Advances in Mathematics 408 (2022) 108583

www.elsevier.com /locate/aim

Contents lists available at ScienceDirect

Advances in Mathematics

MATHEMATICS

Analytic lifts of operator concave functions

Miklés Pélfia ®P¢

L))

Check for
Updates

2 Department of Mathematics, Corvinus University of Budapest, 1093 Budapest,

Févdm tér 8., Hungary

b Department of Mathematics, Sungkyunkwan University, Suwon 440-746, Republic

of Korea

¢ Bolyai Institute, Interdisciplinary Ezcellence Centre, University of Szeged,
H-6720 Szeged, Aradi vértanik tere 1., Hungary

ARTICLE INFO

ABSTRACT

Article history:

Received 25 January 2022
Accepted 2 July 2022

Available online 20 July 2022
Communicated by Dan Voiculescu

Dedicated to the memory of Béla
Palfia (1928-2020).

MSC:
primary 46L52, 47TA56
secondary 47A64

Keywords:

Free function

Operator concave function
Operator monotone function
Operator mean

The motivation behind this paper is threefold. Firstly, to
study, characterize and realize operator concavity along with
its applications to operator monotonicity of free functions
on operator domains that are not assumed to be matrix
convex. Secondly, to use the obtained Schur complement based
representation formulas to analytically extend operator means
of probability measures and to emphasize their study through
random variables. Thirdly, to obtain these results in a decent
generality. That is, for domains in arbitrary tensor product
spaces of the form A ® B(E), where A is a Banach space
and B(E) denotes the bounded linear operators over a Hilbert
space E. Our arguments also apply when A is merely a locally
convex space.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

* Corresponding author at: Department of Mathematics, Corvinus University of Budapest, 1093 Budapest,

Févam tér 8., Hungary.

E-mail address: miklos.palfia@uni-corvinus.hu.

https://doi.org/10.1016/j.aim.2022.108583

0001-8708/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.aim.2022.108583
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2022.108583&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:miklos.palfia@uni-corvinus.hu
https://doi.org/10.1016/j.aim.2022.108583
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 M. Palfia / Advances in Mathematics 408 (2022) 108583

1. Introduction

The main object of our investigations is a free function F' : D(F) — B(E) with
self-adjoint domain and range satisfying

F((Ly® WX(La & W) = WF(X)W (1)

for each isometry W : E — K for Hilbert spaces E, K and X € D(K) such that also
W*XW € D(E) C A® B(E), where I4 denotes the identity map of a Banach space A.
In particular if (D(FE)) is matrix convex, then W*XW € D(FE) always when X € D(K),
however this is not required in this paper. It is known by [24], that (1) characterizes
operator concave free functions satisfying

F((1=NX+AY) > (1—\F(X)+AF(Y) 2)

for A € [0,1], X,Y € D(E) on a matrix convex domain (D(E)), so one might think of an
F above in (1) as a partially defined operator concave function. A conceptually similar
problem in the particular case of power means of positive numbers is treated successfully
in [19] and then in [18] by lifting the real function into a fully non-commutative one as a
unique solution of characterizing nonlinear operator equations. The other paper known
to the author that does not assume matrix convexity of the domain is the foundational
material [1], in which local monotonicity is characterized for a real multivariable func-
tion by construction of analytic extensions to upper complex poly-halfplanes. However
[1] does not succeed in lifting up the real function into a full non-commutative free func-
tion on an enclosing matrix convex domain, nor can it show that it preserves the partial
order. In this paper this problem of non-commutative lifts is eliminated by transform-
ing the problem in section 2 into a more suitable form handled in Theorem 3.11 for a
real multivariable function that preserves the partial order between commuting tuples
of matrices. Theorem 3.11 constructs full non-commutative analytic lifts of these real
multivariable functions to matrix convex hulls of the original domain. This is based on
the more general Corollary 3.7 characterizing functions satisfying (1).

Usually matrix convexity of the domain (D(FE)) is essential for the machinery of
various further existing results characterizing operator monotone or operator concave (2)
functions, like [11,17,21,24] and [26] when A = C* for a positive integer k, and in [8,25,27]
when A is an operator system. Excluding [24], the other existing results in the field are
restricted to the case when dim(F) < oo and F' is continuous with respect to finitely
open topologies used to study holomorphic functions in general, see the monograph [15].
This essentially renders investigations in [8,25,27] in the norm topology restricted to
matrix convex matricial domains of M, (A) ~ M, (C) ® A for an operator space A. In
this paper A can be any Banach space and F can be infinite dimensional over the same
ground field. Actually all results of section 3 can also be worked out in exactly the same
way for a locally convex vector space A as remarked there. However we will not need
that here, for our applications in the last section, the Banach space case suffices.
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The above mentioned restrictions of the state of the art of free function theory be-
come apparent if we consider the recent developments in the theory of operator means of
probability measures of positive operators in [13,14,20,23]. There, one studies functions
F : P>(P(E)) — P(FE) on the cone of probability measures P>°(P(E)) over the pos-
itive invertible operators P(FE), which preserve the stochastic order [14] of probability
measures. We show that one can lift such a function I’ into an operator monotone
free function F : L([0,1,\)t ® P(E) — P(E) of P(E)-valued random variables
satisfying (1). Then we apply our results to this setting, to analytically continue an
operator mean in several variables to the probability measure setting, thus obtaining
F: L°([0,1],\)" @ P(E) — P(E). This provides a realization for a class of operator
means whose study was initiated in [23] and put into a more general framework of opera-
tor means of probability measures in [13]. The main results in this topic are in section 4,
specifically Theorem 4.7, Corollary 4.8 and Definition 4.2.

The results of the paper are self-contained in the sense, that we essentially use only
standard operator theoretic results available for example in [30] to study free functions.
Detailed structure theory of free functions like the monograph [15] is not required. In
section 4 we also make use of the theory of the stochastic order of probability measures
and some related results which are from probability theory.

In the following, we explicitly introduce the basic definitions of the objects to be
studied in this paper. All vector spaces are over the ground fields R or C. Let A be a
vector space and let I 4 : A — A denote the identity map.

Definition 1.1 (Free set and matriz convex set). A collection (D(FE)) of sets of operators
D(E) C A® B(FE) for each Hilbert space E over the ground field R or C is a called a
free set whenever for all Hilbert spaces E, K we have the following:

1) (Ia@U*)D(E)Ia®U) C D(K) for all unitary U : K +— E.
2) DIEYs D(K) C D(E® K).

If additionally (2) holds for any linear isometry U : K +— E, then (D(FE)) is a matriz
conver set.

Sometimes the collection (D(F)) will be restricted to the case dim(F) < co. In that
case, for all other involved Hilbert spaces K we assume dim(K) < oo as well.

We remark that if a given free set (D(F)) is matrix convex, then according to [12]
each D(E) is convex in the usual sense.

Definition 1.2 (Free function). Let £ be a fixed Hilbert space. A collection of functions
F : D(E) — B(L ® E) indexed by FE for a free set D(E) C A® B(FE) defined for all
Hilbert spaces E, K is called a free function whenever for all A € D(E) and B € D(K),
we have
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1) unitary invariance, that is
F(Ia @ U)AI4®U)) = (Ir @ U F(A) (I @ U)

holds for all unitaries U : E — K;
2) direct sum invariance, that is

F(A® B) = F(A) @ F(B).

In the paper we assume that £ = C, since given a free function F' : D(E) — B(LQE),
one can study its slices [(F) : D(E) — B(FE) instead, where | € B(L)? is a state of B(L),
since {(F) is then also a free function in the same class as F' itself regarding operator
concavity or monotonicity, so essentially the same techniques apply to them.

2. Lifted hypographs are matrix convex

We use P(E) to denote the cone of invertible positive and S(E) D P(E) the self-
adjoint bounded linear operators over the Hilbert space E, so that P(C) denotes the
positive reals. For k-tuples of self-adjoint operators X,Y € B(E)* we define X <Y by
requiring X; <Y; for each ¢ € {1,...,k}.

Definition 2.1 (cf. [1]). A real function f : P(C)* — P(C) is said to be globally oper-
ator monotone, if for any X <Y € CP(E)¥, dim(E) < +oo we have f(X) < f(Y),
where CP(E)* denotes the set of pairwise commuting k-tuples of invertible positive
bounded linear operators on E, and f(X) := U*f(A)U where X = U*AU denotes
the joint spectral decomposition of the pairwise commuting tuple X and f(A) :=

D FUA i {Akbia).

The following result for k = 1 appeared in [9] relating operator monotonicity with
concavity and inequalities with isometric conjugations.

Proposition 2.1. Let f : P(C)* — P(C) be a globally operator monotone function. Then
for any isometry W : E — K between finite dimensional Hilbert spaces E, K and any
X € CP(K)* such that W*XW € CP(E)* we have

W (X)W < fF(WHXW). (3)
In particular f is concave and continuous as a real function.

Proof. Let

U .=

1474 I -WWHY2| W (I-WW*)L/?2
(I —W*Ww)1/2 —-W* o —-W*
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denote a unitary dilation of the isometry W, i.e. U*U = UU* = I on E® K. Now choose
arbitrary A € CP(E)* and let

Ci=1-WWHY2X(T - WW*HY2 + WAW™.
Then we have

X 0

UOA

U =

W*XW W*X(I — WW*)1/2
(I —WW*2XW c '

Set D := —W*X (I — WW*)¥/2 and notice that for any given € > 0

X 0

Uy 4

U >

0 2z1

W*XW +el 0
D*  zI

el D]

if 2I > C = (1 —-WWYV2X(I - WW*)Y/2 + WAW* for z € P(C)*. The last k-tuple
of block matrices above is positive semi-definite if z;1 > %DiD;-* for all 1 <i < k. So, for
sufficiently large positive k-tuple z we have

X 0

U*
0 A

U<

W*XW +el 0
0 221 |~

For such z > 0, by the global operator monotonicity of f we get

Jx oo
I

U) . [f(W*Xg/V—&-eI) 0 ]

We also have that

Jdxoo] ) L
f <U 0 4| U) —U
W (X)W W= f(X)(I = WW=)H/2
= : (I = WW*) 2 F(X0O(1 = W) 2+ |

hence we obtain that
W (X)W < f(W*XW + eI). (4)

Now since f is monotone, f(X + €I) for ¢ > 0 forms a decreasing net bounded from
below by f(X), thus the right limit

fH(X) = 6ir>1£f(X+eI) = 6£%1+f(X+EI)
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exists for all X € CP(K)* and f* is a multivariable real function. Hence for any € > 0,

using (4) with W = [A\Y2I,(1 — X\)Y/2I] where A € [0,1] and X =

g 2] with a,b €

CP(C)*, we obtain
M)+ (=N fTb) < Af(a+el)+ (1 =N f(b+el) < f(Aa+ (1 — )b+ 2€l).
Taking the limit € — 0+ we obtain that
AfF @)+ 1L =NfT0) < fH(Aa+ (1= D),

i.e. the real function fT is concave, thus continuous. Also

F(X) < [H(X) < F(X +el)
for all € > 0. Since f is monotone increasing, we have

FHX —el) < f(X) < FRX),

and since fT is continuous we get that f = fT by taking the limit ¢ — 0+. Hence we
can also take the limit € — 0+ in (4) proving (3). O

Corollary 2.2. Under the assumptions of Proposition 2.1, (3) remains true with contrac-
tions W : E — K, that is |W|| < 1.

Proof. If ||W|| < 1, then (I — W*W)'/2 is not necessarily 0. However the block operator
matrix U is still unitary and we can choose A = 0 in the proof with f(0) := 0 since
flp(c)» > 0, and the same block operator matrix argumentation goes through, leading
to (3). O

Definition 2.2 (Matriz convez hull). Given a disjoint union of sets (C(E)) for each Hilbert
space dim(E) < +o0, its matrix convex hull, denoted as (co™®C(FE)) for each Hilbert
space dim(E) < 400, is defined as the smallest matrix convex set containing (C(E)).
By Proposition 2.6 in [12], it is known that if (C(E)) is closed under direct sums, then

co™CO(E) == {V*XV : X € C(K),dim(K) < 400,V : E — K an isometry}.

Notice that in general convex combinations are themselves matrix convex combina-
1—A
tions, since (1 — \)A+ AB = V*(A @ B)V, where V = ( N ) is an isometry for

A € [0,1]. Provided the above definition of the matrix convex hull, the following result
is almost immediate.
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Lemma 2.3. We have co™CP*(E) = P¥(E) for each dim(E) < co.

Proof. Let A € P*(E) with dim(E) = n, so that A; > el for a small enough € > 0. In
spectral decomposition form, we also have

1.1 1% k_ k_kx
<§a’zzzv"§:azzz>

where u} are eigenvectors and af are the corresponding eigenvalues of A;. By looking at
the above form, it is clear that each A; is written as a finite convex combination of rank
one matrices of the form cuu*+dIg where ¢,d € P(C) and u € E, |Jul| = 1. We can write
cuu® = (e @ u*)*cerei(er @ u*), an isometric inclusion of cejef € P(C), so by extending
e1®u” into a unitary U, we get that cuu™+dI = U*((c+d)® (B}_od))U, itself a matrix
convex combination. Thus it follows that A is actually a finite convex combination of
elements where only one coordinate of the k-tuple is not necessarily equal to zIg for some

z € P(C), and such elements are also finite matrix convex combinations of elements of
P*(C). O

Now consider the hypograph

hypo(f) := (hypo(f)(K)) := ({(Y, X) € S(K) x CP(K)* : Y < f(X)})

of a real function f : P(C)* — P(C) for dim(K) < +oo. We should think about the real
function f and its hypo(f) as a partially defined free function and its partially defined
hypograph.

The next result is an extension of Proposition 2.1 and provides a characterization of
monotonicity.

Theorem 2.4. Let f : P(C)* +— P(C) be a real function. Then f is globally operator
monotone if and only if for each (Y,X) € co™ (hypo(f))(E) with dim(E) < +oo and
X € CP(E)* we have that Y < f(X).

Proof. Suppose first that f is globally operator monotone. Let (Y, X) € co™?* (hypo(f)(E))
with dim(E) < 4oo and X € CP(E)*. Then by the definition of the matrix con-
vex hull there exists an isometry W : E — K between the finite dimensional Hilbert
spaces F, K and a (y,r) € S(K) x CP(K)* with y < f(z) such that Y = W*yW and
X = W*xW. Then it follows that Y < W* f(z)W, so by Proposition 2.1 we get that
WS ()W < W5 aTl) = £(X).

To see the converse implication, consider the function

hy(X) :=sup{v*Yv: (Y, X) € co™ (hypo(f))(E)}
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for v € E and X € P(E)*. Since co™ (hypo(f)) is matrix convex, we have that
co™* (hypo(f))(E) is a convex set, it follows that h, is a bounded from below con-
cave, thus by Proposition 3.5.4 in [22], norm-continuous real valued function. Moreover
by the assumption if X € CP(E)* then for each (Y, X) € co™ (hypo(f))(E) we have
that Y < f(X), thus we must have h, (X) = v* f(X)v. It is also clear by the definition of
co™(hypo(f))(E) that h, > 0 on its domain which is the whole P(E)* by Lemma 2.3.
Now assume that A, B € CP(E)* and A < B. Let t € (0,1). Then we have that

tB=tA+(1—1) [%t(B—A)}

where 14 (B — A) € P(E)". Thus the concavity and positivity of h, yields

ho(tB) > thy(A) + (1 - t)h, (f_t(B - A)) > thy(A).

so letting ¢ — 1— in the above implies h,(B) > h,(A). Then again using the continuity
of h, we obtain h,(B) > h,(A) as well, when we have B > A. From this, since v € F
was arbitrary, we obtain f(B) > f(A) as desired. O

3. Free analytic lifts through models

Let A denote a Banach space in this section. All tensor products in the subsequent
sections are understood to be projective, see chapter IV.2. in [30] for more information,
however this particular choice of cross-norm does not make an essential difference in
the calculations. For a vector space V the map Iy is understood to be the identity
homomorphism. The first result characterizes concavity through isometric conjugations.
Such maps are also called Jensen-type maps if they satisfy a similar reversed inequality
[10]. The characterizing inequality (5) will play a key role in this section.

Proposition 3.1. Let (D(E)) with D(E) C A® B(E) denote a self-adjoint matriz convex
set and let F': D(E) — B(E) be a free function. Then F is operator concave if and only
if for each isometry W : E — K and X € D(K) we have

F(Ia@WHX(Iaa@W)) > W*F(X)W. (5)
Proof. (=) : Let
U W I —-WWHY2| W (I-WW)l/2
(I -wrw)/? —-W* 1o -W*

denote the unitary dilation of the isometry W ie. U*U = UU* =1 on E & K. Now
choose arbitrary A € D(F) and let
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C=Is1@ T -WWHYHYX (T4 @ (T - WWHY2) 4 (T4 @ W)A(I4 @ W*).

Then we have

(Ia®U") ‘g( Z (L@ U)
_ (T4 @W*X (T4 @ W) (Ia @ W)X (T4 @ (I - WW*)1/2)
T (I -WWH)YX(Ta0 W) ¢ '

Also notice that

1 X 0 1{r o X 0
- * I - I *
SLa@U") |\ N HaeU)+ 5| 0 | Ta®UY |
I 0 (Ia@WHXIa@W) 0
I — :
<(TLa2 U)o 0 C

Then we have

F((Ia@W*)X(Ia@W)) 0

0 F(C)
_r (

(T4 @WHX(I4@W) 0

)

)
)
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(TAa@WHF(X) 14 @ W) 0
(Ia® (I =WW*)'%)F(X)
0 x(I4 & (I —WW*)1/2)
+(La@W)F(A)(Ia® W)

Thus (5) follows.
(1—t)1/2Ig

(«): Fortel01] let W= 127,

] so that W*W = Ig, an isometry. Let

X,Y € D(E). Then by (5) we have

F((l—t)X+tY):F<(IA®W*)[)O( . (IA®W)>
2(1A®W*)F< P )(IA®W)
— (La® W) F(OX) F(Oy) Ly W)

= (1-t)F(X)+tF(Y). O

Corollary 3.2. Under the assumptions of Proposition 3.1 if also 0 € D(C) and F(0) > 0,
then the equivalence in Proposition 3.1 remains true with contractions W : E — K in
(5), that is ||W|| < 1.

Proof. Only the (=) implication in Proposition 3.1 requires further consideration, since
if ||| < 1 only, then (I — W*W)/2 is not necessarily 0. However the block operator
matrix U is still unitary and since 0 € D(C), we can choose A = 0 in the proof of (=)
and the same block operator matrix argumentation goes through leading to (5). O

The following was proved and used by a number of authors before. For its proof we
refer to [7,24]. We use the notation B(E)* for the Banach dual space of B(E) and B} (E)*
denotes its state space.

Lemma 3.3 (Lemma 3.6. [2/]). Suppose F is a convex set of weak-x continuous affine
linear mappings f : Bf (E)* — R. If for each f € F there exists a T € Bf (E)* such that
f(T) >0, then there exists a T € By (E)* such that f(T) >0 for every f € F.

Particular variants of the next lemma appeared in [7,24]. We provide its proof for
completeness.

Lemma 3.4. Let D = (D(F)) be a matriz convezr set, where D(E) C A® B(E) and
0 € D(C). Let a linear functional A : AQB(N) — R be given for a fized N. If A(X) <1
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for each X € D(N), then there exists a T € By (N)* such that for each Hilbert space E,
and each Y € D(E) and each contraction V : N — E we have

AMI4@VHY(I40V)) <T(VV).

Proof. For a Hilbert space K, a point Y € D(K) and a V : N — K contraction, define
fyyv : BIF(N)* — R by

fyv(T) :=TVV) = AMIa@ V)Y T4 V)).
We claim that the collection F := {fy,yy : Y, V} is a convex set. Let A; > 0for 1 <i<mn
for a fixed integer n and let Y .~ \; = 1. Also let (Y3, V;) be given where Y; € D(K;) for
a Hilbert space K; and V; : N — K, be a contraction for each 1 <7 < n. Let Z := ®],Y;

and let F' denote the column operator matrix with entries v/\;V;. Then Z € D(®K;)
and

F*F = Xn:/\iVi*Vi < XR:M =1
i=1 i=1

By definition

S ML @ VI @ Vi) = (La ® F)Z(Ia & F)

i=1

and

for T € B (N)*. Hence

> Aifvivi(T) = f2.r(T).
i=1

If V has operator norm 1, by Proposition 11.6.3.3. in [4] we can choose a norming state
v € B (N)* so that

L=|[V[* =(V*V).
Then for T' = ~ it follows that

frv(@) =TWVV) = AMIa@ V)Y@ V)) =1 - M4 V)Y (14 @ V)).
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Since (14 @ V)Y (I4 ® V) € D(N), the right hand side above is nonnegative. If the
operator V' does not have norm one, we can rescale it to have norm 1 and follow the
same argument to show that fy.1/(T) > 0. So, for each fyy there exists a T' € Bf (N)*
such that fy,v(T) > 0, moreover each fyy is weak-* continuous. Thus, by Lemma 3.3
there exists a 7 € By (N)* such that fy v (7) >0 for every Y and V. O

Similarly to the finite dimensional case of Definition 2.2, given a disjoint union of sets
(C(F) C AR B(FE)) for each Hilbert space E closed under direct sums, its matrix convex
hull is given as

co™C(E) := U {V*XV:X € C(K),V: Ew— K an isometry}.

K a Hilbert space

If 0 € C(C) then we also have

co™MO(E) = U {(V*XV:X e C(K),V:Ew— K,|V| <1}.

K a Hilbert space

Given a collection of sets (D(E) C A®B(E)) closed under direct sums and a collection
of functions F' : D(E) — B(FE) preserving direct sums, we consider its hypograph

hypo(F) := (hypo(F)(E)) := ({(Y,X) € B(E) x D(E) : Y < f(X)}).

Proposition 3.5. Let a collection of self-adjoint sets (D(E) C A ® B(E)) closed under
direct sums and a collection of functions F' : D(E) — B(E) preserving direct sums be
given. Then for each isometry W : E— K and X € D(K) such that (14 @ W*)X(I4®
W) € D(E) we have that

F((Ia@ W )X(Ia®W)) =2 WE(X)W, (6)

if and only if for each (Y, X) € co™ (hypo(F))(E) with X € D(E) we have that Y <
F(X).

Moreover if 0 € D(C) and F(0) > 0 then the statement holds with contractions
W:Ew~ K in (6).

Proof. A straightforward argumentation similar to the proof of Theorem 2.4 based on
the expression of the matrix convex hull. O

Remark 3.1. For unitary W we have that W ~! is also an isometry, thus using (6) twice,
we can see that in this special case (6) holds with equality. In [10] it was shown that if a
map satisfies (6) for all contractions W and convexity (thus called a map of Jensen-type,
see Definition 1.1. [10]), then it preserves direct sums since the proof of Lemma 3.1. (i)
in [10] goes through. Their proof carries over to our case with minor modifications if
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the domain (D(E)) is matrix convex, thus in this case the direct sum invariance of F in
Proposition 3.5 can be dropped.

The following result provides a representation for partially defined operator concave
functions. A similar representation formula for locally operator monotone functions ap-
peared in [1] and was used to obtain realizations for those functions. A special case is
proved in [24].

Proposition 3.6. Let (D(E)) 3 0 and F be as in Proposition 3.5 with F|p > 0. Assume
that co™(D)(E) has nonempty interior for each E. Let N be a Hilbert space. Then
for each interior point A € D(N) and each unit vector v € N there exists a completely
bounded affine linear map Ly a, : (B(E),A® B(E)) — B(N)* ® B(E) given as

LF,A,U(Y7X) = T(F,A,U) ®Ig —vv* ®Y+AF,A7U(X),

where 0 < T(F,A,v) € B(N)* and Apa, : A — B(N)* is a self-adjoint completely
bounded linear map, such that

(a) T(F,A,v)(In) = v*F(A)v — Ap a4 ,(A) and there exists € > 0 such that (1 +¢)A €
co™(D)(N) and —Apa,(4) < SHARZ O,

(b) For all (Y,X) € hypo(F') we have Lg a,(Y,X) > 0;

(¢) Y*Lpav(F(A),A)y =0 where vy = In;

(d) For every X in the interior of co™®(D)(E) there exists an ¢ > 0 such that
(V,Lpao(0,X)V) > €T(F,Av)(V*V) for all V € B(N,E)ppawv), where
B(N, E)r(p,a,v) is the completion of BN, E)/{V € B(N,E) : T(F,A,v)(V*V) = 0}.

Proof. Define the real valued function h, : co™*(D)(N) — R as h,(X) := sup{v*Yv :
(Y, X) € co™(hypo(F)(N))}. Since co™ (hypo(F)) is matrix convex, we have that
co™ (hypo(F))(F) is a convex set, also F|p > 0, so it follows that h, is a bounded from
below concave function on the real Banach-space of the self-adjoint part of AQB(N), thus
norm-continuous by Proposition 3.5.4 in [22]. Moreover by Proposition 3.5 if X € D(N)
then for each (Y, X) € co™ (hypo(F))(N) we have that Y < F(X), thus we must have
hy(X) =v*F(X)v for all X € D(N).

It follows from the supporting hyperplane version of the Hahn-Banach theorem, more
precisely Theorems 7.12 and 7.16 [2], that the norm-continuous convex function g(X) :=
—h,(X) has a subgradient at each interior point of its domain, thus at A. That is, there
exists a self-adjoint continuous linear functional A € (A4 ® B(N))* such that

ho(X) = hy(A) S MX — A4) (7)

for X € co™(D)(N) and for X = A we have equality. Now let (V,X) €
co™ (hypo(F))(N). Then it follows from (7) and the definition of h, that
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VY0 — NX) < hy(A) — MA). (8)

Notice that by assumption we have 0 € D(C) and F > 0, thus 0 € co™** (hypo(F))(E)
for any Hilbert space E and h,(A) — A(A) > 0. Thus the linear functional A(Y, X) :=
W (v*Yv — A(X)) satisfies A(Y,X) < 1 for (Y, X) € co™*(hypo(F))(N), also

co™ (hypo(F)) is a matrix convex set. Thus by Lemma 3.4 there exists a 0 < T €
Bf( )* such that T'(Iny) = 1 and for any contraction V' : N — E we have

0 < (ho(A) = NANT(V*V) = 0" VY Vo + N(Ia® VHXI4® V) 9)

for any (Y, X) € hypo(F)(E), moreover by (7) choosing V =1Iy and Y = F(A4),X = A
we get

0= (ho(A) = MA))T(In) = " F(A)v + A(La @ In)A(14 @ IN))- (10)
Now define
T(F, A,v) := (hy(A) = AM(A)T.
Next, by assumption co™?'(D)(FE) contains an open neighborhood of 0 in A® B(E), thus

there exists a p > 0 such that B(0, p) C co™*(D)(F). Thus by (9) and norm continuity
we have that

0<T(F,A0)(VV)+ NIy @ V)X (I4 2 V))

for X € B(0, p) where B(0, p) denotes the norm closure of B(0, p). Moreover X € B(0, p)
if and only if —X € B(0, p), so we also have

0L<T(FA0)(VV)=MNI4@VHX(T4RV)).
Then from the above it follows that
ST(F, A u)(VV) £ M(La @ VX (L@ V) < T(FA,0)(V'V) (1)
for X € B(0, p). This together with Theorem IV.2.3. [30] ensure that the transpose map
Apay: A= B(N)* of A € (A® B(N))* is completely bounded and self-adjoint since A
is a self-adjoint linear functional.
Consider the Hilbert space B(N, E)T( F,A,v) that we obtain by completing the quotient

space B(N,E)/{V € B(N,E) : T(F,A,v)(V*V) = 0} equipped with the positive definite

Hermitian form

WV ) ripan = T(F, A,0)(W*V) (12)
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for W,V € B(N,E). Then the right hand side of (9) determines a quadratic form in
V € B(N, E), which gives rise to the densely defined symmetric linear operator

<VV, LF,A,u(Y, X)V>T(F,A,v) = T(F, A, U)(W*V) — WY Vo
+ )\((I_A & W*)X(IA ® V))

for V,\W € B(N,E),Y € B(E) and X € A® B(E). Then (b) and (c) of the assertion
follows from (9) and (10) respectively and they also yield the first equality in (a).

Furthermore inequality (11) ensures that Ly 4, is a completely bounded affine linear
map that admits the continuous linear extension Lg 4, (Y, X) which then is a bounded
self-adjoint operator acting on B(N, E)7(p,4,v)-

To see the remaining parts of (a), first we realize that by assumption A is in the interior
of co™*(D)(N), thus there exists an € > 0 such that X := (1 +€)A is in co™*(D)(N)
as well. Then choosing Y = F((1+¢€)A),X = (1 +¢)A, from (7) we calculate

0 < o ((1+ €)A) < hu(A) — A(A) + (1 + OA(A)
€hy(A) — eA(A) < (14 €)hy(A) — hy((1 +€)A)

ho(A4) = A(4) < By (4) + A= h6(<1+6>A)7

thus the last inequality in (a) follows, since
T(F, 4,0)(In) = ho(4) — A(A).
Now to see (d), by assumption V' € B(N, E)pra,,) and X is in the interior of
co™(D)(E), thus there exists an ¢ > 0 such that B(X,¢) C co™*(D)(F). Then there

exists an r > 1, such that rX € B(X,¢€). Let ¢ := M(I4 @ V*)X(I4 ® V)). Then by (9)
we have that

0< (V,(Lran(0,rX)V)=T(F, Av)(V*V) +rc,

thus

0< <1 - i) T(F, A, v)(V*V)
<T(F,Av)(V*V)+c (13)
= T(F, A,0)(V*V) + A(Ia @ V)X (T4 © V)
= <Vv LF,A,v(OaX)V>

proving (d). O
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Remark 3.2. In order to allow locally convex vector spaces A in Proposition 3.6, one
needs to establish the continuity of h,. This can be done using Proposition 4.4. in [6]
which generalizes Proposition 3.5.4 in [22] to locally convex vector spaces under the same
assumptions.

Let (D(FE)) 3 0 be as in Proposition 3.5. Then for a Hilbert space E and a dense set
Ey C{zx € E: ||z|| = 1} define the auxiliary vector space

HE,O = @ E

(X,v)e(D(E),Eo)

and its completion H g with respect to the usual inherited direct sum inner product. We
denote by I(x ) € B(HE, E) the isometry that equals to Iz —vv* on the (X, v) slot and
0 elsewhere.

The following is one of the main tools in this section leading to a representation
formula for partially defined concave free functions below.

Corollary 3.7. Let (D(E)) 0 and F be as in Proposition 3.5 with F|p > 0. Fizx a
Hilbert space E and an n > 0. Assume that co™®*(D)(E) has nonempty interior for

E. Then there exists a vector e € Hg with |le]] = 1, a completely bounded affine map
Lr: AQB(E)— B(HEg)* ® B(E) given as

LF(X) =Tr®Ig —|—AF()()7

where 0 < Tr € B(HE)* and Ap : A — B(Hg)* is a self-adjoint completely bounded
linear map that is completely absolutely continuous with respect to Tr, such that

(a) For all X € co™*(D)(E) we have Lp(X) > 0;
(b) For all (1+n)X € D(E) in the interior of co™®*(D)(E) and v € E we have

(W, Lp(X)(I(x,0) +ve"))p =W F(X)v (14)

for all W € B(Hg, E)r, with the notation of (12), and there exists an € > 0 such
that (W, Lp(X)W), > T (W*W).

Proof. Rewriting (14), it essentially becomes

TW* (Iixy +ve") + NI @ W)X (I ® (I x0) +ve"))) = W F(X)o  (15)
for 0 < T € B(Hp)*, A € (AQB(HEg))* and an e € Hp. If we equip B(Hg)*, (A®
B(Hg))* with their respective weak-* topologies, then the set of all uniformly norm

bounded (7, A) that satisfies (15) for all v, W, X and a fixed e € Hp is closed in the
product topology. The free function F preserves direct sums, so for any finite set of
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points {(X1,v1),...,(Xn,v,)} with v; € Ey and (1 4+ n)X; € D(E) in the interior of
co™(D)(E), by applying Proposition 3.6 with e = & ;v; to the single point data set
(@7, X;, ®_qv;) it follows that the set of all such (T, A) is also nonempty. Moreover
by (a) in Proposition 3.6 we can assume that the norms of such (T, A) are uniformly
bounded since (1+7)X is also in the interior of co™**(D)(E). After a change of basis in
‘H we conclude that we can also choose e € Hp arbitrarily in (15). These norm bounded
closed sets of (T, A) are compact it their respective weak- topologies by Banach-Alaoglu,
thus their product is also compact. Furthermore these closed compact sets of (T, A) form
a collection indexed by (X,v) and thus can be partially ordered by inclusion within
open sets of (X,v) and then this collection has the finite intersection property. Thus,
for a fixed e € Hp, by compactness there exists a (Tr, \p) for which (15) holds for all
(1+71)X € D(E) in the interior of co™(D)(E), v € F and W € B(Hg, E)r,. Then Lg
is determined by the transpose of Ar, and the positivity condition (W, Lp(X)W), >
eTr(W*W) follows from (13). Thus (a) and (b) are proved. 0O

Theorem 3.8 (Theorem 3 cf. [3]). Let Z be a positive semi-definite linear operator on a
Z Z

Hilbert space and S a subspace. Let the matrix of Z be partitioned as Z = le 212

21 22

with Zy1 © S +— S, Zoy + S +— S*. Then ran(Zs;) C ran(Zen)'/? and there exists a

bounded linear operator C : S — St such that Zo, = (222)1/20 and

Zi—C*C 0
0 0

c* 0

Z =
(Z2)*? 0

C (222>1/2
0 0 '
The bounded positive semi-definite operator Sg(Z) = Z11 — C*C is called the shorted
operator or Schur complement of Z. It satisfies Ss(Z) < Z and it is mazimal among all

self-adjoint operators X : S +— S such that X < Z.

The next two theorems below are the main results of this section providing analytic
representation formulas for partially defined operator concave functions. The precursors
of these are given in [1] and [11].

Theorem 3.9. Let (D(E)) > 0 and F be as in Proposition 3.5 with F|p > 0. Fiz a
Hilbert space E. Assume that co™(D)(E) has nonempty interior for E. Then for each
X € D(E) in the interior of co™*(D)(E) we have

F(X)=(e®Ig)Sergr(Lr(X))(e*® Ig) (16)

where Lr and e are as in Corollary 3.7 for an arbitrary, but sufficiently small fized
n > 0. Moreover the right hand side of (16) is well defined for each interior point X €
co™™ (D) (E).
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Proof. By (b) in Corollary 3.7 the self-adjoint completely bounded linear map Lp(X) =
Tr ® Ig + Ap(X) is strictly positive definite for all X in the interior of co™*(D)(FE)
and is completely absolutely continuous with respect to 0 < Tr € B(Hg)*. Thus by
Theorem 3.8 its Schur complement pivoting on the subspace e* ® E of B(Hg, E)r,
exists. By the strict positivity of Lr(X), the Zas block of Lr(X) in Theorem 3.8 has
closed range and is invertible. So, in (14) block Gaussian elimination applies and thus

FX)v=(e®Ig)Sergr(Lr(X))(e* ®v)

for each v € E and (1 +7)X € D(E) in the interior of co™**(D)(F). Taylor’s power
series formula ensures the uniqueness of analytic continuations to the whole interior of
co™(D)(E) thus the assertion holds for n = 0 as well. This implies (16). O

The converse of the above also holds:

Theorem 3.10. Let 1 o Hilbert space and e € H with |le|| = 1 be fized. Let a completely
bounded affine map L : AQ B(E) — B(H)* @ B(E) be given as

L(X) =T & Ip+A(X),

where 0 < T € B(H)* and A : A — B(H)* is a self-adjoint completely bounded linear
map that is completely absolutely continuous with respect to T'. Then the function

F(X)=(e®Ig)Segr(L(X))(c*®Ig) (17)

is well defined and analytic for each X € {Y € AQB(E) : L(R(Y)) > 0} and satisfies the
assumptions of Proposition 3.5 with D(E) :={Y € AQ B(E) : L(Y)) > 0}, in particular
(6) holds.

Proof. By the strict positivity assumption L(R(X)) > 0 the inverse in the Schur com-
plement in (17) is well defined and bounded, thus analytic as a free function in the sense
of all various kinds of analyticities in [15]. By Theorem 3.8 the Schur complement of the
positive affine map L(X) is the maximal in the positive definite order on the subspace
e ® E among those which are dominated by L(X) on the subspace e ® E over its ma-
trix convex domain (D(FE)). From this maximality property concavity of F(X) readily
follows. Thus by Proposition 3.1 F(X) satisfies (6). O

Now as a combination of Theorem 3.9 and Theorem 2.4 we obtain the following result
establishing the analytic lifts for globally monotone functions on P(C)*. Then from this,
further considerations prove the same for any other rectangular domain in R*. We use
the notations II(E) := {X € B(E) : S(X) > 0} and II(E) := {X € B(E) : S(X) > 0},
also II(E)* := {X € B(E) : 3(X) < 0} and I[(E)* := {X € B(E) : 3(X) < 0}.
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Theorem 3.11. Let f : P(C)* + P(C) be a real function. Then the following are equiva-
lent:

(a) f is globally operator monotone;

(b) f has a free analytic extension f : P(E)* — P(E) that is operator monotone;

(¢) There exists a Hilbert space IC, a vector e € K, 0 < B; € B(K), 0 < i < k with
By > Zle B; such that for all X € CP(E)* we have

[(X) =(e®1p)Se-or(Ls(X))(e” ® Ip) (18)
where
k
Li(X)=By®@Ig+» Bi®(X;—Ig), (19)

(d) f has a free analytic continuation to IL(E)* and to (II(E)*)* across P(E)*, mapping
H(E)* to TI(E) and (II(E)*)* to TI(E)*.

Proof. First we prove that (a) implies (¢). By Theorem 3.9 the representation formula
follows for the translated function g(z) := f(x + 1) with domain (-1, 00)* whose matrix
convex hull is D(E) := {X € B(E) : X = X*,X; > —Ig}* which contains an open
neighborhood of 0 for the operator system A = C*. Since the domain contains arbitrarily
large positive operators and by (a) of Corollary 3.7 we have L;(X) > 0, it follows that
A¢(X) is completely positive, thus of the form as in (19) with B; > 0 and By > Zle B;
as well, since L¢(tI) > 0 for all ¢ > 0. In a similar way we show that (b) implies (c).

Next we claim that (c) implies (a). Indeed, L;(X) is order preserving and the maxi-
mality characterization of the Schur complement in Theorem 3.8 ensures that the right
hand side of (18) is an operator monotone function. In a similar way we also prove that
(c) implies (b).

That (c) implies (d) essentially follows from B; > 0 so that the Schur complement in
(18), if it exists, has strictly positive imaginary part if R(X;) > 0, see Proposition 5.1.
[24]. Now the strict positivity of S(Lf(X)) for arbitrary (X)) € II(E)* and E implies
the strict lower boundedness, thus the existence of the inverse operator in the formula of
the Schur complement, thus the Schur complement itself as an analytic function on II*.

Lastly, that (d) implies (b) can be found in the main theorem of [24]. O

At this point, much like as in [24], one can use Mobius transformations to transform
the domain P(C)* into any open rectangle in R* to prove that global monotonicity
implies free analytic continuation for the function to the whole matrix convex hull of its
domain, thus arriving at its operator monotone non-commutative lift.

Remark 3.3. In the above corollaries we assumed A = C*, however one can work out
similar results in the same way for any operator system A.
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4. Representation of operator means of probability measures

Let P(P(E)) denote the set of fully supported Borel probability measures on
the complete metric space (P(E),dw) where E is a Hilbert space and du (A, B) =
| log(A~1/2BA~1/2)|| denotes the Thompson metric [13,23]. Let P>(P(E)) C P(P(E))
denote the subset of probability measures with bounded support. For a u € P(P(E))
the support supp(p) is a separable closed subset of P(FE) and it has full measure
u(supp(p)) = 1. Also note that the relative operator norm topology on P(FE) agrees
with the metric topology of d, for this and further references see [23].

Proposition 4.1. The collection of sets (P°(P(FE))) indexed by E is a self-adjoint ma-
triz convex set. In particular P°(P(E)) embeds into L ([0,1], )+ @ P(E), the strictly
positive cone of the projective tensor product L*°([0,1],\) ® B(E).

Proof. Let € P>°(P(FE)). Then supp(u) is separable and closed, thus 4 is concentrated
on the complete Polish space (supp(u), dso). Thus by the Skorokhod representation The-
orem 8.5.4. in [5], there exists a Borel map §, : [0,1] — supp(u) € P(E) such that
= (&,)«A. Since supp(p) is a bounded subset of P(E), we have that esssup [|€,]| < oo.
Thus §, € L*([0,1], \,P(E)) € L>([0,1], A, B(E)) where

L>([0,1], \, B(E)) = {f : [0,1] — B(E), f is strongly measurable,

esssup(f) < oco}.

Next, we claim that L>([0, 1], A\, B(E)) ~ L*°([0,1], \) ® B(E) as von Neumann algebras,
where the latter is the projective tensor product. This follows from the same argument
leading to Proposition 12.5. in [28] showing that C'(X) ® A ~ C(X, A) for any C*-cross
norm with the isomorphism ¢ : Y | fi®a;, — Y., fi(t)a; for f; € C(X) and a; € A,
where A is a C*-algebra and X is a compact Hausdorff space. Now it is straightforward
to see that the Borel map constructed above §, is a strictly positive element of the
positive cone of L*°([0,1],\) ® B(E) which is L>([0,1],A\)" ® P(FE) by Lemma 2.2. in
29], where L°([0,1], \)* = {f > 0: f € L>=([0,1],\)}.

Now the positive cone (L>°([0, 1], \) T®P(E)) is closed under direct sums and isometric
conjugations, thus (L>°([0,1],A\)T ® P(E)) is an (open) matrix convex set. Moreover for
any £ € L*>([0,1],\)" ® P(F) the pushforward (£).\ € P>®(P(E)), so (P>®(P(E))) is
matrix convex as well. O

Remark 4.1. Notice that L°°([0, 1], A) is an injective von Neumann algebra, or in other
words L>°([0, 1], \) is nuclear as a C*-algebra. Nuclearity ensures that all C*-cross norms
on (L*([0,1],\)T @ P(FE)) are equivalent. So in particular the projective and injective
C*-cross norms are the same. For more details see for example Chapter IV in [30].
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Remark 4.2. In Proposition 4.1 the embedding of (P>°(P(FE))) into the cone L*°([0, 1],
A)+®P(E) does not appear to be injective. Elements of L ([0, 1], \) 4 ® P(E) can be clas-
sified into equivalence classes by almost sure identification with elements of (P>°(P(E))).

A set U CP(E) is upper if X <Y € P(F) and X € U imply that Y € U.

Definition 4.1 (Stochastic order, cf. [14]). For p,v € P(P(E)) the stochastic partial order
1 < v is defined by requiring u(U) < v(U) for all closed upper sets U C P(FE).

The following result is essentially due to Strassen for Polish spaces with a closed
partial order. It can be found in a suitable form as Theorem 1 in [16].

Theorem 4.2. Let p,v € P (P(E)). Then the following are equivalent:

(i) p<v;
(ii) there exists &, : [0, 1] — supp(u) and &, : [0,1] = supp(v) such that p = (§,)«\ and
v = (&)X with §,(t) < &,(t) almost surely for all t € [0,1].

One might wonder for y € P>*(P(E)), v € P*(P(K)) what is the correct way to
define o @ v? In [13] the authors define it as the pushforward (g).(u x v) of the direct
sum g(A, B) := A® B, and they show that their operator means preserve this direct sum.
However in free function theory if we have n-tuples of operators X := (X1,...,X,) €
B(E)* and Y := (Y1,...,Y,) € B(K)", their direct sum is element-wise, that is X @Y =
(X10Y1,...,X,®Y,). Free functions, including as well all operator means [24], preserve
this direct sum. Notice that if we regard X,Y as discrete probability measures, that is
X =YY" 46x,,Y = 3", L6y, then both definitions of X @ Y are measures in
P(B(E @ K)) with marginals x4 and v, where the o-algebra is induced by the norm.
Also operator means are permutation invariant, that is the ordering of coordinates in
(X1,...,X,) does not matter [13,24]. This and Remark 4.2 seem to suggest that we
should allow some non-uniqueness when considering direct sums of measures. This leads
to the following.

Definition 4.2 (Direct sums of probability measures). For p € P>*(P(E)),v € P> (P(K)),
let T'(u,v) C P (P(E @ K)) denote the set of couplings of u, v, that is v € T'(u,v) if
Y(AXP(K)) = p(A) and y(P(E) x B) = v(B), in other words, elements of I'(u1, v) have
marginals pu,v. Then pu @ v is defined to be the set T'(u, ). Thus in general, the direct
sum of probability measures is no longer uniquely determined.

Notice that I'(u, ) is nonempty, since the product measure p x v € I'(u, v). Also for
any v € I'(u,v) we have that supp(y) C supp(u) X supp(v). We may regard operator
means of finitely supported measures as a sequence of functions satisfying the following.
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Definition 4.3 (Operator mean of discrete probability measures). For each 0 < n € N and
Hilbert space E let F,, : P(E)™ — P(FE) be an operator monotone free function. Then
we say that the sequence of functions F), is an operator mean if it satisfies the following

1) For a permutation o € Sy, F,(X1,...,Xn) = Fo(Xoays - Xom))s
2) For 0 <k € N, Fup(Xiser oy Xiseros Xoseons Xn) = Fu(X1, ..., Xon).

k times k times

In order to simplify notation, the subscript n will often be omitted, simply writing
F = F,, for an operator mean.

Notice that given an operator mean F' = F,,, it is automatically defined for discrete
probability measures with rational weights by grouping together the repeated variables
and applying 1), 2). It is known that operator concavity for a free function F': P(E)™ —
P(F) is equivalent to operator monotonicity which in turn is equivalent to (6) by an
argument similar to the one in Proposition 2.1, for more details see [24].

Proposition 4.3. An operator mean F,, : P(E)" — P(FE) preserves direct sums of discrete
probability measures with rational weights in the sense of Definition 4.2.

Proof. Without loss of generality, let © = > | 26x,, v = Zle 10y, be given. Then
any p @ v is supported on the set supp(p) x supp(v) = {X; ®Y; : i € {1,...,n},j €
{1,...,k}}. Then using the direct sum invariance of F' and grouping elements by 2), we
obtain that F(p @ v) = F(u) ® F(v). O

In order to study operator means of general probability measures, instead of consider-
ing the restrictive set of functions F' : P=(P(E)) — P(E) we consider first free functions
of random variables, that is F': (L1([0,1],\)T @ P(E)) +— P(E). Let S([0,1],\) denote
the set of simple functions on [0, 1]. Then S([0, 1], \) is norm-dense in LP([0, 1], A) for
1 < p < +o0 and the same is true for S([0,1],\)" @ P(E) in L?([0,1],\)" @ P(E).

Theorem 4.4. Assume that F : S([0,1], \)t @ P(E) — P(E) is free function that satisfies
(6). Then for each 1 < p < 400 there exists a unique F), : L?([0,1],\)* @ P(E) — P(E)
extending F.

Proof. In essence F' can be regarded as a sequence of free functions indexed by 0 < n € N
for each Hilbert space E, that is F, : P(E)" — P(FE) satisfying the assumptions of
Proposition 3.5. Then we can apply Corollary 3.7 so we have (14) for each F,,. Each F),
is thus norm-continuous by Theorem 3.10, so F' : S([0,1],\)T @ P(E) — P(FE) is relative
norm-continuous with respect to the norm topology of LP([0,1],A\)T ® P(FE). Then, it
admits a unique norm-continuous extension F, : LP([0,1],\)* @ P(E) — P(E), since
S([0,1],\)T ® P(E) is norm dense in LP([0,1],\)* @ P(F). O
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Proposition 4.5. Let F : (S([0,1],\)* @ P(E)) — P(E) be an operator monotone free
function. Then F satisfies (6).

Proof. The same argument as in the proof of Theorem 2.4 applies for f = F :
(S([0,1],\)" ® P(E)) — P(E) where S([0,1],A\)" ® P(FE) is substituted for both
P(C)* and CP(E)*, so we get that for each (Y, X) € co™ (hypo(f))(E) we have that
Y < f(X). Note that in Theorem 2.4 dim(F) < +oo is assumed, but actually does
not affect its proof. The claim that for each (Y, X) € co™ (hypo(f))(E) we have that
Y < f(X) combined with the implication ‘<=’ of Proposition 3.5 proves that F' satisfies
(6). A similar argument to this can also be found in [24]. O

By the density of S([0,1],A\)* in L*(]0,1],\)" we immediately obtain:

Corollary 4.6. Let F : (L'([0,1],\)* @ P(E)) — P(E) be an operator monotone free
function. Then F satisfies (6).

Theorem 4.7. Assume that the sequence of functions F,, : P(E)" — P(E) for0 <n € N
is an operator mean of discrete probability measures. Then it uniquely extends into a
stochastic order preserving function F : P®(P(E)) — P(E).

Proof. Pairs of probability measures admit Skorokhod representations that are order
preserving by Theorem 4.2. Then through the Skorokhod representation we obtain a lift
F:8([0,1],\)T ® P(E) — P(E) representing the sequence of functions F, : P(E)" —
P(E), such that F" is operator monotone. Then by Proposition 4.5 F' satisfies (6), so ex-
istence and uniqueness of the extension F : L>([0,1], \)* @ P(E) — P(E) follows from
Theorem 4.4. Then Corollary 3.7 applies to the translated function G(X) := F(X + I)
where I(t) := Ig for all ¢ € [0,1]. By (a) of Corollary 3.7 we have Lg(X) > 0 for any
(X +1) € L*([0,1],\)T @ P(E), so it follows that 0 < X in (15), thus Lg(X) is order
preserving. By the maximal characterization of the Schur complement in Theorem 3.8
it follows that it is also order preserving. Thus F is also order preserving, i.e. oper-
ator monotone. Then its restriction F' : P>®(P(E)) — P(E) preserves the stochastic
order. O

Corollary 4.8. Let F : P (P(E)) — P(FE) be a stochastic order preserving free function.
Then there exists an operator monotone free function F : L®([0,1],\)t @ P(E) — P(E)
that represents F and F(X+1) is of the form (15) where 0 < X € (L*°([0,1], \)®@B(HEg))*
and I(t) := Ig for all t € [0,1]. In particular (X +I) is given by (16).

Proof. Through the Skorokhod representation Theorem 4.2 we obtain the lift F o
L*>([0,1],A\)" @ P(F) — P(F) which by Corollary 4.6 satisfies (6). Then Corollary 3.7
applies to the translated function G(X) := F(X +1I). By (a) of Corollary 3.7 Lg(X) > 0
for any (X +1) € L>=([0,1],\)T @ P(E), it follows that 0 < X in (15) and (16) holds. O
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