
data are available, p(m;) is expected to decrease as a function of 4, although non—
monotone realizations may occur for particular samples. It is therefore reasonable to
assume that the improvement ratio is increasing in p (that is, more negative values
of p decrease it), decreasing in mo (which itself decreases with my), and U—shaped
as a function of m;. This reflects a trade—off: increasing m; improves the learned
transformation and reduces p(m ), but it also reduces the remaining sample size ms
available for Stage 2. For small values of m1, ms remains large, but the correlation
may still be close to 1. For sufficiently large m1, the correlation may become strongly
negative, albeit at the cost of increased resource consumption in Stage 1, which in
turn reduces mo. This trade—off vanishes as m — oo, since further increasing m; no
longer leads to a substantial improvement in p(m;).

Figure 2 illustrates the mechanism behind the improvement ratio (Eq. 7) under two
hypothetical scenarios for the behavior of the learned correlation as a function of m4
. The analysis should be interpreted as a stylized description of the average tendency
of the learning process rather than as a deterministic property guaranteed for every
sample path. In both scenarios p(m) is expected to decrease and converge, although
finite—sample estimates may display non—monotone fluctuations. The scenarios differ
only in their convergence limits, and the assumed shapes are in line with the empiri-
cal patterns reported in Sect. 6.

Panel 2a on the left corresponds to the case in which p(m1) converges to 0 as
the pilot size m; increases. The upper—left subplot shows this assumed correlation
curve, together with a horizontal solid gray line marking the level p = 0. Since the
curve never crosses this line, negative correlation cannot be achieved, and the ergodic
estimator cannot outperform the simple random sampling. The lower—left subplot
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(a) Non-negative correlation (b) Negative correlation
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Fig. 2 Stylized illustration of the improvement ratio o /o r from Eq. 7 under two hypothetical be-
haviors of the learned correlation p. Panel 2a: p(m1) converges to 0, so negative correlation is not
achieved and the ergodic estimator cannot outperform simple random sampling. Panel 2b: p(m1) de-
creases below zero and converges to —0.5, and the improvement ratio can fall below 1. The U-shaped
improvement ratio curves illustrate the trade—off between the pilot size m1 and the remaining budget
me. Vertical dashed lines indicate the singularity where mo = 0; horizontal solid gray lines represent
the simple random benchmark, while the dashed gray line shows the asymptotic bound

translates this behavior into the improvement ratio o /o g from Eq. 7 which remains
above 1 for all admissible m;. The vertical dashed lines mark the singularity at which
my becomes so large that no budget remains for the main estimation sample (mg = 0
).

Panel 2b on the right presents a more favorable situation in which p(m1 ) decreases
below zero and converges to —0.5. The upper-right subplot depicts this correlation
path and again indicates the zero level by a horizontal solid gray line. The lower—right
subplot shows the resulting improvement ratio, which now exhibits a pronounced U—
shape and allows substantial variance reduction.
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The red curve corresponds to a total budget of m = 400 000. In this case, although
the correlation approaches the limit —0.5, the remaining ms is insufficient to improve
upon simple random sampling; the minimum of the red curve (indicated by the
marker) coincides with the horizontal solid gray line representing the simple random
sampling benchmark. As the total budget m increases, the optimum (different colored
markers) moves toward the asymptotic lower bound of the improvement ratio from
Eq. 8, indicated by the horizontal dashed gray line.

The analysis in this section has been intentionally conceptual. It clarifies how
the allocation of the computational budget between the pilot phase and the ergodic
sampling phase affects the attainable variance reduction, but it does not prescribe a
concrete rule for choosing m;. The key practical questions are therefore (i) whether
a sufficiently negative correlation can in fact be learned in Stage 1, and (ii) whether
the resulting trade—off leaves a useful range of 1 and ms in practical problems. Sec-
tion 6 addresses these questions through extensive numerical experiments on eight
benchmark games with widely different structural characteristics and compares the
ergodic estimators with existing methods.

6 Numerical experiments

We expect the performance of the algorithm to vary depending on the specific charac-
teristics of the underlying cooperative game. To evaluate this, we tested OptK2Shap-
ley on several benchmark games commonly used in the literature (Castro et al. 2009;
Maleki et al. 2014), along with three additional specific games.

6.1 Test games

Our computational study is based on eight benchmark games with markedly different
distributions of marginal contributions, covering binary, highly skewed (the expected
value is relatively close to its minimum and far from its maximum or vice versa), and
smooth environments.

Game 1 (A non-symmetric voting game) Let neN, N ={1,2,... n},
w = (w1, wa,...,w,) € R"and W € R. For S C N let

1 if Zw1>VV,

€S
ieS

v(S) =

The parameters of the game are set as follows: n = 51, w = (45, 41, 27, 26, 26, 25,
21,17,17,14,13,13,12,12,12, 11, 10,...,10,9,...,9,8,8,7,...,7,,6,...,6,5,
—_———— —— ——  N———

4 4 4 4

4,...,43,...,3)and W = Zzw’ = 269 (this is the United States Electoral College
N N —
in the 70 s)
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Game 2 (A symmetric voting game) This is a special case of the non—symmetric
voting game. Each weight is set to w; = % where the number of players is n = 100.

Game3 (Ashoesgame)Letthesetofplayers N = {1,2,...,100},characteristic func-

tion v(S) = min(S N Niese, S N Nyjgne) VS € N where Niepr = {1,2,...,50},

Nyjghe = {51,52,...,100}.

Game 4 (An airport game) Let N ={1,2,...,100} and

c= (17"'71727"'72737"'73747"'74757'"75767'"76777"'77787'"78197"'797107"'710)
e N e e e e e e e — N —

8 12 6 14 8 9 13 10 10 10

. The characteristic function of the game is v(.5) = max{¢;|i € S}.

Game 5 (A minimum spanning tree game) Let G be the weighted graph on Fig. 3.
The set of nodes is V' = {0, 1,2, ..., 100}, the edges are defined as follows:

E={(@z+lze{L2,...,9u{10,n}u [J {0,i)}cVxV
i€{1,2,...,100}

All the weights on edges adjacent to node 0 are 101, and all the weights on edges
that connect the circle nodes are 1. The set of playersis N = {1,2,...,100}, and the
characteristic function is v(.S) = sum of edge weights of the minimum spanning tree
of subgraph S U {0} C G.

Game 6 (A bankruptcy game) Let A € RT,n € N, Iy,ls,...l, € RT and let game
(N,v) be an n —person game where the characteristic function v is as follows: for all
coalitions S C N v(S) = max{0,4 — > ¢ l;}. For more details on bankruptcy
games, see Driessen (1988) and Thomson (2015). Let us set n = 100, A = 200 and
let the vector of liabilities [; be set to the same numbers as the ¢; numbers in Game 4.

Fig. 3 Graph of minimum spanning tree
game
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Game 7 (A liability game) Csoka and Herings (2019) have recently introduced the
liability game. Let A € R* n e N, Iy,ls,...l1, € RT where A <> I;, and let
game (N, v) be an n—person game with characteristic function

min{4, > [} ifoesS
v(S) = jes\{o} ) )
max{0,A— >  l;} if0¢S
j¢Ssu{o}

According to Csoka et al. (2022), the Shapley value of liability games cannot be cal-
culated in polynomial time (unless P=NP), so the estimation of their Shapley value is
particularly interesting. In our example, we set n = 100, A = 200, and the vector of
liabilities /; are set to the same numbers as the ¢; numbers in Game 4.

Game 8 (A pair game) Let n =100, N = N;UN,, |N;|=|Nz| =50 and
let G(N1, N2, E) be a bipartite graph with a complete matching (to put it
simply, each player has a pair). The characteristic function of the game is
v(S)=1/2-|(i,j) € S x S such that (i,5) € F|, i.e. the number of pairs in the
coalition.

6.2 Performance of Algorithm GreedyK2

In Sect. 5 we analysed the behaviour of algorithm GreedyK?2 in a hypothetical exam-
ple, serving as a clean illustration of the underlying mechanisms. We now move
beyond this stylized example and study the algorithm’s behavior in practical games.
While Fig. 2 depicts p as a smooth curve, such smoothness is not to be expected in
practice. Since p is estimated from a finite sample, it is inherently stochastic and may
display considerable variability, especially for small sample sizes.

Nevertheless, the qualitative patterns predicted by the stylized analysis—most nota-
bly the existence of a threshold for negative correlation and the resulting U-shaped
trade—off in the improvement ratio—are consistent with the empirical behavior
observed in Fig. 4. Deviations from the average-case curve primarily affect the loca-
tion of the optimal pilot size. This variability diminishes as the pilot sample size m1
increases, leading to more stable estimates of p(m;), and does not alter the qualita-
tive conclusions of the analysis.

Figure 4 presents the results for the Symmetric voting game. The left panel dis-
plays three representative sample trajectories (shown as coloured dashed lines),
together with their average over 25 runs (solid black line). In this setting, the optimal
transformation ¢ consists of moving the pivot player from position 51 to any posi-
tion where its marginal contribution is zero. algorithm GreedyK2 is able to identify
this transformation once it encounters an ordering in which player i acts as the pivot
player; the probability of observing such an ordering converges exponentially fast
to one as the sample size increases. When this occurs, the correlation drops to its
minimal value, which is close to zero, and no further improvement can be achieved.

This behavior is reflected in the lower—left subplot of Fig. 4, where the U-shaped
curve of the improvement ratio attains its minimum at a value close to 1. Conse-
quently, for this particular game, algorithm OptK2Shapley does not outperform the
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(a) Symmetric voting (b) Minimum spanning tree
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Fig. 4 Empirical analogue of Fig. 2 based on algorithm GreedyK2. The left panel corresponds to the
Symmetric voting game. The upper plot shows the learned correlations p(m1) from 25 independent
simulations; the solid line indicates their mean, while the dashed curves represent individual runs.
Since the correlations remain non—negative, the lower plot shows that the improvement ratio o /o r
does not fall below 1, and the ergodic estimator cannot outperform simple Monte Carlo sampling. The
right panel corresponds to the Minimum spanning tree game. Here, the learned correlations decrease
well below zero, leading to improvement ratios below 1 and to a pronounced U-shaped trade—off
between m1 and mo

benchmark: it produces effectively uncorrelated samples and yields asymptotically
the same performance as simple random sampling.

In sharp contrast to the Symmetric voting game, the Minimum spanning tree game
in Fig. 4 highlights a setting in which algorithm GreedyK?2 is highly effective. The
correlation p remains stable across trajectories, decreases rapidly, and becomes nega-
tive already at moderate sample sizes (m; ~ 50). As a result, a significant variance
reduction is achieved, which is clearly visible in the right panel of the figure.

Similar simulation experiments were conducted for the remaining test games.
Overall, the empirical evidence suggests that in many games, the correlation
approaches its attainable level already at moderate sizes of m4 (around 100-200),
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although in some cases substantially larger pilot samples may be required. This indi-
cates that even a coarse but practically useful transformation can be learned from a
modest number of samples, implying that the algorithm can be safely applied once
the total sample size reaches a few million. Importantly, the samples expended dur-
ing Stage 1 do not lead to a severe degradation of performance compared to simple
random sampling, even in the worst case.

Whenever a transformation yielding significantly negative correlation exists for
a given game, Greedy2K is usually able to identify such a transformation already at
sample sizes on the order of a few hundred.

In contrast, predicting the sample size at which the correlation approaches its
attainable minimum is considerably more challenging. In particular, when very
strong negative correlation is achievable, learning a near—optimal transformation
may require a pilot sample size that is no longer practical in real-world applications.

Out of the eight test games considered, three exhibit no improvement over simple
random sampling; notably, this lack of improvement becomes apparent already at
small sample sizes. These cases correspond to games in which the distribution of
marginal contributions is highly asymmetric—often binary—valued—with an expected
value close to zero. For the remaining five games, a substantial variance reduction is
observed. However, in some of these cases, achieving the best possible transforma-
tion would require a pilot sample size that may be unrealistically large under current
computational constraints. More detailed quantitative results are deferred to Sect. 6.3,
where ErgodicSampling is also compared against alternative sampling methods.

6.3 Combined effects of variance-reduction channels

In this subsection, we examine how the effects of ergodic sampling and other vari-
ance reduction techniques operate through distinct channels and how these channels
interact in the numerical experiments. Our aim is to characterize how the different
variance—reduction channels combine in practice and to show that the corresponding
methods can act as complementary tools.

The three procedures introduced in Sect. 2 rely on conceptually different
mechanisms.

Conditional sampling reduces variance when the conditional expectations of
the marginal contribution differ substantially across player positions. If conditional
expectations vary widely around the unconditional expectation, then replacing empir-
ical frequencies with known position probabilities eliminates an important source of
sampling noise, yielding a large gain.

Stratified sampling can further reduce variance when the conditional standard
deviations also vary with the position of the player. By allocating subsample sizes in
proportion to these standard deviations, the method targets the remaining heterogene-
ity inside the conditional groups. Although this effect is theoretically non—zero—since
the marginal contribution is constant for the first and last positions—its practical mag-
nitude may be small when the conditional variances are nearly equal.

Ergodic sampling operates through a different channel. In its simplest form, algo-
rithm GreedyK2 seeks a transformation that maps positions with low conditional
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expectations to positions with high ones, and vice versa®. The method is therefore
most effective when roughly half of the conditional expectations lie below and half
above the unconditional expectation, allowing negatively correlated pairs to be con-
structed. In such cases the residual variance—unaffected by conditioning—can be sub-
stantially reduced.

These channels are independent in a structural sense: each exploits a different prop-
erty of the marginal contribution distribution, and none of these properties implies
any of the others. Consequently, there is no theoretical guarantee that any single
method yields a large variance reduction, and none provides a uniform improve-
ment over simple random sampling. The magnitude of the gain can be evaluated with
essentially no extra computational cost, yet it is difficult to predict ex ante which
channel will dominate in a given game.

To study how these isolated mechanisms combine in practice, we conduct numeri-
cal experiments on the eight test games introduced in Sect. 6.1, using the standard
Monte Carlo estimator based on simple random sampling as a baseline. We evaluate
conditional random, stratified,’” ergodic, and hybrid estimators relative to this bench-
mark. The hybrid methods combine the structural information exploited by condi-
tioning or stratification with the dependence—based variance reduction of ergodic
sampling.

To ensure a fair comparison, all algorithms are implemented under an identical
computational budget: each method evaluates the marginal contribution of a given
player exactly 10 million times. Each experiment is repeated independently 1000
times, and performance is assessed using the empirical standard deviations of the
resulting estimates. For non—symmetric games, we repeat the experiments for mul-
tiple players to capture heterogeneity in marginal contribution distributions and its
effect on estimator variance. All experiments were conducted in Matlab 2025b on a
workstation equipped with an Intel 6—core processor (i7-9750 H) and 16 GB DDR4
RAM. The implementation details are described in the Appendix, and the full source
code, together with the raw results, is available on GitHub https://github.com/kekero
zberg/Estimation-of-the-Shapley-Value-by-Ergodic-Sampling.

The quantitative results in Table 2 confirm that these channels rarely appear in
isolation. The eight test games exhibit different variance structures; in some games
the conditioning channel explains most variability, in others the dependence channel
is decisive, and in several cases both contribute.

Although the hybrid methods do not create genuine synergies—the individual
channels remain conceptually independent and their effects do not combine addi-

6 Algorithm GreedyK? is not limited to pairing positions based solely on conditional expectations, a task
that could be accomplished in linear time, in contrast to the quadratic running time of GreedyK2. More
generally, the conditional marginal contribution of player i may change even if its position remains fixed.
For instance, in the minimum spanning tree game, modifying the relative positions of neighboring players
can substantially alter the marginal contribution of player 7, often with a much stronger effect than changes
induced by position swaps alone.

"We implemented the two-stage stratified sampling algorithm of Castro et al. (2017). In the allocation
stage we used the classical Neyman allocation, which assigns subsample sizes proportional to the con-
ditional standard deviations rather than to the conditional variances. The Neyman allocation yields the
optimal variance reduction.
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tively—they act as true complements by preserving the advantageous features of each
approach.

These results confirm the interpretation developed in Sect. 5. First, sufficiently
negative correlation can be learned in several, but not all, games. Second, even when
the standalone ergodic estimator is not superior, the hybrid procedures remain com-
petitive because conditioning, stratification, and ergodic sampling exploit different
sources of variability. From a practical perspective this is crucial: the proposed ergo-
dic method should be viewed not as a replacement for existing techniques, but as an
additional tool that increases robustness when the dominant source of variance is
unknown ex ante.

7 Conclusion

This paper introduced an ergodic sampling approach for the estimation of the Shapley
value that exploits dependence between paired marginal contributions. While clas-
sical Monte Carlo methods rely exclusively on independent sampling, the proposed
estimator adapts the idea of antithetic variates to the permutation space and generates
negatively correlated observations through a learned measure—preserving transfor-
mation. We proved that the resulting sequence is ergodic, unbiased, and consistent;
we developed a two—stage algorithm for practical implementation.

A key insight of the analysis is the trade—off between learning quality and remain-
ing Monte Carlo budget. The variance formula derived in Sect. 5 shows that the
benefit of ergodic sampling depends on whether sufficiently negative correlation can
be achieved and on how the pilot size m; is balanced with the main sample 2m..
The stylized scenarios of Fig. 2 illustrate that neither very small nor very large pilot
samples are desirable, and that improvement is impossible when the attainable cor-
relation remains non—negative.

Extensive experiments on eight benchmark games demonstrated that negative
correlation can indeed be learned in several, though not all, environments. The
standalone ergodic estimator performs particularly well in games with smooth and
structured marginal—contribution distributions, such as the Minimum spanning tree
and the Shoes games, while it offers little advantage in highly symmetric or binary
settings. Most importantly, when combined with conditional and stratified sampling,
the hybrid estimators were consistently close to the best available method across all
games. The three variance-reduction channels operate through largely independent
mechanisms, so their combination increases robustness even without creating addi-
tive synergies.

From a methodological perspective the results advocate a diagnostic approach. In
practical applications it is advisable to first explore the statistical characteristics of
the problem—heterogeneity of conditional means and variances, and the potential for
learning negative dependence—and to select and combine variance-reduction tech-
niques accordingly. Ergodic sampling enriches this toolbox by adding a dependence—
based channel that can be activated when the structure of the game permits it, but it
should be viewed as a complement rather than a replacement for existing methods.
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Estimation of the Shapley value by ergodic sampling

Several directions remain for future research. First, adaptive strategies for choos-
ing the pilot size m; based on online estimates of the correlation could further
improve efficiency. Second, extensions to transformations of higher order (K > 2
) may capture more complex dependence patterns. Finally, the idea of learning mea-
sure—preserving transformations may be useful beyond Shapley value estimation, for
example in other permutation—based Monte Carlo problems.

A Proofs

Proof of Theorem 1 The measure of any cylinder set C'= (C1,C5,...) € A is
Hi1C; #8213

P(C) = (lQill‘) ' . As t is surjective, C; = O < t(C;) = Q4, therefore

P(C) =P (T(C)). This means that T is measure-preserving (it is enough to check
this on the cylinders), which is the key to the proof. At first, we have to show that the
variables are identically distributed

P(Yi, € B)=P ({w €Qwe ijll(B)}) —P ({w € QITF(w) e Yljll(B)}) -

=P ({T" 7 ()IT* (@) € Y/ (B)}) = P ({w € Qw € Y (B)}) =
=P(Yi; € B)=P(X; € B)=P(X, € B)

for all B C R Borel-set. The third equation uses that 7' is measure-preserving, the
other equations are trivial. Now let m € N be an integer such that K|m® and let
m = KL.

ZK 71/1+Y2+"'Ym

m m
Vi +Yo i+ + Y1)+ Yo+ +Vgo)+- -+ Yo+ +Yk1)
KL
B (Y1,1+Y1<2L+“'+Y1,L) + (Y2,1+Y2,1+'~~+Y2.L) + (YK‘1+YK,’2+'“+YK‘L> B AN /A
- K B K

It is enough to show that for V1 < k& < K variables Y}, 1, Y% 2, ..., Y} 1 are inde-

K
pendent. In that case P (Z, — u) = 1, therefore P ( N {w € QZk(w) = M}) =1
k=1

. Obviously, the mean of finitely many convergent series with the same limit is con-

Y;
vergent to the same number, so 2 — L. ]

m

8 Notation K|m stands for K is a divisor of m
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Remark The independence of variables Y, 1, Yy 2, . . ., Yj, 1, implies that \/E(Zj — )
is asymptotically normally distributed for all j by the central limit theorem. The same
argument does not hold for the mean of the Z; s because they are not independent but
negatively correlated. However, excluding degenerate cases, for example, when the
variance of the sample mean is completely eliminated (it is possible), if there is any
limit distribution for the sample mean, it can be nothing but normal.

Variables Y} 1, Y% 2, ..., Y are by definition independent for k = 1. For k > 2,
this can be proved as follows:

(ﬂ ijeB}) —P({wewe ¥ (B)we Y (B)...,we Y i (BL)})

=P ({we QT w) € Y (B), T (@) € Vi (Ba), ... T (w) € V£ (Bu) })

{1 @) @) € Vi (B). T4 () € Y3 (Ba), . T () € YA (Bu)})

:P({wmeyljf(B)wer( ), w € Y E(BL) ) =
L L L
=[[P({weluey}B)}) = [P0, eB;) =[P, € B))
j=1 j=1 j=1

For all By, Bs, ... Br, C R Borel-sets. Here, the third line comes from the fact that
T is measure-preserving, and the last equation holds because we have shown that all
the variables are identically distributed.

Now assume that K fm, and let s = s(m) = max{j < m | K|j}.

Y1+Y2+...Ym_Y1+Y2+---Y;+Y;+1+---+Ym
m - m m -

7Y1+Y2+"'Y:s.i+}/s+l+"'+y;n
- S m m
—_— N ———
\: { 1
I 1 0

As K is a constant and m — s < K if m — oo, then so does s, so the first term goes
to yand > — 1. The last term on the right side is bounded by KLX‘XI —+0. O

Proof of Theorem 3 Consider the elements of €24, sorted according to the X values,
and define ¢ such that this order is reversed (i.c., the first element is assigned to the
last and vice versa, etc.). Without loss of generality, we can assume that X has a mean
of 0; in this case, the correlation and sumproduct have the same sign. It therefore suf-
fices to show the following:

Leta; < ag < --- < ar, be amonotone sequence of real number such that
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Estimation of the Shapley value by ergodic sampling

}E:ai::O.

Then

Z a;ar41—; < 0.

And this is easy to prove as follows.

0> Z Z (a; —aj)(apt1-i — ary1-y)

These terms always have opposite signes.

= E E a;iar41—i — E E aiap41—j — E E a;ary1—; + E E a;ar41—j
P i g i g P
=2L E a;arp 1 — E a; E ap11-5— E ar1—; E a; .
i 3 : j

i

N————’ N——
0 0
(]

B Algorithms
B.1 Ergodic sampling
Parameters:

m2: Integer -- half of the sample size

t: Function -- transformation

M: Function -- marginal contribution

n: Integer -- number of players

i: Integer -- player encoded as an integer

marginal_contributions <- Array[1:2*xm2]

For j = 2 To 2*m2 Step 2:
ol <- Shuffle(n) # a random permutation of set [1,2,...,n]
02 <- t(ol)
marginal_contributionl <- M(ol, i)
marginal_contribution2 <- M(o02, i)
marginal_contributions [j-1] <- marginal_contributionl
marginal_contributions [j] <- marginal_contribution2

EndFor

Return Mean(marginal_contributions)
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Algorithm 2: GreedyK2

Parameters:

ml: Integer -- sample size

M: Function -- marginal contribution

n: Integer -- number of players

i: Integer -- player encoded as an integer
orders <- Matrix (0, rows = 1:ml, cols = 1:n)

For j = 1 To ml:
orders.Row[j] <- Shuffle(n)
EndFor

covars = Matrix (0, rows = 1:n, cols = 1:n)
mc_base <- Array[1:mil]

For j = 1 To mil:
o <- shuffle(n)
mc_base[j] <- M(o, i)
EndFor

mc_swap <- Array[1:m1]

For left = 1 To n-1:
For right = left To n:

swapped_orders <- orders

swapped_orders.Swap_columns (left, right)

For k = 1 To ml:
player_pos <- orders.Row[k].Index (i)
If left <= player_pos And player_pos <= right:

mc_swap [k] <- M(swapped_orders.Rowl[k], i)

Else:
mc_swap [k] <- mc_basel[k] # it does not change
EndIf
EndFor
covars[i, j] <- covars[j, i] <- Cov(mc_base, mc_swap) # covariance
EndFor
EndFor

transformation <- Array[1:n]

While covars.Size > O:
r, ¢ = Which_min(covars) # row and column index
transformation[r] <- ¢
transformation[c] <- r
covars.Delete_row(r)
covars.Delete_col(c)
EndWhile

Return transformation

B.2 Conditional ergodic sampling

1. Stage 1Choose a suitable sample size m; € N.

2. Generate m i.i.d. player orders 01, 02, . . . 0, , With replacement. Let O

denote this sample of orders.

w

Foreacha < b€ {1,2,...,n}, define O, = {(a,b) o0, |0; € O}.

4, For each such pair, compute the empirical covariance c,; between the

samples {M, (i) | o € O} and {M, () |0 € Oap}

@ Springer
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5.

Sort all ¢4 3 in ascending order: cq, b, < Caq by < - .. < Ca, b, - The length
of this sequence is ( g )

Initialize an empty list E,,. Iteratively select the lowest covariance pair
(a, by) that does not overlap with already chosen indices, and add it to Ey,.

Definer =[] (4,4),andlett (o) =mooforall o € Oy.
(4,5)€Eop

Stage 2

. Generate an initial random player order 01 ~ Uniform(Oy).
. Transform it into a new order oy = t(01) € On
. Compute and store the marginal contributions of player i for both orders

Y1 = M,, (i) and Y2 = M,, (7).

. Repeat the process mo times.
. Compute the conditional mean of the entire sample.

B.3 Stratified ergodic sampling

Stage 1

1.
2.

W

Choose a suitable sample size m; € N.
Generate m i.i.d. player orders 01, 02, .. . 0, , With replacement. Let O denote
this sample of orders.

. Foreacha <be {1,2,...,n}, define O, = {(a,b) 0 0;|0; € O}.
. For each such pair, compute the empirical covariance ¢, ; between the samples

{Mo(i) [0 € O} and {Mo (i) [0 € Oap}

. Sortall ¢cq 3 in ascending order: cq, b, < Caq,p, < -+ < Ca,, b, - The length of this

. n
sequence 1S ( 2 >

. Initialize an empty list E,,. Iteratively select the lowest covariance pair (a, by)

that does not overlap with already chosen indices, and add it to ).

. Definer =[] (i,j),andlett (o) =mooforall o€ Op.

(i1j)€EoP

Stage 2

. Generate new random player orders independently for each position / (n times)
. Replace the player i with the player in position / for each /. It guarantees that we

have the same number of orders where the player i is in the position /.

. Compute the player i’s marginal contributions in each orders.
. Calculate the standard deviations of the marginal contributions of the player i by

each position /.

. The ratio of the standard deviations determines how many ergodic samples are

needed to generate for each position in Stage 3.
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Stage 3

. Generate an initial random player order 01 ~ Uniform(Oy).

. Replace the player i with the player in position / for each /.

. Transform it into a new order oy = t(01) € On

. Compute and store the marginal contributions of player i for both orders
Y1 = M,, (i) and Y2 = M,, (7).

. Repeat the process for each position / as many times as determined by Stage 3.

6. Compute the conditional mean of the entire sample.

B W —

W
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