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1. Introduction

The complete description of positive self-adjoint extensions of a densely defined positive
operator T (acting in a complex Hilbert space H) was done in the seminal work [1] of
M. G. Krein. Krein not only showed that such an operator always has a positive self-adjoint
extension, but that these extensions form an (unbounded) operator interval [Ty, Tr] with
respect to the form order, also introduced by Krein. The smallest element Ty of that inter-
val is called the Krein-von Neumann extension, while the largest one TF is known as the
Friderichs extension. In this paper, our primary goal is to revise Krein’s classical results
(including his uniqueness criteria) and extend the extension theory to operators that are
not necessarily densely defined. It is also a novelty that our procedure does not use the
spectral theory of symmetric operators, so all our results remain valid in real Hilbert spaces.

The factorization procedure we use goes back to the article by the first author and
Stochel [2]. Taking advatage of that treatment we revise Krein’s uniqueness criterion [1]
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(cf. also [3, Theorem 4.7] for the case of positive linear relations). An additional ben-
efit of generalizing Krein’s results to non-densely defined operators will be apparent
when considering the positive self-adjoint solvability of the operator equation XA = B
(see Corollary 2.3 below). Another immediate application is the interesting fact that the
‘modulus square’ operator T*T of an arbitrary densely defined operator T always has a
positive self-adjoint extension. (Surprisingly, this is not the case with TT™: it can be even
non-closable, see [4]).

In the second half of our article, we deal with bounded extensions. First, in Theorem 7.1
we provide a refinement of [5, Theorem 1] characterizing positive operators having
bounded positive extensions. With the help of that result, a simple proof can be given for the
existence of the transformation called "shorted operator’ by Krein [1] (see also [6-8]). On
the other hand, Theorem 7.1 also enables us to investigate the norm preserving self-adjoint
extensions of bounded symmetric operators and to revise Krein’s uniqueness condition.
The main ingredient in our proof is a formula describing the range space of the square
root of the shorted operator Theorem 7.4.

The following notations will be used throughout the paper. Let H and K be a real or
complex Hilbert space and let T : H — K be a linear operator. In this last statement, we
mean that the domain of T (in notation: dom T) is a linear subspace of H, while the range
space (in notation: ran T) is a (linear) subspace of K. If H = K and T satisfies

(Tf.g) = (/. Tg), f,g € domT,

then T is called symmetric. If in addition the quadratic form of T is non-negative, that is,
(Tf,f) >0, fedomT,

then T is called positive. If the underlying Hilbert space H is complex then every operator
T having real quadratic form is automatically symmetric. Nevertheless, in this note we do
not restrict ourselves to complex spaces, so when speaking about positive operators, we
always assume the symmetry of the transformation in question.

We recall the adjoint of a densely defined operator T which is defined on its domain

domT*:={ke K : (VfedomT) : (If,k) = (f,k*) for some k* € H}
by letting
Tk := k*.
As it is well known, a densely defined operator T : H — 'H is symmetric if and only if
T C T* ie. T* extends T. We call T self-adjoint if T is densely defined and T* = T. Recall
also that the linear operator T : H — K is closed if its graph
G(T):={(f,If) : f € dom T}

is a closed linear subspace of the product Hilbert space H x K. T is closable if it has a
closed extension. The minimal closed extension of a closable operator T is denoted by T
and its graph is given by

G(T) = G(T).

The adjoint of a densely defined operator is always closed. In particular, every self-adjoint
operator is closed. It is also well known that the closure of a densely defined operator T is
just its second adjoint T**.
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If T is closed then a linear subspace D of dom T is called a core for T if
G(T|p) = G(T).

Throughout the paper, we shall frequently use a fundamental theorem due to von Neu-
mann [9] which says that T*T and TT* are both positive and self-adjoint operators
provided that T : H — K is densely defined and closed. In that case, D := dom T*T is
a core for T (cf. also [25]). The unique square root of a positive self-adjoint operator A
will be denoted by A'/2, If T is densely defined and closed, then the domain of (T*T)!/?
is identical with dom T. We mention here that the existence of the square root can be eas-
ily verified using the spectral theorem. An elementary treatment that also applies for real
Hilbert spaces can be found in [10].

2. Positive self-adjoint extensions of positive symmetric operators

Let H be a real or complex Hilbert space. In what follows, we fix a positive and symmetric
operator T : H — H whose domain dom T is a linear subspace of . We do not assume
dom T to be dense or closed. Our first result below provides various sufficient and neces-
sary conditions on T under which it extends to a positive and self-adjoint operator T The
cornerstone of those characterizations is the linear subspace

D(T):={geH: sup{|(Th,g)|2 : hedomT,{Th,h) <1} < +o0}. (1)

Clearly, g € D,(T) holds if and only if there is a constant m, > 0 (depending only on g)
such that

|(Th,g)|> < mg(Th,h), (VY h e domT).

From the Cauchy-Schwarz inequality applied to the form (h, k) — (Th, k) it follows that

dom T C D.(T). (2)

Theorem 2.1: Let T : ' H — 'H be a positive symmetric operator. Then the following state-
ments are equivalent:

(i) T has a positive self-adjoint extension,

(ii) D«(T) C 'H is dense,

(iii) Di(T)" C ran(l + 1),

(iv) Du(D*NranT = {0},

(v) For every sequence (hy,) of dom T such that (Thy, h,) — 0 and Th, — f it follows that
f=0,

(vi) There exists a Hilbert space £ and a densely defined linear operator V : H — £ with
dom V D dom T such that V(dom T)+ = {0} and

(Vg|Vh), = (g, Th), gedomV,hedomT. (3)
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Proof: (i)=(ii): Let T be any positive self-adjoint extension of T then it is easy to see that
dom T2 € D(T).
For if g € dom T'/2 then it follows that
(Th,g) > = (T *h, T ?g)* < T *g|>(Th,h), h € domT,

whence g € D, (T), indeed.

(ii)=>(iii): This implication is obvious.

(iii)=(iv): Take any vector g € D..(T)* then there exists h € dom T such that
g = h+ Thby (iv). Then h € D,(T) as well and thus

0= (g, h) = (h,h) + (Th, h),

which yields & = 0 due to positivity of T.
(iv)=(v): Let (h,) and f € H be as in (v). Clearly, f € ran T. On the other hand, for
every g € D,(T) we have

(Thu, @)1* < mg(Thy, hy),

so letting n — +oc implies (f,g) = 0. Hence f € D, (T)* and therefore f = 0 by (iv).
(v)=(vi): Consider the following inner product (- | -), on the range space ran T of T:

(Tf | Th), := (If,h), f,hedomT.

From (v) it follows that (- | -), is indeed a well defined inner product: for if (Th,h) =0
for some h € dom T then the sequence h,, := h clearly satisfies the conditions of (v) with
f = Thhence Th = 0. Let &7 denote the ‘energy space’ of T, that is the completion of the
prehilbert space so obtained. Let us denote by /7 the natural embedding of ran T C & into
'H defined via

Jr(Th) == Th, hedomT. 4)

Clearly, J7 : Er — H is densely defined and condition (v) expresses just that ] is closable.
Furthermore, for every f,h € dom T one has

Jr(Th),f) = (Th,f) = (Th| Tf),,
whence we conclude that dom T € dom J7 and
Jif =Tf € &r, f €domT. (5)
As a consequence we see that J7.(dom T) = ran T C 7 is dense,
(Jig | J5h), = (J5g| Th), = (g, Th), g€ domJ, h e domT,

which means that V' := J} fulfils every condition of statement (vi).
(vi)=(1): Consider a linear operator V : H — & satisfying all the properties stated in
(vi). We are going to show that T := V*V** is then a positive self-adjoint extension of T.
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With (3) in mind, it will follow immediately if we show that V(dom T) € dom V*. Take
therefore ¢ € dom V and h € dom T then

(Vgl Vh)g = <g’ Th)'
This implies Vi € dom V*. |

Remark 2.1: Let us make some comments about Theorem 2.1:

(1) A densely defined positive symmetric operator T always has a positive self-adjoint
extension. This follows immediately from inclusion (2).

(2) Condition (v) was called positive closability by Ando and Nishio in [11].

(3) The equivalence between (i) and (ii) was established in [2, Theorem 1]. Conditions
(iii), (iv) and (vi) are refinements of that result.

(4) Every positive symmetric operator (or relation) can be extended to a positive self-
adjoint linear relation (i.e. a multivalued operator), see e.g. [12]. For more information
about the extension theory of positive linear relations we refer the reader to [13], and
also to [3], whose procedure is close to that of this article.

(5) An immediate calculation shows that

Dy(T) = dom ]}, (6)
whence one obtains
D (T) = dom (5T,

where A'/2 denotes the square root of the positive self-adjoint operator A.

A transformation having a positive and self-adjoint extension must apparently be clos-
able. For this reason, from the point of view of self-adjoint extendibility, it is not a serious
restriction if we assume the operator in question to be closable. Under this additional
assumption condition (iii) of Theorem 2.1 can be weakened as follows:

Corollary 2.2: Assume that the positive symmetric operator T is closable. Then the following
condition is still equivalent with the conditions (i)-(vi) of Theorem 2.1:

(vii) D4 (T)* C ran(I + 7).

Proof: 1t is clear that (vii) is formally weaker than condition (iv). Hence it is enough
to prove that a closable positive operator T which fulfils (vii), has a positive self-adjoint
extension. To do so we prove first that

Di(T) = Di(T),

where T denotes the clos_ure of T. 1t is clear that D, (T) C D,(T). For the converse,_let

g € D,(T)and h € dom T, and choose a (h,) from dom T such that h, — h, Th, — Th.
Then

= 2 . . =

(Th,g)* = lim [(Thy,g)l? < lim mg - (Thy, hy) = mg - (Th, ),

hence g € D..(T), as it is claimed.
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We prove now that (vii) implies (i). It is clear that T has a positive and self-adjoint
extension if and only if T does. By Theorem 2.1, this is equivalent to inclusion

D(T) C ran(I + T). (7)

As we saw above, D, (T) = D,(T). On the other hand, I + T is a closed and bounded
below operator, thus we have

ran(I + T) = ran(I + T) = ran(I + T).

The equivalence between (vii) and (7) is now obvious. |

As an immediate application of Theorem 2.1 the positive self-adjoint solvability of
operator equations of type

XA DB

is considered in the following result:

Corollary 2.3: Let H and K be real or complex Hilbert spaces and let A,B : K — H be
(not necessarily densely defined or closable) linear operators such that dom B C dom A. The
following statements are equivalent:
(i) there exists a positive self-adjoint operator S such that
SA O B,
(ii) (Bh,Ah) > 0 for every h € dom B and the set of those vectors g such that
sup{|(Bh,g)| : h € dom B, (Bh, Ah) <1} < +o00

is dense in H,
(iii) for every sequence (hy) of dom B such that (Bh,, Ah,) — 0 and Bh, — f it follows

that f = 0.
Proof: Every operator S that satisfies SA C B is an extension of the operator

T:ranA — H, T(Ax):= Bx.

Hence, (i) is equivalent to the positive self-adjoint extendibility of T. The equivalence
between (i)-(iii) follows from Theorem 2.1 in a straightforward way. [ |

Remark 2.2: We emphasize that in the proof of Corollary 2.3, we made significant use of
the main advantage of Theorem 2.1, according to which the operator T under consideration
does not have to be densely defined.
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3. The Krein-von Neumann extension

Let T:'H — 'H be a (not necessarily densely defined) positive symmetric operator that
fulfils any (hence all) of the equivalent conditions of Theorem 2.1. Then the operator Jr :
Er — 'H is densely defined and closable and it turned out from the proof of Theorem 2.1
that

Tn :=J7'T7

is a positive self-adjoint extension of T. In this section, we are going to show that Ty is the
smallest among all positive self-adjoint extensions of T, hence we shall call it the Krein-
von Neumann extension of T. The minimality of Ty is understood with respect to the so-
called form order ‘<’, which is a partial ordering among the set of all positive self-adjoint
operators, defined by

def

$1<8 & I+S '<u+s)L (8)
It can be proved that
S <S dom Sé/z C dom S}/z,
b= 11%g12 < 18%¢)12, g € dom s},

where Si1 /2 stands for the unique positive self-adjoint square root of S; (see e.g. [14]).
Let now S be a positive self-adjoint extension of T; we are going to prove that

TN <X S.
An easy calculation shows that dom J. = D, (T) from which one concludes the identity
dom TII\]/2 = dom(]?‘]?)l/2 =D, (T).

Furthermore, from the density of ran T in the energy space £r (with respect to the inner
product (- | -),.) it follows that

17y 8> = Utg | T5g):
= sup{|(J3g | Th):|* : h € dom T, (Th | Th), < 1}.
Hence, using the identity
(78 | Th)e = (g, Th)
we gain the useful formula

1T\ *gl1? = sup{|(g, Th)|* : h € dom T, (Th,h) < 1}. 9)

Recall that the self-adjoint operator S does not have any proper self-adjoint extension.
Hence above procedure with S instead of T gives S = Sy and also that

dom /2 = D,(S) C Dy (T).

In particular, equality (9) applies to S = Sy and gives
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18Y2g|1* = sup{|(g, Sh)|* : h € dom S, (Sh,h) < 1}
> sup{|(g, Th)|* : h € dom T, (Th,h) < 1}
= 1Ty g1
which means that
Ty < S.

What has just been proven can be summarized in the following result:

Theorem 3.1: If the positive symmetric operator T : H — H has any positive self-adjoint
extension (i.e. T fulfils any of the equivalent conditions of Theorem 2.1) then Ty := J1*J} is
the smallest positive self-adjoint extension of T.

In what follows, we are going to establish the converse of Theorem 3.1. Namely, it will
be proved that a positive self-adjoint operator S satisfying Ty < S must be an extension of
T. The precise statement is given in the next result:

Theorem 3.2: Assume that the linear operator T (acting in the real or complex Hilbert space
'H) satisfies the equivalent conditions of Theorem 2.1. For a given positive self-adjoint operator
S the following statements are equivalent:

(i) Sis an extension of T,
(i) (@ Tn=xS
(b) dom T € dom SV/2,
(c) |ISY2f||? < (Tf.f) for every f € dom T.

Proof: Assume first that S is a positive self-adjoint extension of T. Then Ty < S by
Theorem 3.1. On the other hand, dom T € dom S € dom S'/2 and

(TF.f) = (Sf.f) = IS'*f1I?

forevery f € dom T.
To prove the converse direction suppose that the positive self-adjoint operator S satisfies
conditions (ii) (a)-(c). Introduce the semi inner product p on dom S1/2 as

p(f>g) = (V2,82 — (T\*f, T/?g), f.g € domS'/2,
By (a) and (c) we have p(f,f) = 0 for f € dom T, thus
pgf) =0, fedomT, ge dom S'/2,
according to the Cauchy-Schwarz inequality. Consequently,
(812,81f) = (T &, TN'f) = (&)

forevery f € dom T'andg € dom S'/2. From this last identity we see that S'/2f € dom S/
(or equivalently, f € dom S) and also Sf = SY/2(S'/2f) = Tf. This in turn means that S is
an extension of T. n
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As an immediate consequence we obtain the following statement (see [15, Corollary
10]):

Corollary 3.3: Let T : H — H be a positively closable symmetric operator and let R, S :
‘H — "H be positive self-adjoint operators. Suppose that T C R and Ty < S <X R, then also
TCS.

Proof: From the assumptions, it follows that
domT € domR C dom R/? C dom S'/?,

and also

(Tf.f) = IRV2f|I* > |ISV/%f)?

for every f € dom T. By Theorem 3.2 we conclude that T C S. |

We close the section by providing a necessary and sufficient condition on a positive
self-adjoint operator S to be equal to the Krein-von Neumann extension of T:

Theorem 3.4: Let T be a (not necessarily densely defined) positive operator in the Hilbert
space H and let S be a positive self-adjoint extension of T. The following statements are
equivalent:

(i) Tn=S
(ii) ran T}\]/Z = ran S§'/2.

Proof: Let S be a self-adjoint extension of T satifying range identity (ii). Consider the
energy space Es associated with S. We prove first that ran T is dense in Es (with respect to
the scalar product (- | -)¢ induced by S). To do so it suffices to prove that dom Ji* € ran T
where the closure is taken with respect to (- | -)¢. Consider a vector & € dom Jg*. Then

J§*€ € ran §'/2 = ran TII\,/Z, hence there is a sequence (f,,) in dom T such that

(T(fa = fm)sfn = fm) > 0 and  Tfy — J§*& € H.
Since we have T' C §, it follows that Tf,, = Sf, and therefore
(S¢fu — fm) | SUn — fm))s — 0 and  J§*(Sfu) — JS€.
Consequently, Tf, = Sf, — ¢ € s, hence ¢ € dom J§* and J§*¢ = J$*&. By injectivity of

J§* we get & = ¢ which in turn shows that & belongs to the closure of ran T' in £. Since
dom J§* is a dense subspace in s, so is ran T.
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Let us denote by Jo the restriction of J¢* to ran T:
Jo :=J§ lranT-
By the first part of the proof we see that Jy : & — H is densely defined acting by
Jo(Tf) = Tf, f € domT.

It is easy to see that J§*J§ is a positive self-adjoint extension of T. Besides, an argument
similar to the calculation presented at the beginning of this section shows that

dom (J3*Ji)/? = dom J§ = D4(T) = dom J3,
and that

1T T gl = 105 TP Pgll?, g € Da(T),
whence J§*J5 = J;*J7 = Tn. This identity shows that

kerJi* = kerJ§* = {0} and ranJj* =ran TII\,/2 =ranJ{*.
Since J§* C J§*, it follows that J§* = J* and therefore
In=J5"T =J5'Ts =S,

as claimed. [ |

4. The Friedrichs extension

In his classical paper [16] K. Friedrichs proved that a densely defined positive symmetric
operator has at least one positive self-adjoint extension. In [1] Krein proved that the exten-
sion constructed by Friedrichs is the largest possible extension of T (with respect to the
form order (8)) and that the positive self-adjoint extensions of T form an ‘operator inter-
val’ [Ty, Tr]. Here, Ty is the Krein-von Neumann extension of T while T is the so called
Friedrichs extension of T which will be investigated below in detail.

In this section, we are going to construct the largest extension Tr in a way that is com-
pletely different from Friedrichs’ original approach. In fact, our procedure is more in line
with the reasoning of [17] and uses a factorization method through the energy space £r.
However, the proof given here is somewhat shorter and simpler.

It is easy to check that the set of positive self-adjoint extensions of a non-densely defined
positive operator cannot have the largest element. For this reason, throughout the remain-
der of this section we assume that the positive operator T : H — H is densely defined.
Recall that the Krein-von Neumann extension of such an operator T automatically exists
according to Remark following Theorem 2.1.

Keeping in mind the notations of Section 2 one concludes that

domT C D,(T) = domJ7.

Hence the restriction Qr of J} to dom T is a densely defined (and necessarily closable)
operator. By formula (3), Qr : dom T € 'H — &r acts by

Qif =Tf, fedomT. (10)
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The closure Q3" of Q7 can be described as

{geH :g1— & (T(gn — gm)>8n — gm) — 0 for some (g,) C dom T}. (11)

From formulas J7* C Q7 and (10) it follows that
Tr := QrQr"

is a positive and self-adjoint extension of T. Our claim is to show that TF is equal to the
largest extension of T, that is, S < T holds for every positive self-adjoint extension S of T.

For let S be a positive self-adjoint extension of T. By repeating the above procedure with
S instead of T we get

S =Sr = Q{Q¥™. (12)
As a consequence, dom §'/? = dom Q}*. Hence S D T implies

dom §'/2 = {ge™:g.— & (5S¢ —gm)gn — gm) = 0 for some (g,) C dom S}
D{geH :gn— & (T(gn— gm)>gn — gm) — 0 for some (g,) C dom T}
= dom Tl/2

On the other hand, for ¢ € dom S'/2 we have

IS'211* = lim (Sgn»gn)
n——+00

with g, € dom S, g, — g and (S(g» — gm)>gn — gm) — 0 because

I1S"2%g1” = lim (Q§"gn Q¥"gn)s =  lim _(Sgugn)-

Similarly, for g € dom T;/ ? we have

1/2

2 s T _nel/2 g2
1T gl —ngrfoo(Tgn,gn)—ngrfoo@gn,gn)—IIS gll

with g, € dom T, g, — g and (S(g» — gm)>gn — gm) — 0. Hence

1/2

1 2
Ty /

gl? = 1sY%|?, gedomT (13)

and therefore S < TF, as it is claimed.
With the above considerations, we have just proved the following result:

Theorem 4.1: If T: 'H — "H is a densely defined positive symmetric operator, then Tp
Q5.Q7* is the largest positive self-adjoint extension of T. The domain dom T, 1/ 2 of Tp T ¢

sists of those vectors g for which there exists a sequence (g,) C dom T such that &g and
(T(gn — gm)>8&n — gm) — 0. In that case,

1/2

1T "gI* = lim (Tgu,gn).
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Combining Theorems 3.1, 4.1, and Corollary 3.3 we conclude the following revised form
of a fundamental result by Krein [1]:

Corollary 4.2: The positive self-adjoint extensions of a densely defined positive self-adjoint
operator T (acting in a real or complex Hilbert space 'H) form an operator interval

[Tn, TF] = {S=8* : Tny < S < T}, (14)

where Ty = J1*]} is the Krein-von Neumann extension, while Tr = Q}.Q5" is the Friedrichs
extension of T.

5. Krein’s uniqueness criterion

In this section, we are going to investigate the problem of uniqueness of the positive self-
adjoint extensions. It is easy to check that uniqueness can occur only in the densely defined
case. As we have seen in the preceding sections, positive self-adjoint extensions of a densely
defined positive symmetric operator T form an operator interval (14), where Ty is the
Krein-von Neumann extension, while T is the Friedrichs extension of T. Thus T has a
unique positive self-adjoint extensions if and only if its minimal and maximal extension
coincide, i.e. Ty = Tk.

In the present section our main goal is to revise Krein’s uniqueness condition. To do so
we are going to present the first formula for a positive self-adjoint operator S to agree with
the Friedrichs extension of T:

Theorem 5.1: Let T be a densely defined positive symmetric operator in the real or com-
plex Hilbert space H and let S be a positive self-adjoint extension of T. Then the following
statements are equivalent:

(i) S=Tr,
(ii) ker(I + T*) N dom /2 = {0}.

Proof: Before we start proving the desired equivalence, let us make a few observations.
Consider the energy space & of S and the linear operator Qg : dom S — &g satisfying

Qsf =Sf, f € domsS.

Let Qg denote the restriction of Qg to dom T. Then Qy is closable and satisfies

Qof =Tf, fedomT,

and an easy calculation shows that Q;Qi* = TF. It follows therefore that identity Tr = S
is equivalent to identity Qg™ = Qg™*.

Let us now turn to the proof of the equivalence between (i) and (ii). Assume that Ty # S,
or equivalently that Q§* & Q§*. Then there is a non-zero vector g € dom Q§* = dom st/2
such that (g, Q5g) in the graph of QF is orthogonal to the graph of Q*. Then

0= ((g Q58 (f> QufMGar)
= (g.f) + (Qsg | Tf ),
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=(g.f) + (& If)
=(gf + 1If)

foreveryf € dom T. Consequently, g € ran(I + T)* = ker(I + T*). Hence ker(I + T*) N
dom S'/2 = {0} proving that (ii) implies (i).
Let us assume now that Tr = Ty and consider a vector g € ker(I + T*) N dom S'/2,

Then g € dom T}g/ 2 according to our hypothesis. By Theorem 4.1 there exists a sequence
(gn) from dom T such that

& — & and (T(gn — gm)>&n — gm) —> 0.
In particular, Té/ : o — Té/ 2 g and thus

—ligl* = (T*g,g) = lim (T*g,gy)

n—oo
. . 12 1)2 1/2
- nlgrolo (8 Tgn) = nlinéo <TF/ & TF/ &) = ”TF/ gl =0,
whence g = 0. Consequently, (i) implies (ii). |

Using the preceding result we are able to establish the following generalization of Krein’s
uniqueness criterion [1] (cf. also [3, Theorem 4.7]):

Corollary 5.2: Let T be a densely defined positive symmetric operator in the real or complex
Hilbert space 'H. The following statements are equvalent:

(i) T has a unique positive self-adjoint extension, i.e. Ty = TF,
(ii) ker(I + T*) N Dy (T) = {0},
(iii) for every non-zero vector g € ker(I + T*) one has

sup{l(f.8)I> : f € dom T, (Tf,f) < 1} = +o0.

Proof: Keeping in mind the identity dom TII\]/ - D, (T), the equivalence between (i) and
(ii) follows from the preceding theorem. Furthermore, for a vector g € ker(I + T*) one
has

1) = I(f, —T*)* = (If.g)1% fedomT,

whence we see that g € dom D, (T) if and only if the supremum in (iii) is finite. This proves
the equivalence between (ii) and (iii). |

From all that we have seen so far it is clear that if a positive operator T is essentially
self-adjoint (i.e. T* = T™*), then one has

Ty = Tr. (15)

Nevertheless, from equality (15) it is still not obvious whether T could not have further
‘indefinite’ self-adjoint extensions. Let us recall that a positive operator T : H — H is
called bounded from below if it satisfies

(Tf.f) = €lfI>, f€domT (16)
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for some constant ¢ > 0. Based on our constructions of Ty and Tr we are going to prove
that a bounded below positive operator T satisfying (15) must be essentially self-adjoint.
As a first step, we prove the following Lemma:

Lemma 5.3: Let T be a densely defined positive symmetric operator, then

(a) dom(Tx) N dom (TH?) = dom(Ty) N dom (Tr) = dom (JE*Q%),

(b) G(Tn) NG(Tp) = GUT*QF).
Proof: Recall that Qr = J}|dom T and that Ty = J;*J7, while Tr = Q}.Q7*. Consider f €
dom (J7*Q7¥), then

QY = QHQFS = Tuf, and JQFS = JFTIf = T4,

which imply f € dom(Tx) N dom (TF). On the converse, if f € dom(Ty) N dom (Tlls/ 2),
thenf € dom Q7*, hence Q}'f = J7f andf € dom J3*J} imply f € dom (J3*J7). As above,

I Qr'f = Tef = TInf.
From these, statements (a) and (b) already follow. [ |

Theorem 5.4: Suppose that the densely defined positive symmetric operator T is bounded
from below. Then T** = J7*QF.

Proof: From Lemma 5.3(b) it is clear that T C J3*Q}* and also that the latter operator is
closed. Hence

Assume towards a contradiction that the inclusion above is proper. Then there is a non-zero
vector g € dom (J7*Q7¥) that is orthogonal to the graph G(T) of T. Then

0= ((f, T, &J7 Q18N = (/&) + (Tf. )T Qr'8)
for every f € dom T. From that we infer J7*Q7*g € dom T* and
T Qr'g = —s (17)

Observe now that (16) impies that Q3 : dom Q7 — &7 is invertible with everywhere
defined bounded inverse. Indeed, it satisfies

1QrflIz, = (TIf.f) = elfI> f€domT,

and its range space contains the dense set ran T € E7. Note also that we have JrQr =T
due to (10) and (5). We claim that

T = Q}J7. (18)
Forlet k € dom T* = dom (JrQr)* and f € dom T, then
Jr(Tf), k) = (JrQr)Qr (T, k) = (Tf | (Q)* UrQr)* ke,
whence k € dom J and Jik = (Q;")*(JrQr)*k. This yields (18), indeed.
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Putting now (18) and (17) together we obtain
—lgl* = (QUFI Qi'g.8) = U5 Q¥ gll”,

whence ¢ = 0, a contradiction. [ |

Corollary 5.5: Let T : H — H be a densely defined positive symmetric operator which is
bounded from below in the sense of (16). Then dom (Tx) N dom (Tlls/z) = dom T** and

G(T*) = G(Tn) N G(TF).
In particular, if Ty = Tr then T is essentially self-adjoint.

We remark here that the self-adjoint extensions T} and T of T are called disjoint if they
satisfy dom T7 N dom T, = dom T**. Using this wording, the above Corollary can also be
rephrased by saying that Tr and Ty are disjoint extensions of T (cf. e.g. [3, Proposition
4.3]).

6. Extensions of the modulus square of a linear operator

In this section, we are going to apply the foregoing results to the ‘modulus square’ opera-
tor T*T of a given densely defined linear operarator T : H — K. (Here, and everywhere
below, H and IC denote real or complex Hilbert spaces.) Clearly, T*T is positive and sym-
metric, but not necessarily self-adjoint. In [18] it was proved that T*T always has a positive
self-adjoint extension, regardless of whether T is closable or not. (In the former case, T* T**
is apparently a positive self-adjoint extension of T*T.) Using the results of Section 2 we can
provide a brief and simple proof of this fact:

Theorem 6.1: If T : H — K is a densely defined linear operator, then T*T has a positive
self-adjoint extension.

Proof: By Theorem 2.1 it suffices to prove that D, (T*T) is dense in . However, from the
identity

D(T*'T) ={geH : sup{I(T*Th,g)I2 : h e dom (T*T), | Th||> < 1} < 400}

itis readily seen that D, (T*T) contains the dense set dom T', hence D,.(T*T) itself is dense.
|

In the next statement the issue of uniqueness of positive self-adjoint extendibility of T*T
is treated. As it has been noticed in the preceding section, uniqueness may only occur when
we have dom (T*T)* = {0}. We will therefore only discuss that non-degenerate case:

Theorem 6.2: Let T : H — K be a densely defined linear operator such that dom (T*T)* =
{0} and let Ty denote the restriction of T to dom (T*T). Then the following statements are
equivalent:

(i) T*T has a unique positive self-adjoint extension,
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(i) ran(I + T*T)* Nran T§ = {0}.

Proof: Assume first that T*T has a unique positive self-adjoint extension. Consider a
vector k € dom (T*T) such that Tjk € ran(I + T* T)L, then

sup{|(f, Tgk)|* : f € dom (T*T), | Tf|I* < 1}
= sup{[(If,k)|* : f € dom (T*T), | Tf|I* < 1} < |Ik|*

Hence Theorem 5.2 implies Tk = 0 and therefore (i) implies (ii).
Assume now (ii) and consider a vector g € ker(I + T*T)* N D, (T*T). Then there is a
constant C > 0 such that

(T*Tf.g)1> < CITfI f € dom T*T,
from which with (T*T)*g = —g we obtain that
(f.©)1> < CIITof I’ f € dom Tp. (19)

Inequality (19) expresses that the linear functional ¢ : ran Ty — K,

o(Tof) :==(f.g), fedomTy

is well-defined and continuous. The Riesz representation theorem yields a vector k € K
such that

(TOf)k> = <f,g), f € dom T()

which means that k € dom T and Tk = g. As a consequence we see that g € ran Tjj and
thus ¢ = 0 by assumption (ii). By Corollary 5.2, T*T has a unique positive self-adjoint
extension. [}

If T is closable, then the most natural positive self-adjoint extension of T*T'is T*T**. In
what follows, we examine the relationship of that operator with the extreme extensions of
T*T. To do so we recall that a vector subspace D is called a core for a closed linear operator
Sif D € dom S and

G(Slp) = G(9S).

In other words, the graph of the restriction of S to D is dense in the graph of S.

Theorem 6.3: Let T be a densely defined and closable operator between 'H and IC. Then the
following statements are equivalent:

(i) dom (T*T) is a core for T**,
(ii) T*T** is identical with the Friedrichs extension of T*T.

Proof: First note that dom (T*T) is dense because it is the core for a densely defined
closed operator. Hence the Friedrichs extension of T*T exists. According to Theorem 5.1,
T*T** = (T*T)F if and only if

dom T** Nran(I + T*T)* = {0}. (20)
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(Here we used the identities dom (T*T**)!/2 = dom T** and ker(I + T*T)* = ran(I +
T*T)+)

Assume first that dom (T*T) is a core for T**. Consider a vector g from the set on the
left-hand side of (20). Then for every f € dom T*T,

0={(gUI+TDf) = (&f) +(T7gTf)

which means that (g, T**g) is orthogonal to the graph of T'|gom 7+ This proves (20).

Assume on the contrary that T*T** is identical with the Friedrichs extension of T*T, or
equivalently that T fulfils (20). Take a vector g € dom T** such that (g, T**g) is orthogonal
to G(T|dom T+T1). Then

0= (g T, (. TH) = (&f) +(T"g If) = (g.f + T*If)

for every f € dom (T*T). By (20), (g, T**g) = 0 which in turn means that dom (T*T) is a
core for T**. |

Remark 6.1: We notice that the ‘density assumption’

G(Tldom(r*1)) = G(T™™)

already involves the closability of T. In fact, for every densely defined linear operator T, the
restricted operator Ty := T'|qom(T*T) is automatically closable. For let (f,;) be a sequence
from dom (T*T) such that

fn—0 and Tof, — k (21)
for some k € K. Then k € dom T* because Tyf, € dom T*. On the other hand,
o o .\
(k,g) = lim. (Tofu,g) = nlggo (faT*g) =0
for every g € dom T*, whence k € (dom T*)*. Thus k = 0 and Ty is closable, accordingly.

Corollary 6.4: Let T be a densely defined linear operator such that
ranT C dom T*.

Then T is closable and T* T** is identical with the Friedrichs extension of T*T.

The following Corollary gives a formula for the Friedrichs extension of the square S
of a symmetric operator S (cf. [19, Theorem 3.1]) and simultaneously corrects the false
assertion of [20, p.181, Corollary].

Corollary 6.5: Let S: H — H be a symmetric operator such that D := dom S? is dense.
Then

($)F = (SIp)*(SIp)™.
Furthermore, (S*)g = S*S** if and only if dom S? is core for S**.
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Proof: For brevity’s sake let us introduce the restricted operator T := S|p. It is clear that
T*T = §% and that ran T € dom T*, therefore

($)r = (T*T)p = T*T*,

according to Corollary 6.4.

If dom S? is core for $** then $** = T** and T* = S* hence (§*)r = S*S** according to
the first part of the proof. Suppose on the converse that $*S** is identical with the Friedrichs
extension of $2, then

In particular, dom §** = dom T™* which implies $** = T** because T C S. This in turn
means that D is a core for $**. |

We close this section with a characterization of essentially self-adjoint operators by
means of the square of the adjoint. For similar characterizations we refer the reader
to [10,21,22].

Lemma 6.6: Let T be a densely defined and closed linear operator between H and K and
let D be a dense linear subspace of dom T. Letting S be a restriction of T to D, the following
assertions are equivalent:

(i) Discorefor T, ie. S=T,
(i) dom $*T C dom §**
(iii) ker(I + S*T) = {0}.

Proof: (i)=(ii): If $** = T, then dom $*T = dom §*$** C dom §**.
(ii)=>(iii): Assume that dom (§*T) C dom S$** and take a vector g € ker(I 4+ $*T). Then

0= (g+S*Tg.g) = lIgll* + (S*Tg. ) = lgll* + (Tg, S™*g) = llgl* + I T¢I,

hence g = 0.
(iii)=>(i): Assume finally that S** # T. Then there exists 0 # g € dom T such that
(g Tg) € G(S)*, whence

0= (.5, (& Tg))G(T) = (f,g) + (Sf, Tg)

for every f € domS. This implies Tg € dom §* and g + S*Tg = 0, that is, g € ker(I +
S*T). [

Corollary 6.7: For a densely defined symmetric operator S, the following assertions are
equivalent:

(i) Sis essentially self-adjoint,
(i) dom (§*)?> C dom S**,
(i) ker((I +($")%) = {0},
(iv) (S8*)? is positive.

Proof: Apply the preceding Lemma with T := S*. |
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7. Extensions of bounded symmetric operators

In this section, we are going to analyse the bounded self-adjoint extensions of symmetric
operators. The main goal is to reprove Krein’s fundamental result according to which a
contractive symmetric operator S can always extend to an everywhere defined contrac-
tive self-adjoint operator S. What is more, those extensions form an operator interval
[Sm» Sm]. In contrast to Krein’s approach our starting point is a result of bounded positive
extendibility (see also [2,5]) which in fact is an easy consequence of Theorem 2.1:

Theorem 7.1: Let H be a real or complex Hilbert space and let T be a positive symmetric
operator defined on a linear subspace D of H. Then the following statements are eqiuivalent:

(i) T can be extended to a bounded positive operator to 'H,
(i) D«(T) =R,

(iii) there exists a constant y > 0 such that
ITfI* <y - (Tf.f) (Vf €D).
In any case, the Krein-von Neumann extension Ty of T is bounded with | Tn|| < y.
Proof: (i)=-(ii): Let T e B(H) be a bounded positive extension of T. Then

(T, 9)1> = (Tf.9) < (Tf.) (T g) = (Tf./)(Tg.g)

forf € Dand g € H. Hence D, (T) = H.

(ii)=(iii): Taking into account of identity D, (T) = dom J}, assumption (ii) means that
Ji; is a bounded operator by the closed graph theorem. Consequently, Ty = J5*J} is a
bounded positive extension of T and thus

ITFI> = I TnfI? < ITNIKTNSf) = ITNICEE.f), f €D,

so (iii) holds true with y = || Tx/||.
(iii)=(i): For every f € D and g € H one has

(TR < v - gl - (TF.1),
because of (iii). Consequently, D, (T) = H. [ |
The above theorem is also of key importance for the introduction of the concept of the

’shorted operator’ (see e.g. [8]): if T € B(H) is a positive operator and D is a (closed) linear
subspace of H then

T —(TIp)n

is called shortening of T to the subspace D. (Here (T|p)n denotes the Krein-von Neumann
extension of T'|p.) Its characteristic properties are described in the following lemma:

Lemma 7.2: Let H be a real or complex Hilbert space and let S, T € B(H) be positive
operators such that S < T. If D C H is any linear subspace such that ran S C D, then

S=<T—(TIp)n-
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Proof: According to the assumption posed on S we have D C ker S, hence T|p C T — S.
Consequently, T — S > (T|p)n. u

As a consequence of the construction of the Krein-von Neumann extension one readily
obtains a formula for the quadratic form of the shorted operator (see e.g. [6,7]):

Lemma7.3: Let T : D — 'H be a linear operator possessing a bounded positive extension to
‘H. Then every bounded positive extension S of T satisfies

1S — Tn)'/?h))> = inf (S +h.f+h). heH. (22)

Proof: In accordance with the construction of Ty we have
0 = inf ||[Jih + Tf||% = inf {(Twh, h) + (b, Tf) + (Tf, h) + (If.f)}
feD feD

= (Tnh, h) +fig7‘g{(h,3f) + (S, h) + (S, 1)}

hence
—(Tnh, h) =fi££{($h,f) + (Sf5 h) + (Sf. )}
Thus
1S = Tn)"?hI* = (Shyh) — (Txh, )
= (Sh, h) +fi£1f){(8h,f> + (S, h) + (S, 1))
=fi£1f> (S(f + h),f + h),
as claimed. "

In the next theorem, we provide an explicit formula for the range space of the square root
of the shorted operator. In addition to being a sharpening of Krein’s formula (2.1) this result
also plays a fundamental role in the proof of Krein’s uniqueness criterion (Theorem 7.7):

Theorem 7.4: Let T : D — 'H be a linear operator possessing a bounded positive extension
to H. For every bounded positive extension S of T we have

ran(S — TN)I/2 =ranS/> N D+ . (23)

Proof: For brevity’s sake let us introduce notation Z := (S — ) Y2,
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It is clear that
IZh)* < [IS*/2h)?

for all h € H, hence ran Z C ran S'/2 follows by the Douglas factorization theorem [23].
On the other hand,

S—Tn)f=0, feD,

because Sand T agree on D. Consequently, D C ker Z which in turn impliesran Z C DL,
This proves inclusion

ranZ C ran S/ N DL,

To show the opposite subspace inclusion take any g € ran /2 N D+, g = SV/2k. For every
feDandhe™H,

g 1) 2 = (g f + W) I? = 1Sk, f + B)[* < IKII - (S(F + h).f + h),
so that
l(g, M1 < 1K) ~f'g7g (S(f + h),f + )y = [IkII* - 12"/*h))%,

according to Lemma 7.3. Then by Theorem 2.1 we get g € ran(Z'/?)* = ran Z'/2. n

At this point we note that the operation’S — Sy’ is not monotone, that is,

Slp=Tlp  # (Slp)Ny = (TIp)N> (24)

as the following counter-example demonstrates. Consider the Hilbert space H := C x C,
and the one-dimensional subspace D := C x {0} in it. Let us introduce the positive
operators S, T : D — 'H by letting

S8(z,0) := (2,0), T(z,0) :=(z,2), (z € C).

Clearly, both S and T can be extended to positive operators onto C?%,andalso S < TonD.
Hence T—S is a (bounded) positive symmetric operator whose self-adjoint extensions are

of the form
0 1
|:1 ti| , telR.

The counterexample above thus shows that the Neumann extension does not preserve the
partial ordering. However, the condition S < T together with an additional range space
inclusion already implies the inequality Sy < Tn:

Proposition 7.5: Let S, T : D — H be linear operators possessing bounded positive exten-
sions. Then the following two statements are equivalent:

(i) Sy <Tn,
(i) (@) (Sf.f) <(If.f), ¥Vf € D),

(b) ran S;\,/Z C ran Tll\,/ 2
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Proof: ltis clear that (i) implies (ii). For the converse, observe first that (ii) (b) is equivalent
to range inclusion

ranJg* C ranJ7*.

By the Douglas factorization theorem, there exists a bounded linear operator D : £ — &g
such that J§* = J7*D. Equivalently, we have J§ = D*J}.

ID*II> = sup  (D*(Tf), D*(Tf))g,
feD(Tf f)<1
= sup (D*]if,D*ﬂ}f)gs
feD(Tff)<1
= sup  U5FT5N)g,
feD(Tf,f)<1
= sup (SN,
feD(Tf f)<1

because of (i) (b). Consequently, we get
Sy =JFDD*J < JF T = Tw,
hence (ii) implies (i). |

In the remaining of the section we are going to consider bounded self-adjoint extensions
of symmetric operators. First of all we provide a short and simple proof of Krein’s funda-
mental theorem stating that a bounded symmetric operator always has a norm-preserving
(bounded) self-adjoint extension.

Theorem 7.6: Let D C 'H be a linear subspace of H and let S: D — H, ||S|| =1 be a
symmetric operator. Then

Smi=U+SNn—1 and Sy:=I1—(1- SN (25)
are self-adjoint extensions of S having norm 1. Moreover,

[SpSml ={Se B(H) : $*=3,|S| =1,SC S}

Proof: First of all observe that the positive symmetric operators I & S satisfy the following
inequalities:
ITE9fI? < 26T £9f.f), feD.

By Theorem 7.1 the corresponding Krein-von Neumann extensions (I & S)y exist and
have norm at most 2. Accordingly, both S, and Sy in (25) are bounded self-adjoint exten-
sions of S having norm 1. Now, if S € B(H) is any self-adjoint extension of S having norm
1, then I = S are positive extensions of I = S, respectively. Consequently,

I+Sy <I+S

by the minimality of the Krein-von Neumann extension. Thus Sy; < S < S,
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__ Take now any self-adjoint operator§ € B(H) such that S,, < S < Sj. Then 0 < Sy —
S < Sy — S, whence

(Sw = ) W)* < ((Svt — Su)fo ) (St — S ) =0, f e D,heH,

because of the Cauchy-Schwarz inequality. Thus Sf = Suf = Sf so that Sextends S. Finally,
we have 1 = |IS|| < [ISa|l < ISII < ISm|l = 1 that completes the proof. |

We close the paper by reproving Krein’s uniqueness formula norm preserving
self-adjoint extensions. Our proof is based on Theorem 7.4 and essentially differs from the
original proof of [1]. Another elegant argument may be found in [13, Proposition 3.19].

Theorem 7.7: The bounded symmetric operator S : D — 'H, ||S|| = 1 has a unique self-
adjoint norm 1 extension to H if and only if for every g € D+ one has

sup{[(Sf.£)I* : f € D, IIfI> — ISfII* < 1} = +oc. (26)

Proof: Before starting the proof of the claimed equivalence, let us introduce the self-
adjoint operator

S.= %(Sm + Su). (27)

It is easy to check that S C Sand that ||§|| = 1. We also remark that

I~ (- SN =Su—5=5—Sy= I+ -~ A+ 9y =2 ()
Hence, according to Theorem 7.4,
ran(Sy — Sm)/? = ran(I —§)1/2 NDt = ran(l —1—’.\54)1/2 NnD+, (29)
and therefore clearly
ran(Spyr — Sm)/? = ran(I — )2 Nran(I + S)/2 N DL. (30)

In the light of Theorem 7.6, S has a unique norm-one self-adjoint extension if, and only
if Sm # Sa, that is, when the set on the right-hand side of (30) consists only of the zero
vector.

Assume first that S,,, # Sy and take any nonzero vector

0 # g e ran(d —§)1/2 N ran(I—i—'g)l/2 NnD*.
Choose, accordingly, k, I € H such that
g=U+9k=1-9"
Using the identities
I =)V2 = T+ DVPA =V = 7 =27 +3)/?

we calculate
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2(8f,8) = 2(f.Sg) = (L U +S)g) — (. (I — Sg)
=, U+ T =2l — (f,d — T +9)"/%k)
— (f’ (I _§2)1/2(I+§)1/21_ (I_§2)1/2(I_§)1/2k)
= (I = $H2f,d + Y — (1 -5) k).
Thus, with o := ||(I —|—§)1/zl - —TSJ)I/Zkll2 we get

A(SH 12 <y - 1A =SHY12 =y - 1IFI = ISFII%]

proving that the supremum in (26) is finite.
Let us suppose now that

(SE. )12 < - [IfIF = ISfI*], feD (31)

holds for some non-zero g € D+ and o > 0 (depending only on g). Consider again the
self-adjoint operator S := %(Sm + Sym) and introduce the following semi-norm

p(h) == ||h|> = ISKI?>, he™H.
From (31) it follows that
1
Ja

By the Hahn-Banach theorem combined with the Riesz representation theorem, there
exists a (unique) vector hy € H, ||ho|| < +/a, such that

(5f.8) = {f-ho), feD,

1S9 < p(f) <Ifll, feD.

and

[(hho) > < - [I1h)1> = ISKI*] = « - |1 = SHY?|?, heH.

By [24, Theorem 1] we obtain that iy € ran(I — ’§2)1/ 2 and hence
ho € ran(I —§)1/2 N ran(l +§)1/2.
Observe on the other hand that

(f. ho — Sg) = (Sf,g) — (Sf.8) =0, feD,

thus
hy —Sg e D*.
Consequently,
(I—Sg+ho =g+ (hg—Sg) € D+
and

—(I+9S)g+hy = (hy — Sg) — g € D+,
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but also
I —§)g + hg € ran(I — S) 4 ran(I — $)'/? C ran(I — §)'/2,

and similarly, —(I + §) g+ ho € ran(I + ’§)1/ 2, Summing up, we have

(I—g)g+ ho € ran(I —§)1/2 NnDL,

—(I+§)g+ho € ran(I —I—S')l/2 N D+ (32)
Using identities (29) it follows that
0#2g=(—Sg+hy— [~ + g+ hol € ran(Syr — S)"/%,
which apparently implies Spr # Sp. |
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