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1 | INTRODUCTION AND MAIN RESULTS

For a fixed p > 1 and a complete separable metric space (X,dy), the p-Wasserstein space
W, (X, dx) is the set of Borel probability measures with finite p-moment, equipped with the so-
called Wasserstein distance dwp. More precisely, we say that a Borel probability measure u is in
the p-Wasserstein space if

/ d;}(x,xo)du(x) <
X

for some (and hence any) x,, € X, and the Wasserstein distance is given by

where IT(u, v) is the set of couplings between u and v, that is, the set of probability measures 7 €
P(X x X) with p;,m = uand p,,7 = v, for the projection operators p;(x,y) = x and p,(x,y) =
y; here p, denotes the push-forward operation, which we define below.

The Wasserstein space W, (X, dy) inherits a number of properties from its base space (X, dy),
see [1, 8, 16, 17] for an overview. For example, if (X, dy) is complete and separable, then so is
Wy (X, dx).

Another property of any Wasserstein space is that it contains an isometric copy of its base space.
Indeed, the map x — &, is an isometric embedding from the space (X, dy) to W, (X, dx), where
d, is the Dirac mass located at x € X. Furthermore, the convex hull of Dirac masses (i.e., the
set of measures with finite support) is dense in WP(X ,dy) (see, e.g., [17, Theorem 6.18]). If ¢ is
an isometry (i.e., a distance-preserving and bijective map) on (X, dy), it induces an isometry of
W, (X, dx) by the push-forward operation. More precisely, ¢, : W,(X, dx) — W,(X, dy) defined
by

¢ (W(A) = u(¢p~(A)) for ACX

is an isometry of W, (X, dy). An isometry @ of the Wasserstein space that can be written as @ = ¢,
is called a trivial isometry. If the isometry group of W, (X, dx) contains only trivial isometries, we
say that the Wasserstein space is isometrically rigid.

In [12], Kloeckner showed that for p = 2, the space W,(R",d;) (where dp is the usual
Euclidean distance) is not rigid. That is, its isometry group contains nontrivial isometries, called
shape preserving isometries when n > 2. Another example of a nonrigid space was given in
[10], where Gehér et al. showed that W, ([0, 1], | - |) admits nontrivial, so-called mass splitting
isometries.

In contrast, Bertrand and Kloeckner showed in [5, 6] that if (X, dy) is Hadamard, that is, a
Riemannian manifold with negative sectional curvature, then W,(X, dy) is isometrically rigid.
Furthermore Santos-Rodriguez proved in [14] that the same is true when (X, dy) is a manifold
with strictly positive sectional curvature. Rigidity in the case of the sub-Riemannian Heisenberg
group was shown by Balogh et al. in [4]; in [3], the same authors together with Kiss showed that
the space W,,(R?, d,y) is isometrically rigid for any p > 1, where d,,,,, is the distance induced by
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the maximum norm on the plane. This shows that there is an abundance of metric spaces where
the associated p-Wasserstein space is rigid.

On the other hand, there is also an abundance of nonrigid Wasserstein spaces, as shown in the
recent result by Che et al., who proved in [7] that for any Hilbert space (H, d;;) and any proper
metric space (Y, dy), W,(H XY, dyq,y) (Where @, denotes the [,-product metric) is not rigid.

In this paper, we study the isometric rigidity of the Wasserstein spaces W, (X, dx) for the class of
general normed spaces of (R", dp;). We recall that in [11], Gehér et al. showed that, if (R",d;;) isa
Hilbert space with d;; the distance induced by a scalar product, then for any p > 1 with p # 2, the
space W,(R", dy;) is isometrically rigid. We generalize their result in the following way: instead
of requiring that the norm comes from an inner product, we show that only the smoothness of
the norm is enough to ensure the isometric rigidity of the Wasserstein space. Our first theorem
goes as follows:

Theorem 1.1. If N : R" — R, is a strictly convex norm that is C2-smooth, then the Wasserstein
space W,(R", dy) is isometrically rigid for all p € [1, ), p # 2.

Here we say that the norm N is C2-smooth if at any point x € R" \ {0}, N is (at least) twice
continuously differentiable at x. Since the one-dimensional case has already been proven in [10],
we will assume in this paper thatn > 2.

Our proof will be done in three steps. We first prove a geometric characterization of Dirac
masses, which will in particular imply that for any x € R” and any isometry of the Wasserstein
space @, there exists y € R" such that ®(5,) = 5y. In our second step, we show a dimension-
upgrading result, which says that if an isometry @ acts trivially on measures supported on certain
subspaces of R", then ® has to act trivially on measures supported on the whole R". In the third
step, we show that, using the C2-smoothness of the norm, we can find a proper subspace L such
that, if a measure is supported on L, then so is its image by any isometry ®. Finally, we combine
these steps and, with an induction argument on the dimension of R”, we can prove the isometric
rigidity of the Wasserstein space W,(R", dy).

We cannot expect this result to hold in general for p = 2. Indeed, as mentioned above, Kloeck-
ner [12] and Che et al. [ 7] gave examples of Wasserstein spaces over certain special types of normed
spaces in R” which allowed shape-preserving isometries.

In our proof of Theorem 1.1, we only need the condition p # 2 for certain steps; we can thus

adapt the proof when the norm N is an /,-norm to show isometric rigidity in the case p = 2,
1
where the I,-norms are given by N,(x) = (XL, |x;|9) 9. Specifically, we prove the following

theorem:

Theorem 1.2. Ifq > 2 and d is the distance function induced by the l,-norm, then the Wasserstein
space W,(R",d,) is isometrically rigid.

This theorem only considers the case g > 2; we will show that W,(R", d,) is also isometrically
rigid when 1 < g < 2 in our upcoming paper [15].

Our paper is structured in the following way: in the next section, we show the metric character-
ization of Dirac masses. In Section 3, we prove the dimension-upgrading proposition. In Section 4,
we will show Theorem 1.1, first when p < 2, then for p > 2; we finish the section by adapting the
p > 2-argument to show Theorem 1.2.
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2 | METRIC CHARACTERIZATION OF DIRAC MASSES

When investigating the isometric rigidity of Wasserstein spaces, a metric characterization of Dirac
masses is very often a key tool. Indeed, since isometries preserve distances, such a characterization
shows that the image under an isometry of a Dirac mass is another Dirac mass. If that is the case,
then for an isometry @ : W,(R",dy) — W,(R",dy), the map ¥ : (R",dy) — (R",dy) defined
by ®(6,) = &y(y) is an isometry of R", and (<I>o¢;1)(5x) = g, for all x € R". If we can show that
CDoz,b;l is the identity on W,(R", dy), we can conclude that ® = 1, is a trivial isometry. Thus we
will in the following sections sometimes assume that ®(5,) = J,, since this can be obtained by
composition with the trivial isometry z,b;l, if we already know that Dirac masses are invariant.

In the special case where N is a Hilbert norm, a metric characterization of Dirac masses has
been found in [11, Lemma 3.5]. As we will see, the same characterization holds for a much more
general class of metric spaces (X, d). In what follows, we say that a triple (u, v, %) of measures in
Wy (X, d) is Wy-aligned if 4, v and 7 are distinct and

dyy, (1, ) + dyy (v, 1) = dyy (1,7). (21

As areminder, a curve y : [a,b] — X is called a (unit speed) geodesic if d(y(s), y(t)) = |s — ¢|
for any s,t € [a, b]. In this section, we prove a characterization of Dirac masses in the general
case where (X, d) is a uniquely geodesic and geodesically complete Polish space; when p = 1, we
also assume that (X, d) is nonbranching. We recall that a general metric space (X, d) is geodesi-
cally complete if any two points x,y € X can be connected by a geodesic which can be arbitrarily
extended (i.e., for any geodesic y : [a,b] — X, there exists a geodesic y’ : (=00, 0) — X with
y'([a,b]) = y). If for every two points x,y € X the geodesic between x and y is unique, we say
that (X, d) is uniquely geodesic; furthermore, (X, d) is called nonbranching if any two geodesics
which coincide on an open interval (i.e., y; ((a, b)) = y,((a, b)) must necessarily coincide on their
entire length.

We point out that the normed spaces (R", dy) considered in the assumptions of Theorems 1.1
and 1.2 fulfill the assumptions of Proposition 2.1. Indeed, a norm N is said to be strictly convex if
for all distinct points x;, x, € R” with N(x;) = N(x,) = 1 we have

N(@A—-t)x; +tx,) <1

for any t € (0,1). By Proposition 7.2.1 of [13] any normed space with a strictly convex norm
is uniquely geodesic; since in (R",dy) straight lines are always geodesics, the nonbranching
property follows from the uniqueness of geodesics.

Thus, using Corollary 2.4 and the argument above, we will in the next section assume that
isometries @ : WP(R”, dy) — Wp([R”, dy) preserve Dirac masses, that is, ®(6,) = , forany x €
R",

Proposition 2.1. Let p > 1, and consider a uniquely geodesic and geodesically complete Polish space
(X, d); if p = 1, assume additionally that (X, d) is nonbranching. Then, for a measure i € Wp (X,d),
the following are equivalent:

(1) wisa Dirac mass, that is, there exists an x € X such that u = 6,.
(2) Forallv e WP(X, d), 4 # v, there exists an 1 € WP(X, d) such that the triple (u,v,n) is W,-
aligned.
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Proof. We start by showing that (1) = (2). Take x € X, set u = 6, and let v € W,(X,d) with
u # v. Consider the dilation map D, : X — X given by D, (y) = 7, ,(2a) for a = d(x, y), where
y is the unique geodesic such thaty, ,(0) = x and y,. ,(a) = y (and D,(x) = x). Then we have in
particular that d(x, D, (y)) = 2d(x,y) and d(y, D,(¥)) = d(x,y). We claim that, with the measure
n = (Dy)yV, (U, v,m)is W, — aligned. Since x is a Dirac mass, the only transport plan between p
and 7 is given by 7, = &, X 5. Thus we have

1/p
dy ()= inf // dP(, 2)dn (%, 2)
P TEM(1,n) XxX

1/p 1/p
_ < / dP(x, Z)dn(2)> - ( / dp(x,Dx(y»dv(y))
X X
1/p
= <[( 2pdp(x,y)dv(y)> = 2dwp(u, V).

So we get that dwp (u,v) = %dwp (u, m).
By the triangle inequality, we have dwp (u,m) < dwp (u,v) + dwp (v,7), giving the bound
%dwp (u,m) < dwp (v,m). On the other hand, since D, is a transport map from v to 7,

1/p 1/p 1
dy, (v,1) < ( /X dp(y,Dx(y))dV(y)> = < /X d"(x,y)dV(y)> = dy (u,v) = zdwp(#,n)

showing that %dwp (u,m) = de (v,n). This proves that (2.1) holds, and thus (1) = (2).

We now show that (2) = (1). Assume for contradiction that the measure u is not a Dirac mass,
and thus has two distinct points in its support, x; and x,. Consider the geodesic y between x; and
X, (with y(0) = x;), sety = y(%d(xl, X,)) and let v = &, be the Dirac mass located at y. By the
assumption, there exists a measure 7 (= 7, as the measure depends on the choice of y) such that
(2.1) holds. Then

1/p
dyy, (1.1) < //X G z))

1/p
< // (d(x.y) + d(y. 2))Pd(u X n)Cx, z))
1/p 1/p
< // dP e, y)d(u X 7)(x, z)) n < // dP(y, 2)d(u X ), z))
XxX XxX

1/p

1/p
[areyiun) "+ ([ aronane )
X
= dwp(M, v) +dyy (v,7), (2.2)
where in the third inequality, we used the Minkowski inequality.

At this point, we split the proof into two cases depending on the value of p, and start the proof
for p > 1.
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Since (4, v,7) are W, — aligned, the inequalities in (2.2) are saturated. As p > 1, the Minkowski
inequality becomes an equality only when there is a constant A such that

d(x,y) = Ad(y, z) for (u X n)-a.e.(x, z). (2.3)

Then, by the definition of the support of a measure, for all € > 0, the balls B(x;, €) and B(x,, €)
have positive u-measure. Thus we can find z’ € supp(n), x{ € B(x,¢)and xé € B(x,, ¢) such that
d(x;,y) = Ad(y,z') and d(xé, y) = Ad(y, z’). By our choice of y, if ¢ is small enough we can guar-
antee that d(x),y) > d(x!,y) > 0. But then d(x],y) = 1d(y,z") = d(x/, y), which is the desired
contradiction. Therefore u is indeed a Dirac mass, finishing the proof when p > 1.

When p = 1, the saturation of the inequalities in (2.2) implies

d(x,z) =d(x,y) + d(y, z) for (u X n)-a.e.(x, z). 2.4)
For ¢ > 0, we can find x{ € B(xy,¢), x; € B(x,,¢), and z € supp(n) such that
d(x],z) = d(x],y) + d(y,2) (2.5)

holds fori =1, 2.

Consider L, (resp. L,) the unique geodesic between x; (resp. x;) and z. Then y € L, (resp.
y € L,). Indeed, consider the curve L, obtained by concatenating the geodesics from x; toy and
from y to z. We show that L, is a geodesic. Let ¢, be defined by the equation L,(¢,) = y. Then for
s,t < tyors,t > t,, the equation d(L(s), L,(t)) = |s — t| holds by construction. If s < t, < t, then

d(L;(s), L; (1)) < d(L1(s),y) + d(y, Ly (1)) = (tg — 8) + (¢ — ty) = (¢ — 3).
Note that, since t > t,, L, is a geodesic between L, (¢) and z, and thus
d(Ly(t), 2) = |(t — to) = d(y,2)| = |(t = d(x,y)) — d(y, 2)| = d(x},2) — t;

similarly, since s < t,, we have d(0, L,(s)) = (s — 0) = s. Thus, by the triangle inequality we have
that

d(x}, 2) < d(L1(0), Ly(5)) + d(Ly(5), Ly (1) + d(L1 (1), 2) < s + (t = 5) + (d(x], 2) — 1) = d(x], 2),

which directly implies d(L;(s), L,(¢)) = (s — t), and L, is a geodesic. In particular, if y ¢ L,, then
L, and L, are two distinct geodesics between x; and z, contradicting the assumption of the unique-
ness of geodesics in (X,d). Thus y € L, (and y € L,). Assume that y # z. Then, since L, = L,
between z and y, we have by the nonbranching condition that L, = L,. In particular z, y, x;, and
x}, are on the same geodesic; if € is small enough, then y lies between x/ and x}. As by equation (2.5)
y also lies between x| and z, respectively, between x} and z, we necessarily get that y = z, giving
the contradiction. In particular this implies that v = 7, and (i, v, ) is not W, -aligned, finishing

the proof. O

Remark 2.2. For p > 1, the proof uses the ideas of Lemmata 2.1 and 2.2 of [5], where Bertrand and
Kloeckner considered the case p = 2. We can recover their original assumption (where the Polish
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RIGIDITY OVER R" WITH SMOOTH NORMS | 7 of 40

space (Y, dy) is only locally compact and geodesically complete) using a selection argument and
Arzela-Ascoli, we refer to the proof of Proposition 2.1 of [5] for more details.

Remark 2.3. In contrast, the conditions of unique geodesics and of nonbranching are neces-
sary in the case p = 1. Indeed, in Proposition 7 of [3], Balogh et al. showed that, for the plane
equipped with the maximum norm (which is a branching space), the second condition of Propo-
sition 2.1 is equivalent to the measure u being supported on an extremal line, instead of a single
point.

As the above proposition offers a metric characterization of Dirac masses, we have the following
important corollary.

Corollary 2.4. Let p > 1, and consider a metric space (X, d) with the same assumptions as in
Proposition 2.1. Consider @ : WP(X ,d) — WP(X ,d) an isometry. Then there exists an isometry
Y (X,d) - (X,d) such that ((Dozp;)(éx) =06, forallx € X.

Proof. For x € X, set u = §,, the Dirac mass supported on x. We first show that ®(u) is also a
Dirac mass. For this, consider a measure v’ € WP(X ,d), V' # ®(u). Then, since u is a Dirac mass,
there exists a measure 7 € W,(X, d) with 7 different from w and ®~'(+') such that (¢, ®~'(+'), 7)
is Wp-aligned. Since distances are preserved under isometry, we have that (®(u), v, ®(n)) is also
W)-aligned. Since this is true for any v’ # ®(w), by Proposition 2.1, ®(u) is a Dirac mass, that is,
there exists y € X such that ®(6,) = 6,

To finish the proof, we define the map 3 : X — X by the relation 6, ,) = ®(5,). Since ® is an
isometry opr(X, d), it is easy to see that ¢ is an isometry of (X, d), and that d)ozp;l 6,)=6,. O

3 | UPGRADING RIGIDITY

As mentioned in the introduction, it is shown in [10] that, for p # 2, the Wasserstein space
Wy(R, | - |) is rigid. As a consequence, if an isometry ® of W,(R", dy) globally preserves mea-
sures that are supported on a line, then it acts as a trivial isometry on those measures. One of
the main points of our proof will be to show that such a line exists; this will be the result of the
next section.

In this section, we show how we can utilize rigidity on a proper linear subspace to prove rigidity
on the entire space. In particular, we show that, if an isometry @ fixes both measures supported
on such a subspace and measures supported on an appropriately chosen “complementary” linear
subspace, then @ is the identity on the whole Wasserstein space.

We recall that a linear subspace is a space L C R” such that, if v;,v, € L and 4;,4, € R, then
A0 + 4,0, € L. If L is a linear subspace and v, € R" is a vector, then the space v, + L is called
an affine subspace.

Consider a proper linear subspace L C R". We say that a norm N projects uniquely onto the
linear subspace L if, for any x € R", there exists a unique X € L such that dy(x, %) < dy(x,Y)
for all y € L. Then we denote by P;(x) = % the projection map of x € R" onto L. Since for any
vy € R", we have dy(x,y — vy) = dy(x + vy, y), it is clear that if N projects uniquely onto a linear
subspace L, then it also projects uniquely onto the affine subspace v, + L, and we define P, 1 (x)
analogously to the linear subspace case.
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80f 40 | BALOGH ET AL.

In this section, we will assume that the norm N projects uniquely onto the proper subspace
L. Tt is easy to see that, if the norm is strictly convex as in Theorems 1.1 and 1.2, this assumption
always holds. Indeed, consider x € R" and L a proper subspace such that there exist £,,%, € L
minimizing the distance dp(x,y) over all y € L. Without loss of generality, we can assume
dy(x, %) = dy(x, %,) = 1. If the norm N is strictly convex we have that N(%(fc1 +%)-x)<1
if X, # %,. But since L is a proper linear subspace, we have X; := %(fcl + %,) € Land dy(%3,x) <
1, contradicting the minimality assumption of %; and %,. Thus, X; = X, and the projection is
unique.

The main result of this section will be the following proposition.

Proposition 3.1. For p > 1, assume that there exists a linear subspace L C R" such that N projects
uniquely onto L andlet® : W ,(R",dy) — W ,(R", dy) be an isometry such that (u) = u for every
measure u supported on any translate of L. Assume also that for the linear subspace H C PL_I(O) given
by Lemma 3.8, N projects uniquely onto H and, for any v € W,(H, dy ), we have ®(v) = v. Then
D(u) = p forall p € Wy(R", dy).

Thus, it will be enough in the next section to prove that there exists a linear subspace L and
an associated subspace H such that we have rigidity for measures supported on these subspaces;
Proposition 3.1 then gives the rigidity of the whole Wasserstein space.

Notice that this result holds for all 1 < p < o0, including the special case p = 2.

We present a few properties of the projection operators. The following lemma is due to Fletcher
and Moors [9]:

Lemma 3.2. If L is a linear subspace of (R",dy), then for any x € R", k € L and 1 € R, we
have

P (Ax + k) = AP, (x) + k.

In particular, this lemma implies that the set S = Pgl(O) of points that project onto 0 is homo-
geneous: if x € S, then the entire line supporting the segment between 0 and x is contained in S.
Also, for any k € L, the preimage of k, S} = PL‘l(k) is simply the preimage of O translated by the
vector k, thatis, S, =S + k.

If we know the projection of a vector onto a subspace, we can say the following about its
projection onto the translation of the subspace:

Lemma 3.3. If L is a linear subspace and v,,,v; € R", L' = v, + L, we have

Py (x)=Py(x+v;)— vy
forany x € R".
Proof. Set ® = P;/(x). Then, for any y € L', dy(x,y) = dy(x — v;,y — v;), and the unique mini-
mum of the right expression overally — v; € L’ — v; isattained aty = X. Thus we have Pri_y, (x -
V) =% —v; =Pp(x)—v;. O

We can now rewrite Lemma 3.2 in the case of an affine subspace.
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RIGIDITY OVER R" WITH SMOOTH NORMS | 9 of 40

Lemma 3.4. If L is a linear subspace of (R",dy) and v, € R", then for any x € R", 1 € R and
kel ifPL+U0(x) = X, we have

PL+U0()%+/1(x—fc)+k) =X +k.
Proof. Since X € L + v, we have that vy + L — X = L, and using Lemmata 3.2 and 3.3 we get
Pri,+Ax=X)+k) =P, Ax—-%)+k)+ %
=AP(x =)+ X +k=APr ;) -+ X+k=%+k. m

Thus, like in the linear case, the preimage of a point S, = Pz,l (k) is a collection of lines passing
through k, and is a translation of the preimage of v, PZ,l(vo).

We write the set of measures supported on the affine subspace L’ as WP(L’ ,dy 7). The next
lemma shows that the push-forward of the projection operator onto L’ defines a projection
operator from W,(R",dy) to W,(L',dy /).

Lemma 3.5. Consider the affine subspace L' C R" and let u € W,(R",dy). Then fr = Py is the
unique measure in Wy(L', dy ;/) such that

dy, (1, 1) < dy (w,v)
forallv € W,(L',dy 1)

Proof. We recall that a set I' C R” x R" is called c-cyclically monotone for a cost function c :

R" X R" — R if for any set of points (x;, yi)f‘il c I'with M > 1, we have

M M
Z c(xp Yiv1) > Z c(x;, y1)»
i=1 i=1

where we define x,,,; = x;. We first look at the set
S ={(x,P(x)): x eR"}
and show that it is c-cyclically monotone with respect to the cost c(x,y) = di,(x, ).

To do that, take a set of points (xi,PL,(xl-))]i‘i , € S. Then, by the property of the projection
operator, we have that

df,(xi,Py(xi)) < dll\)](xi’PL’(le))

for any 1 < i < M (where we set x,;,; = x;). By summing over i, we get that

M M
D ARG, Py () < Y dh (e, Pry(xig))s
i=1 =1
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showing that S is c-cyclically monotone. Applying [8, Corollary 2.6.8] shows that P;, is an optimal
transport map between u and Py, u = ft, and therefore we have that

& o) = [ df Py GOMuG),
p R"?

Now, consider a measure v € W, (L', dy 1,) and 7 an optimal coupling between y and v. Since by
the definition of the projection operator, we have that

dN(x’PL’(x)) < dN(x’y)

for any y € L', we get that

@ = [ dheodnee > [ dery et = df, Gep). G
P REXR"? R P

ann

and we have the inequality from the lemma.

To show the uniqueness of j, we notice that the inequality (3.1) becomes an equality only if
df](x, y) = df](x, P;/(x)) for m-almost every pair (x,y) € R" x L'. Since the projection onto L' is
unique, this implies that y = P;,(x) for 7-almost any pair (x,y) € R" X L’; thus 7 = (Id X P}/ )4 u,
and v = P/ ,u = f1, showing the uniqueness of . O

The next lemma shows that, if a Wasserstein isometry ® leaves all measures supported on an
affine subspace H’ invariant, then the projection operator Py, and the isometry ® commute.

Lemma 3.6. For p > 1, L a linear subspace, vy € R" and L' = v, + L, let
P : WP(R”,dN) - WP(IR”,dN)
be an isometry such that ®(v) = v forallv € WP(L’, dy 7). Then we have the relation
D(Ppryp) = Ppry®(p)
forallu e WP(R”, dy)-
Proof. Let u € W,(R",dy), and set & = P/, u. By the assumptions, we have
B(R) = 1 € WL/, dy ).

Then dwp(u,,a) = dwp(d)(,u), o)) = dwp(d)(y),,a). Using Lemma 3.5, we have that for v €
Wp(L,a dN,L’)7

dyy (@(0),¥) = dyy, (1,071 () = dyy, (1,9) > oy (1, ) = dyy, (D), B(R)).
Thus ®(ft) minimizes the expression dWP(CD(,u), V) among measures VEWP(L’ dy ). By

Lemma 3.5, it is the unique minimizer, and we have that ®(&) = P;,,®(u), proving the
lemma. O
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RIGIDITY OVER R" WITH SMOOTH NORMS 11 of 40

FIGURE 1 In blue the subspace L, in red the surface S = PL‘l({O}). Created using Desmos.

This lemma has a very useful consequence. Indeed, consider a linear subspace L such that
®(u) = pu for any measure u supported on L. Then we have

P (P(w) = ®(PLuu) = Py

Thus, since 4 and ®(u) have the same projection onto L, we have that ®(u) is supported on the set
PL‘I({O}) + supp(u). In Proposition 3.1, the main result of this section, we want to use this property
to conclude that, if the isometry @ acts as the identity on measures supported on L and on le({O}),
then @ has to be the identity on the whole Wasserstein space over R". This approach works very
well if the set PL‘l({O}) is a linear subspace; this happens for example if the norm N is an /;-norm,
and we choose L = {t¢;|t € R}, if ¢; is a canonical base vector. It is then easy to see that le({O}) is
the hyperplane H; defined by x; = 0. Unfortunately, as the following example shows, the preimage
of the projection operator is not always a linear subspace.

Example 3.7. We consider the [, norm on R3 given by N,(x, y,z) = /x* + y* + z#,and the linear
subspace L = {(t,t,t)|t € R}. Then S := PL‘l({O}) is not a linear subspace (Figure 1).

Indeed, we have that
y,z)eSext+y'+2<x—-*+@-t)*+(@z—-t)forallt e R.

This is equivalent to saying that the global minimum of the convex function f(t) := N*(x —
t,y —t,z —t)is attained at t = 0; which is exactly equivalent to the equality

X +y +2z3 =0, (3.2)
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and S is the set of points in R3 satisfying (3.2).

This surface is obviously not a linear subspace; for example, while both P, = (1,—-1,0) and
P, =(0,-1,1)arein S, P, + P, isnotin S.

If PL_I({O}) is not a linear subspace, the idea of Proposition 3.1 does not work anymore, since
we need the intersection between PL‘l({O}) and L to be a single point to show the finite support of
®(w). Further, the proof of Theorem 1.1 (which will be presented at the end of Section 4) uses an
induction argument on the dimension n. If PL‘l({O}) is not a linear subspace, we cannot use the
induction assumption to assume that ® acts as the identity on PZI({O}).

To counter this problem, we show in the next lemma that the geometry of the preimage of
the projection operator restricts the possible support points of the image of a measure under
an isometry. Indeed, we show that while PZl({O}) might not be a linear subspace, there exists
a linear subspace H C le({O}) (which might be trivial, H = {0}) such that for any measure u €
W,(R", dy) and any isometry @ of the Wasserstein space fixing pointwise all measures supported
on a translate of L, the image ®(u) will be supported on the set H + supp(u).

Lemma 3.8. Consider a normed space (R",dy) and a linear subspace L such that N projects
uniquely onto L. Then there exists a linear subspace H such that P; (H) = {0} and that has the fol-
lowing additional property: if ® is an isometry of the Wasserstein space such that for all v, € R",
measures v supported on L + v, are fixed, that is, ®(v) = v, then supp(®(u)) C H + supp(u) for all
u € Wy(R™,dy).

In later applications of this lemma, we will always work in cases where the set H + supp(u) is
closed and hence the closure may be omitted.

Proof. Before we start the general proof, we look at the two-dimensional case. Indeed, for n = 2,
the possible linear subspaces are {0}, R? and lines passing through 0. In the first two cases, we
set H = R? or H = {0}, and the lemma is trivially true. If the linear subspace L is a line, then by
Lemma 3.2 the set PL_l(O) is also a line passing through 0. Setting H : = PL_l(O), we immediately
have that H is a linear subspace and that P; (H) = {0}. The condition supp(®(u)) C H + supp(w) is
a simple application of Lemma 3.6. Thus, we will now assume that n > 3. Furthermore, if L = {0}
or L = R", then once again the lemma trivially holds, and we thus assume that 0 < dim(L) < n.

We also assume in this proof that any isometry @ of the Wasserstein space W,(R", dy) that we
consider fixes measures supported on a translated subspace L, that is, ® fulfills the assumption of
the lemma.

We consider the set

M M
G= {Zakaxk IM>1,) ap=1x €R foralll <k <M
k=1 k=1

and if k # k', then Py, (x;) # Pp, (xp) foralli < M} .

We first show the following claim.

Claim 1. The set G is dense in Wp([R{”, dy)-
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RIGIDITY OVER R" WITH SMOOTH NORMS | 13 of 40

It is well known (see the proof of Proposition 7.1.5 in [2]) that the set of finitely supported mea-
sures is dense in W,(R", dy). Thus we only need to show that G is dense with respect to finitely
supported measures.

Consider a measure y = Zfi 1 40, and sete > 0. Let m be the minimum of all strictly positive
distances between the projections of the support points of i onto L + x;,

m = min {dy (P, (50, Pra Gy (P (50, Pra, (x})) > O (33)

If the set over which we take the minimum is empty, we simply set m = 1. Since the set of points
Pp () is finite, we have that m > 0.

Let v € L be a unit vector. We now slightly perturb the measure u to ensure that it is in G. For
this consider the factor m’ = min{m/2,¢/2}. Then construct the measure

M
-
W= Z akaxk+2—km’v'
k=1

Now consider any i,k < M and k¥’ < M, k # k’. Then we have that

) —k ! ) ’ k' 1
AN Py s2-imro(Xg +27°M0), Py o-iy (X + 275 m'0))
= dy(Ppyy, (X + 2_km’v),PL+xi (x, + 27K m'v))
= dy(Ppyy, () + 27mv, Py (x)) + 27K m'v)

’ -k’ —kN,,, !
- N(PLHi(xk) — Pl () - —27F)m u)

! k! —kNy.q!

2 |N<PL+xi(xk) _PL+xl-(xk)> - (2 -2 )m | >0

where we have used that L + Av = L and Lemma 3.4 to give the equality steps. The final strict
inequality is obtained by considering the two different scenarios. If P . (x;) = Py, (x]’{), then
since k # k’, it is immediate to see that the inequality holds. When P; +x; (xy) # Pr. +x; (xl’c))), then
by the definition of m’ we have that d(P; +x; (1), Py, (x]’c)) > m’, and the strict inequality still
holds. In particular, we thus have that 4’ € G.

It now remains to show that ' is an approximation of u. To see this, consider the transport
plan 7 between u and ¢’ which sends every support point to its translated support point, that is

M
T= akaxk,xk+2*km’v'
k=1
Then we have that
M M M
—k —k —k
dy, (1) < kZ adP(xy, X + 275 m'v) = kZ a, 27 m')P < (m')P kz 27 < m'p.
=1 =1 =1

Since we have m’ < ¢, this shows that dwp(,u, 1) < e, and thus u' approximates y, proving
the claim.
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Now take u = Zﬁil a8, € G. By Lemma 3.6, for any v € R",

Prips() = (P (1)) = Pryyu(P().

We can then write

M

Priou (@) = Ppyu(p) = Z a8p, , (xp) (3.4)
k=1

Thus, for every v € R” and every point y € supp(®(u)), there exists k < M such that P;, (y) =
PL+U(xk)‘

Before we continue, we give a brief overview of the steps of the proof. As a first step, we will, for
every i < M, look at the space S; = P;x_(xl-), that is, the set of points such that their projection
onto the affine subspace L + x; is exactlylxi. Then, for any point y € supp(®(u)) such thaty € S;,
we show that locally, S; looks the same around x; as it does around y. This means that, for any v €
R” small enough, x; + v € S; if and only if y + v € S;. This is exactly the statement of Equation
(3.5).

Since the set S; is homogeneous with center x;, we can extend this local behavior into a global
statement. Thus, as our second step, we show Equation (3.7), which tells us that (unless y = x;) the
projection set S; does not only contain lines but also planes spanned by y — x; and by any v € S;.
This result in particular restricts the possible support points of ®(u), since support points can only
exist if the set S; (which, up to translation, is equal to the set PZI (0), and thus only depends on the
metric and on the linear subspace L) contains these planes; in particular, if S; does not contain
any planes, then necessarily y = x;.

In the third step, we show that any y € supp(®(u)) can only be associated with one support
point of u, that is, there exists for any y a unique i < M such that P; _ () = P;,,(x;), which is
independent of v.

To finish the proof we construct H as the span of all possible vectors y — x; such that for some
measure 4 € G and some isometry ®, x; € supp(u) and y € supp(®(u)), with y € S;. By the prop-
erties found in the first three steps, the linear subspace H will have the required properties of
the lemma. In particular, if PL_l(O) does not contain any planes, then for all y € supp(®(u)) there
exists x; € supp(u) such that y = x;, and thus H = {0} is trivial.

We now continue the proof with the following claim.

Claim 2. For i < M fixed, take the affine subspace L’ = L + x;. Then for any y € supp(®(u)) such
that P;,(y) = x; and v € R" is small enough,

Py(y +v) =Py, (y) o Pr(x; +0) = Pr(x;) = x;. (3.5)

Note that we trivially have P;/(x;) = x; and by the assumptions on G that P, (x;) # x; for all
J<M,j#i

For y = x;, this result is trivial. If y # X;, this result follows by the continuity of the projection
operator (Corollary 2.20 of [9]), Equation (3.4) and the previous lemmata.

Indeed, for any ¢ > 0, there exists §, > 0 such that, if N(v) < §,, then

N(Pp(y +v)—Pp(y)) <e/4.
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By Lemma 3.3, we have for every v such that N(v) < § := min(§,,/4) that
NPy _,(y) —Pr(y) <e/2.
Choosing € such that dy (P (x;), P/ (x;)) > ¢ for any j # i, we can use Lemma 3.3 to show
NPy _,(y) = Ppr_(x)] 2 N[Pp_,(x;) = Py, (x;)] = N[Ppy_,(¥) = Ppr_(x)]
ZN[PLI(xi) _PL/(XJ)] —N[PLI(.xl' + U) _PL’(xi)] _N[PLI(XJ' + U) - PL/(x])]
>e—¢fd—e/d—¢c/d—e/4=0.

Thus P;/_,(y) # PL/_U(xj) when j # i. But Equation (3.4) tells us that P;,_,(y) = PL,_U(xj) for
some j < M. Thus we have that, for any v small enough, if y € supp(®(w)) and if P;,(y) = P;/(x;),
then P;,_,(y) = P;/_,(x;). As a consequence of this, assume that v is small enough and that
P;,(x; + v) = Pp/(x;). Then we have

Py(y+v)=Py_,()+v=Pp_,(x;)+0v=Pp(x;) = Pp(y).
The reverse is also true. Indeed, if P;,(y + v) = P;,(y), then

Pp(x;+v) =Pp_,(x;) —v="Py_,(y) —v="Py) =Pr(x),
showing Equation (3.5).

Claim 3. For y € supp(®(u)) such that P;,(y) = x; and for any v € R" \ {0} such that P;,(x; +
v) = x;, we have that P;,(x; 4+ z) = x; holds for any z in the set generated by (y — x;) and v.

Note that the set generated by (y — x;) and v is a plane, unless y = x; or v is colinear to x; — y.

We first notice that, if P;,(x; + v) = x;, then by Lemma 3.4 we get P;,(x; + 'v) = x; forany A’ €
R; thus we can assume w.l.0.g. that v is small enough. Then we have by Equation (3.5) that P;,(y +
v) = x;. Again by Lemma 3.4, P;,(y + Av) = x; still holds for any |4| < 1. A final application of
Lemma 3.4 then gives that

P (x; +aly — x; + v)) = x; (3.6)
for any a € R.

Thus, if z = 4;(y — x;) + 1,0 # 0 and §; = min{
Lemma 3.4 and Equation (3.5),

) 1

) .
NG m}, set z' = §,z. Notice that by

Py(xi+z)=x;©Pu(x;+Z)=x, Py +2)=x.
Since

y+z =y + 86,4 —x)+Av) =x+ 1+ 81)Y —x) + 8,4,v,
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we can write y + z/ = x; + a(y — x;) + Aav (where the definition of §; guarantees that |1| < 1).
Using Equation (3.6), this shows that P;,(y + z’) = x; and

P(x; + z) = x;, (3.7)

proving the claim.
From this, we will be able to easily deduce the following claim.

Claim 4. If for y € supp(®(u)) we have Pryy, (y) = x; and PL+xj (¥) = x;, theni = j. Thus we can
write the support of ®(u) as a disjoint union

supp(®(w)) = L, Y,

withy € Y, if Py (¥) = x; for some (and hence for any) i < M.
Indeed, if P, . (y) = x;, since for xi] '=Priy (), Ppyy, (xi]) = Xx;, using Claim 3,

Pryy(xi+y— x,-]) =Ppy i+ (v —x) - (xf = X)) = X;.
But then

Proo0) =Py = O =x0) + Gl =) = P (x4 y =) (] =) = o,

where we used that x; — xij € L. This shows that, for all j < M, if P, (¥) = x;, then PLHJ, )=
P, Tx; () #x j unless i = j. Thus, if we set Y, = PL‘ix_(xi) N supp(®(u)), then for any i # j, the
intersection Y, N ij will be empty. From Equation (3.4) we also have that <1>(/1)(Yxi) = u(x;).
Since

M M
1= ) ux) = ), oY),
i=1 i=1
we have that uf‘i Yy, = supp(®(u)). Thus, for all y € supp(®(u)), there exists i < M with
PL+xi(y) = Xj-

We are now ready to finish the argument. Since P; +x; (z2) = x; © P;(z — x;) = 0, for any isom-
etry of the Wasserstein space ® and any measure u € G, if y € supp(®(w)), then there exists
x; € supp(u) such thaty € Y, and

Pr(y—x;)=0. (3.8)
Then, for any v € R" such that P; (v) = 0, we have by Equation (3.7) that for any 1,,1, € R,
P (A, (y = x;) + 4,v) = 0. (3.9)

We consider the set
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V={veR"3P e Isom(Wp([R”, dy)) which preserves measures supported on L + v,

Yu, € R", Ju € G, y € supp(®(w)), Ix; € supp(u) such thaty € Yy, v=y-— X}

In words, V is the set of vectors v such that there exists an isometry ® of the Wasserstein space
(which fixes measures supported on translated subspaces of L) and a measure u € G such that,
for some y in the support of ®(u), if P; +x; (¥) = x; for some x; € supp(u), thenv =y — x;.

We now consider the set H = span(V). Itis clear that H is a linear subspace. To see that P; (H) =
0, we first notice thatifv € V, there exists an isometry ®, u € G, x; € supp(u) and y € supp(®(u))
such that y € Y, v =y —x; and (3.8) implies that P (v) = 0. Then, for v,,v, € V, setting z =
A1v;1 + 4,0,, Equation (3.9) implies that P (z) = 0. Given a basis of H composed of v, , ..., v, ,an
induction argument shows that for all z € H we have P;(z) = 0.

Using the same method, we have that, for any h € H,

P (h+x;) =P (h+ (x; — Pr(x;)) + Pr(x;)) = P.(h + (x; — Pr(x;))) + Pr.(x;) = P (x;) (3.10)

where we used Lemma 3.2 and that P; (x; — P;(x;)) = Pr(x;) — P (x;) = 0.

Thus we have a linear subspace H such that P; (H) = {0} and, for any isometry ® and u € G, if
y € supp(®(u)), then there exists x; € supp(u) such thaty — x; € H.

To finish the proof, we show that a density argument proves the lemma for general u.

Claim 5. If u € W,(R", dy) is supported on supp u, then ®(u) is supported on H + supp u.
We have already proved that if v € G, then
supp(®(v)) C H + supp(v). (3.11)
The goal is to extend this conclusion by density and prove that

supp(®(u)) C H + supp(u) (3.12)

for a general u € W,(R", dy ), where the closure is taken in the topology induced by dy.
Let u € W,(R",dy). As Gis dense in W,(R", dy ), we can choose a sequence (i;) ey C G such
that
dwp(ﬂj,/l) — 0.

Moreover, the proof of the density of Gin W,(R", dy) shows that we can choose the approximation
so that

supp u; C (supp )., (3.13)
for a sequence ¢; — 0 of positive numbers, where
(supp,u)zj i={x €R" : dy(x,suppu) <¢;}.

Since @ is an isometry, we have

dy, (P(k;), ®(w)) = dy () u) — O.
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In particular,
D(uj) = d(u)

weakly. By (3.11) we have

supp ®(u;) C H + supp u;, (3.14)
and (3.13) and (3.14) imply that
supp ®(u;) C H + (supp /,L)Ej C (H + supp ,u)gj. (3.15)
To show (3.12), let
y & H + supp /.

Then there exists r > 0 such that
B(y,r)n(H +suppu) =@
where B(y,7) = {x € R : dy(x,y) < r}. Consequently, for all j such that ¢ j<r /2 we have

B(y,r/2)n(H + supp )., =0
Hence, for all sufficiently large j’s, by (3.15) one gets
@(u;)(B(y,r/2)) =0.
Choose a continuous and bounded nonnegative function f : R"” — [0, 1] such that
supp(f) € B(y,r/2) and f=1onB(,r/4).
Then, for all sufficiently large j,
[ sdow)=o
Ri’l
Passing to the weak limit gives
fdo(u) =0.
RV[
Since f =1 on B(y,r/4), and f > 0, it follows that

D(u)(B(y,r/4) = 0.

Thus y & supp ®(w), as desired. ]
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To see an application of this lemma, we can look again at Example 3.7 and try to explic-
itly determine H. Consider an isometry @, a measure u € W,(R", d,), x; € supp(u) and a point
¥ € supp(®(u)) such that P; (y — x;) = 0. Then, for any v such that P; (v) = 0, if we consider the
linear subspace K = span((y — x;),v), by Equation (3.9) we have P;(K) = 0, and the preimage
PL‘l({O}) must contain the linear subspace K. If x; # y, we can choose v such that x; — y and v are
not collinear, and K is a plane. Since in the case presented in Example 3.7 the preimage PL_I({O})
does not contain any plane, this means that y = x;; in other words, we have V = {0} = H, and
Lemma 3.8 implies that if an isometry ® of the Wasserstein space acts as the identity on measures
supported on L + v, then for any measure u, supp(®(u)) C supp(u) holds, that is, the support of
®(w) is contained in the support of u (and it is easy to see that actually u and ®(u) have the same
support).

We are now ready to prove Proposition 3.1, in which we show that rigidity on certain subspaces
of R" is enough to prove rigidity on the whole space. This Proposition generalizes Proposition 2.1
from [3], which showed the result in two dimensions for the special case of the maximum norm.
The main difference in our proof comes from the much more general nature of the preimage of
a projection operator, which in 2 dimensions is simply a line. We recommend that readers who
want to understand this proof in detail read first the Proposition 2.1 from [3], which presents the
ideas of the proof in a simpler setting.

Proof of Proposition 3.1. We start with the case H = {0}. We build the subset F,, C WP(IR{", dy) as
follows:

M M
r0={2ak5xk tM>1,) a=1x €R foralll1 <k <M
k=1 k=1

and ifk # k/, then a; # ay and P;(x;) # PL(xk/)}.

It is well known (see, e.g., [17, Theorem 6.18]) that finite convex combinations of Dirac masses
form a dense subset of WP(R”, dy)-

Thus any measure of the Wasserstein space can be approximated by a finitely supported mea-
sure u. Then, a simple perturbation can ensure all weights a, are different. Indeed, for a very
small vector v, the measure

M
W= (@ —a)d,, +ad, .,
k=1

can be chosen to be arbitrarily close to the original measure u by choosing «; small enough. Since
M is finite, we can choose the variables a;, small so that all the weights of i are different. Finally, a
second perturbation argument similar to the one of Claim 1 shows that u’ can be approximated by
measures with all different weights and distinct projections of the supporting points; in particular
the set F, is dense.

Consider u € Fy, 4 = Z,ﬁi 1 a0y, - Since we consider the case H = {0}, Lemma 3.8 says that

supp(u) = supp(®(u)), and we can write ®(u) = 224:1 biéy, -
We now use Lemma 3.6 to show that

M M
Z bk5pL(xk) = Pru(®(w) = Pry(p) = z akaPL(xk)'
k=1 k=1
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Since, by the condition on ¥y, 8p, (r,) # Op, (x,,) When k # k', this implies that b, = a; for any
1 < k € M, and thus ®(u) = u. Since F, is dense in WP(R", dy), this shows the proposition when
H ={0}.

When H is nontrivial, we want to use the same idea. However, we need to show that even in
this case we have supp(u) = supp(®(u)); this will be the main part of the rest of the proof.

We start by building the subset 7 C W,(R", dy) as follows:

M M
T’={ Zakéxk :M;l,Zak=1,xkeR”foralllskgM
k=1 k=1

and if k # k/, then a; # ay and P (x;) # P (xpr), Py(xy) # PH(xk,)}.

We will show that 7 has three properties: it is a dense set with respect to W,(R",dy), the
projection maps P,; and Py restricted to 7 are injective, and F is globally invariant under the
map .

Claim 6. The set F is dense in WP(IR", dy).

The claim follows by a similar argument as for 7,,. Indeed, after a first perturbation to ensure
that all weights are different and a second perturbation to ensure that all projections onto L are
disjoint, we do a third perturbation similar to the one of Claim 1 by defining the third perturbation
parameter m; to be much smaller than the second perturbation parameter m;; then it is easy to
see that after the third perturbation the measure is in 7. Since any perturbation can be made

arbitrarily small, we thus have the claim.

Claim7. The maps P; 4 and Py from F to the set of measures supported on L and H, respectively,
are injective.

We show the injectivity for the map P;,, the second case is similar. Assume that u,,u, € F
with Py upu; = Prupu,. We write

M, M,
pi=) aidaandu, = ) ald,..
k k

k=1 k=1

Using that P; 4 u; = Pruu,, we get

M, M,

1 _ 2
Z akaPL(x,lc) - 2 akaPL(xi)'
k=1 k=1

Due to the conditions of the set 7, we have that M; = M,, a, = a; and x; = x; for 1 < k < M;.
Therefore, 1; = p,, and 4 — P; 4, u (and by the same reasoning u — Py 4 t) is injective on the set
F.

Claim 8. The set F is globally invariant under the isometry ®, that is ®(F) C F.
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This result will be the main part of the proof. To prove this, we start by showing the following
claim.

Claim 9. Consider u € F. Then ®(u) is finitely supported, and can be written as in Equation
(3.18).

Take u = Zi; a8y, € F.By Lemma 3.6,

Pry(u) = @(Pp (1) = Pry(P(u)) and Ppyy(u) = @(Pr (W) = Pryp(P(w)).

‘We can then write

M

Ppa(@() = Pry(u) = D aSp, ) (3.16)
k=1

and similarly

M

Pyp(@(W) = Pyyp(i) = ) ayBp, (x,)- (3.17)
k=1

By the Lemma 3.8 and Equation (3.17), we have that ®(u) is supported on the set

M M
5= (U(H ¥ xi)> N (U P;(PH(xi»).
i=1 i=1

Since H is a linear subspace, given a pair (k, k'), the intersection (H + x;.) nPﬁl(PH(xk,)) isa
unique point, which we denote by x; ;. Indeed, if z € H + x;, then we can write z = x; + h with
h € H. On the other hand, if z € P;(PH(xk,)), we have by Lemma 3.2 that

Py(2) = Py(xy + h) = Py(x,) + h = Py(x)).

Thus x, s is uniquely given by x; i = x;c + P;(x;) — Py (xp.)-

By the definition of the set S and Equation (3.10) we have that, for any pair (k, k"), Py (x) /) =
Pr(x;) and Py (xy 1) = Py ().

Thus ®(u) is supported on the points of the form x; -, and we can write

M M
owy=y Y Biejcr B, (3.18)

k=1k"=1

Figure 2 gives an example of a measure u and an (a priori) possible image measure.”
‘We now give a brief sketch of the rest of the proof. We will assume by contradiction that, as in
Figure 2, there exist two distinct points z and z’ in the support of ®(u) that project onto P; (x;); if

T'We show in this proof that the right measure cannot actually be the image of the left measure under an isometry.
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> L > L

FIGURE 2 Anexample for a measure u € F (left) and a possible image measure ®(u) (right).

there are no such two points, a short argument then shows that ®(u) = u € F. We then slightly
perturb the measure u to create i/, by moving a small weight from x; to some point x, close to
X, . Similarly, we perturb v = ®(u) twice, by shifting a small weight from either z or z’ to a point
close to either z or z’, creating two new and distinct measures V{ and v;. These new measures are
represented in Figure 3.

The constructed measure u’ has an important property. Indeed, if we call the fingerprint R of a
measure £ its projection onto L and H, R(&) = (P 4&, Py &), then there exists no other measure
£ that a) has the same fingerprint as u’ and b) lies at the same distance from y as u’. In other
words, if

R(§) = R(u) and dyy (u. &) = dyy (u 1),

then we have that £ = u’. To get the desired contradiction, we will remark that both v{ and v;
have by their construction the same fingerprint as u’, and are both at the same distance from v as
' is from ,

dy, v, v]) = dyy (v, v)) = dyy (1, ).

Also, by Lemma 3.6, the fingerprint of a measure is preserved under isometries, that is, R(§) =
R(®(&)). Thus, the images of v{ and v; under the inverse isometry ®~! have the same finger-
print as u’, and (since ®~! is also an isometry) lie at the same distance from ®~1(v) = u as i/,
or

R@7'(V) = R(@7' () = R(@ (),

dy, (1, @71 ) = dyy, (1, DT V)) = oy (1, 1.

But then we necessarily have ®~!(v]) = ®~'(v}) = ¢/, and v/ = v/}, giving the desired contradic-
tion. Having given this brief sketch, we continue with the proof.

Assume for contradiction that ®(u) ¢ F. Then there exists k, < M and k; # k, < M such that
both by ;. and by arenonzero.Indeed, assume that forany k < M, there exists a unique kK <M
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such that by, # 0. Since from Equation (3.16) we have that

M
Z bk,k’ = Ay,
k'=1

this shows that by ;» = a;, and ®(u) is supported on M points. Again from (3.16) we can then
deduce that actually ®(u) = u € F. Thus we have that there exists k, < M such that, for some
ky # k, < M, we have that b, and by, are nonzero. Without loss of generality, we can assume
that k, = 1.

We set h to be the shortest distance between any two points x; ;, that is,

h= min dx(xp 0, Xz 2).
e N (X iers X jer)

Since the set {x, ;s |k, k" < M} is discrete and finite, we have that h > 0.

We build the point xO:x1+L(x1—PH(X1)) where hy €R is such that
dy(x1.Pg(x)

0<hy< % We then consider the points x,, defined such that Py(x,;) = Py(x,) and
Py (xox) = Pr(x;). Explicitly, these points are given by xq, = X + Py(xo) — Py(xp).
In particular, x,; = x,. Also, we notice that dy(xgs,X; ) = hg; this follows easily from
Lemma 3.2.

Consider the weight a, = %min(bl,kl, by i,)- By our assumption by , by, > 0, and we thus
have that a; > a, > 0. We build the following measures:

M
M = agdy, +(a; —ap)s,, + Z Oy,
k=2

M M
I —
n= aoaxo,k1 + (bl,’ﬁ - ao)axl,kl + Z bl’kaxl,k + Z Z bk’kl5xk,k”
k=1k#k, k=2 k'=1
M M
[
V, = aoaxo,k2 + (bl,k2 - ‘10)5x1,k2 + bl,kaxlvk + 2 Z bk,k’axk,k/'
k=1k#k, k=2 k'=1

The measure ' (resp. v; and v)) is obtained by “shifting” a small portion of the weight of u
(resp. @(u)) from x; to x, (resp. from x, ;. 1, 10 Xo /2). Thus the projections of u’ onto L and H
are

M
Pry(u) = agSp,(x) + (@1 = a0)0p, (x,) + 2 a8p, (x,)
=2

and

M

Pry(u') = Pya(p) = Z a8p,(x,)}
k=1

the measures vg, v; have the same respective projections.
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FIGURE 3 The constructions u’ (up), v, (down left), and v} (down right).

Claim 10. We have
1
dyy, (1 1) = dyy (D(),V}) = dyy (@(), v}) = af hy.

For this, consider an optimal transport plan 7, € TI(u, u'). Then, as ¢ and u’ are a combination
of Dirac masses, we have

M M
dyy, (i) > Y ok Xo)df (xi Xo) > <2 no<xk,x0>>d§(x1,xo) = aghy,
k=0 k=1

definitions of h and k) and that 7,(x,, x,) = 0 (since y is not supported on x,). On the other
hand, since ¢’ is obtained by shifting a weight a,, from x; to x,,, we have

dfvp(,u, 1) < agdy (xo,x1) = agh?.
1
Thus we have de (4, ') = a; hy. The proof of the other cases is similar.

1
Claim11. For § € W,(R", dy), ifdwp (u, &) = aPhy, R(§) = R(1), and supp(§) C U?io(H + Xx;),
then & = y'.
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To see this, consider a measure £ € W, (R", dy) such that we get Pyu(&) = Pyy(u), Pru(é) =
P;4(1') and supp(§) € Ui\i o(H + x;). By the same argument as above we can write £ as

M M
§= Z bijaxk,k’
k=0k'=1
with
M M M M
Z BOk’ = Qy, Z Blk’ =a; —Qagp, Z bkk’ = ay for 2 < k < M, bkk’ = Qyr.
k'=1 k'=1 k'=1 k=0

Similar to above, we get that, for 77, an optimal transport plan between u and &, since 7y(x;, x;) <
by, < a; — a,, we have that Zf:o Z],f,[:l 7o(Xg r» X1) — (X1, X1) > @y, and thus

M M
di’vp(#, 52D D mo(xy, xpp)dh Ger, xi ) > agdh (x1, %) = aghl.
k=0k'=1

To have equality, we need that 77,(x s, X») = Ounlessk” = 1ork = k" = k”. Since djy(x, x;) <
dn(xy > x1) unless (k, k") = (0,1), we also need that 7y(x; 4, x;) = 0 for (k, k") # (0,1) or k =
k’ = 1. Thus the support of 7, is exactly {(x;, x; )} U {(x,, x;)}. From the conditions on the weights
we can thus conclude that £ = u.

‘We are now ready to prove Claim 8 by contradiction. Indeed, we notice that, while v{ # v;,

1
dyy, (@(), ¥}) = dyy (@(0), ;) = a By,

1
Since ®~! is an isometry, we thus have that dwp (1, @1 (V) = de (1, @71 () = al h,
with ®~1(v]) # ®~(v/). By Lemma 3.6, we have that Py, (@' (V})) = Pyu(v)) = Pyyu(u') and
Ppy(@7'(v)) = Pry(v)) = Pry(u'). Lemma 3.8 shows that

M

supp(v}), supp(¥}) € | J(H + x,).
i=0

But then, by the previous remark, ®~(v)) = ¥’ = ®~1(v)), giving the contradiction. Therefore we
have that indeed ®(u) € F.

To finish the proof of the proposition, we combine the three properties of 7 to show that, if
u € Wy(R",dy), then ®(u) = u. By Lemma 3.6, we have that

PH#((D(I-‘)) = q’(PH#(#)) = PH#(,U)7

since @ is assumed to be invariant on measures supported on H. By the injectivity of the projection
map from the set 7, we have that ®(u) = u whenever u € F. By the density of F we can extend
the same result to any 4 € W,(R", dy). O
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4 | ISOMETRIC RIGIDITY USING C*-DIFFERENTIABILITY

In this section we prove Theorem 1.1, showing that the C?-smoothness and the strict convexity of
anorm are sufficient conditions for the rigidity of the Wasserstein space W,(R", dy) when p # 2.
We consider p > 1, p # 2 fixed. We will work on the normed space (R", dy ), where the norm
N : R" - R, is C2-smooth on R" \ {0}, and N is strictly convex. By Corollary 2.4, for an isometry
D : WP(R”,dN) - WP(R", dy), we can assume that ®(5,) = §, for all x € R".

Our goal is to prove that @(u) = u for any measure u € W,(R", dy) using the so-called potential

functions 7;fp ). For a measure y, we define Tﬂ(p ) as follows:
TP R =Ry xedh (8= [ NPGe- ) duo) (41)

Observe that 7;4(” (x)=T (1563)()6) for all x € R". Indeed,

P00 = dfy (1.6,) = ), (@(), ®(6,) = d}, (@), 8,) = T,0) (x).

The question is whether Tﬂ(p ) = Tv(p ) implies u = v? The answer in the general normed setting
is no. To see an instructive example, consider the plane R? equipped with the maximum norm
N (x1,x,) = max{|x; |, | x,|}. If we now take the measures

1 1
=201 +060-1)andv = 7801 +.-1) + 50) + S(-1.0):
then the potential functions are given by

1
7,V 0,35) = S(max{lxal, x| + 13+ max{lx| + 1, 15[} = 1) = 7,00, x,).

Thus, in a general normed setting, we cannot conclude from 7;(” )(x) = Tv(p )(x) that u = v. How-
ever, we will now show that, if the norm N is at least C2-smooth, then T#(p )(x) = Tv(p )(x) implies
u=n.

The proof of rigidity is split into two parts. We start by giving a direct proofin the case p € [1, 2).
The second part will look at p € (2, o0), where we show that measures supported on certain sub-
spaces “remain” on these subspaces after an isometry, and we finish with an induction argument
using the proposition of the previous section.

4.1 | Firstcase: p <2

We fix p € [1,2), and we want to prove the following equality:

TP+ h) = 2T P (x) + TP (x — h)
lim

h—0 2NP(h
o, (h)

= pu({x}).
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As a first step, we show that

lim NP(x + h) —2NP(x) + NP(x — h)

h—0 2NP(h
o (h)

If x = 0, the limit is trivially equal to 1. For x # 0, the function y - NP(y) is twice differen-
tiable at x, and Taylor’s expansion gives NP(x + h) = NP(x) + (VNP(x), +h) + O(||h||?) where
| - || denotes the Euclidean norm. From here, we see that NP(x + h) — 2NP(x) + NP(x — h) =
O(]|h||?), and thus

lim NP(x +h)—2NP(x)+ NP(x —h) _ i o(llhl1*) _

>

h=0 2N?(h) "~ h—>0 2NP(h)
h#0 h#0
because N and || - || are equivalent norms (any two norms are bi-Lipschitz equivalent over a finite-

dimensional vector space). Now integrating over R” against u we have

n(p)(x +h) = /Rn NP(x + h—y)du(y),

and thus

TP+ h) = 2T, P(x) + TP (x — b)

lim
h—0 ZNp(h)
h+#0

can be written as

lim NP(x+h—y)—2NP(x —y)+ NP(x —h —Y)

h—0 n 2NP(h
0 ®

du(y). (4.3)

‘We want to show now that the function G : R" X R" — R given by

NP(x+h)—2NP()+NP(x—h) .
G(x,h) = { 2NP(h) ith#0
is bounded. To see this, we first notice that G(1x, 1h) = G(x, h) for any 1 € R, thus we only need
to prove that G is bounded on the set E X E, with E = {y € R" such that N(y) < 1}. When x = 0,
then G(0, h) = 1 is trivially bounded. When x # 0, we can use Taylor’s expansion to write

o(llAII*)
G(x,h) = ———.
(. h) 2NP(h)
Since on E X E we have N(h) < 1, and since N and || - || are equivalent norms, G is bounded on

E X E, and thus is bounded on R" X R".
Since G is bounded, we can use the Lebesgue-dominated convergence theorem to interchange
the limit and the integral of (4.3), and thus we get
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TP+ h) =27 P(x) + TP (x — h)

1m
h=0 2NP(h)
h#0

- /R igyx =) du0y) = pllx)).

To prove rigidity, consider a finitely supported measure y. Then, since T#(p ) = qufz), we have

that, for any x; € supp(u),

TPx + h) = 2T P (x) + TP (x — h)
2N(h)

u(txi}) =lim
h#0

(p) _ 7 ® () _
. T®(M)(x + h) 2T¢(M)(x) + Tq)(m(x h)

h— 2
= NG

= D()({x;}),

and thus ®(u) = p. Since finitely supported measures are dense in W,(R",dy), we have that
®(u) = pfor any u € W,(R", dy), proving Theorem 1.1 for the case p € [1,2).

4.2 | Second case: p > 2

While we could, similarly to the method in [11], adapt the previous idea for higher p, this approach
presents two problems. First, it would require a Taylor expansion of the order of [p], while
the norms we consider are only C2-smooth. Second, this method does not work when p is an
even integer.

Instead, we show in the next proposition that, if we restrict the isometry to measures supported
on a certain subspace, the image will be measures supported on the same subspace. The rigidity
of the Wasserstein space then follows by an induction on the dimension 7, using the result of the
previous section.

Proposition4.1. Ifp > 2and N : R" — R, is a C*-smooth norm, then there exists a proper linear
subspace L C R" such that for any x, € R", if u is a measure supported on x, + L, then for any
isometry ® of the Wasserstein space W,(R", dy ) fixing Dirac masses, ®(u) will also be supported on
X + L.

To see this, we will start by proving in Proposition 4.2 the existence of an operator which, when
applied to the norm N, gives a continuous nonconstant function over R"” \ {0} which attains its
minimum at 0. In Lemma 4.4, we then use this operator to build the function T, which is positive
and vanishes at x only if u is supported on the subspace x + L, where L is any subspace of points
such that the operator of Proposition 4.2 vanishes. We finish by proving in Lemma 4.5 that, for a
certain subspace L, the previous lemma implies that if @ is an isometry preserving Dirac masses,
then every measure u supported on x + L will be sent to another measure supported on x + L,
which then implies Proposition 4.1.

Since N is a convex function, we have that the matrix (HessN?)(x) is positive semi-definite for
any x € R" \ {0}. We start by showing the following proposition.

Proposition 4.2. Forany N : R" — R, that is a C*-smooth norm, there exists v,, v, € S"! such
that
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; T
min v, (HessNP)(x)v, =0
xERM\{0} 2 Yoy

and the function x — UZT (HessNP)(x)v, is nonnegative and nonconstant on R" \ {0}.

Here S"~! is the usual unit sphere with respect to the Euclidean metric, and we consider the
unit sphere of the norm S = {x € R*|N(x) = 1}.

Proof. If there exists v, € S"! and x, GSJ’\’]‘1 such that vlT (HessNP)(x)v; =0, this
proves our claim. Indeed, using that NP(tv) = tPNP(v) when t >0, we can easily calcu-
late that vlT(Hessz)(vl)v1 = p(p — 1)NP(v;) >0 and, due to positive semi-definiteness,
that

vlT(Hessz)(x)v1 >0
forall x € S;’;l. Thus we assume that
vlT (HessN?)(x)v; >0 (4.4)

forall x € S" and all v; € "1

Then we have in particular that (—v;)"(HessN?)(x)v; < 0. If v,...,v" is a linearly inde-
pendent basis of R"” with vl = v;, consider for 2 < i < n the curves y; : [0,1] — N given by
7;(t) = A((=1 + 26)v! + (1 — |2t — 1|)v?), where 7 is the normalization operator /i(x) = ﬁ and
I - |l is the usual Euclidean norm.

We define the map H; : [0,1] X Sﬁ,‘l — R (which depends implicitly on the choice of v;) as
H,(t,x) = y,(t)T (HessNP)(x)v,,

define for any x € Si" the set A\, = {t € [0,1]|H,(t, x) = 0} and we take t! = sup(A’). Then
Hy(t,x) > 0 for any t € [0,1] with ¢ > t'. We also set t; = sup{t’ |x € Sp~'}. Since H,; is contin-
uous on a compact set, the preimage H1({0}) is closed and compact, and thus ¢; € (0,1), and
there exists x; € S}~" such that t; = ¢, . Then H;(t;, x;) = 0, and for any x € Si™", H;(t;, x) > 0.

Iffor some v, € $"~! and for some2 < i < n the function H(t;, -) is not constant on S, choos-
ing v, = y,(t;) proves the lemma. Thus we assume by contradiction that this never holds, that is,
for any v; € "~ and any 2 <i < n, H;(t;,x) = 0 forany x € S}

Since by assumption (4.4) we have HessNP(x)v, # 0, the equality H;(¢;, x) = 0 implies that, for
any x € S]’\‘]_l, HessNP(x)v; is a vector in the hyperplane orthogonal to y;(t;). As by construction
the collection {y;(¢;)}", isasetof n — 1linearly independent vectors, if HessN?(x)v, is orthogonal
to every vector in the collection, there exists w, € S"=1 (which is orthogonal to all y;(t;)) such
that HessNP?(x)v; = /1U1 (x)wv1 for some function /lul : S]’f]_1 - R.

Choosing v, = ¢; a canonical vector, we thus have that J, iN P(x) = Aei (x)(wel_ ) j; since assump-
tion (4.4) guarantees that 37N (x) > 0 for all x € Sy", (w,,); # 0 and we get

NP = el o
9;iNP(x) = w ).61.N (x). (4.5)

e;/i
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Since NP is p — homogeneous, this still holds true for any x € R" \ {0}.If9; iN P(x) = Oforalli,j <
n,i# j, then using partial integration we show that we can write NP(x) = Y., a;(x;) for some
functions g; : R = R. As J;;N? is (p — 2)-homogeneous, we see that, for example, (afal)(o) =0
and 92NP(e,) = 0 contradicting assumption (4.4).

Thus, we take i # j such that 9;;NP(x) # 0. Then

(w,); (w, );
A 52NP(x) = 8, NP(x) = ——3*NP(x). (4.6)
(wei)i (we))J J
We set ¢ = (We)y and d = (e, Using v, = fi(==e;, — —=¢;) (where 7 is the normalization
- (wei)i - (wej)j. g L= \/E L \/E J

operator), assumption (4.4) gives the condition that cd > 1.
We first assume that ¢,d > 0 (and thus J;;NP(x) > 0) and consider the vector v,(8) =
cos(8)e; — sin(d)e; for 9 € [0, 27r). Then (4.4) implies that
0052(19)61.2Np(x) — 2sin(8) cos(«9)6iij(x) + sin2(19)6j2.NP(x) > 0.
Using (4.6), we rewrite this as
(1 . . 1.5 »
- cos”(9) — 2sin(8) cos(8) + ] sin (19))6ijN (x)>0
which implies

d cos*(9) — 2cd sin(9) cos(9) + csin®(9) > 0.

This is in turn equivalent to
(\/E cos(9) — \/e sin(9))2 - 2<cd - @) sin(8) cos(8) > 0.

By choosing 9 € (0, %) such that tan(3) = \/g , the square of the previous equation vanishes, and
since sin(#), cos(¥) > 0, we get the condition

cd—\/a<0,

contradicting our assumption that cd > 1.
If ¢,d < 0, we instead define v, (8) = cos(d)e; + sin(d)e;. By the same argument we then get

d cos*(9) + 2cd sin(9) cos(9) + csin®(8) < 0
or
|d| cos*(8) — 2cd sin(8) cos(9) + |c| sin?(8) > 0,

which gives the same contradiction as in the previous case. O
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For vy, v, given by Proposition 4.2, we consider the set
A={x eR"\ {0}|va(Hessz)(x)v1 = 0},
and A, = A U {0}. We also define the function T : R" \ {0} - R as
T(x) = vZT(Hessz)(x)vl.
Then, for x # 0, we have T(x) =0 if x € A, and T(x) > 0 if x ¢ A. Since HessNP is (p — 2)-

homogeneous, with p > 2, we have that lim,_,, T(x) = 0, and we can continuously extend T to
the whole R". For a general measure 4 € W,(R",dy), we define T, : R" - R as

T,00 = /R TCx = ),

We now show that the function y — T(x — y) is integrable with respect to elements of W,
which implies that T, is well defined and we can exchange the integral and the Hessian of the
function T.

Lemma 4.3. Under the assumptions of Proposition 4.2, we have that
Tﬂ(x) = vaHess< o NP(x — y)d,u(y))v1 = leess(Tlfp)(x))vl. 4.7)
In particular, T ,(x) = Ty, (X) for any isometry ® which fixes Dirac masses.
Proof. We first prove that
/ VNP(x —y) - v;du(y) =V ( / NP(x - y)du(y)> Uy (4.8)
R" R"

holds for all x € R" and v; € R".
Let us consider the right-hand side of (4.8). Let x € R" and v; € R" be fixed, and consider the
parametric family of functions

Fp:R'" >Ry y- F,(y) := %(Np(x +hv; —y) = NP(x —y)) (4.9

where the parameter h runs over (0,1]. By Lagrange’s mean value theorem, for all h € (0,1] and
for all y € R" there is an h = hy(h,y) € [0, h] such that

1
Fp(y) = 7 (NP(x + hvy = y) = NP(x = y)) = VNP(x + hovy = ¥) - U1 (4.10)
Note that hy(h,y) € [0,1] forall 1 € (0,1] and y € R", and hence

|x + hovy — y| < x|+ |v] + [yl (4.11)
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Note also that VNP is homogeneous of order p — 1 on R", it is continuous on the compact set SI’\’]_1
as NP is C* on R" \ {0}, and hence +oo0 > C; := maxyggn-1 |VNP(6)|. Therefore, the parametric
N

family of functions F;(-) admits the integrable majorant
|[Fn(»)| = [VNP(x + hyvy —y) - 0] < |VNP(x + hovy — y)||v, ]|

< Cy|x + hovy = y[P 7 oy | < Gy (1] + Jvy | + Iyl)p_1|vl|. (4.12)

The integrability of y — (|x| + |v;| + | yl)p ~! with respect to u follows from the direct computa-
tion

(1] + [vs | + Y1) < @UxL+ [o )P + @IyDPE < U] + [ [P +2P71 (1 + [ylP)

and from the assumption u € W,(R", dy) which implies that {y — |y|P} € LY(R", u). Thus we
can apply Lebesgue’s dominated convergence theorem to conclude that

}lin(l)Fh(y) =VNP(x—y) -1, (4.13)
is integrable with respect to , the limit lim;, o /i, F;(y)du(y) exists, and

A NG y) - vyduy) = /R Jim F,()du(y) = fim /R F0)u0)

= lim <% ( /R NP+ Ry = Y)Au() - /R NP y)du(y)>>
- v( /R NG —y)d#(y)> 0. (4.14)
Let us turn back to (4.7) and note that
vaHessNP(x -y, = }ll_rg %(VNp(x + hv, —y)-v; — VNP(x —y) - v)). (4.15)

From this point on, we can use an almost verbatim copy of the previous argument to justify (4.7).
Indeed, let us consider the parametric family of functions

G, :R'" >R,y Gyy) := %(VNP(x +hv, —y)-v; — VNP(x —y) - 1)) (4.16)

where the parameter h runs over (0,1]. By Lagrange’s mean value theorem, for all h € (0,1] and
for all y € R" there is an h = hy(h,y) € [0, h] such that

G,(») = %(VNP(x +hv,—y)-v;—VNP(x—y)-v;) = vaHessz(x + hyv, — YUy, (4.17)
Note that hy(h,y) € [0,1] for all h € (0,1] and y € R", and hence

|2 + hgvy — | < Ix] + |vy] + I¥1- (4.18)
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Note also that HessNP is homogeneous of order p — 2 on R", it is continuous on the compact set
Sp~! as NP is C? on R" \ {0}, and hence +o0 > C, := MaXgegn-1 ||HessNP(6)||. Therefore, the
parametric family of functions G, (-) admits the integrable majorant

|G| = |v§Hessz(x + hyv, —y)v1’ < |v,|||[HessNP (x + hyv, — »)|||vy |

< Cy|x + hyv, —y|p_2|v1||v2| < Cy(1x] + |vy| + |y|)p_2|vl||vz|. (4.19)

The integrability of y — (|x| + |v,| + | yl)p ~? with respect to u follows from the direct computa-
tion

(Ix] + [va] + Y1) P72 < Q@UXT+ [0, + QIYDP2 < (x| + [ )P 7> +2P72(1 + |y/P)

and from the assumption y € Wp(R", dy) which implies that {y ~ |y|’} € L}(R", u). Thus we
can apply Lebesgue’s dominated convergence theorem to conclude that

}lirr(l) G,(») = vg HessN?(x — y)u; (4.20)
is integrable with respect to u, the limit lim,,_,, /[R" G, (»)du(y) exists, and
/ ol HessNP (x — y)v,du(y) = / lim G,(")du(y) = lim / G0N
RM rn h—0 h=0 fpn

= lim <l </ VNP(x + hv, — y) - vydu(y) — / VNP(x —y)- vld,u(y)>>. (4.21)
h—»o \ h RR RN

We know by (4.8) that the right-hand side of (4.21) is further equal to

lim (% (v( [ NPGeot o, - y)du(y)) -V ( RS y)du(y)> - v1>> (4.22)

which by definition is equal to

vZTHess </R" NP(x — y)d,u(y)) Uy, (4.23)

as desired. O
We now have the following lemma.

Lemmad.4. Letu € WP(IR”, dy) be a measure. If there exists a point x, € R" such thaﬂTM(xO) =0,

then i is supported on the set of points x, + A,. Furthermore, if u is a measure supported on an affine

subset X, + L C x + A, for a proper linear subset L C R", then T ,(x) = 0 for all x € x, + L.

Proof. We start by showing the first part of the statement. Assume that T,(x,) = 0, but u is
not supported on x, + A, that is, there exists x(’) € supp(u) such that x(’) & x, + Ap. By the
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definition of the support of a measure, for any ball B(e, x(’)) around x(’) with radius € > 0, we have
that u(B(e, x;)) > 0.

We choose ¢ > 0 such that x, + Ay N B(e, x)) = @ (since NP is C?-continuous, the set A, is
closed, and such an ¢ exists). Then, for any y € B(e/2, x,) =: By, we have y & x, + A, and

T(x, —y) > 0. (4.24)

Since B; is compact, (4.24) attains its minimum at a point y, € B, at which we still have T(x, —
¥o) > 0. Thus, since T(x) is a nonnegative function, we have that

T (x0) > /B T(xy — Y)Au(y) > TCx — yo)u(By) > 0.

Therefore, if there exists x, € R" with T,,(x,) = 0, then  is supported on the set x, + A,.
For the second part of the lemma, consider a measure u supported on x, + L. Then, if x,y €
X, + L, since by linearity x — y € A, we have that T(x — y) = 0 and

0= [ TG ydut) =0
Xo+

for any x € x, + L. L]

Lemma 4.5. Consider for any x, € R" a proper maximal affine subset x, + L C x, + Ay, in the
sensethat, foreveryy & L,we have thatspan({L,y}) € Ao. If u € W,(R", dy) is a measure supported
onxy+Land® : W,(R",dy) - W,(R",dy) is an isometry fixing Dirac masses, then ®(u) is also
supported on x, + L.

Proof. Consider y as a measure supported on x, + L. Then, by the previous lemma, T,,(x) = 0 for
all x € x;, + L. By the same lemma, since we have T, (x) = T, (X), we get that @(u) is supported
on the set x + A, for any x € x, + L.

Assume for contradiction that there exists x; € supp(®(u)) such that x; & x, + L. Then, for
any x € x, + L, we still have that x; —x € A,. Consider y € span(L, x; — X;), y & L and write
y =4(x; — xy) — A4, x, for 15,4, €R, 4, # 0 and x, € L. We can rewrite this as y = 1,((x; —
Xg) — (%xl)), and thus y € A,. But then x, + span({L, x; — x,}) C X, + Ay, contradicting the
maxima(iity of the subset L. O

Notice that we can always find a proper maximal subset. Indeed, by Proposition 4.2, A, is a
proper subset of R”, and thus a maximal set is also proper. Furthermore, since A is not empty,
we have L; = x, + tx; C x, + A, for any x; € A. Then, if L, is not maximal, there exists y ¢ L,
such that span({L,, y}) C x, + A, and we consider the set L = span({L,, y}). If L is not maximal,
we proceed in the same way, until we find a set L’ that is maximal.

Therefore this lemma also proves Proposition 4.1.

Proof of Theorem 1.1 if p > 2. Using Proposition 4.1, we now have that, for any strictly convex,
C?-smooth norm N, if p > 2, there exists a proper linear subspace L such that for every x, € R",
if a measure v is supported on L, := X, + L, then ®(v) is also supported on L,,. Note that for
p = 2, this is in general not true, as the example in Figure 4 and Remark 4.6 will show.
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FIGURE 4 In the Eucliden plane for p = 2, there exist shape-preserving isometries of W,(R2, d;) that send
a measure supported on a line to a measure supported on a different line.

We first look at the case n = 2. Since L is proper, L is a line and (LxO’dN,on) is isometric to
(R, | - |), thus we can use [10] to assume that for any measure v supported on Ly, ®W)=v.By
Lemma 3.2, the set P;l(O) isagain aline, and PZl(O) = H, the linear subspace given by Lemma 3.8.
By Lemma 3.6, we know that P; 4 (u) = P; ,(®(u)), which implies in particular that for every mea-
sure v supported on H, we have that P; ,v = §,, which implies that ®(v) is also supported on H,
and we can again assume that ®(v) = v when v is supported on H. Since the norm N is strictly
convex, it projects uniquely onto L and H, and we can apply Proposition 3.1. Then we have rigidity
of the Wasserstein space WP(RZ, dy) for p > 2.

We now make the induction assumption on n, that for any n < n,, the space WP(IR”, dy) is
rigid for p # 2 when N is a C? strictly convex norm, and we consider the Wasserstein space
WP(R”OH, dy)-

For L given by Proposition 4.1, since L is a proper linear subspace of R+, (on, dy. on) is iso-
metric to (R", dy, on) for some n < n, + 1. Since for any measure v supported on L,  we have that
®(v) is also supported on L, , we can use the induction assumption to assume that ®(v) = v for
any measure v supported on L, .

We take the linear subspace H C PL_l(O) given by Lemma 3.8. Then, if v is a measure supported
on H, again by Lemma 3.8 we have that supp(®(v)) C H + supp(v) = H, and as above we can
use the induction argument to assume that ®(v) = v whenever v is supported on H. Then, by
Proposition 3.1 we have rigidity of the space WP(IR”O“, dy). [l

4.3 | Specialcase:p=2,N=1,q>2

Note that in the proof of Theorem 1.1, we only use in a few places the fact that p # 2. In particular,
we used in Proposition 4.2 that J, jNP is (p — 2) — homogeneous to show that aizNP(ez) = 0 if the
mixed derivatives all vanish. In the definition of T, the (p — 2) — homogeneity again allows us to
define T'(0). Finally, in the proof of Theorem 1.1, we use that in [10], Gehér et al. showed rigidity
of the Wasserstein space over the real line when p # 2.

Remark 4.6. In general, we know that these limitations are strict, since we have for p =2
examples of nonrigid Wasserstein spaces W,(R", dy), for instance if the norm N is the standard
Euclidean norm.

For example, in the case of R?, we can take the shape-preserving isometry which rotates
measures around their center of mass with an angle of %, according to the construction given
in Proposition 6.1 of Kloeckner [12]. Then, even if this isometry preserves Dirac masses, any
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measure supported on a line will be sent to a measure supported on a different line, namely on
the line rotated by 7 /4, as seen in Figure 4. Thus we cannot even hope to find a replacement of
Proposition 4.1 for general C?-norms.

Nevertheless, in the case of the I, norms with g > 2, we can adapt the argument of the proof
of Theorem 1.1 to show the rigidity of the Wasserstein space W,(R", d,). Indeed, for the /; norm
given by

1
q
)

n
N, (x) = (Z |xi|Q>
i=1
since g > 2, we have that N is C2-smooth and the second derivatives are given by
O7NZ(x) = 2(2 = N ()72 x; %972 + 2(g = DIN(x))* 71|72

In particular, we have 61.2N§(x) > 0 for x € R" \ {0}, with equality if and only if x; = 0. Thus,
instead of using Proposition 4.2 to define T, we can simply choose i < n, and set T(x) = aiZN 2(x),
which has the property that T(x) = 0if x; = 0, x # 0and T'(x) > Ofor x; # 0. While T is not neces-
sarily defined at x = 0, the proofs of Lemmata 4.4 and 4.5 still hold for measures that are absolutely
continuous with respect to the Lebesgue measure of a subspace L of dimension k > 1. Indeed, we
then have that fR,, T(x —y)du(y) = /R"\{x} T(x — y)du(y), which is well defined. Thus Proposi-
tion 4.1 holds for measures that are absolutely continuous on subspaces; since a hypersurface of R"”
is closed and since absolutely continuous measures are dense in W,(R", d, ), we can analogously
to Proposition 4.1 state the following proposition:

Proposition 4.7. Consider q > 2, and dq the metric induced by the lq norm. For any i < n, consider
the hypersurface L; given by L; = {x € R"|x; = 0}. If u is a measure supported on x, + L;, then for
any isometry ® of the Wasserstein space W,(R", d,)) fixing Dirac masses, ®(u) will also be supported
onxy+L;.

To finish the proof of Theorem 1.2, we want to again use an induction argument and Proposi-
tion 3.1; however, we first need to show that, if an isometry ® of the Wasserstein space fixes Dirac
masses and globally fixes measures supported on a line, then it acts as the identity on measures
supported on the line.

To see this, consider in R” the line L; = {te, |t € R} (the other cases can be handled simi-
larly). If an isometry @ : W,(R",d,) = W,(R",d,) globally preserves measures supported on L;,
since (Ly,d, ) is isometric to (R, | - |), we can use the result from Kloeckner (Lemma 5.2 [12]) to
characterize ®. Indeed, we recall Kloeckner’s notation

e P eP

K= 0,0, P) = s Ooebles 5mp 4 gp Otrtoe ey

to represent measures supported on two points on L,, then Lemma 5.2 of [12] gives us that an
isometry which fixes Dirac masses and globally fixes L, acts on measures supported on two points

of L, in the following way:

@(u(x, 0, p)) = u(x,o,9(p)),
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where ¢ is an isometry of (R, | - |). It is well known that the isometries of (R, | - |) are given by
@(x) = sx + t forsomet € Rand s € {—1, 1}. We will show that if a map ® does not leave measures
supported on 2 points of L, invariant (i.e., if s = —1 or ¢ # 0), then ® cannot be an isometry of the
Wasserstein space W,(R", d,).

To start, assume by contradiction that the isometry @' is given by

' (u(x,0,p)) = u(x,0,p +1)

for some t # 0.
If we consider u, = ¢(0,1,0) = %5—e1 + %561, then

—t t

e e

t — _
@ (IuO) - e[ + e_[ 5—6161 + e[ + e_[ 587161'

We consider the Dirac mass v = 562. Since @ fixes Dirac masses, ®'(v) = v, and
d%\;z(#o’ V)= di\;z(@l(#o)’ P'(v)) = d%\pz(q’t(#o), V).
We can explicitly calculate both distances to get the following equality
2 2 2 t e_t tq 2 et —tq 2
24 = dy, (o, v) = dyy, (D' (pto),v) = m(e + 1) + m(é’ + 1)a.
We can rewrite this equality as
2 2 2 2
20(e! +e7) = (/2 4 e719/2)a 4 (e719/2 4 €!9/2)a = 2(e719/% 4 £!9/2)q
which is equivalent to
Looatyane 1o gy | RN SN PN
—(e?7%)a + =(e79%)2 = (ze7H/* + —e!¥/%)a,
S+ (/5 = (5 Seti/?)

iq
Setting A := e2 1, the equation is written

2
But, since the function s — s¢ is strictly concave when g > 2, the equality can only hold if A = %,

qt
that is, e2 = 1, which only holds for ¢ = 0, giving the contradiction.
Now assume by contradiction that the isometry ®* is given by

®* @ u(x,0,p) = u(x,o,—p),
and consider

2 1
wy = (0, V2, —In(2)/2) = 6+ 30,

'sdny) SUORIPUOD PUe SWB | 343 88S *[9202/0T/6T] U0 ARIqIT3UlUO AB]1M ‘1sedepng JO AISAIUN SNUIAIOD AQ ZETOL MIL/ZTTT OT/I0PALIOD" A3] 1M ALe.q 1 pU|U0"d0SUTRWPUO |//:SA1Y WO papeojumoq ‘v ‘9202 ‘Zv6.LTH0Z

- fo i Areiqy

SUBO 1T SUOLULLOD BAIEER1D a[qealjdde ayy Aq pausenob ale sspite WO ‘asn Jo sajnt Joy AriqiauljuQ A8|Im uo



38 of 40 | BALOGH ET AL.

Then the image of y, is given by
. o \/— _ \/’ 1 2
O (uy) = ® (;1(0, 2,—1n(2)/2)> = KO0, V2,In(2)/2) = 385, + 33,
‘We consider the Dirac mass v = 581 e, and, since we still have ®*(v) = v, we have
33y, (wr,v) = 227 + D 4220 =2 4+ (39 +1)¥9 = 3d3y, (@ (1), v)
We can rewrite the left side as
3 —g/2\9 15 L 50\2/4 | 2/q—2 a2 4 ~—a/2\? | 12/q-2
Zdwz(“l”’): (2 ) (27 +2°)7" +2 = (2 +2 ) +2 (4.25)
and the right side as

3 _ 1 2/q - ) 2/q
i, @ () vy =27+ 2 (37439 =27 4 270 /4(39 4 3°)

() ) = (O () (426)

Let us compare the right-hand sides of (4.25) and (4.26). Clearly, 2%/9-2 < 271 if g > 2, and the
key observation is that there exists a 4 € (0, 1) such that

z*l=/1-i+(1—/1)-§andz=(1—/1)- +/1-§. (4.27)

P

(The exact value of 1 is A = 7/8, but this is not important.) Therefore,

2

202 42702 = (1= 2)- % +1- %)q/ + (A-%+(1—A)- %)W
o () e (w00 () - ()2

where we used the convexity of the function s — s7/2 on [0, o). The map ¢ + t>/9 is monotone
increasing for any g > 0 on [0, o), and hence (4.28) implies that the right-hand side of (4.25)
is smaller than that of (4.26). That is, dW2 (U, v) < dW2 (@*(uy),v) = dWZ(CD*(,ul), ®*(v)), which
shows that ®* is not an isometry.

Note that if g < 2, then the inequality (4.28) is reversed by the concavity of s — s7/2, and
22/9-2 > 271 50 in this case one gets dy, (11, v) > dyy (*(1y),v) = dyy, (@* (), *(v)) which
rules out ®* in the case g < 2 as well.

These proofs show that, if ® is an isometry that fixes Dirac masses and sends measures sup-
ported on L, to measures supported on L,, then @ acts as the identity on the space W,(L,, | - |),
thatis, ®(u) = u for any measure u supported on L; . Using this result, we now prove Theorem 1.2:

Proof of Theorem 1.2. We again start with the case n = 2. By Proposition 4.7, we know that if a
measure is supported on a translated canonical axis and @ is an isometry of W,(R?, d,,), then ®(v)
is supported on the same translated canonical axis. By the argument presented above, we can also
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assume that ®(v) = v for any measure supported on x, + L;, with x, € R?, i € {1,2}. Since the
norm I is strictly convex, as g > 2, it projects uniquely onto L; and L,; furthermore, it is easy to
verify that the projection of L, onto L, is simply P; (L,) = {0}. Thus we can apply Proposition 3.1
to prove the rigidity of the Wasserstein space W,(R?, dg).

We now make the induction assumption on n, that for any n < n,, the space W,(R", d,) is rigid,
and we consider the Wasserstein space WP(R"OH, dq).

By Proposition 4.7, if a measure v is supported on x, + L; for x, € R™*1,i € {1,...,n, + 1}
(where L; is the hyperplane given by x; = 0), then ®(v) will also be supported on x, + L;. Since
the space (xy + L;, dg  +,) is isometric to (R, d ), we can use the induction assumption to show
that ®(v) = v for any measure v supported on x, + L;.

Since the line H; = {te;} is the intersection of all hyperplanes L; with j # i, if a measure u is
supported on H;, we can use Proposition 4.7 to show that its image ®(y) is also supported on every
hyperplane L; with j # i. Thus its image is again supported on H;, and by the argument presented
above, we can assume that ®(u) = u for any measure u supported on H;. Since we still have that
the [, norm projects uniquely onto L; and H;, and since it is easy to see that PL_il(O) = H;, we can

apply Proposition 3.1 to prove the rigidity of the Wasserstein space W,(R"+1, dg). O
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