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Abstract

The first purpose of this paper is to propose a theoretically new robust filter method to
estimate non-observable macroeconomic indicators. The second purpose is to apply
the proposed method to estimate the Hungarian potential GDP in 2000-2021. The
novelty of the proposed filter method is that — unlike papers published so far — it
does not require the stability of the dynamic model, only a partial stability condition
must be satisfied. Moreover, such time-dependent uncertainties and nonlinearities can
arise in the model that satisfy a general quadratic constraint. An important advantage of
the proposed robust filter method over the traditional Kalman filter is that no stochastic
assumptions is needed that may not be valid for the problem at hand. The proposed
filter method has never been applied to estimate the potential GDP. To estimate the
Hungarian potential GDP, the proposed method is applied using uni-, bi- and trivariate
models. Estimations up to 2021 has not been published yet for the Hungarian economy.
The examined period includes both the financial world crisis and the Covid-19 crisis.
The results of the different models are consistent. It turned out that the economic
policy was very procyclical after 2012, and the GDP gap was still positive during and
also after the Covid-19 crisis.
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1 Introduction

The concept of potential GDP (Gross Domestic Product) is of great importance for
both economic analysts and economic policy makers. It refers to the maximum value
added of the national economy that is sustainable in the sense that it does not accelerate
inflation. If current GDP is persistently above potential, the economy needs to be
cooled; if it is below potential, it needs to be stimulated according to the principles of
counter-cyclical policy. Since the potential GDP is not a measurable indicator, it can
only be estimated based on some kind of model calculation. The determination of the
potential GDP requires a trend-cycle decomposition, where the trend is the potential
GDP. In practice, different models are used, but they raise different methodological
problems, and their application may lead to significantly different results.

Each model can be grouped in different ways (see e.g. Alpysbaeva et al. (2021),
Apokin et al. (2016), Bhoi et al. (2017), Brand et al. (2021), Cerra et al. (2000), EU
(2019), Pauna et al. (2021), Sallam et al. (2019), St-Amant et al. (1997)). Models can
be distinguished according to whether they include only GDP itself as a variable or
whether they also include other variables that are theoretically relevant to the evolu-
tion of potential GDP. The other variables are usually unemployment and inflation,
which are used to interpret the sustainable evolution of the GDP. Univariate models
usually use some form of trending or decomposition method, the most common in
practice being the standard Hodrick-Prescott filter (see e.g. Bhoi et al. (2017), Mohr
(2005), IMF (2014), Harvey et al. (1993), St-Amant et al. (1997)). The advantage of
this is that it is technically easy to use, but its applicability is greatly reduced by the
fact that the estimate becomes uncertain at the end of the period under consideration,
whereas the method should provide a guide to the potential level for economic policy
as it approaches the present. Multivariate models rely on the relationships between
variables: typically unemployment and inflation are represented in the models to inter-
pret sustainability (maximum output with non-accelerating price and wage inflation).
They are therefore also called structured models. A typical form of structured models
is based on macro-level production functions (e.g. Cerra et al. (2000), Konuki (2010)).
A major drawback of this method is that it requires a choice of different types of pro-
duction functions and it is difficult to provide reliable data for parameter estimation.
Filter models are often used to calculate potential GDP (e.g. Cuche et al. (1999),
Enders et al. (2015), Guillén et al. (2014), Konuki (2010), St-Amant et al. (1997)).
Here, the Kalman filter, well known from engineering applications, is applied to a
stochastic dynamical system given in a state-space representation. This provides a
way to estimate the unobservable variables of the dynamical equations in such a way
that the observable output variable of the system is matched as closely as possible
to the actual measured data. However, to apply the Kalman filter, we need to make
certain stochastic assumptions that are not necessarily satisfied.

The contribution of this paper is twofold:

(a) a theoretically new robust filter method is developed to determine the potential
GDP, which is exempt from stochastic assumptions,

(b) the proposed method is applied to determine the Hungarian GDP.

The paper is organized as follows. Section 2 is the problem statement. Section 3
presents new robust models to estimate the potential GDP. The new theoretic results
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are presented in Sect. 4. Section 5 discusses the results of the application of the models,
while Sect. 6 draws the conclusions.

Notations: Standard notations are used. In particular, AT and A~! denote the
transpose and the inverse of matrix A. A > 0 (A < 0) means that the matrix A
is symmetric and positive (negative) definite. /,, denotes the n x n identity matrix,
0, xm denotes the n x m zero matrix. The symbol * denotes a symmetric structure in
the matrix. Norms of discrete-time functions { f(t) : ¢t € N — RP} are defined as
I £1% = supen {FOT FO}, 113 = 202 f(®T £(#). Function £ is of class £,
if 1| £, < oo.

2 Problem statement

In the literature, various types of filter models are used to estimate directly unobserv-
able variables like the potential GDP. Some authors tend to present their models as
universal models, often applying the same model for different economies, although
the consideration of specificities is essential both for the choice of the model type and
for the calibration of the parameters.

When choosing the model, different aspects should be taken into consideration.
The inclusion of the unemployment and/or the inflation raises the problem that the
different variables are measured on different scales, and this is hardly discussed in
the literature. The applied models are sometimes presented as universal ones that
can be applied for different economies using practically the same coefficients. The
sign of the coefficients can be expected the same based on practice and theory, but
the magnitude obviously depends on the chosen scales. In the dynamic equation of
the unemployment, the coefficient of the cyclical component of the GDP is often
interpreted as the Okun-parameter (see e.g. Evans (2018), Melolinna et al. (2019))
and it is calibrated around —0.5 as the Okun’s law suggests. It is sometimes used then
for cross-country comparisons, although the other variable in the dynamic equation,
i.e. the GDP is measured on a different scale, and this latter scale (currency and unit)
can vary by country. This means that the multivariate dynamic models used for filtering
cannot be universal, the coefficients should be calibrated for each country; there is no
universal Okun-parameter. Moreover, practice has also proven that the Okun’s law is
far from being universal, it has never been derived from any theory; the relationship
between the potential GDP and the unemployment may be different across economies
of similar model and development level. Similar problem emerges, if the inflation is
included in the dynamic model. It is suitable to use multivariate models for filtering, if
itis possible to give a reliable estimation of these coefficients by some external method
for the examined period. One of the advantages of the proposed robust filtering is that,
at least in a restricted way, it is suitable to treat such estimation uncertainties, i.e. to
take into consideration the imperfect knowledge of the dynamics.

The estimation of the potential GDP by filtering is done for a past period, but the
most important result for economic policy is whether the output gap is positive or
negative at the end of the period under consideration, i.e. in the present. The most
commonly used trend calculation method for estimating potential GDP in practice is
the Hodrick-Prescott (HP) filter. Unfortunately, this method gives uncertain results
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just at the end of the period, as the last point will be overweighted in determining the
trend. Another advantage of robust filtering, on the other hand, is that the estimation
error converges to zero as time progresses, so that more reliable results are obtained
at the end of the filtering period. In robust filtering, depending on the choice of the
starting point of the filter, the first few periods may have larger deviations.

Different methods can be used to estimate the parameters of the dynamic equations.
Some authors apply the maximum-likelihood approach with Monte-Carlo simulation,
see e.g. Arouba et al. (2013), Basistha (2007), Bulligan et al. (2019), Busetti et al.
(2016), Gonzalez-Astudillo et al. (2021), Guillén et al. (2014), IMF (2014), Kuttner
(1994), Melolinna et al. (2019), Morley et al. (2003). Another applicable approach
is the use of structural equations treated by the least squares method, see e.g. Brand
et al. (2021), Lee (2019), Margirier (2018), Sallam et al. (2019). AR/VAR models are
applied in e.g. Alpysbaeva et al. (2021), Apokin et al. (2016), Perron et al. (2009),
St-Amant et al. (1997). The cycle parameters can be based on spectral analysis, see
Harvey et al. (1993). The parameters can be based also on expert opinions, see e.g.
Konuki (2010), Malecek et al. (2021), which are not necessarily based on model
calculations. Any of these methods can be used to estimate the model parameters,
but the result is always subject to uncertainty. If the different methods provide only
certain intervals for the parameters, the energy-to-peak filter for the uncertain system
can be applied, which is free from any stochastic considerations, and can treat the
uncertainties of different nature.

The filtering models for estimating potential GDP frequently apply the Kalman
filter (see e.g. Alpysbaeva et al. (2021), Apokin et al. (2016), Arouba et al. (2013),
Basistha (2007), Cerra et al. (2000), Clark (1987), Cuche et al. (1999), Guillén et al.
(2014), Konuki (2010), Kuttner (1994), Malecek et al. (2021), Melolinna et al. (2019),
Us (2018)), i.e. the dynamic equations are considered to be stochastic, the error terms
are assumed to be normally distributed with known covariance matrices. When the
Kalman-filter is applied, each of the model parameters is supposed to follow normal
distribution with zero mean and known variance matrix. Considering the nature of
the problem, the assumption of a symmetric distribution may not be a well-based
assumption. The basic idea of the robust approach is that uncertainties can be taken
into consideration without any stochastic assumptions. The uncertainties stemming
from the imperfect knowledge of system dynamics can be modelled by nonlinear
deterministic functions, for which only certain boundedness assumptions are made.
In this case, the specific forms of the nonlinear uncertainties are not supposed to be
known, only the class of functions is specified. The exogenous disturbances affecting
the dynamics are also modelled by deterministic functions of class /. Two possible
approaches of modelling uncertainties could be applied here. If the linear parameter-
varying (LPV) models are used, the set of systems parameters may be anywhere in a
polytope. Another usual approach is to define the set of admissible uncertainties by
certain bounding conditions. The new model proposed here is of this latter type, pro-
viding a flexible way to capture uncertainties avoiding the possible numerical problems
of the LPV systems, which may not be tractable numerically, if the constraining poly-
tope has too many vertices. The method proposed by this paper, employs the special
structure of dynamics of the problem. We consider all nonlinearities and uncertainties
of the model together, and assume that they are quadratically bounded.
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The focus of this paper is to use measured data i.e. the output of a given dynam-
ical system to estimate unobservable variables: the potential GDP, the natural rate
of unemployment and the reference level of inflation for a past period. To solve this
problem, we propose a new robust filter method, where both nonlinear uncertainties
and exogenous disturbances are taken in consideration in the systems dynamics. The
first contribution of this paper is to propose a new robust energy-to-peak filter method,
which is suitable to estimate non-observable economic indicators such as the potential
GDP. The method proposed to estimate the potential GDP is itself theoretically new,
since it does not assume the stability of the nominal (i.e. the uncertainty-free) system,
which is a usual assumption in previously published papers (with the only exception
of Gyurkovics et al. 2022 (cf. the references therein)). Moreover, the nonlinear terms
that appear in the model are not assumed to be known, as e.g. in de Souza (2019). The
second contribution is the estimation of the Hungarian potential GDP for the Hungar-
ian economy. The examined period includes both the financial crisis in 2008-2012
and the Covid-19 crisis in 2020-2021. Such calculations have not been published yet.

3 Models to estimate the potential GDP

We propose here a class of models to estimate the potential GDP by filtering. With
appropriate specification, these dynamic systems may have nonlinear terms and non-
identified parametric uncertainties, which may depend on time.

All these models are based on the multiplicative relation ¥; = Y, ;Y. ,, where ¢
denotes the time, Y; is the observed GDP, Y, ; is the directly non-observable trend
component, i.e. the potential GDP, and Y. ; is the cyclical component. Taking the
logarithm of both sides, the basic identity y(z) = y,(¢) + y.(¢) is obtained. Applying
this transformation we consider the following trivariate model.

Yt +1) = yp () + g(1) + w (), e
gt +1) = g() +w (@), @)
. (Ye)

] e e e ] A
wp(t 4 1) = u,p (1) + w (1), )
ue(t + 1) = up(t) + vuye®) + @u (t, o) + w 0), ©)
wp(t + 1) = m,(0) + w™ (1), (6)
Te(t + 1) = 7p(1) + Yaye(®) + ¢x (¢, yo) + w7 (@), @)

Y(O) = yp() + ye(t), (8)
u(t) = up(t) + uc(), ©)
m(t) = 7p(t) + 7 (1), (10)

where g(.) is the logarithm of the growth rate of the potential GDP, y(.) is an auxiliary
variable to generate the cycle, u,(.) is the natural rate of unemployment, u.(.) is
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a cyclical component, ,(.) is the natural or reference rate of inflation, 7 (.) is a
cyclical component, while u(.) and 7 (.) are the unemployment rate and the inflation,
respectively. The terms w(") are the uncertain inputs that are assumed to be £, functions
in this and later models. The numerical parameters o, @, (or a; = ¢ cosw and ay =
o sinw), ¥, Y are not supposed to be known exactly, but some sets will be specified
to which they belong. The nonlinear functions ¢, (¢, y.) and ¢ (¢, y.) represent the
unidentified uncertainties.

Equations (1)—(7) describe the dynamics of the process, while (8)—(10) represent
the measured output.

Specifically, Eqs. (1)-(3) describe the dynamics of the two components of the GDP,
namely of the trend and of the cyclical component. The trend component is identified
as the potential GDP. It increases more or less at the same rate in every time period, see
(1)—(2). The cyclical component is captured by trigonometric terms, where 0 < w < 7
is the cycle frequency, and 0 < p < 1 is the damping parameter, see (3).

In Egs. (4)—(5), the dynamics of the unemployment rate is modelled. To include the
unemployment in the dynamic model is a natural idea, since the potential GDP is a level
of value added that is sustainable in that sense that it does not accelerate the inflation.
Theory suggests that there is a level of unemployment that does not accelerate price
and wage dynamics (the non-accelerating inflation rate of unemployment—NAIRU, or
the non-accelerating wage rate of unemployment—NAWRU). The dynamic equations
describing the relationship between unemployment and potential GDP are based on
(the often debated) various forms of Okun’s law, which theoretically shows how much
GDP is below its potential level if unemployment is 1% above its natural rate. By
Okun’s law we may assume that parameter y, is negative, but its value cannot be
derived directly from any form of the Okun’s law. Given the qualitative nature of this
law, it is reasonable to assume that u , depends on y, nonlinearly, but the exact way of
this dependence is unknown. This is represented by the uncertain nonlinear function
o, (t, y.) satisfying certain growth conditions specified below.

Equations (6)—(7) describe the dynamics of the inflation rate. Given the definition
of potential GDP, it is logical to include inflation as a separate variable in the model.
For this type of model, authors mostly refer to the Phillips curve, although the the-
oretical problems with this have been discussed for decades. Following Melolinna
et al. (2019), we present inflation in a similar way to unemployment. This means that
we also interpret the natural or reference rate of inflation, which we assume to be a
low inflation rate that does not distort economic processes, but is still far enough away
from the deflationary danger zone. In the dynamic equation of the inflation, the cyclical
component of GDP is also the explanatory variable, but here the coefficient is theoret-
ically positive: in theory, an increase is associated with an increase in the inflation rate,
while a fall is associated with its decrease. This means that the modelling of inflation
is formally analogous to that of the unemployment, but parameter y;; is supposed to
be positive. Its value has to be calibrated, as well. Similarly to the modelling of the
unemployment, it is reasonable to allow an uncertain nonlinear dependence on y,
described by ¢, (¢, y.) , which also satisfies certain growth conditions defined below.

Papers Apokin et al. (2016), Bhoi et al. (2017), Brand et al. (2021) Cerra et al.
(2000), Gonzalez-Astudillo et al. (2021), IMF (2014), Melolinna et al. (2019), St-
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Amant et al. (1997), Us (2018) apply similar, but more specific models assuming fully
linear models with given constant numerical parameters.

Remark 1 As mentioned in Harvey (1985), representation (3) can be rewritten also as
an AR(2) process

Ye(t + 1) = ¢1ye(t) + ¢oye(t — 1) + &5

with ¢1 = 2pcosw and ¢, = —p?. Though the two representations are equivalent, we
apply here the explicit model of the cyclical process, although the proposed method
could be applied to the AR(2) form, too.

In what follows, we shall investigate models with different complexity that will be
referred to as Model 1, Model 2 and Model 3 as follows.

Model 1 is univariate model including only the GDP. It is given by Eqgs. (1)-(3)
and (8). Papers Alqarelleh (2019), Bulligan et al. (2019), Harvey et al. (2003), Mohr
(2005) considered the more specific case with constant ¢ and w.

Model 2 is bivariate, which includes only two variables: the GDP and the unem-
ployment rate. This means that this model includes Egs. (1)—(5) and (8)—(9). Papers
Evans (2018), Gonzélez-Astudillo et al. (2021), Margirier (2018) investigated this
model with constant parameters o, , y,, and with ¢, (¢, y.) = 0 and ¢ (¢, y.) = 0.

Model 3 is the trivariate model given by Eqs. (1)—(10).

Assumption 1 The numerical parameters of the models that may be time-independent
or time varying, have known bounds, while the uncertain nonlinearities satisfy the
condition

u (2, ye) (@u (&, ye) — Ouye) <0, Or (&, ye) (@ (t, ye) —Orye) <0, (11)

where 6, and 6, are given numbers.

The uncertain nonlinearity satisfying (11) is referred to as Lur’e-type uncertainty.

4 Robust energy-to-peak filtering
4.1 General problem formulation

In this paper two types of uncertain discrete-time systems will be considered:

S x(t+1)= A (@)x(t) + By (a)w(?), (12)
y(@) = Cy(a)x(t) + By(a)w(1), (13)
z(t) = L(a)x (1), (14)

and

St x(t+1) = Axx @) + Hepx (1) + Bxw(r),  qu(t) = Agx (1) + G px (1),
15)
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y() = ny(t) + Hypy(l) + Byw(t)s Qy(t) = qu(t) + Gypy(t)s
(16)

z(t) = Lx(1). a7

In both systems, x € R"~ is the state, w € R"* is the exogenous disturbance, which
belongs to €2, y € R is the measured output, z(¢) € R" is the signal to be estimated,
and all matrices are of appropriate dimension.

System S represents a polytopic uncertain system, having coefficient matrices that
are assumed to belong to the polytope

(o2
I = {Ax(0). B, (@), Cy(@). By(@). L@)} = Y o {Afj% BD, ¢, BY, L(i)}
i=l1
(18)

wherea € £ = {a: Y {_;0; =1, ; > 0}, and o is the number of vertices of the
polytope. The current values of the parameters are not assumed to be available for
computations.

In &), the system matrices are assumed to be known, and all systems non-
linearities/uncertainties are represented by the uncertain input functions py, py,
possibly depending on ¢, x, and by the the uncertain output functions gy, ¢y. Denote
p=[r! p)T,]T e R, and ¢ = [q] qu]T € R%. According to the different kinds
of uncertainties/nonlinearities that may arise, p and g are divided into s > 1 subcom-
ponents p = (plT, ceey pST)T, q = (qlT, cee qST)T and matrix G = diag {GX, Gy}
assumed to have a corresponding block-diagonal structure G = diag {Gy, ..., Gy}
The only available information about p and ¢ is that their values are constrained by
the set

p 1)+ Di ’ Qoi Soi || pi
Q= e Rirtla . | 1 ' ’H ’i|>0,i:1,...,s , 19
{[f]} |:Qi:| |:SOT,- Roi || qi | — (19

where [, = lp1 + -+ lpg, lg = g1+ -+ lg. Fori = 1,...,s, Qoi = Q.
Roi = ROTi > 0 and Sp; are constant matrices of appropriate dimension. The set (19)
will be called the set of admissible nonlinearities/uncertainties. It has to be pointed out
that — in contrast to de Souza (2019) — the nonlinearities that may occur in (15)—(16)
are not supposed to be known.

Set Q¢ = diag{Qo1, ..., Qos}, Ro =diag{Ro1, ..., Ros}, So = diag{Sm, R
Sos}. The following condition will be required for €.

Assumption 2 Ro > 0, Qo+ GTSI + S0G + GTRyG < 0.

Observe that Assumption 2 assures the well-posedness of system (15)—(16), and
that the origin is an equilibrium point of the unperturbed uncertain/nonlinear system.
It is worth noting that the considered model of uncertainties involves several types
of uncertainties frequently investigated in the literature. For example, by appropriate
choice of Qg, Sp and Ry, one can describe norm bounded and Lur’e type uncertainties
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of the previous section, as well as linear fractional, generalized positive real and sector
bounded uncertainties.
The aim is to find a filter F

F: R+1)=A20)+ Hy@),
2(t) = JR@0) + Ky(),

where x(7) € R, z(¢) € R" so that the following conditions hold for any & € X:
1. The error e(t) = z(t) — Z(¢) satisfies condition lim,_, o, e(t) = 0, if w(t) = 0.
2. A prescribed disturbance attenuation level y is guaranted for all nonzero w(t) €
05, 1.e. for zero initial value

lell2, < y2 llwl3. (20)

Then filter F is said to be a filter with a guaranteed robust energy-to-peak performance
bound y.

The robust filter design methods proposed in the literature (with the only exception
of Gyurkovics et al. (2022)) can only be applied, if the magnitude of the eigenvalues
of matrix A, is strictly less then 1, which is not satisfied for the models of Sect, 2.
Similarly to the paper Gyurkovics et al. (2022), it will be shown, how the requirement
of asymptotic stability of the unperturbed system can be relaxed in order to apply the
robust filtering to estimate the potential GDP.

Condition 1 (Relaxed stability condition.) There are ny, variables which are not
affected by uncertainties, i.e. with possible renaming of variables, x can be parti-

tioned as xT = [xlT, sz] , (x1 € R™1, xp € R™) and the coefficient matrices can
be written as
Al A
Ax=|: 011 AZ:| Cy=[Ci1 C2], L=[LiLy],
H, =| A, =[04n].  C,=[0Cp]
x—szy q = q2] > q = q2 >

where matrices A1y, Az, Cy and Ly may depend on the parameter «, if system S is
considered. Moreover, the magnitude of the eigenvalues of A»; is less than 1.

Considering the analogous partition of the filter data, the matrices of the filter are
chosen to satisfy

A11:A11—ﬁlcl, Azlz—ﬁzcl and JA1:L1—12C1. (21)
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4.2 Robust filtering result for the polytopic system S

In order to formulate the design conditions, define a matrix ®(m,n) € R
d(m,n) =1,,ifn =m,

<I>(m,n)=|:]6':|, ifn <m, CD(m,n)z[Im 0], ifn >m.

Theorem 1 Consider system Sy, and suppose that Condition 1 is satisfied. Let the data
of the filter F satisfy (21). If for given scalar parameters B, c1, b, d;, (j =1,...,6),
there exist matrices P; = PI-T, Ri, S;, U, V, X € RW!Xlcd W, 'Y € RMWwXnd,
(i=1,...,0), F e R By ¢ R0 A, € R™17M Ay € R X
H, € R Hy e R K € R'=*My J, € R'=""™2 such that the following
linear matrix inequalities (LMIs) admit a solution:

—P; *
0 —I = <0, i=1,...,0, (22)
£ pl) —y21
. i T
Q(Z) Tr(l) l"(l) TT
[ I 4T S T Y I TP e )
BE' + T —B(F+FT)

where
£O=[L1-Rer LR La-Re{ — |, DY =-RBY,

. . . . T
Q(l) — A(l) +A1"fl) +F§1) AT,

TP 0 RO U T
: 0—-P~P: S0 74 >
) — | .Y L — —
A - i 0 Wl’r ) A X ) T T3 9
k i
L ' Wi 0 Y Ty
[—1 0 04y AD A% -1 0 o iBY
r=1 o0 -101ip A Al o0 -1 0 Y|,
0 0 —I; 0 0 (0 0 —I:9
1_,(,')2 _0 00 iﬁlcl ﬁlcg) ﬁmé’:ﬂ-ﬁlz 30 00 iﬁlB)(l)
2 000 /H,C, H2CY H2CY +Apn 1000 'HBY |
_bllnx1 d|N b31,,xl d3N b51,,xl ds N
Y= | boM dz]nxz , Yo = | baM d4InX2 , Y3 =| beM dﬁ]ﬂxz s
_sz dz]nxz baM d4lnx2 beM dﬁ]nxz

Ys=c1Mi, M=®(ng,ng), N=& (ny,ng), Mi = (ny, ny),
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T
o [, 0 0 (RO
E = AT+ YG, I_|: O ] ,F_|:0 e

nxz l’l)c2

then F is a filter with a guaranteed robust energy-to-peak performance bound y. If
(22) and (23) are feasible, then the filter matrices can be obtained by

Ap = Fy A, Ap = F5 A, H = FrHY, H = Fy 'H,, (24

and (21).

Proof. The proof is given in Gyurkovics et al. (2022).

4.3 Robust filtering result for the uncertain/nonlinear system S,

. . o 71T .
Consider now system S, with filter . For the variable X = [x” £7]" one can write
the closed-loop system as

X(t+1) = Azx(t) + Hz p(t) + Bw(1), (25)
gz (t) = Agx (1) + Gp(1), (26)
2 =z(t) —2() = [L J]x(0), 27)

where

- [ A0 - [He 0 = [ B« : Ay 0
A—[ﬁcy/ﬂ’ H—[ofmy] B—[fwy] A [cqo]'

Let us introduce a new system of coordinates by the definition

E=[0 -7 (-7 &7 (i +20)7]",

and take the partition & = [¢] £]']", & € R"!, & € R™ (ny = nyy + 2n,). Per-
forming the corresponding transformation on (25)—(27), one obtains the error system
£ as follows:

. Ea+D] _[ A0 ([a0]  [H B
& [&(r + 1)} = [AHAZJ [Ez(t)} + [H2:| P [Bz] we. (28
_ &)
_ &1()
e(t) = [L 0] [EQ(I)] + Dw(t), (30)
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where
A —AI‘AI1C1 Ap — I:{1C2 App — I’:IICZ — 1‘212
A= —HyC1 Ap —HyCy Ap — HyCy— Ap |
H,Cy Hy,C, A + H,Co
Ay = HC  An+H G Ap+HGC+Ap]. An=An,
[H,, —H Hy By, — HB,
~ N 0A, A
L 0 B, B, =
Mo [, M), B[+ A,

£:[L1—12C1 Lz—]%Cz Lz—[%Cz—JAz], DZ—I%By.

One can see that the subspace H = {& € R¥"x : & = 0} isinvariantfor £, if w(r) = 0,
and e(t) — 0 ast — o0, if the distance d(£(t), H) — 0 as t — oo. Therefore, it is
sufficient to investigate the behavior of the error system € with respect to this subspace.

Before formulating the filter design conditions for system £, some further notations

are needed. For any positive numbers ¢;, 7;, i = 1,...,s, let
v =diag{ri ]y, ..., w1, }, T =diag{til,, ..., t:1,},
e =diagletly,, ... &0}, e =diagleidy,,, ... el }.

Theorem 2 Consider system S», and suppose that Assumption 2 and Condition 1
are satisfied. Let the data of the filter F satisfy (21). If for given scalar param-

eters B, ¢i, (i = 1,2,3), bj, dj, (j = 1,...,6), there exist matrices P =
PR, Si, Zi, Ui, Vi, (i = 1,2), Xj, Yj, (j = 1,....7), F1, F, App, A,
Hi, H», I% fz and positive numbers €;, ti, (i = 1,...,s), such that the follow-

ing linear matrix inequalities (LMIs) admit a solution:

—-P +AggRoAq * * x 1
0 —1 * *
<§50+GT§R0) Ay 0 £00+GTSle+e80G +GTeRG + | =
c D H i
(3D
A+ AT+ T{TAT -y, — T TYT * i
[ BAZ +YF)T + T, —B(F+FT)|~ 0,
(32)
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where
TP % % % kx  lx] X, Y, ] Y]
0 —P % x| %% % X5 Yy T,
RIST 0 %@ xx  ix X3 Y3 T3
A=| 0 0 Z -1} *x x| A=|xy1n|, T=|T4
00010 1z0Qo0 * % X5 Ys Ts
00V 0 ES()TEEROE* X6 Yo Y6
R} S; 02z Uy V) 0] | X7 Y7 Rea
(33)
[—1 0 0 Ay Ap Ap =1 0 O By, H, 0 0 0 0 0
0 -1 0 0 A» A, 0 -1 0 By, H, 0 0 0 0 O
r=|0 0 -ro 0 O OO-I0O0O 0O OO O O0OTDO
0 0 0 0 ApAp 0 O O O G, O -1 0O —-I O
_000 0 CpCpp 0 0 0 0 O Gy, O -1 0 —1I
_— (000 HCl HiC, HiCY +A1, 000 H By 0 HiHy 000 0
2 000 ﬁzcl ﬁzCZ ﬁzCél)-i—Zzz 000 ﬁsz 0 EzHy 0000/
b]]nx1 diN b3lnx1 d3N bslnx] dsN
YT = boM dzlnxz , Yo = bsM d4InX2 , Y3 = beM d6InX2 R
boM dQI,,X2 baM d41an beM d61”x2
T4 =c1 My, Ts = caM», T = c3M3, Y7 = c3M3,
M=q>(nx27n)m)a qu)(nxlvnxz), My = @ (ny, ny), MZZCD(ZP,HX),
M3 = (lg, ny),
T
-, 0 000 F1 0
— X1 —
z_[ S ,%OO] , F—[O FJ, (34)

then F is a filter with a guaranteed robust energy-to-peak performance bound y for
system Sy. If (31) and (32) are feasible, then the filter matrices can be obtained by

(21) and (24).

Proof The proof follows a similar line, as it frequently can be seen in the literature, one
has only to use a Lyapunov function defined in a way usual at stability of sets. Indeed,

let P € R"<*"d be positive definite, and define V by V (§) = ¢ [1,,,, O]T P[1,,0]¢&.
Then there are positive numbers z¢1, 2 such that 1 ||&1]|> < V(&) < u2ll€1]]%. On

the other hand,

VEE+1) = VED) —wn) w@)

] [ro0]"
= | w(t) 0710
p(t) ABH

—-P 00 1
0 -10 0
0 0P||A

00| [&®
10| |w (35)
BH| | p®)

O
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If (pT,¢")T e Q, then for any positive numbers 7;, i =1, ..., s),
&1(1)
700 TS0 001
0 < () [ N gRo} |:Aq 0 G} l[l))((tl)) . (36)

Adding (36) to (35), and introducing the notation

—-P 00 0O O I 00
0 —-10 0 O 01710
=k 0 0P 0 O A BH]|, 37)
0 0 0zQozSo|| 001
0 0 0SjzzRo|| A4, 0G
one can immediately see that
aw]" [ao
VEC+D) = VED) —w® w@) < | w@) | ¥ w) |, (38)

p(t) p(t)

therefore, if W < 0, then the lefthand side of (38) isless than — 3 (IIE] DN + llw(r)]|?
+| p(t)||2) with some pu3 > 0. This implies that, for any admissible uncertainty,

I1E1(®)]] = 0 and |le(?)|| — 0 when # — oo, if w(t) = 0. By summing up, it follows
from (38) and ¥ < 0 that, for & (0) = 0,

t—1

VED) <Y wl) wk). (39)

k=0

By using Schur complement to inequality (31), applying congruence with
BIGEIGH p(t)T]T , and observing that inequality (36) remains valid, if 7;-s are
replaced by arbitrary positive ¢;-s, one can verify that

e e <y (VED) + w0 w(). (40)

Now, (39) and (40) immediately imply (20).
In what follows, we prove that inequality (32) implies ¥ < 0.
Inequality W < O can equivalently be written as

r9" A0 <o, with
P x x x * A BH
0—-P x «x * I 00
A=]0 0 -1 % =« |, =010 (41)
0 0 0 tQp * 001
0 0 0 SlzzRy A, 0G
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The application of Finsler’s lemma (see e.g. in Appendix) gives that (41) is equivalent
to the existence of a matrix A such that

Q0 =A% 4 A0 4 10T A0 0, (42)
where

po_[-1ABHOY o _[RL STzl ol vi
0 A4, 0G0 RI ST zT ul vlI| -

One can check with an immediate calculation that (42) can be written as
Q" =rTAr, <o, (43)

where A is given in (33), and

10-1000 077

01 AT 000 AT
rr=|00B7T100 0
o0HT0r10GT
00 0 007 —1
Then

p_[-1A-1BH 0 0
1o A4, 00G-1-1|

With the application of Finsler’s lemma ii) and iii) it follows that Q¥ < 0 is equivalent
to the existence of a A given in (33) such that

A+AT+TTA <O. (44)
SetI"asthesum I" =T"| + If‘z, where I"; is given by (34), and [, is defined by

B H A][000C; C2C2,000B,0H,0000
27 1A Ay |]|0000 0 7000000 0000]|

then (44) can be rewritten in the form of
A+ AT +TTA + ATD, + TIZTAT <. (45)

Let F and Y be matrices defined in the theorem. Add and subtract the matrix Y FI'; and
its transpose to the left hand side of inequality (45), and introduce the new variables
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Ap = flfilz, Ay = FyA», Hy = FiH, H» = F>H,. Then one obtains that
I'y = FT',, and (45) can equivalently be written as

A4+ AT +TTAT -0y =Yl (AT +YF) T + T AT+ YF)T <.
(46)

The application of Lemma 2 verifies that inequalities (46) and (32) are equivalent,
which completes the proof.

5 Application to the estimation of the Hungarian potential GDP

In this section, it will be shown, how the robust filter design methods of the previous
section can be applied to the models of Sect. 3. First, the data of Model 3 will be given
in details.

The model variables of Sect. 3 and the variables of the general models of Sect. 4
can be identified as follows:

_yp(t)_ _w(yp)(t)_
g(t) w® (1)
up(t) w((up; © y(t) yp(1)
wy = | O o= | o= e | 2@ = [0
7Ty (1) w( p) ) () (1)
ﬂc(t) w7 (t)
ye(t) w) (1)
| yE(®) | L w0 @)
47)

(Emphasize that, in (47), — with a small abuse of notations - y(¢) on the left hand
side denotes the measured output variable of the general model, while it is the GDP
on the right hand side!)

Then Model 3 can be given in matrix—vector notation form as

x(t+1) = Ayx(t) + Hepx (1) + Byw(t), qx (1) = Agx(1),  (48)
y(t) = Cyx(1), (49)
z(t) = Lx(¢). (50)

where H, € R"*0 and Ay € RO (je. empty matrices), if model S is considered
and they are given below for model S,. Further,

@ Springer



Estimation of the potential GDP...

(1100000 0 (00000 0
0100000 0 00000 0
001000:0 0 00000 0
a 001000y, O 4o—| 100000
*=10000100 0 |° *=100000 0 |-
000010y, 0O 01000 0
000000ia; —ay 00100 —1
(000000/a> ar | 00011 0 |
a; = pcosw, a) = osinw,
(10000010 10000000
Cy,=[00110000 ], L=[001000/00
00001100 00001000

If system S is lqonsidered, then ay, ap are obtained as the convex combination of the
four vertices a;’ = g; cosw;, and a5’ = ; sinw;, with given (0;, w;)(i, j = 1,2),
while y,, and y; are taken to be fixed in order to avoid large computational burden.
If system &> is considered, then A, is taken with fixed parameters y, = %?7
Vo = )/J?, a; = a(l) = pocoswp, and ap = ag = po sinwp, with given (0g, wp).
Further, py (1) = @u (£, gx1 (1)), gx1(1) = 81x7(t), and pry (1) = @ (1, gx2(1)) =
3 3 T
82(1)qx (1), CIxz(t)_: 8x7(1), pxi(t) = 3i(t)qx; (1), qx; (1) = §; [X7(l‘) x8(l)] )
(i = 3,4), where 6; (j = 1,...,4) are given positive numbers and [§; (¢)| < 1,
(i =2,3,4). Thus

X - [5188508 0]

and Qo1 = —1, So1 = b/2, Rot =0, Qo2 = —1, So2 = 0, Rz = 1, Qoi = — 1o,
Soi = 02, Roi = I, (i=3,4).

The data for Models 1 and 2 can be obtained by logically omitting variables, rows
an columns in matrices given above.

The quarterly potential GDP of Hungary has been determined for Hungary by
energy-to-peak robust filtering based on Theorem 1 and 2 for the period 2000-2021.
Calculations were carried out with all the three models introduced in Sect. 3. The cycle
has been modelled by dynamics (3). One can see that the relaxed stability condition
required to apply the robust filter (see Sect. 3) has been satisfied. In all model runs,
two different cycle lengths have been considered, when w is around either 257 /80 (the
case of long cycle) or around 2 /30 (the case of short cycle). (Similar cycle lengths
have been considered in Bulligan et al. (2019) (30 and 85 quarters). Evans (2018)
considered 36—144 months, the average of which corresponds to our shorter cycle
length.) The numerical values of parameters are given in Table 1.

With the data given in Table 1, system S; allows a wither range of the parameters’
variations, then Sj.

OnFig. 1, the red rectangle and the polytope with blue boundary depict the allowable
range of variations of the parameters a; and a, for systems &> and Sy, respectively.
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0.0775
0.077 | 0.19
0.0765
0.185
0.076
< <
0.0755 1 0181
0.075 -
0175
0.0745
0.17
0.074 F
0.956 0.96 0.964 0.968 0.88 0.89 0.9
a1l a1l

Fig. 1 Uncertainty domains for aj—aj: a the case of long cycle, b the case of short cycle
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Fig.2 GDP results for Model 1 with polytopic (S7) and quadratically bounded (S>) uncertainties

The contribution of y. to the right hand sides of Eqs. (5) and (7) is —0.03y, <
Y2ve +@u (t, yo) < —0.01y. and 0.005y, < 0y, < 0.015y, in the case of S, while
itis —0.02y, and 0.01y, in the case of Sj, respectively.

Consider now the results beginning with the simplest Model 1 and continuing with
the more involved Model 2 and Model 3.

Model 1 First, consider the results of the univariate Model 1. The application of
Theorem 1 resulted in the energy-to-peak performance bounds y = 5.03 for the long
cycle case, and y = 3.11 for the short cycle case, while Theorem 2 yielded y = 4.22
for the long cycle case, and y = 2.79 for the short cycle case. Considering either
system S; or Sy, the results are similar. The filtered and the actual values of the GDP
are very close to each other (see Fig.2a, b), although the filter could dampen the
volatility, especially around the troughs of the two crises.

Even the multivariate models used to determine potential GDP are very simple in
terms of systems paramteres. The successful application strongly influenced by their
appropriate choice: the parameter values should be adjusted to the specifically exam-
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Fig.3 GDP results for Model 2 with polytopic (S1) and quadratically bounded (S>) uncertainties
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Fig.4 Unemployment results for Model 2 with polytopic (S ) and quadratically bounded (S>) uncertainties

ined economy. Furthermore, not only the specific parameter values may be different,
but it cannot be expected that the same model would be equally successful for different
national economies.

Model 2 In this case we filtered for both the GDP and the unemployment rate.
The results for Model 2 are depicted on Fig.4a, b. The application of Theorem 1
resulted in the energy-to-peak performance bounds y = 5.03 for the long cycle case,
and y = 2.69 for the short cycle case, while Theorem 2 yielded y = 4.24 for the
long cycle case, and y = 2.79 for the short cycle case. In the case of Hungary, the
experiments with Model 2 proved to be relatively stable. One can observe on Fig. 3a,
b that the dynamic character of the GDP and that of the filtered time-series are similar
if either cycle length is chosen.

The application of long cycle shows a more characteristic result, as there are greater
differences between the GDP and the filtered values. The financial world crisis affected
the Hungarian economy until 2012, when the measured values were lower than the
filtered ones. Since then, the Hungarian economic policy was procyclical until the
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Covid-19 crisis as Fig.3a, b show, i.e., the GDP gap was positive. If system S, was
considered (with quadratically bounded uncertainty), one can see on Fig. 3a, b that just
before the Covid-19 crisis, the GDP gap increased. In fact, the inflation rate increased,
and the external balance deteriorated. After the Covid-19 crisis, the economy bounced
back quickly, and the growth-focussed procyclical economic policy returned. Our
calculations show that — in spite of the Covid-19-induced relapse — the GDP gap
was still positive at the end of 2021. Figure4a, b show that the impact of the finan-
cial crisis on unemployment rate was significantly higher and longer than that of the
Covid-19. The measured unemployment became far higher than its natural rate as the
consequence of the financial crisis, and the difference was far lower from 2015, when
the GDP gap was positive. This is consistent with the calculated potential GDP. We
remark that the estimated values of coefficients of the models depend on the actual
economic policy measures of the examined economy. The dynamic equations of the
model formulate relationships of the market economy, while the measures might go
against or at least dampen the market reactions. This is also true for the y,, in Model
2 (and in Model 3 below, as well). For example, in Hungary the unemployment has
been treated by an extensive public work program launched after 2010 that distorted
the unemployment rate in certain years before the Covid-19 crisis. The benefit period
is just three months in Hungary, which is exceptionally short in the European Union.
After it these people may be employed as public — or fostered — workers earning
well below the minimum wage for some low value-added work, but they are counted
as employed in the statistics. This means that the difference between the natural and
the actual rate of unemployment would be larger without such a measure.

Model 3 The results for Model 3 are depicted on Figs. 5a, 6 and 7b. The application
of Theorem 1 resulted in the energy-to-peak performance bounds y = 5.03 for the
long cycle case, and y = 2.69 for the short cycle case, while Theorem 2 yielded
y = 4.24 for the long cycle case, and y = 2.79 for the short cycle case. The results
of this model are consistent with those of Model 2 applying either type of uncertainty
and either cycle length. Again, the filtering of S> with long cycle shows the procyclical
economy before and after the Covid-19 crisis (see Fig. 5b). The largest positive GDP
gap can be observed in 2017-2019, when the inflation increased and the external
balance began to deteriorate at a high rate of economic growth. The deep Covid-19
crisis did not the reduced the GDP gap for a longer time, while also the central budget
deficit became very high.

The difference between the actual unemployment rate and its filter value was high
during both crises, but in Model 3, the actual rates were almost equal to the filtered
values in the second half of the 2010s because of the expansive economic policy.
Corresponding to the procyclical, growth-focussed economic policy, the actual infla-
tion was always higher than its reference level, except in 2015, when the rate was
slightly below zero, see Fig. 7a, b. We remark however that Hungary is an extremely
open economy. In this case the inclusion of the inflation rate as formulated in Model 3
might distort the results. Namely, in case of economic downturn the way of adjustment
can be the weakening of the domestic currency, which may even raise the inflation,
i.e. the expected positivity of y, may not hold true for certain periods.

Since past values can only be computed, but not observed by statistics, there is no
objective criterion for comparing the goodness of the results. All the experimental
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Fig.5 GDP results for Model 3 with polytopic (S1) and quadratically bounded (S;) uncertainties
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Fig.6 Unemployment results for Model 3 with polytopic (St) and quadratically bounded (S ) uncertainties
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Fig.7 Inflation results for Model 3 with polytopic (S1) and quadratically bounded (S5 ) uncertainties
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runs proved to be robust, model S> with the longer cycle length provided the most
characteristic results, which can be justified in economic terms, too.

6 Conclusions

In this paper a new filter method is proposed, which is suitable to determine non-
observable economic indicators, e.g. the potential GDP, which is a crucial information
both for policymakers and for analysts. The main advantage of the proposed robust
filter method over the traditional Kalman filter is that we do not have to make stochastic
assumptions that may not be valid for the problem at hand. Instead, we can take
into account the uncertainties of the dynamic system using unknown deterministic
parameters and/or nonlinear functions. This means that a new model, not yet used
in the literature, was applied to estimate the potential GDP. Uncertainties were taken
into account in two ways. One is the application of a linear parameter varying (LPV)
system, the other is the use of quadratically bounded uncertainties. In contrast to robust
filtering results known from the literature, certain partial stability of the nominal system
is sufficient for the proposed methods, which is a theoretically new result.

The proposed method was applied to estimate the Hungarian potential GDP based
on quarterly data. We tested uni-, bi- and trivariate to estimate the Hungarian potential
GDP in 2000-2021. Such estimation has not been published yet. The examined period
included both the financial world crisis and the Covid-19 crisis. Similarly to several
papers, two different cycle lengths have been taken into account. The results have been
consistent, but the most characteristic results were provided by the bi- and trivariate
models with quadratically bounded uncertainties with the longer cycle length. It turned
out that the economic policy was very procyclical after 2012, and the GDP gap was
still positive during and after the Covid-19 crisis.

Funding Open access funding provided by Corvinus University of Budapest.

Declarations

Conflict of interest Author Eva Gyurkovics declares that she has no conflict of interest. Author Tibor Takécs
declares that he has no conflict of interest.

Ethical approval This article does not contain any studies with human participants or animals performed
by any of the authors.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

E. Gyurkovics, T. Takacs

Appendix

For convenience of the readers, two lemmas needed for the proof of Theorem 2 is
given below.

Lemma1 de Oliveira et al. (2001) (Finsler’ s lemma) Let x € R", Q = QT ¢ R»”
and B € R™*" such that rank(B) < n. Then, the following statements are equivalent:

(i) xTOx <0, VBx =0, x #0.
(i) BJT_ OB, <0, where B is the kernel of B; i.e. BB, = 0;
(iii) IX e R 9+ xXB+BTxT <0.

Lemma 2 Changetal. (2015) For scalar B and for matrices X, &, I', G of compatible
dimension the following statements are equivalent:

(i) > * -0

! BE+GT —B (G +GT7) ’

(i) Y <0, T+ Er+r’e’ <o.
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